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ABSTRACT 

A  new  approach  to  the  study  of  turbulence,based 
on  the  general  algebraic  properties  of  the  filtered 
representations  of  a  turbulent  field  at  different  fil¬ 
tering  levels, is  presented. New  quantities,  the  gene¬ 
ralized  central  moments  and  the  generalized  turbu¬ 
lent  stresses  are  introduced, and  an  algebraic  iden¬ 
tity  that  relates  these  quantities  at  different  levels 
is  deduced.This  new  approach  extends  the  statisti¬ 
cal  approach  to  a  general  implicit  or  explicit  filtering 
operator  and  it  represents  in  the  opinion  of  the  au¬ 
thor  a  simple  way  to  study  the  similarity  of  the  tur¬ 
bulence  at  different  levels.  A  particular  application 
of  this  approach  to  the  subgrid  scale  (SGS)  model¬ 
ling  in  the  large  eddy  simulation  (LES)  of  turbulent 
flows, based  on  the  definition  and  the  utilization  of 
the  resolved  turbulence, \s  discuss'^d. 

INTRODUCTION 

The  idea  that  stands  at  the  basis  of  the  dynamic 
SGS  models  recently  tested  with  success  in  the  LES 
of  the  transitional  and  the  turbulent  channel  flows, 
Germano  et  al.  (1990), and  in  the  LES  of  compres¬ 
sible  flows  and  transport  of  a  scalar,  Moin  et  al. 
(1991), is  very  simple.  In  the  LES  of  turbulent  flows 
the  large  scale  of  the  turbulent  field  can  be  cap- 
tured,and  a  large  amount  of  infor'nation  is  collec¬ 
ted  It  is  spontaneous  to  try  to  utilize  this  informa¬ 
tion  in  order  to  adapt  the  SGS  model  dynamically 
and  in  an  interactive  way  to  the  real  calculated  tur¬ 
bulent  field.  Loosely  speaking,if  we  interpret  the 
SGS  model  mainly  as  a  way  of  introducing  an  ap¬ 
propriate  turbulent  viscosity,  we  could  guess  on  te¬ 
sting  procedures  that  in  some  way  or  another  check 
the  real  amount  required  by  that  particular  turbulent 
flow.Such  intelligent  mode\,th^t\n  particular  should 
recognize  where  the  flow  is  laminar  and  should  ac¬ 
count  for  an  eventual  backscatter  from  small  scales 
to  larger  scales,cannot  have, in  the  opinion  of  the 
author, a  wraruma/ form, but  in  some  way  or  another 


Avsilni'l  1  ■- !  V  C’.'.ifiB 

OlSt  S pt'. l 

^-\  I 

must  actively  interact  with  the  resolved  scale. In  this 

paper  some  possible  ways  to  test  the  resolved  scale - 

in  order  to  produce  an  interactive  procedure  that 
dynamically  adapt  the  model  to  the  calculations  are 
presented.They  are  based  on  a  new  algebraic  appro¬ 
ach  to  the  study  of  turbulence  that  in  soma  sense 
extends  to  a  general  filtering  or  averaging  or  split¬ 
ting  operator  the  statistical  approach. The  need  for 
a  new  theoretical  approach  intermediate  between 
the  statistical  approach  and  the  coherent  structu¬ 
res  approach  seems  largely  requested  at  the  present 
moment  in  the  study  of  turbulence.  New  splitting 
procedures  of  the  turbulent  flow  different  from  the 
Reynolds  decomposition  are  actually  proposed  and 
in  use  not  only  in  the  LES  computation  of  turbulent 
flows  but  also  in  some  multi-level  techniques  and  in 
a  lot  of  experimental  procedures  where  the  turbulent 
field  is  analyzed  in  terms  of  non  statistical  quanti¬ 
ties.  The  main  problem  of  such  decompositions  is 
that  the  usual  algebraic  properties  of  the  statistical 
averages  are  no  longer  valid. In  particular  the  mean 
value  of  the  fluctuations  is  generally  different  from 
zero,so  that  its  fundamental  role  in  the  Reynolds 
decomposition  is  largely  reduced  whan  we  consider 
a  general  filtering  operator.  As  a  consequence  the 
formal  analysis  of  the  turbulence  in  terms  of  the 
fluctuations  is  not  so  simple  as  in  the  case  of  the 
statistical  average, and  a  simple  extension  of  the  sta¬ 
tistical  approach  can  be  founded  on  different  quan¬ 
tities  defined  without  recourse  to  the  fluctations.ln 
the  following  such  new  quantities,the  generalized 
central  moments,  and  in  particular  the  generalized 
central  moments  of  the  second  order  of  the  compo¬ 
nents  of  the  velocity  field,  the  generalized  turbulent 
stresses,ate  defined. They  do  not  involve  explicitly 
the  fluctuations,they  reduce  to  the  usual  statistical 
expressions  in  the  case  of  a  statistical  operator  and 
they  give  a  simple  and  unified  description  of  the  al¬ 
gebraic  structure  of  the  filtered  turbulent  field  and 
the  filtered  turfulent  equations.This  new  approach 
is  in  particular  well  fitted  to  examine  the  similarity 
among  the  turbulence  at  different  levels. Peculiar  to 
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a  decomposition  in  terms  of  mean  values  and  fluc¬ 
tuations  is  the  vision  of  a  turbulent  field  that  is  the 
sum  of  different  contributions.  Peculiar  to  this  new 
approach  is  the  idea  of  the  comparison  of  diffe¬ 
rent  representations, or  numerical  realizations, at  dif¬ 
ferent  filtering  levels. In  particular  it  will  be  shown 
that  it  is  quite  spontaneous  in  a  numerical  realiza¬ 
tion  to  analyze  the  resolved  turbulence  in  order  to 
extract  informations  useful  for  an  interactive  model- 
ling.Fundamental  in  order  to  do  that  is  an  algebraic 
identity  that  relates  the  generalized  turbulent  stres¬ 
ses  at  different  levels.ln  the  following  all  these  points 
are  exposed  in  detail. 

FILTERING  ALGEBRA.THE  GENERA¬ 
LIZED  TURBULENT  STRESSES.  AVE¬ 
RAGING  INVARIANCE  OF  THE  FILTE¬ 
RED  EQUATIONS. 

In  the  LES  of  the  turbulent  flows  the  large  scale  of 
the  turbulent  field  is  captured  and  the  residual  small 
scale  is  modeled  The  scale  of  the  splitting  between 
small  and  large  scales  is  dictated  by  the  numeri¬ 
cal  resolution,and  in  the  physical  space  it  is  expli¬ 
citly  given  by  the  grid  length. As  such  the  LES  the¬ 
ory  is  intimately  associated  to  the  numerical  com- 
putations,and,as  Leonard  (1974)  pointed  out,a  LES 
splitting  procedure  can  be  formally  represented  by  a 
filter  generally  expressed  as  a  convolutional  integral 
applied  to  the  original  turbulent  field. More  gene¬ 
rally  we  will  interpret  an  explicit  or  implicit  filter  as 
a  linear  operator  F  that  when  applied  to  a  turbu¬ 
lent  quantity  a  produces  the  filtered  representation 
<  a  >/,and  it  is  of  some  interest  to  examine  the 
related  algebraic  properties.Pioneering  works  on  the 
filtering  algebra  applied  to  turbulence  are  the  pa¬ 
pers  of  Kampe  de  Feriet  (1957)  and  Rota  (1960).but 
their  studies  were  mainly  directed  to  the  analysis 
of  the  Reynolds  operators,  provided  with  the  well 
known  propeities 

<a<P>f>j=<a>f<l3>f  (1) 

«a>f>f=<a>f  (2) 

The  LES  operators  are  not  Reynolds  operators.and 

in  general  the  mean  value  of  the  mean  value  is  not 
equal  to  the  mean  value. The  analysis  of  the  alge¬ 
braic  properties  of  the  non-Reynolds  operators  has 
been  conducted  on  the  same  basis  of  the  statistical 
approach,and  in  particular  the  well  known  procedure 
of  decomposing  a  turbulent  quantity  in  a  mean  va¬ 
lue  and  a  fluctuation  was  adopted 

a=<a>f+a  (3) 


The  main  problem  of  turbulence  modeling  is  to  ex¬ 
press  the  turbulent  stress 

Tf{Ui,Uj)  =<  UiUj  >f  -  <  Ui  >f<  Uj  >f  (4) 


in  terms  of  the  resolved  filtered  quantities.ln  the 
case  of  a  statistical  Reynolds  operator  tne  turbulent 
stress  is  simply  given  in  terms  of  the  fluctuations  by 
the  well  known  expression 

Tf{Ui,Uj)=<UiUj>f  (5) 


but  when  F  is  a  general  filtering  operator  the  ex¬ 
pression  of  the  turbulent  stress  Tf{ui,  uj)  in  terms  of 
the  fluctuations  is  not  so  simple,Deardorff  (1970), 
Leonard  (1974),Schumann  (1975). New  terms, called 
the  Leonard  term  and  the  cross  term  appear,and 
the  separate  modeling  of  each  of  them  give  some 
problems  owing  to  their  intrinsic  non-Galileian  inva- 
riance,Speziale  (1985).A  different  algebraic  appro¬ 
ach  to  the  problem  has  been  followed  by  the  present 
author,Germano  (1986), (1987)  and  (1990).This  ap¬ 
proach  does  not  require  any  decomposition  in  mean 
values  and  fluctuation5,but  is  mainly  based  on  the 
introduction  of  new  quantities,the  generalized  cen¬ 
tral  momenfs,Germano  (1991),that  in  some  sense 
extend  to  the  non-Reynolds  operators  the  statisti¬ 
cal  relations  between  the  moments  and  the  central 

moments.  Given  the  turbulent  fields  a,  /?,  7, . the 

moments  are  expressed  by 


and  the  generalized  central  moments 
Tf{a,0,'r)  . . 

are  defined  by  the  statistical  relations 

Tf{a,0)  =  <  a0  >f  -  <  a  >f<  0  >f 


Tf{o!,0,7)  -  <a0j  >f  -  <a>fTf{0,y) 

-  <0>fTf{j,a)-<7>frf{a,0) 

-  <a>f<  0>f<'r>f 

(6) 

The  generalized  central  moments  of  the  second  or¬ 
der  related  to  the  Cartesian  velocity  components 

U„Uj 

Tf{u„Uj)  -<  U{Uj  >f  -  <  Ui>f<  Uj  >f 

will  be  in  particular  called  generalized  turbulent  stres¬ 
ses, 3nd  we  notice  that  in  the  case  that  F  is  a  sta¬ 
tistical  Reynolds  operator  they  reduce  to  the  well 
known  expressions 

Tfia,0)  =  <cx0'>f 
Tfia,0,7)  =  <a0'7>f  (7) 
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If  we  now  assume  that  F  is  commuting  with  the 
space  and  Jme  derivatives.and  if  we  derive  from 
the  Navier-Stokes  equations  the  evolutionary  equa¬ 
tions  for  the  generalized  central  moments, the  result 
is  very  simple  and  surprising  at  the  same  time./n 
terms  of  the  generalized  central  moments  the  filte¬ 
red  equations  are  exactly  the  Reynolds  equations, 
so  that  the  algebraic  structure  of  the  closure  is 
the  same  for  every  linear  commuting  filter.  This 
is  what  we  call  the  averaging  invariance  of  the  tur¬ 
bulent  equations. 


THE  RESOLVED  TURBULENCE  AND 
THE  RESOLVED  TURBULENT  STRES¬ 
SES 

Let  us  now  indicate  as  usual  the  average  with  an 
overline. The  averaged  equations  for  a  turbulent  in¬ 
compressible  flow  are  given  by  the  expressions 

_  n  /ox 


=  (Ci) 

dt  dxj  dxj  dxj  ^  ' 


=  ~P^tj  'h 


where 


1  I  du,  duj 

2  dx, 


The  generalized  turbulent  stress  Tij  is  given  by  the 
expression 

Tij  — .  UiUj  Xl,  Uj  (^2) 

and  the  evolutionary  equations  are  given  by 
drii  _  dr,,  9^r,,  „  „ 

(13) 

where 

duj  dui 

<p,j  =  2{psi]-ps,j) 


s„  =  2v 


duj  duj  du,  duj 
dxkdxk  dxkdxk 


D  =  ^ 

"  dx, 

dijk  =  -{T,}k  +  (Wj-P^j)^ik  +  {Wi-pUi)^jk} 

(14) 


and  T,jk  is  the  generalized  central  moment  of  the 
third  order 


Tfj,  —  UiUjU,  UiTj,  UjT,i  UkTij  U,UjU, 

(15) 

We  notice  that  the  contracted  form  of  Eq.(13)  gives 
the  equation 

dK  OK  d'^K  1  1  1 

si"  +  2^"  “  2®** 

(16) 

where  A', the  generalized  turbulent  energy, is  given 
by 

2A'  =  ra  (17) 

and  the  turbulent  energy  production  V  is  given  by 


'P  =  -^Pkk  =  -Tkihk 


It  is  easy  to  see  that  in  terms  of  these  quantities  the 
algebraic  structure  of  the  closure  is  the  same,and 
the  basic  ingredients  of  turbulence  modeling  can 
be  generally  applied  to  different  filters.ln  particu¬ 
lar  the  Smagorinsky  (1963)  model,  based  on  a  ba¬ 
lance  between  production  and  dissipation, can  be  al¬ 
ways  adopted, provided  that  we  express  everything 
in  terms  of  the  particular  filtered  quantities.This 
averaging  invariance  suggests  a  large  insensitivity 


of  turbulence  modeling  to  the  particular  implicit  or 
explicit  filter  used, and  a  largely  independent  alge¬ 
braic  structure  of  the  closure,so  that  the  more  im¬ 
portant  parameter  in  turbulence  modelling  remains 
the  sca/e.ln  the  large  eddy  simulation  of  turbulent 
flows  the  scale  can  be  changed  by  changing  the 
level  of  the  numerical  resolution, so  that  it  could 
be  appealing  to  recur  to  w,ulti-level  modelling  in 
which  different  scales  are  introduced.  Usually  the 
multi-level  procedures  are  based  on  spectral  split¬ 
ting  operators.Tchen  (1973),  Schiestel  (1987),and 
the  term  split  spectrum  closures  has  been  also  intro¬ 
duced.  La  under  (1989).AIso  in  this  case  the  appro¬ 
ach  of  the  present  author  is  slightly  different.lf  we 
consider  the  attitude  of  a  numerical  experimenter  in 
turbulence,we  notice  that  he  is  more  interested  to 
the  comparison  between  different  numerical  repre¬ 
sentations  at  two  different  numerical  levels  than  to 
the  decomposition  in  fluctuations  that  by  definition 
are  unresolved  and  out  of  reach. In  other  words  the 
LES  of  the  turbulent  flows  is  based  on  the  fact  that 
a  new  physical  scale  introduced  in  the  problem  is 
the  grid  scale,and  from  this  point  of  view  a  possible 
LES  multi-level  procedure  c.  jid  be  based  on  two 
different  computations  at  two  different  levels  with 
t  wo  different  length  scales  and  on  the  comparison  of 
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the  results.Obviously  to  conduct  two  different  LES 
computations  at  the  same  time  is  not  so  simple, so 
that  something  different  could  be  excogitated. If  we 
are  convinced  that  the  generalized  turbulent  stresses 
are  really  the  more  natural  and  physical  extension  of 
the  Reynolds  stresses, we  could  introduce  an  expli¬ 
cit  test  filter  G  and  extract  from  the  resolved  scale 
new  similar  and  homogeneous  quantities, the  resol¬ 
ved  turbulent  stresses  in  order  to  test  the  resolved 
turbulence.  For  example  we  can  extract  from  the 
resolved  scale  the  resolved  turbulent  stresses  given 
by  the  relation 

Tg{<  u,>f,<  Uj  >f)  =  «  Ut>f<  Uj  >f>g 

—  <  U,  >/g<  Uj  >fg 

(19) 

or  the  resolved  turbulent  energy,or  the  resolved  pro¬ 
duction,  or  the  resolved  dissipation,or  anything  that 
we  would  like  to  test.The  use  that  we  can  do  of 
these  quantities  is  till  now  undefined, but  a  simple 
algebraic  identity  provides  us  with  some  useful  infor¬ 
mation  about  the  physical  meaning  of  the  resolved 
quantities. Let  us  indicate  with  FG  the  new  level 
that  we  reach  by  applying  to  the  F-level  the  test 
filter  G.lt  is  eas"  to  see  that,Germano  (1990), 

=  <■'/(“>,«;)>? +r<,(<  «,•>/,<«;>/) 


field. We  notice  that  till  now  it  has  not  been  neces¬ 
sary  to  assume  a  particular  form  for  the  filtering  ope¬ 
rator  F.  This  point  deserves  some  comments,and 
first  of  all  we  notice  that  our  algebraic  or  operatio¬ 
nal  approach  formally  applies  to  all  linear  operators 
that  commute  with  the  space  and  time  derivatives. 
The  statistical  operator,the  infi.nite  time  average 

<  Ui  (x)  >=  ^  Ui  (f ,  t')  dt'  (22) 

the  finite  time  average 

<  u,  (f ,  t-  T)  >=  ^  Ui  {x,  t')  dt'  (23) 

the  box  average 


(24) 

are  typical  examples. Sharp  cut-off  filters  in  the  spec¬ 
tral  space,  volume  averages, Gaussian  filters 


<  Ui  {x,  <;  /)  >  = 

J  u,  (.■?,  t')  Q  (x  -  x'\  /j  d^x'dt' 

where 


(x-x'-l)  = 

6  -  x'^ 

V  •  S'  U/v  p 

F 

[  / 

(25) 


(26) 


(20) 

The  physical  meaning  of  this  algebraic  relation  is 
very  simple:  the  turbulent  stress  at  the  FG-level 

Tfg{Ui,Uj)  =  <U,Ug>fg-  <U,>fg<Ug>fg 

(21) 

is  equal  to  the  G-averageo  value  of  the  turbulent 
stress  at  the  F-level  plus  the  resolved  turbulent 
stress  Tg{<  Ui  >/,<  Uj  >/)  extracted  from  the 
resolved  level  F.We  notice  that  this  stress  can  be 
explicitly  calculated  in  a  Large  Eddy  Simulation,3na 
in  the  following  the  possible  use  of  this  algebraic 
property  in  subgrid  modelling  is  discussed. 

THE  INTERACTIVE  USE  OF  THE  RE¬ 
SOLVED  TURBULENCE  IN  SGS  MODE¬ 
LING 

This  new  approach  represents  in  the  opinion  of  the 
author  a  simple  way  to  study  the  turbulence  at  dif¬ 
ferent  levels  and  to  explore  the  similarity  between 
them. In  particular  the  analysis  of  the  resolved  tur¬ 
bulence  at  the  resolved  scale  in  a  LES  computation 
based  on  the  resolved  turbulent  stresses  can  be  a 
useful  tool  for  improving  and  adapting  in  an  inte¬ 
ractive  way  the  SGS  model  to  the  real  turbulent 


have  been  proposed  and  used  in  the  past  and  belong 
to  the  category  of  filters  considered  in  this  paper, 
and  also  a  numerical  discretization  is  by  itself  an 
implicit  filter  provided  with  generally  unknown  pro- 
perties,Rcgallo  &.  Moin  (1984).  As  a  consequence 
the  discussion  is  about  prefiltering  explicitly  or  not 
the  equations, in  order  to  remove  or  not  the  inde¬ 
terminacy  of  the  numerical  discretization. In  our  opi¬ 
nion  the  algebraic  properties  of  an  homogeneous  di¬ 
scretization  scheme, an  implicit  filter,are  largely  the 
same  of  an  explicit  filter.Owing  to  the  averaging 
invariance  we  think  that  there  is  a  large  insensiti¬ 
vity  of  the  results  to  the  real  filter  applied, and  that 
the  most  important  point  is  its  scale  and  not  its 
particular  explicit  or  implicit  shape.ln  order  to  use 
such  strong  dependence  on  scales,^  simple  multi¬ 
level  application  of  the  algebraic  identity  (20)  to 
SGS  modeling  is  exposed  in  the  following.  The  sim¬ 
plest  SGS  parameterization  of  the  unresolved  tur¬ 
bulent  stress  Tf(ui,Uj)  is  given  by  the  Smagorinsky 
model  in  which  it  is  assumed  that  the  turbulent  dis¬ 
sipation  is  in  equilibrium  with  the  turbulent  produc- 
tion.The  Smagorinsky  model  is  functionally  expres¬ 
sed  in  terms  of  the  implicitly  or  explicitly  resolved 
F-scale  <  u,-  >/  and  of  its  cha.acteristic  length 
scale  If  and  it  contains  a  universal  constant  cs 
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that  unfortunately  is  not  so  universal  and  constant 
as  one  would  like.  Evidence  exists, Rogallo  &  Moin 
(1984), that  the  Smagorinsky  constant  decreases  in 
the  presence  of  mean  shear,  where  the  large  scale 
mean  velocity  gradient  is  probably  overestimated 
and  it  must  be  supplemented  at  the  wall  by  em¬ 
pirical  wall  functions.  In  order  to  extend  the  range 
of  application  of  the  Smagorinsky  model  we  can  im¬ 
prove  the  consistency  of  the  model  with  the  results 
that  are  obtained  and  to  adjust  in  real  time  the  mo¬ 
del  to  them. In  doing  that  we  can  use  the  algebraic 
relation  (20). If  we  indicate  symbolically  with 

M{<  ti,  >/,<  Uj  >j;lf,cs)  «  Tf{u,,uj) 

the  functional  expression  of  the  Smagorinsky  model 
at  the  F-level  and  with 

;!/(<  II,  Uj  >  fg',lfg,Cs)  ~ 

the  corresponding  expression  at  the  FG-level,we  can 
consntcnthj  write  on  the  basis  of  the  algebraic  re¬ 
lation  (20) 

il/(<  U,  ^fgtK  Uj  = 

<  M(<  u,  >f,<  Uj  >f;lf.cs)  >g  -1- 

rg{<u,>j,<Uj>f) 

(27) 

and  the  more  consistent  and  appropriate  Smago¬ 
rinsky  constant  c$  can  be  derived.  We  notice  that 
the  constant  cs’  so  calculated  depends  on  the  posi¬ 
tion, the  time  and  the  indices  i,  j,so  fiat  it  is  not  a 
constant  at  all  As  regards  the  depeiiderice  on  the 
indices  i,j  a  scalar  procedure  should  probably  only 
pretend  that  the  turbulent  energy  production  V/g  at 
the  FG-level 

T’/j  =  -rfg{u„Uj)  <  s,j  >fg 

is  consistent  with  the  resolved  sample. .n  this  case 
we  can  apply  the  algebraic  identity  (20)  in  the  con¬ 
tracted  form 

Tfg\u„Uj)  <  S,j  >fg  = 
<Tf{u„Uj)>g<  S,j  >fg  + 
Tg{<U,>J,<Uj>f)  <  S,j  >fg 

(28) 

so  that  we  can  write 

iU(<  U,  >fg,-<  Uj  >fg\lfg,cs\  <  S,J  >fg  = 

U,  J ,  Uj  ]>yj/^,C*5)  "^g^  S,J  fg  "h 
u,^  f ,  K  Uj'>  f)  <L  S,J  ^  fg 

(29) 

and  a  local  isotropic  value  of  the  Smagorinsky  con¬ 
stant  can  be  obtained  This  particular  model  was 


proposed  by  the  author, Germane  (1990),  at  the  1990 
Summer  Program  of  the  Center  for  Turbulence  Re¬ 
search  and  the  interaction  theory-computation.  Ger¬ 
mane  et  al.  (1990), has  greatly  improved  this  sugge¬ 
sted  procedure  as  follows.it  was  clear  from  the  first 
numerical  results  that  the  dependence  on  time  of  the 
Smagorinsky  constant  should  be  eliminated. Such  de¬ 
pendence  can  be  eliminated  by  a  time  average  or  a 
space  average  if  some  simmetry  plane  for  the  turbu¬ 
lence  exists  and  in  the  case  of  homogeneous  turbu¬ 
lence  a  volume  average  could  be  the  best  choice,Moin 
et  al.  (1991).  We  notice  that  the  model  depends 
only  on  the  ratio  of  the  filter  lengths  Ifg/l/.and 
it  goes  to  zero  with  the  resolved  turbulent  stress 
Tgi<  Ml  >/,  <  Uj  >/),so  that  it  is  able  to  recognize 
when  the  flow  is  laminar  at  the  resolved  level.  The 
optimal  size  of  the  ratio  I fg/l j  is  not  so  critical,Moin 
et  fl/.,and  a  good  choice  is  2.  This  model  was  im¬ 
plemented  by  applying  explicit  specfal  cut-offs  fil¬ 
ters  and  it  was  tested  a  priori  by  using  the  DNS 
database  of  Kim, Moin  &  Moser  (1987)  for  turbu¬ 
lent  channel  flow  and  that  of  Zang, Gilbert  &  Kleiser 
(1990)  for  transitional  flow. In  order  to  determine  its 
accuracy  it  was  also  tested  a  posteriori  in  the  LES 
of  transitional  and  fully  developed  turbulent  chan¬ 
nel  flow. The  results  are  in  satisfactory  agreement 

with  the  direct  simulation  data  and  the  model  has 
been  recently  extended  by  Moin  et  al.  (1991)  to 
the  compressible  turbulence  with  excellent  results. 


CONCLUSIONS 

The  algebraic  identity  (20)  that  relates  the  genera¬ 
lized  turbulent  stresses  at  two  different  level  with 
the  resolved  turbulent  stress  can  be  interpreted  in 
two  different  ways.lt  can  be  seen  as  a  consistency 
rule  that  in  some  way  or  another  can  be  introdu¬ 
ced  and  used  in  the  turbulence  modeling  and  it  can 
be  read  as  a  .similarity  rule  between  the  turbulence 
extracted  by  the  resolved  level  and  the  turbulence 
at  two  other  different  levels  Both  these  interpre¬ 
tations  can  suggest  different  uses, and  the  LES  re¬ 
sults  obtained  with  the  dynamic  Smagorinsky  mo¬ 
del  give  confidence  on  useful  applications. We  notice 
that  these  results  have  been  produced  in  the  frame¬ 
work  of  a  new  operatorial  approach  to  the  study 
of  turbulence  that  extends  the  Reynolds  theory  and 
in  some  sense  is  a  first  step  towards  a  general  the¬ 
ory  that  should  go  from  the  direct  to  the  statistical 
approach. The  author  is  actively  involved  in  such  a 
program  since  some  years,and  it  is  a  particular  plea¬ 
sure  to  acknowledge  here  the  Center  for  Turbulence 
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Research  of  the  Stanford  University  and  the  NASA 
Ames.ln  its  confident  and  lively  climate  the  author 
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cooperation. 

The  financial  support  from  the  Ministe.ro  Italiano 
delVUniv-irsita  e  della  Ricerca  Scientifica  e  Tec- 
nologica  is  greatly  appreciated. 

References 

[1]  Deardorff  J.W.  1970  A  Numerical  Study  of 
Three,  Dimensional  Channel  Flow  at  Large 
Reynolds  Numbers  J.  Fluid  Mech.  Vol.41 
pp.453-480 

[2]  Germano  M.  1986  A  Proposal  for  a  Redefini¬ 
tion  of  the  Turbulent  Stresses  on  the  Filtered 
Navier-Stokes  Equations  Phys. Fluids  29,2323- 
2324 

[3]  Germano  M.  1987  On  the  Non-Reynolds  Ave¬ 
rages  in  Turbulence  AIAA  Paper  87-1297 

[4]  Germano  M.  1990  Averaging  invariance  of  the 
turbulent  equations  and  similar  subgrid  scale 
modeling  CTR  Manuscript  116, Center  for  Tur¬ 
bulence  Research, Stanford  Univ.  and  NASA- 
Ames 

[5]  Germano  i.'.,Piomelli  U.,Moin  P.&  Cabot  W.H. 
1990  A  dynamic  subgrid-scale  eddy  viscosity 
mode/ In  Proc.  of  the  1990  Summer  Program  of 
the  Center  for  Turbulence  Research,  Stanford 
Univ.  and  NASA-Ames,pp.  5-18  Also  to  appear 
in  the  Phys.  Fluids  A. 

[6]  Germano  M.  1991  Averaging  invariance  of 
the  turbulent  equations  Submitted  to  J. Fluid 
Mech. 

[7]  Kampe  de  Feriet  J.  1957  La  notion  de 
moyenne  dans  la  theorie  de  la  turbulence 
Rend.  Seminario  Mat.  e  Fis.  di  Milano,  Vol. 
XXVII,pp.l67-207 

[8]  Kim  J.,Moin  P.  &.  Moser  R.  1987  Turbulence 
statistics  in  fully  developed  channel  flow  at 
low  Reynolds  numfier  J. Fluid  Mech., Vol  177, 
pp  133-166 

[9]  Launder  B.E.  1989  Second  moment  closure  .: 
present  ...  and  future?  Int,  J.  Heat  and  Fluid 
Flow,  Vol  10, pp.  282-300 

[10]  Leonard  A.  1974  Energy  Cascade  in  Large- 
Eddy  Simulations  of  Turbulent  Fluid  Flows 
Adv.  in  Geophysics, Vol. 18A,pp. 237-248 


[11]  Moin  P.,Squires  K., Cabot  W.  Si  Lee  S.  1991 
A  dynamic  subgrid-scale  model  for  compres¬ 
sible  turbulence  and  scalar  transport  CTR 
Manuscript  124, Center  for  Turbulence  Rese¬ 
arch, Stanford  Univ.  and  NASA-Ames 

[12]  Rogallo  R.S.  Si  Moin  P.  1984  Numerical  Si¬ 
mulation  of  Turbulent  Flows  Ann. Rev. Fluid 
Mech., Vol  16,pp.99-137 

[1j]  Rota  G.C.  1960  Spectral  theory  of  smoothing 
operators  Proc.Nat.Acad.  Sci.  USA,vol  46, pp. 
863-868 

[14]  Schiestel  R.  1987  Multiple- time- scale  mode¬ 
ling  of  turbulent  flows  in  one  point  closures 
Phys.Fluids  Vol.  30  pp.722-731 

[15]  Schumann  U.  1975  Subgrid  Scale  Model 
for  Finite  Difference  Simulations  of  Turbu¬ 
lent  Flows  in  Plane  Channels  and  Annuli 
J.Comput.Phys.  Vol.l8,pp.376-404 

[16]  Smagorinsky  J.  1963  General  Circulation  Ex¬ 
periments  with  the  Primitive  Equations.! 
The  Basic  Experiment  Mon.Weather  Rev. 
Vol.91  pp.99-164 

[17]  Speziale  C.G.  1985  Galilean  Invariance  of 
Subgnd-Scale  Stress  Models  in  the  Large 

Eddy  Simulation  of  Turbulence  J. Fluid  Mech. 
vol. 156  pp. 55-62 

[18]  Tchen  C.M.  1973  Repeated  cascade  theory  of 
homogeneous  turbulence  Phys.Fluids  Vol.  16 
pp. 13-30 

[19]  Zang  T, A., Gilbert  N.  Sc  Kleiser  N.  1990  Direct 
numerical  simulation  of  the  transitional  zone 
In  Instability  and  <ransr/fora,M.Y.Hussaini  and 
R  J. Voigt  eds.,Springer-Verlag,New  York, 283- 
'':)9 


l9-!-6 


Technical  University  of  Munich 
September  9- 1 1,  1991 


19-2 


STOCHASTIC  BACKSCATTER  IN  THE  NEAR  WALL 
REGION  OF  LARGE-EDDY  SIMULATIONS 
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ABSTRACT 

The  ability  of  a  large-eddy  simulation  to  repre¬ 
sent  the  large-scale  motions  in  the  interior  of  a  tur¬ 
bulent  flow  is  well  established  but  concerns  remain 
for  the  behaviour  close  to  rigid  surfaces.  With  the 
exception  of  low  Reynolds  number  flows,  the  large- 
eddy  description  in  the  flow  interior  must  be  matched 
to  some  description  of  the  flow  near  the  surface  in 
which  all  except  the  larger  scale  'inactive'  motions 
are  averaged.  This  near  surface  region  should  be 
characterised  by  the  usual  logarithmic  velocity  pro¬ 
file,  but  past  simulations  have  failed  to  give  this 
profile  in  the  matching  region.  An  obvious  failing 
of  the  Smagorinsky  model  is  its  failure  to  represent 
stochastic  subgrid  stress  variations.  It  is  shown  here 
thal  including  these  variations  leads  to  a  marked  im¬ 
provement  in  the  velocity  profile. 

INTRODUCTION 

In  most  turbulent  flows  the  transports  of  heat  and 
momentum  are  dominated  by  large-scale  motions 
whose  properties  depend  on  some  integral  character¬ 
istics  of  the  flow.  As  a  result,  time-average  closure 
techniques  which  depend  on  local  mean  gradients 
are  often  inadequate,  whilst  large-eddy  simulations 
offer  the  potential  for  accurate  predictions,  A  large- 
eddy  simulation  involves  calculating  the  large-scale 
turbulent  motions  explicitly  with  a  three-dimensional 
numerical  model  whilst  the  smaller  scale  motions 
are  parametrised.  Away  from  boundaries  and  sig¬ 
nificant  statically  stable  stratification,  this  approach 
seems  both  rational  and  is  in  practice  insensitive 
to  the  details  of  the  parametrisation  of  small-scale 
motions.  The  rationality  arises  when  the  distinc¬ 
tion  between  the  large-scale  (resolved-scale)  and 
parametrised  motions  (subgrid-scale)  falls  within  an 
inertial  subrange.  In  such  cases  theory  and  re¬ 
sults  from  applications  suggest  thal  a  simple  eddy 
viscosity  may  provide  an  adequate  parametrisation 
(subgrid-scale  model). 


The  modelling  of  the  near  surface  region  differs 
considerably  from  the  modelling  of  the  flow  interior.. 
In  most  large-eddy  simulations  the  mesh  spacing  par¬ 
allel  to  surface  is  constant  with  distance  from  the 
boundary  whilst  the  mesh  is  usually  refined  in  the 
vertical  near  the  surface.  This  refinement  does  not 
allow  the  resolution  of  the  truly  three-dimensional 
motions  which  occur  on  a  decreasing  scale  as  the  sur¬ 
face  is  approached,  but  is  essential  to  allow  a  proper 
resolution  of  quasi-two-dimensional  motions  which 
occur  near  the  surface  and  which  derive  from  the 
‘interior’  eddies.  The  limit  to  model  representation 
of  three-dimensional  motions  is  set  by  the  resolution 
parallel  to  the  boundary.  The  subgrid  model  and/or 
boundary  conditions  near  the  surface  thus  need  to 
represent  the  near-surface  eddies  whose  scale  varies 
in  proportion  to  distance  from  the  surface.  On  the 
one  hand  this  can  be  expected  to  be  difficult  as,  in 
contrast  to  the  flow  interior,  it  involves  the  main  pro¬ 
duction  scales.  On  the  other  hand  there  are  some 
encouraging  factors.  At  these  heights  there  is  a  local 
balance  between  the  ensemble-average  turbulence 
energy  production  and  dissipation.  Near  the  surface, 
the  characteristic  scale  of  the  turbulent  motions  be¬ 
comes  smaller  than  the  scale  of  the  numerical  mesh 
parallel  to  the  surface,  and,  with  this  implied  vol¬ 
ume  averaging,  there  is  some  hope  of  the  subgrid 
stresses  becoming  deterministic  functions  of  the  re¬ 
solved  velocity  as  the  surface  is  approached.  The 
gravest  difficulties  can  be  anticipated  to  be  at  the 
'matching'  height  where  the  magnitudes  of  the  re¬ 
solved  and  subgrid  stresses  are  comparable.  At  this 
height  the  worst  of  everything  prevails.  The  subgrid 
stresses  are  large  and  would  be  expected  to  have 
statistical  fluctuations. 

In  this  study  we  examined  a  typical  simulation 
with  a  Smagorinsky  subgrid  model.  In  common  with 
other  luch  limulationi,  the  limulation  faili  to  main¬ 
tain  the  correct  logarithmic  velocity  profile  in  the 
matching  region,  the  velocity  gradients  in  this  re¬ 
gion  being  too  great.  A  series  of  simulations  with 
varying  resolution  and  different  near-surface  mixing- 
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length  descriptions  were  conducted  to  try  to  improve 
the  flow  profile  in  the  matching  region.  No  adequate 
solution  to  the  difficulties  was  found.  Some  further 
simulations  were  then  conducted  with  a  stochas¬ 
tic  subgrid  model  to  represent  the  non-deterministic 
character  of  the  subgrid  stresses.  The  results  ob¬ 
tained  show  .a  marked  improvement  in  the  near-wall 
mean  velocity  and  temperature  profiles. 

MODEL  DESCRIPTION 

The  large  eddy  simulation  technique  used  in  the 
present  study  it  fairly  standard  and  is  based  on  the 
Smagorinsky  (1963)  subgrid  model  with  the  subgrid 
Prandtl  number,  Pr,  taken  to  be  0.7.  In  the  interior 
of  the  flow  the  subgrid  mixing-length  I  is  set  equal 
to  a  constant  fu  which,  according  to  the  theoretical 
arguments  of  Lilly  (1967),  we  may  relate  to  a  filter 
scale  Ij  by  Ij  =  lo/Cj,  where  Cj  is  about  0.2.  Near 
the  wall  I  must  vary  as  k[z  +  ^o),  where  k  is  von 
Karman’s  constant  and  zg  is  fhe  roughnes..  length, 
in  order  to  provide  the  correct  behaviour  near  the 
surface,  in  the  matching  region  between  the  near¬ 
surface  region  and  the  interior  we  shall  consider  sim¬ 
ple  but  arbitrary  matches  such  as 

1/r  =  !//(; -f-i/(/c(^ -I- .0))“  (1) 

where  n  is  a  constant. 

In  this  study  the  simulations  are  confined  to  two 
flows  in  which  a  logarithmic  velocity  profile  is  ex¬ 
pected.  The  first  flow  considered  is  a  neutral  static 
stability  planetary  boundary  layer  with  a  passive 
scalar  whose  source  is  a  constant  surface  flux.  The 
specific  parameters  selected  are  a  surface  roughness 
length  Zg  of  0.1m  and  a  geostrophic  wind  of 
10ms~‘,  with  a  domain  depth  of  1200m,  a  domain 
length  in  the  x  direction  of  3200m  and  a  lateral  do¬ 
main  width  of  1600m.  The  lateral  boundaries  are 
periodic.  The  number  of  grid  points  used  is  40  x 
40  X  24  in  the  x,y  and  z  directions.  The  z  direc¬ 
tion  mesh  has  a  variable  spacing  with  smaller  grid 
intervals  close  to  the  surface.  The  value  of  Ig  used 
is  10m  and  C,  (the  ratio  of  Ig  to  the  grid  spacing) 
has  a  value  of  about  0.2  in  the  lower  third  of  the  do¬ 
main  but  decreases  to  about  0.15  close  to  the  upper 
boundary. 

The  second  flow  considered  is  very  similar  but 
lacks  the  small  complicating  influence  of  the  Corio¬ 
lis  force.  The  flow  considered  is  turbulent  flow  in  a 
horizontally  infinite  channel  with  a  stress-free  (but 
rigid)  upper  surface  and  constant  imposed  pressure 
gradient.  The  lower  rigid  non-slip  surface  is  assumed 
rough  with  the  same  value  of  zg  as  used  in  the  plan¬ 
etary  boundary  layer  case.  The  channel  depth  is 


1000m.  In  order  to  provide  high  spatial  resolution 
of  the  eddies  critical  in  determining  the  lower  part 
of  the  boundary  layer,  the  length  of  the  domain  has 
been  limited  to  1000m  and  the  width  to  600m.  This 
will  clearly  cause  the  loss  of  significant  larger-scale 
eddies  and  this  must  be  noted  in  considering  the  re¬ 
sults.  The  number  of  mesh  points  used  are  54  x 
54  X  64  so  that  relative  to  the  planetary  boundary 
layer  simulation  the  resolution  has  been  increased 
by  a  factor  of  about  4  in  all  three  directions.  In 
the  interior  of  the  flow  Az  is  19m,  with  most  of  the 
mesh  refinement  occurring  below  200m.  The  vari¬ 
ous  simulations  used  values  of  Ig  varying  from  2m 
to  5m,  corresponding  to  values  of  C,  (based  on  the 
grid  spacing  in  the  interior)  between  about  0.13  and 
0.32. 


SMAGORINSKY  MODEL  RESULTS 


We  first  consider  the  neutral  static  stability  plan¬ 
etary  boundary  layer  simulation  with  the  standard 
Smagorinsky  subgrid  model  and  a  mixing-length  pro¬ 
file  given  by  Eq.  (1)  with  n  =  2.  Fig.  1  shows  the 
vertical  profiles  of  non-dimensional  velocity  siiear  S„ 
and  passive  scalar  gradient  Sg  in  the  lowest  third  of 
the  boundary  layer,  where  and  Sg  are  defined  by 


and 


_  89  k{z  +  Zg) 
dz  $,Pr 


Here  Ur  is  the  friction  velocity  and  6,  =  -Hg/ur. 
These  quantities  should  take  a  value  of  unity  within 
the  strict  near-surface  logarithmic  layer.  For  further 
reference  the  non-dimensional  shear  obtained  from  a 
mixing-length  solution  of  the  channel  flow  problem 
described  above  is  also  shown  (the  channel  and  plan¬ 
etary  boundary  layer  flows  are  of  course  expected  to 
be  very  similar  near  the  surface)  with  the  mixing- 
length  given  by 


I  k{z  +  Zg)  l,n 

and  =  80m.  This  mixing-length  solution  is  shown 
to  illustrate  what  might  be  considered  an  accept¬ 
able  variation  of  non-dimensional  shear  within  the 
nominally  logarithmic  region.  The  simulation  results 
show,  for  both  the  velocity  and  scalar  profiles,  a  se¬ 
vere  error.  The  non-dimensional  shear  shows  a  max¬ 
imum  value  of  about  2  at  a  height  of  order  the  char¬ 
acteristic  height  of  the  matching  region.  Such  errors 
are  we  believe  detectable  in  all  past  high  Reynolds 
number  simulations  of  comparable  boundary  layers. 
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Noting  that  the  shear  stress  profiie  is  forced  by 
momentum  budget  considerations  to  be  realistic  we 
can  comment  on  what  features  of  the  simulation  may 
have  caused  the  problem.  The  most  trivial  cause 
would  be  too  small  a  value  of  subgrid-scale  mixing- 
length  in  the  matching  region.  If  the  resolved  mo¬ 
tions  remain  unchanged  then  a  correct  velocity  pro¬ 
file  must  be  obtainable  by  use  of  a  suitable  value 
of  mixing-length.  The  other  cause  might  be  the  re¬ 
solved  motions.  Two  not  entirely  separate  changes 
to  the  resolved  motions  might  resolve  the  problem. 
Firstly  an  increase  in  the  resolved  uw  would  cause 
the  subgrid  part  of  uiiJ  to  reduce  and  hence  would 
reduce  the  mean  velocity  gradient.  Alternatively  an 
increase  in  the  size  of  the  resolved  motion  defor¬ 
mation  would,  for  fixed  subgrid  mixing-length  and 
mean  velocity  gradient,  lead  to  an  increased  subgrid 
shear  stress.  However,  because  the  shear  stress  pro¬ 
file  is  forced  to  be  realistic,  the  subgrid  stress  cannot 
increase  and  so  the  mean  velocity  gradient  would  de¬ 
crease..  Similar  considerations  apply  to  the  passive 
scalar  gradients. 


Fig  1'  Profiles  of  the  non-dimensional  shear  and  passive 
scalar  gradient  in  the  planetary  boundary  layer  simulation 
without  backscatter  Only  the  lower  part  of  the  domain  is 
shown  Also  shown  is  the  non-dimensional  shear  obtained 
from  a  mixing-length  solution  with  the  mixing-length  given 
by  Eq  (2). 

In  order  to  investigate  this  problem  a  series  of 
simulations  of  infinite  Reynolds  number  turbulent 
flow  in  a  free  surface  channel  flow  were  conducted 
as  described  above.  The  first  question  to  address 
is  whether  the  error  will  vanish  as  the  resolution  in¬ 
creases.  Profile  D  in  Fig.  2  is  from  a  simulation 
with  the  same  shape  for  the  profile  of  I  as  used  with 
the  planetary  boundary  layer  simulation  but  the  fil¬ 
ter  scale  and  mesh  spaci^gs  are  a  factor  of  about  3 
to  4  smaller.  The  velocity  profile  shows  a  qualita¬ 
tively  similar  error  but  the  height  scale  over  which 


it  occurs  is  reduced,  and  the  size  of  error  is  also 
slightly  reduced,  hi  consequence  of  these  quanti¬ 
tative  changes  the  solution  is  more  satisfactory  but 
.he  error  remains  substantial.  Velocity  profiles  6,  C, 
D,  E,  F  and  G  show  the  consequence  of  varying  the 
mixing-length  profile  and  the  filter  scale  with  fixed 
mesh  spacing.  These  changes  alter  the  height  scale 
of  the  error  but  none  produce  a  marked  improve¬ 
ment.  These  tests  suggest  that  perhaps  no  mixing- 
length  variation  with  height  would  be  satisfactory. 


Fig.  2:  Profiles  of  the  non-dimensional  shear  from  simulations 
of  flow  in  a  free  surface  channel  (without  backscatter).  Only 
the  lower  part  of  the  domain  is  shown.  Profile  B  is  from  a 
simulation  with  to  =  2m  and  n  =  1  in  Eq.  (1).  Profile  C 
is  from  a  simulation  with  fo  =  3m  and  ti  =  1.  Profile  f) 
is  from  a  simulation  with  to  =  3m  and  n  =  2.  Profile  E  is 
from  a  simulation  with  to  =  3m  and  with  f  =  k{x  +  *o)/[l  -f 
/»’/(f)-F  where  h  =  k{x  -f  xo)/lo,  replacing  Eq.  (1). 

This  mixing-length  profile  was  chosen  by  estimating  the  profile 
which  would  correct  profile  D,  assuming  that  the  resolved 
stress  remained  the  same.  Profile  F  is  from  a  simulation  with 
<0  =  5m  and  ti  =  2.  Profile  G  is  from  a  simulation  with 
to  =  5m  and  n  =  oo.  Profile  A  is  the  non-dimensional  shear 
obtained  from  a  mixing-length  solution  with  the  mixing-length 
given  by  Eq.  (2) 

In  the  matching  region  the  simulation  seems  to 
lack  resolved  stress.  A  possible  cause  of  this  prob¬ 
lem  is  the  neglect  of  statistical  fluctuations  in  sub¬ 
grid  stress.  Fluctuations  in  subgrid  stress  will  scat¬ 
ter  energy  from  the  subgrid  scales  to  the  resolved 
scales.  This  process  is  further  likely  to  be  of  max¬ 
imum  importance  precisely  in  the  matching  region 
where  the  subgrid  stresses  are  large  but  the  subgrid 
length  scale  is  still  comparable  with  the  scale  of  the 
filter  operation. 

THE  BACKSCATTER  MODEL 

It  has  long  been  recognised  that  subgrid-scale 


19-2-3 


stresses  should  have  stochastic  fluctuations  and  that 
these  fluctuations  lead  to  a  backscatter  of  energy 
from  the  subgrid  scales  (e.g.  Leslie  and  Quarini 
1979,  Kraichnan  1976).  We  can  consider  the  ve¬ 
locity  field  as  divided  into  a  resolved  part  (u)  and 
a  subgrid  part  tt  -  (u)  with  the  subgrid  part  giving 
rise  to  the  subgrid  stresses.  A  deterministic  subgrid 
model  (such  as  the  Smagorinsky  model)  relates  such 
subgrid  stresses  to  the  gradients  of  the  resolved  (tt), 
(v)  and  (w)  fields.  If  we  consider  that  the  subgrid- 
scale  eddies  have  a  characteristic  length  scale  I  and 
characteristic  time  scale  T,  then,  from  consideration 
of  the  statistics  of  forming  the  average  stress  over  a 
volume  of  scale  Ij  from  eddies  of  scale  /.  the  variance 
of  the  stress  (for  a  fixed  resolved  velocity  field)  will, 
for  i  -C  fy,  be  proportional  to  where  «./ 

is  a  local  subgrid  turbulent  velocity  scale.  Also,  if  I 
is  of  order  Ij  we  expect  the  stress  variance  to  be  of 
order  uj,.  In  both  cases  the  stress  will  vary  on  a  time 
scale  T.  Based  on  these  ideas  we  assume  a  stress 
variance  a-'iirf,,  oc  (i/^/)^“i(  ®  consequent  rate 

of  energy  backscatter  given  by 


Noting  that  T  «  l/u.i  and  that  the  dissipation  e  is 
proportional  to  we  obtain  an  energy  backscat¬ 
ter  rate 


Here  C'y  is  a  constant  which  is  expected  to  be  of 
order  unity. 

Considering  the  application  of  the  filter  operation 
to  a  turbulent  flow,  it  is  physically  clear  that  if  the  fil¬ 
ter  is  applied  to  widely  separated  flow  volumes  then 
the  values  of  subgrid  stress  fluctuations  will  be  un¬ 
correlated.  If  however  we  consider  points  closer  in 
space  than  the  filter  scale,  the  subgrid  stress  fluctu¬ 
ations  Vvill  be  correlated.  We  therefore  have  a  ran¬ 
dom  stress  field  varying  on  the  filter  scale.  On  scales 
greater  than  the  filter  scale  the  random  stress  val¬ 
ues  imply  an  energy  backscatter  with  a  A  '  spectrum 
in  accord  with  theoretical  expectations  (Kraichnan 
1976). 

In  implementing  the  backscatter,  we  follow  Leith 
(1990).  Instead  of  introducing  random  stresses  we 
adopt  a  random  forcing  derived  from  a  vector  poten¬ 
tial.  The  spatial  spectrum  of  the  potential  is  white 
on  scales  greater  than  the  filter  scale  leading  to  the 
desired  spectrum  of  the  energy  backscatter.  The 
random  stresses  are  uncorrelated  from  one  time-step 
to  the  next  and  have  a  magnitude  chosen  to  en¬ 
sure  that  the  rate  of  energy  backscatter  is  correct. 
Backscatter  of  scalar  variance  was  also  included  for 


completeness;  however,  as  a  result  of  the  passivity 
and  linearity  of  the  scalar,  this  has  no  influence  on 
the  mean  profiles. 

An  estimate  of  Cb  can  be  made  using  EDQNM 
theory  (Chasnov  1991).  Using  the  backscatter  ex¬ 
pressions  in  Chasnov  (1991)  a  value  of  Cy  =  1.4  is 
obtained  for  an  infinite  inertial  subrange  (Chasnov 
private  communication).  In  this  study  Cy  is  found 
to  have  profound  effects  and  we  are  able  to  see  what 
value  of  Cy  gives  the  best  results.  As  noted  below, 
a  value  of  about  1.4,  when  used  with  n  =  2  in  Eq. 
(1),  is  found  to  be  optimal.  Owing  to  the  various 
assumption  in  the  implementation  this  empirically 
determined  value  should  not  be  considered  precise. 
We  are  however  encouraged  by  *he  evidence  that  Cy 
is  of  order  unity  and  in  agreement  with  Chasnov’s 
value. 

RESULTS  OBTAINED  WITH  BACKSCATTER 

The  backscatter  model  described  above  has  been 
applied  in  simulations  of  the  neutral  static  stability 
planetary  boundary  layer.  Fig.  3  shows  the  result¬ 
ing  vertical  profiles  of  non-dimensional  velocity  shear 
and  passive  scalar  gradient  for  n  =  2  and  Cy  =  1.4. 
They  can  be  compared  with  the  profiles  in  Fig.  1 
obtained  without  backscatter.  The  simulation  with 
backscatter  has  a  realistic  velocity  profile.  The  scalar 
profile  is  also  very  much  improved  and  we  note  the 
possibility  that  an  accurate  profile  might  require  the 
Prandtl  number  in  the  subgrid  model  to  vary  in  the 
matching  region. 


Fig.  3.  Profiles  of  the  non-dimensional  shear  and  passive 
scalar  gradient  in  the  planetary  boundary  layer  simulation  with 
backscatter.  Only  the  lower  part  of  the  domain  is  shown.  Also 
shown  Is  the  non-dimensional  shear  obtained  from  a  mixing- 
length  solution  with  the  mixing-length  given  by  Eq.  (2). 

In  the  simulation  without  backscatter  the  sur- 
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face  stress  has  a  value  of  0.141  (Geostrophic 
d.'ag  coefficient  Cg  =  1-41  x  10~^)  whilst  with 
backscatter  the  surface  stress  increases  to  0.189 
(Cg  =  1.89  X  lO"'*).  This  latter  value  is  in  better 
agreei.ient  with  observations,  with  the  Rossby  num¬ 
ber  similarity  coefficients  estimated  by  Grant  (1986) 
suggesting  a  value  of  Cg  =  2.0  x  10“'*  (Grant  1986) 
for  these  conditions.  We  note  the  limited  resolution 
used  in  the  present  study  and  do  not  seek  detailed 
comparison  with  planetary  boundary  layer  data. 

The  conclusion  here  is  that  the  backscatter  has 
had  entirely  beneficial  effects.  Other  flow  statistics 
either  show  little  modification  or  are  improved.  It  is 
perhaps  especially  significant  that  the  velocity  gra¬ 
dient  problem  did  not  improve  significantly  with  in¬ 
creased  resolution.  Without  remedy,  this  problem 
would  seriously  impair  the  value  of  high  Reynolds 
number  simulations.  The  success  of  the  backscatter 
model  gives  hope  that  the  optimism  concerning  the 
many  future  applications  of  large-eddy  simulation  is 
well  founded. 

Future  high  resolution  studies  should  allow  more 
careful  refinement  of  the  stochastic  model.  In  partic¬ 
ular  it  would  seem  desirable  to  quantify  the  backscat¬ 
ter  process  by  analysis  of  high  resolution  velocity 
fields  in  either  direct  or  large-eddy  simulations. 
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ABSTRACT 

An  investigation  of  tiic  fiiliy-developed,  statistically 
stationaiy,  axisymnictric'  turbulent  flow  thiough  straight 
circular  pipes  is  presented  using  the  large  eddy  simulation 
(LES)  technique.  This  flow  offers  the  simplicity  of  inhomo¬ 
geneity  of  the  mean  quantities  in  one  direction  only.  The 
simulation  is  done  in  a  cylindrical  coordinate  system.  Spe¬ 
cial  attention  is  paid  to  the  singularity  at  the  pipe  center 
line.  To  verify  the  quality  of  the  simulations,  statistical 
results  for  high  Reynolds  number  are  compared  with  ex¬ 
perimental  data  of  Laufer  (1954),  Lawn  (1971)  and  Perry 
&  Abell  (1975)  and  good  agreement  is  obtained.  In  addi¬ 
tion  the  instantaneous  turbulent  flow  field  is  visualized  and 
discussed. 


NOMENCLATURE 


C,,C'2 

Daft 

Esas 

P 

R.L 

R- 

Rer 


A 

AAo 

AV 


V,  I'lurb 


<(p> 

0 

0' 

0" 


constants  of  the  SGS  model 
deformation  tensor 
subgrid  scale  energy 
pressure 

pipe  radius  and  length 

global  Reynolds  number.  Re  =  Uci2R/u 

Reynolds  number,  Rcr  =  u^R/u 

center  line, bulk  flow  and  friction  velocity 

velocity  components 

length  scale 

glia  cell  surface 

grid  volume 

kinematic  and  turbulent  viscosity 

coordinate  directions 

(longitudinal,  circumferential,  radial) 

shear  stress  tensor 

Kronecker  symbol 

statistical  mean  value 

surface  or  volume  averaged  (GS)  quantity 

deviation  from  grid  scale  quantity 

(Reynolds)  fluctuating  quantity 


INTRODUCTION 

The  fully-developed,  statistically  axisymmetric  turbu¬ 
lent  flow  through  straight  circular  pipes  has  been  the  sub¬ 
ject  of  numerous  investigations  in  the  past  which  were  most¬ 
ly  of  experimental  nature.  Some  of  these  studies  show 
differences  in  the  reported  rms-turbulence  level  of  up  to 
25%  which  are  due  to  insufficient  flow  development  length, 
ill-conditioned  hot  wire  calibration  method,  inaccuracy  in 
wall-distance  measurement  and  several  other  factors.  This 
is  important  to  know  when  computa-  onal  results  are  judged 
on  the  basis  of  such  data. 

One  numerical  study,  namely  that  of  Leonard  &  Wray 
(1982),  seems  to  us  remarkable  because  it  treats  the  singu¬ 
larity  on  the  pipe  tixis  in  a  rigorous  manner  and  presents 
a  new  numerical  technique  in  which  spectral  expansions  of 
the  velocity  components  in  the  azimuthal  and  streamwise 
directions  and  global  polynomials  in  the  radial  direction 
are  used.  Tests  have  been  performed  for  Reynolds  num¬ 
ber  of  3000  corresponding  to  a  flow  regim  ■  where  interest¬ 
ing  transitional  phenomena  occur.  One  drawback  of  this 
new  method  is  its  limitation  to  periodic  flows  which  means 
that  practical  flow  simulations  like  sudden  expansions  and 
contractions  or  vortical  flow  leading  to  breakdown  cannot 
be  handled.  Such  complex  flow  situations  may  be  suitably 


treated  with  finite  difference  techniques  like  the  present  pro¬ 
vided  a  proper  way  is  found  to  take  care  of  the  singularity  on 
the  axis.  The  studies  of  Orszag  &  Patera  (1983)  and  Priy- 
mak,  Rozhdestvensky  h  Simakin  (1982)  are  like  Leonard  & 
Wray’s  work  direct  simulations  at  very  low  Reynolds  num¬ 
ber. 

We  do  not  know  of  any  numerical  investigation  of  the 
instantaneous  high  Reynolds  number  flow  field  in  a  straight 
pipe.  To  our  knowledge  the  present  paper  presents  the  first 
large  eddy  simulation  of  such  a  flow. 

In  the  following  sections  we  discuss  the  filtered  equa¬ 
tions  and  the  subgrid  scale  model,  the  integration  technique 
along  with  boundary  and  initial  conditions.  The  results  for 
a  global  Reynolds  number  of  50000  comprise  statistical  as 
well  as  instantaneous  flow  quantities. 

BASIC  EQUATIONS 

The  equations  describing  the  resolvable  (grid  scale, 
GS)  flow  quantities  are  derived  from  the  integrd  conserva¬ 
tion  equations  for  mass  and  momentum  applied  to  a  finite 
grid  volume  AY  (’volume  balance  procedure’,  Schumann 
M975)).  The  GS  quantities  are  denned  as  averages  over 
the  grid  volume  AY,  or  their  corresponding  surfaces  AAj. 

Using  a  cylindrical  grid  and  staggering  of  variables  the 
filtered  equations  have  the  following  non-dimensioi.al  form: 

Mass: 


Yl  l«,+A?„/2)  -AAoUo  |(e„-A{«/2))  =0,- 

a 


(1) 


Momentum: 

AY^d- 

01 

^(AA^  (1^  |(«;+a(„/2) 

p 

-  AAff  (u^  Vj  -f  v'aV'g  -b  pSa0  -  T^)  |((J_A{,/2)) 

-  (Term)„  =  0,  (2) 

where  describes  the  staggered  position. 

(TenTi)a  contains  the  additional  cui  vature  terms: 

(Term),  =  0 , 

AY _ _  _ 

(Term)^  =  —  {-v„  Ur  -  +  T<pr)('  .  (3) 

(Term),  ^  (tij^  -f  v'^v'^  +p-  V;){.  . 


The  shear  stress  is  defined  as 

1  -= —  ,  _  UtR 

7^  =  rg—Dafi  ,  where  Rcr  =  —— 


(4) 
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The  deformation  tensor  is  determined  from  tlie  filteied  ve¬ 
locities,  viz. 


D. 


2S.V.  ^S^pVz+StV^  SrVs  +  SzVr 
liSy^  +  vT)  rSr(^)  + 

•  •  ^SpVf' 


■  (5) 


Sa  icpresents  a  central  finite  difference  operator 

The  SGS  stresses  — which  arc  a  result  of  the  ve¬ 
locity  decomposition  into  a  GS  part  and  a  SGS  part  have 
to  he  expressed  in  terms  of  GS  quantities.  This  is  done  by 
using  Smagormsky’s  (19G3)  model: 

-  -‘'lurbDnp  (6) 

I _ 2 

~  rnin(/,„,j , Gi  A)  (7) 

l,n,r  =  0.14  -  O.OSr'^  -  O.OGr-*  Nikuradse  (1932)  (8) 
Cl  =  0.1  Deardorff  (1971) 

The  length  scale  A  is  calculated  from  the  mesh  size  Near 
the  wall  the  mixing  length  l,„,z  replaces  the  value  for  Ci  A 
in  the  case  of  coarse  grids.  We  have  tested  two  different 
formulas  for  A,  which  show  significant  differences  near  the 
center  line' 

A  =  AV'^^  =  (rArAipAc)'/’  ,  (9) 

A  =  „o, 


GEOMETRY  AND  FLOW  PARAMETERS 

The  real  counterpart  of  our  numerical  experiment  is  a 
four  diameter  long  section  of  a  smooth  pipe  in  which  the 
turbulent  flow  is  fully  developed  The  characteristic  length 
for  nondimensionalization  is  the  pipe  radius  R.  In  terms 
of  R  the  computational  domain  has  the  size  of  8x2jrxl  in 
the  U,(p,  r)-cylindrical  coordinate  system  and  the  Reynolds 
number  ba.sed  on  u,  is  i?er  =  1100.  Using  a  128x64x  16  grid 
.he  minimal  dimensionless  distance  to  the  wall  is  t/'*'=34. 
Grid  and  geometry  are  illustrated  in  figure  2.  The  chosen 
Reynolds  number  is  equivalent  to  a  global  Reynolds  number 
of  7?e=50000,  which  corresponds  to  Laufer’s  (1954)  exper¬ 
iment.  The  grid  is  equidistant  in  the  r,  ^-directions.  Cells 
which  are  nearly  ’isotropic’  can  be  found  at  r=0.6.  As  a 
result  of  the  flat  cells  near  the  center  line,  stability  requiie- 
ments  impose  a  very  small  time  step  A<=5'10“'*.  The  whole 
simulation  takes  90  characteristic  times  To—L/ui,,  time  av¬ 
eraging  starts  after  367’o  and  correlations  have  built  up  after 
56ro.  Such  a  simulation  takes  about  10  CPU-hours  on  a 
CRAY-YMP. 

RESULTS 

There  are  many  ways  to  extract  information  from  LES 
data.  First  of  all  we  like  to  look  at  the  behaviour  of  sta¬ 
tistical  flow  quantities,  because  they  allow  for  comparisons 
with  experimental  results.  This  is  done  in  the  first  part  of 
this  section.  In  the  second  part  we  investigate  and  visual¬ 
ize  instantaneous  flow  quantities,  the  formation  of  typical 
flow  structures  and  examine  their  behaviour  at  critical  po¬ 
sitions  such  as  the  pipe  center  line.  Results  of  the  first  part 
give  us  confidence  in  the  quantitative  accuracy  of  the  shape 
and  dynamics  of  large  scale  structures  treated  in  the  second 
part. 


The  first  expression,  {9)  is  due  to  Deardorff  (1971)  Em¬ 
ploying  this,  the  length  scale  A  vanishes  at  the  axis.  This 
leads  to  an  eddy  viscosity  which  is  also  zero  in  this  region. 
The  second  expression.  (10)  is  taken  from  Bardina,  Ferziger 
Reynolds  ( 1980)  and  pioduces  a  finite  value  for  the  length 
scale  at  the  axis  giving  a  more  physically  realistic  non-zero 
value  for  the  eddy  viscosity  Figures  la,b  compare  these 
length  scales  and  show  their  influence  on  the  time  averaged 
eddy  viscosity 

NUMERICAL  MODEL  ic  BOUNDARY  CONDITIONS 

The  momentum  equations  arc  integrated  m  time  on  a 
staggeied  grid  using  a  second-order  leapfrog  scheme.  The 
use  of  Chorin's  (1968)  piojection  method  leads  to  a  Pois¬ 
son  equation  for  the  pressure  which  is  solved  with  direct 
methods  Fast  Fourier  transformation  in  axial  and  circum¬ 
ferential  directions  reduces  the  3D  problem  to  a  .set  of  ID 
Helmholtz  problems  which  arc  solved  in  parallel  with  a  tri- 
tliagonal-matrix  algorithm.  The  use  of  Fourier  transform 
implies  periodic  houiidary  conditions  in  the  strcamwise  and 
the  circumferential  directions.  Resolution  restrictions  re¬ 
quire  special  formulations  for  the  wall  boundary  conditions 
According  to  Schumann  (1975)  the  wall  shear  stress  compo¬ 
nents  are  in  phase  with  the  tangential  velocity  components. 
In  the  model  for  the  circumferential  stress  a  niodiiication 
proposed  by  Piomelli  et  al  (1989)  is  adopted  which  replaces 
the  [iroportionality  factor  by  that  computed  for  the  stream- 
wise  direction.  At  the  pipe  center  line  no  boundary  condi¬ 
tions  are  needed  in  the  present  finite  volume  formulation. 
Since  the  grid  surface  AAr  goes  to  zero  the  momentum  and 
mass  flux  is  zero  too.  The  first  mesh  volume  needs  some 
special  treatment  only  due  to  the  staggered  grid  which  is 
used  to  integrate  the  momentum  equations.  Minor  approx¬ 
imations  become  necessary  in  the  diffusion  terms  in  which 
variables  must  be  specified  at  positions  where  they  are  not 
defined. 

For  the  very  first  simulation  initial  values  for  the  veloc¬ 
ity  field  have  to  be  specified.  This  is  done  by  adding  random 
velocity  fluctuations  to  empirical  mean  flow  distributions. 
The  latter  are  specified  by  setting  <v^>  and  <  uP  >  to 
zero,  <  tif  >  is  calculated  according  to  a  power  law.  The 
fluctuations  are  Gaussian  random  numbers  which  are  nor¬ 
malized  to  one,  weighted  with  experimental  rms-values  and 
made  divergence  free  by  applying  the  Poisson  solver  once. 


Part  1:  Statistical  quantities 

Since  the  mean  flow  is  homogeneous  in  the  circumfer¬ 
ential  and  longitudinal  directions  there  is  only  one  nonzero 
mean  velocity  component,  tij.  Figure  3  shows  the  radial 
distribution  of  v,  non-dimensionalized  with  the  mean  cen¬ 
terline  velocity  in  comparison  with  data  of  Laufer  (1954). 
The  difference  between  the  simulation  and  the  experiment 
near  the  pipe  wall  are  due  to  the  small  number  of  grid 
points  in  radial  direction  Recall  that  the  pipe  radius  is 
divided  into  16  cells  only.  Finer  grids  would  of  course  do  a 
better  job  in  resolving  the  steep  near  wall  gradients,  they 
are,  however,  more  expensive.  The  logarithmic  represen¬ 
tation  of  Uj  in  terms  of  Ur,  in  figure  4  reflects  this  lack 
of  resolution,  in  the  fiist  grid  point  at  least.  The  dashed 
line  marks  Coles’  (1968)  logarithmic  law  and  triangles  cor- 
re.spond  to  experimental  data  of  Perry  &  Abell  (1975)  at  a 
global  Reynolds  number  of  78- 10^.  The  rms-'values  of  the 
three  velocity  comjioiieiits  are  compared  with  experiments 
in  figure  5.  The  computed  profiles  contain  a  resolved  (GS) 
part  and  a  subgrid  scale  (SGS)  part  according  to  the  defi¬ 
nition 


Ua.fiAfS  = 


>  +-^Esgs  ■ 


Esas  — 


C2  = 


‘'Lb 


(CjA)'  ’■ 

0.094 


Deardorff  (1971) . 


(11) 

(12) 


Our  result  for  the  longitudinal  component  lies  within  the 
bandwith  of  experimental  error.  The  low  level  of  Laufer’s 
data  is  discussed  in  Perry  &  Abell’s  (1975)  paper.  The 
o'oviously  too  low  level  of  the  fluctuations  computed  near 
the  centerline  can  most  likely  be  attributed  to  the  flat  grid 
cells  there.  Otherwise  the  LES  performs  well  and  leads 
to  good  agreement  with  the  experiment.  The  total  shear 
st»ess  in  figure  6  consists  of  a  GS-part  (solid  line),  a  SGS- 
part  (dashed)  and  a  viscous  part  (dashed-dotted)  and  shows 
the  analyticmly  expected  linear  shape.  Figure  7  presents 
the  (tir,Vj)-correlation  coefficient  which  reflects  very  good 
agreement  with  Laufer’s  experiment.  An  often  measured 
and  very  sensitive  quantity  is  the  longitudinal  power  spec¬ 
trum  of  the  three  fluctuating  velocity  components.  Figures 
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8a, b  compare  spectra  measured  by  Lawn  (1971)  with  our 
LES  data  at  two  different  radial  positions.  The  agreement 
is  good  at  low  and  moderate  wave  numbers.  The  steep 
fall-off  of  the  spectra  for  higher  wave  numbers  at  position 
r/i?=0.35  may  be  due  to  the  decrease  in  two  cell  surfaces 
for  r— >0.  Our  aim  in  the  future  is  to  improve  on  that  using 
different  grid  systems. 

Part  2:  Instantaneous  flow  quantities 

In  figure  9abc  the  three  velocity  components  reveal 
their  own  typiceJ  flow  structure.  The  longitudinal  veloc¬ 
ity  represented  in  figure  9a  is  the  only  component  with  a 
nonzero  mean  velocity  implying  steep  gradients  near  the 
pipe  wall.  It  produces  very  elongated  structures  without 
especially  remarkable  features.  The  ti,^-component  in  fig¬ 
ure  9b  on  the  other  hand  is  organized  in  large  scale  struc¬ 
tures  having  a  typical  inclination  angle  with  respect  to  the 
wall.  Figure  9c  illustiates  the  spotty  character  of  the  Vr- 
component.  It  can  be  observed  from  all  the  three  velocity 
components  that  the  near  wall  region  is  dominated  by  high 
intensity  fluctuations  whereas  the  region  near  the  center- 
line  shows  only  weak  fluctuations.  This  is  confirmed  by  the 
fluctuating  velocities  in  a  plane  perpendicular  to  the  axis  in 
figure  lOab.  Instead  of  v"  and  u"  the  cartesian  components 
v'J  and  v"  are  plotted.  Special  attention  should  be  given  to 
the  centerline  region.  The  figures  do  not  show  any  obvious 
artificial  influence  of  the  axis,  i.e.  large  scale  structures  are 
free  to  cross  the  axis.  A  snapshot  of  fluctuating  velocity 
vectors  in  figure  11  demonstrates  the  possibility  for  such 
crossings.  Finally  a  perspective  view  of  the  contour  surface 
of  the  instantaneous  longitudinal  velocity  is  presented  in 
figure  12  for  Vi=0.95uc(.  The  highly  rugged  surface  gives 
an  impression  of  the  ongoing  dynamics. 

CONCLUSIONS 

The  presented  data  of  fully-developed  pipe  flow  at  high 
Reynolds  numbers  demonstrate  that  cylindrical  coordinates 
can  be  quite  successfully  used  in  large-eddy  simulations  aiul 
provide  good  agreement  with  experimental  results.  Never¬ 
theless  improvements  should  be  made  in  the  near  future 
avoiding  too  elongated  mesh  cells  and  thus  too  strong  re¬ 
strictions  111  the  Courant  numbers.  Further  work  is  going 
on  in  this  direction. 
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Fig.2  Geometry  of  the  simulated  flow 
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ABSTRACT 

The  concept  of  large-eddy  simulation  (LES)  has  been 
applied  to  simulate  turbulent  flow  over  and  around  a  single 
cube  mounterl  on  the  bottom  of  a  plate  channel  for  a  Rey¬ 
nolds  number  of  50000  (based  on  the  incoming  mean  bulk  ve¬ 
locity  and  obstacle  height).  Here  we  present,  as  a  first  part 
of  the  evaluation  of  the  data,  mainly  results  for  the  three- 
dimensional  mean  fields  (velocity,  vorticity,  Reynolds  stress, 
enstrophy,  helicity)  and  a  few  interesting  views  of  the  instan¬ 
taneous  fields.  Having  engineering  application  in  mind,  this 
flow  problem  represents  an  ideal  case  for  testing  and  evalua¬ 
ting  solution  concepts  like  LES  or  solutions  of  the  Reynolds- 
averaged  Navier-Stokes  equations. 

INTRODUCTION 

The  purpose  of  our  work  is  to  apply  the  concept  of  large- 
eddy  simulation  (LES)  to  turbulent  flow  over  and  around  flow 
obstacles  with  sharp  edges  and  corners.  The  work  is  moti¬ 
vated  by  the  need  for  applications  of  the  LES  concept  to 
engineering  applications  involving  (a)  high  Reynolds  num¬ 
ber  flow,  (b)  three-dimensionality  of  the  mean  flow  and 
(c)  non-periodic  boundary  conditions  in  the  main  flow  di¬ 
rection.  In  this  paper  we  present  results  from  a  nume.ica! 
simulation  of  turbulent  flow  over  and  around  a  cube  mounted 
on  the  bottom  of  a  plate  channel.  For  the  example  presen¬ 
ted  here,  we  selected  (a)  a  Reynolds  number  of  about  50000, 
based  on  mean  bulk  velocity  and  obstacle  height  (which  is 
equal  to  the  channel  half  width),  (b)  a  three-dimensional 
obstacle,  creating  a  flow  field  without  any  homogeneous  di¬ 
rection,  which  makes  it  necessary  to  provide  the  statistics  by 
time-averaging  only,  and  (c)  a  tingle  obstacle,  i.e.  not  al¬ 
lowing  the  use  of  periodic  boundary  conditions  in  the  main 
flow  direction 

Earlier  related  work  on  LES  of  turbulent  flow  over  a 
periodic  arrangement  of  cubes  in  a  simulated  atmospheric 
boundary  layer  has  been  published  by  Murakami,  Mochida  & 
Hibi  (1987),  results  for  the  flow  over  a  periodic  arrangement 
of  square  ribs  in  a  channel  have  been  presented  by  Kobayashi, 
Kano  k  Ishihara,  (1985),  and  results  from  our  own  earlier 
work  on  flow  over  a  single  square  rib  on  the  bottom  of  a  plate 
channel  can  be  found  in  Werner  &  Wcngle  (1988,  1989). 

MATHEMATICAL  MODELS, 

SOLUTION  TECHNIQUE  AND 
EVALUATION  OF  THE  STATISTICS 

The  governing  equations  describing  the  resolvable  flow 
quantities  (grid  scsJe,  GS)  are  derived  from  the  integral  con¬ 
servation  equations  for  mass  and  momentum  applied  to  a 
finite  grid  volume  AV  =  Ax  *  Ay  *  Az  following  the  ’vo¬ 
lume  balance  method’  of  Schumann,  U.  (1975).  FVom  this  it 
follows  that  GS  quantities  of  the  thre.e  velocity  components 

+  to  whom  correspondence  should  be  sent 


Ua(oc  =  1,2, 3)  are  defined  as  averages  over  the  corresponding 
surfaces,  AAo(q'  =  1,2,3)  of  the  grid  volumes,  AV. 

The  subgrid  scale  (SGS)  stresses  arising  from  the  nonli¬ 
near  convection  terms  are  evaluated  by  the  Smagorinsky-Lilly 
model  (with  c,  =0.1)  which  relates  the  subgrid  stres¬ 
ses  to  the  GS  velocity  field  via  an  eddy  viscosity  model.  In 
grid  volumes  next  to  walls,  we  used  for  the  mixing  length  the 
smallci  value  oi K*Xa  and  0.1  ♦(Ax*  At/*  A^y/’  respectively 
(i„  is  the  distance  normal  to  a  wall). 

The  geometry  of  the  computational  domain  and  of  the 
flow  obstacle  is  evident  from  figure  1.  Measured  in  units  of 
the  reference  height  H  (height  of  the  cube)  of  the  problem, 
the  dimensions  of  the  domain  were  (X,Y,Z)=(10,7,2),  and  for 
the  results  presented  here  we  used  (NX,NY,NZ)=(144,92,58) 
grid  points. 

The  governing  equations  are  solved  numerically  on  a 
staggered  and  non-uniform  grid  using  second  order  finite- 
differencing  in  time  and  space  (explicit  leap-frog  for  time 
discretization,  central  differencing  for  convection  terms  and 
time-lagged  diffusion  terms).  The  problem  of  pressure- velocity 
coupling  is  solved  iteratively  (point-by-point  relaxation). 

The  direct  results  from  LES  are  the  time-dependent  and 
three-dimensional  data  fields  for  the  GS  quantities  of  the 
three  velocity  components  and  the  pressure.  Figure  2a  shows 
a  sample  of  the  instantaneous  flow  field  in  a  vertical  plane 
through  the  center  of  the  cube.  By  time-averaging  of  the 
instantaneous  flow  field,  the  mean  flow  field  (fig.  2b)  is  ob¬ 
tained,  and  as  soon  as  the  mean  velocity  field  has  reached 
stable  (i.e.  time-independent)  values,  the  fluctuating  velocity 
field  (fig.  2c)  can  be  evaluated  as  the  difference  of  the  two 
fields,  which  leads  to  the  classical  Reynolds-decomposition  of 
a  turbulent  flow  field.  Finally,  from  the  fluctuating  fields,  the 
root-mcan-square  values,  e.g.  for  velocity,  vorticity  and  pres¬ 
sure  fluctuations  can  be  calculated,  as  well  as  the  Reynolds 
stresses  and  other  statistics  desired. 

INFLOW  AND  WALL  BOUNDARY  CONDITIONS 

At  the  inflow  section,  we  used  at  each  time  step  the  in¬ 
stantaneous  flow  field  of  a  LES  result  of  the  corresponding 
(fully  developed)  channel  flow  (see  figure  1).  Boundary  con¬ 
ditions  at  horizontal  and  vertical  walls  were  specified  by  as¬ 
suming  that  at  the  giid  points  (P)  closest  to  the  wall,  (a) 
the  instantaneous  velocity  components  tangential  to  the  wall 
(up,  vp)  are  in  phase  with  the  instantaneous  wrJl  shear  stress 
components  (tus,  r„t)  and  (b)  the  instantaneous  velocity  dis¬ 
tribution  is  assumed  to  follow  the  linear  law-of-the-weJl  u'*'  = 
x"*"  for  x+  <  11.81,  and  for  x"*"  =  >  11.81  it  is  continued 

by  a  power-law  description  of  the  form  u+  =  A(x+)®  (with 
A=8.3  and  B=l/7).  The  velocity  components  tangential  to  a 
wall  at  the  grid  point  next  to  the  wall  (up,  vp)  can  be  related 
to  the  corre-sponding  wall  shear  stress  components  by  inte¬ 
grating  the  velocity  distribution  over  the  height  of  the  first 
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giid  element,  ami  the  resulting  expression  can  be  resolved 
analyttcally  for  tire  wall  shear  stress  component,  i.e. 


ir  Hfihd 


=  P 


1-B  .u 
2 


for  |up|  <  2^-''’^ 


.4T^S 


rh 


for  ^ 


2pA: 


(A;  is  the  vertical  width  of  the  grid  volume  next  to  the 
wall,  'm  is  the  upper  boundary  of  validity  of  the  liircar-law-of- 
the-wall).  Though  theoretically  not  fully  satisfying,- from  an 
application  point  of  view  this  procedure  offers  the  advantage 
that  the  averages  <  r„(,  >  and  <  up  >  are  not  rerpiired  (in 
particular  in  flow  situations  in  which  these  variables  may  be 
slowly  varying  in  time),  and  numerical  problems  are  avoided 
in  evaluating  the  commonly  used  relation  =  up  <  t^/,  > 
/<  Up  >  in  rcattachment  regions.  In  consequence  of  the 
experimental  results  from  Ruderich  &  Fernholz  (10S6)  we 
have  abandoned  the  use  of  the  logarithmic-law-of-the-wall. 


DISCUSSION  OF  RESULTS  AND  CONCLUSIONS 

The  results  shown  in  this  paper  are  made  dimensionless 
using  a  reference  height  Lrc/  =  H  (H=cube  height)  and  a 
reference  velocity  Urtf  =  Ui,  (Ui,=mcan  hulk  velocity,  sec 
fig.  1).  Note,  that  in  our  nomenclatuie,  Z  is  the  coordinate 
normal  to  the  walls  of  the  plate  channel. 

LES  provides  insight  into  the  time-dependent  large-scale 
structure  of  a  turbulent  flow  field.  An  instantaneous  view  of 
the  velocity  vectors  projected  onto  a  vertical  plane  through 
the  center  of  the  cube  (fig  2a)  exhibits  an  extremly  compli¬ 
cated  flow  field.  The  intei  action  of  diffeient  processes  like  the 
development  of  a  three-dimensional  shear  layer,  the  reattach¬ 
ment  of  flow  on  the  bottom  plate  behind  the  flow  obstacle, 
the  recirculation  of  highly  turbulent  flow  and  its  reentrain¬ 
ment  into  the  free  shear  layer  takes  place  within  a  spatial 
regime  which  is  significantly  smaller  compared  to  the  case  of 
flow  over  a  square-rib,  sec  Werner  Si  Wengle  (1988,  1989): 
the  mean  recirculation  length  is  about  2.0  for  the  flow  over 
a  cube,  and  about  7.0  for  the  squarc-rib.  Strong  horizontal 
fluctuations  in  the  lateral  direction  close  to  the  walls  can  be 
observed  in  the  small  recirculation  legimes  in  front  and  on 
top  of  the  cube  and  in  the  large  lecirculation  legime  behind 
the  flow  obstacle  (fig.  4)  Tlie  creation  of  strong  hoiizontal 
fluctuations  by  splashing  down  of  tongues  of  fluid  material 
can  be  seen  in  figure  5. 

The  mean  stiucture  of  the  flow  field  (eg.  mean  velo¬ 
city,  mean  vorticity,  second  order  statistics,  niean  enstrophy, 
mean  helicity)  can  be  provided  by  time-averaging  only.  For 
the  results  shown  here,  we  started  averaging  for  the  first- 
order  statistics  after  GO  ’•eference  times,  samples  for  the  first- 


order  statistics  have  been  collected  over  160  reference  times 
(taking  one  samjile  at  every  40th  time  step),  samples  for  the 
second-order  statistics  have  been  collected  over  the  latest  110 
reference  times.  One  reference  time  is  equivalent  to  the  time 
a  tracer  particle  needs  to  travel  with  bulk  velocity  Ui  (see  fig. 
1)  over  a  distance  of  one  obstacle  height  H.  Figure  1  shows 
vertical  profiles  of  the  mean  U-velocity  component;  the  pro¬ 
files  are  quite  smooth,  indicating  that  a  sufficient  number  of 
samples  has  been  taken  for  the  first-order  statistics.  Ftom 
distributions  of  the  mean  U-velocity  component  close  to  the 
bottom  plate  (Z=0.01=location  of  first  vertical  grid  point) 
and  close  to  the  top  face  of  the  cube  (Z=1.01),  the  different 
mean  recirculation  lenghts  can  be  approximately  determined 
to  XF=0.9,  XR1=1.75,  XR2=0.2  and  XT=0.75  (fig.  3a,b). 
In  a  vertical  cut  normal  to  the  main  flow  direction  at  a  di¬ 
mensionless  position  X=0.88  behind  the  cube  (fig.  3d),  two 
pairs  of  counter-rotating  mean  vortices  can  be  observed  (one 
pair  very  close  to  the  side  walls  of  the  cube,  and  the  other 
one  at  Y=-t-1.5  and  Y=-1.5  from  the  center  of  the  cube).  In 
that  vertical  plane,  the  lateral  shape  of  the  mean  shear  layer 
also  becomes  visible  (fig  3d). 

As  an  example  for  the  second  order  statistics,  figure  6 
shows  vertical  profiles  of  the  Reynolds  stress  —  <  uxv  >  and 
of  the  turbulent  energy  (in  a  vertical  plane  through  the  center 
of  the  cube).  The  smoothness  of  the  profiles  is  not  quite 
satisfying,  indicating  that  still  more  samples  are  desirable 
for  the  second-order  statistics. 

The  evaluation  of  the  mean  vorticity  field  in  figure  7  gives 
an  interesting  view  of  the  geometry  of  the  mecui  shear  layer 
behind  the  cube.  In  addition,  figure  7a  shows  on  the  right 
hand  side  the  mean  vorticity  vectors  projected  onto  vertical 
planes  normal  to  the  main  flow  direction  (the  length  of  a 
vorticity  vector  is  proportional  to  the  strength  of  the  local 
mean  vorticity)  On  the  left  hand  side,  isolines  of  the  mean 
total  enstrojihy  are  shown,  indicating  the  same  geometry  of 
the  3D  shear  layer  as  exhibited  by  the  arrows  of  the  velocity 
vectors  in  fig.  3d  An  interesting  perspective  view  of  the 
shape  of  the  3D  mean  recirculation  zone  is  given  in  fig.  7b  by 
an  isosurface  of  the  mean  total  enstrophy  <  > 

(for  an  arbitrarily  cliosen  value  of  20.0). 

Finally,  we  evaluated  the  so-called  helicity  u  ■  lu  of  the 
flow  field;  c.g.  fig.  8a  shows  a  perspective  view  of  a  mean 
helicity  iso-suiface  for  a  value  of  0.25.  If  the  instantaneous 
helicity  density  is  normalized  as  cos9  =  v  ■  ijjj\v\\Cj\  it  can  be 
interpreted  as  the  cosine  of  the  angle  between  velocity  vector 
and  vorticity  vector.  For  example,  fig.  8b  gives  a  perspective 
view  of  the  instantaneous  locations  of  cos9  =  0.90(0  =  25°). 
Regions  of  small  helicity  values  are  equivalent  to  regions  of 
large  values  of  ex  w  (the  non-linear  term  of  the  Navier-Stokes 
equation  in  rotation  form),  in  regions  of  small  angles  between 
V  and  J  it  is  reasonable  to  expect  tliat  the  local  structure  will 
be  helical  (an  ideal  case  would  be  cos9  —  1.0,  i.e.  v  and  u; 
are  aligned). 


Fig.  1:  Geometry  of  comp  jtationai  domain  and  inflow  boundary  conditions 

left:  channel  flow  NX  *  NY  *  NZ  =  54  *  92  ♦  58  grid  points 

light:-  flow  over  cube  NX  *  NY  *  NZ  —  144  *  92  *  58  grid  points 
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.  Fig.  7;  Mean  vorticity  field 

rig.  6;  Second  order  statistics  Fig.  7a: 

Fig.  6a:  vertical  profiles  of  Reynolds  shear  stress  -  <  uw  >  projected  onto  vertical  planes  at  X  =  -0.3,  -f  1.0,  +2.5 

Fig.  6b:  vertical  profiles  of  turbulent  energy  E-F  half...:,  isohncs  of  total  mean  enstrophy  <  +  cj]  > 

in  a  vertical  plane  at  Y  =  0  F>g-  7b:  isosurface  of  total  mean  enstrophy  (isosurface  cut  open  at  Z  =  1  4) 


Fig.  8:  Isosurfaces  of  helicity 

Fig.  8a:  mean  helicity  <  tT-iS  >  __ 

Fig.  8b:  '  .^tantaneous  helicity  density  cos9  =  t>  •  a)/|i)l|w|  =  ±0.9 
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From  the  results  presentcci  heio  it  can  be  concluded  that 
the  case  of  turbulent  flow  over  a  cube  in  a  plate  channel  ic- 
prcsents  a  flow  problem  which  is  very  well  suited  for  testing 
and  validating  numeiical  siiiiulation  techniques  and  turbu¬ 
lence  models.  Coricsponding  experimental  data  will  be  avai¬ 
lable  in  the  near  future  from  Larousse,  Martinuzzi  k  Tro- 
pea  (1991).  For  applying  the  solution  concept  ’Targe-eddy- 
simulation”  about  300  CPU  hours  on  a  CRAY/Y-MP  mu.st 
be  spent  to  provide  sufficiently  stable  second-order  statistics 
For  every  mean  variable  to  be  evaluated  a  three-dimensional 
array  must  be  assigned  in  the  computer  programm  ,  and  the 
number  of  grid  points  used  for  the  results  presented  here 
.“hould  be  considered  to  be  a  minimum  to  reach  satisfying 
agreement  with  experimental  data  for  the  second-order  sta¬ 
tistics  and  to  provide  sufficiently  accurate  results  needed  for 
the  validation  of  statistical  turbulence  models  involved  in  sol¬ 
ving  the  Reynolds-averaged  Navicr-Stokes  equations. 
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ABSTRACT 

Thermal  convection  of  a  Boussinesq  fluid  in  a 
layer  confined  between  two  infinite  horizontal 
walls  is  investigated  by  large  eddy  simulation 
(LES)  For  zero  and  finite  horizontal  mean  motion. 
The  lower  surface  height  varies  sinusoidally  in 
one  direction  in  order  to  investigate  the  effect  of 
complex  terrain  on  the  turbulent  motion.  Several 
cases  are  considered  with  amplitude  S  up  to 
0.15H  and  wavelength  X  between  and  BH  In 
the  windless  cases,  the  gross  features  of  the 
flow  statistics  such  as  profiles  of  turbulence 
variances  and  fluxes  are  found  to  be  not  very 
sensitive  to  the  variations  of  wavelength,,  ampli¬ 
tude,  domain-size  and  resolution  whereas 
details  of  the  flow  structure  are  changed  con¬ 
siderably.  The  mean  flow  causes  a  systematic 
change  of  the  temporal  development  of  the  flow 
structure. 

INTRODUCTION 

Much  is  known  about  thermal  convection  over 
homogeneous  horizontal  surfaces.  Land  sur¬ 
faces  are,  however,  rarely  homogeneous.  They 
are  often  undulated  and  form  hilly  terrain.  Even 
when  the  amplitude  of  such  hilly  terrain  stays 
below  the  mean  height  of  the  atmospheric 
boundary  layer,  one  might  expect  that  topogra¬ 
phy  has  appreciable  effect  on  the  flow  structure. 

From  Field  observations  on  the  structure  of  the 
atmospheric  convective  boundary  layer,  vaiious 
authors  (see  for  a  review  Krettenauer  and 
Schumann,  1991)  found  that  "gently  rolling  ter¬ 
rain”  has  generally  little  effect  with  respect  to 
the  intensity  of  turbulence  but  changes  the  flow 
structure  as  measured  by  the  characteristic 
length-scales  of  the  motions.  E  g.  Kaimal  et  al. 
(1982)  found  a  30  %  increase  in  the  length-scale 
of  the  spectrum  of  vertical  velocity  and  a  60  % 
reduction  of  the  length-scale  of  temperature. 

Most  previous  LES  considered  flows  over  plane 
surfaces  (Schmidt  and  Schumann,  1989,  Nieuw- 
stadt,  1990).  Krettenauer  and  Schumann  (1989) 


investigated  the  thermal  convection  for  various 
finite  Rayleigh  numbers  and  zero  mean  flow 
over  sinusoidal  waves  by  means  of  direct  simu¬ 
lation.  In  this  paper,  we  extend  the  previous 
study  to  LES  for  infinite  Rayleigh  number 
including  the  case  of  nonzero  mean  wind  speed. 
The  effect  of  topography,  turbulent  convection 
and  mean  wind  on  the  turbulence  structure  is 
investigated  for  a  Boussinesq  fluid  confined  in  a 
layer  between  two  Infinite  horizontal  walls. 

METHOD  AND  MODEL  PARAMETERS 

The  lower  surface  height  h  varies  sinusoidally  in 
the  streamwise  direction  with  an  amplitude  f5  up 
to  0.15 W  and  a  wavelength  /lof10/Vto40W 
(inclination  up  to  43®)  in  different  cases,  where 
H  Is  the  mean  fluid  layer  height.  We  imple¬ 
mented  a  subgrid-scale  (SGS)  model  which  is 
similar  to  that  used  by  Schmidt  and  Schumann 
(1989)  info  a  numerical  scheme  which  uses  ter¬ 
rain  following  coordinates  according  to 
q(z./i)  =  H{z  -  H)I{H  -  h).  The  numerical  method, 
which  employs  a  second-order  finite-difference 
scheme,  follows  proposals  of  Clark  (1977). 

Constant  heat  flux  (temperature  flux  Q,  =  w'9\) 
is  prescribed  at  the  lower  surface  of  the  fluid 
layer.  The  momentum  fluxes  at  the  lower  rough 
surface  {zJH  =  1.10')  are  computed  using  the 
Monin-Obuchow  relationships.  At  the  flat  top  an 
adiabatic  frictionless  boundary  condition  is 
applied  which  approximates  a  strong  capping 
inversion  of  an  atmospheric  convective  bounda¬ 
ry  layer.  For  cases  U  ^0  we  use  the  BKD  boun¬ 
dary  condition  which  reduces  the  reflection  of 
gravity  waves  as  described  by  Schmidt  and 
Schumann  (1989).  In  both  horizontal  directions, 
the  model  domain  extends  over  the  same  length 
(from  4  to  8H)  with  periodic  lateral  boundaiy 
conditions.  The  horizontal  mean  velocity  in  the 
x-direction,  U,  is  prescribed  and  varies  between 
0  and  4  w.,  where  w*  =  (pgQ,z,)'>^  (z,  =  H  for  the 
runs  with  i7  =  0)  is  the  convective  velocity  scale 
(/?  =  volumetric  thermal  expansion  coefficient 
of  the  fluid,  g  -  gravity):  t  =  Hlw>  is  the  con¬ 
vective  time-scale. 
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RESULTS 

a)  Convection  for  zero  mean  horizontal  flow 
speed 

For  flat  surfaces  the  flow  statistics  have  been 
found  to  compare  very  well  with  measurements 
taken  by  Adrian  et  al.  (1986)  in  a  comparable 
laboratory  study.  Examples  of  such  comparisons 
are  shown  in  Fig.  1. 

For  convection  over  undulating  terrain,  we  have 
identified  some  rather  surprising  effects  of  the 
unidirectional  terrain-variation  on  three-dimen¬ 
sional  motions.  In  particular  we  found  that  a 
two-dimensional  model  would  be  misleading 
since  the  results  demonstrate  that  three-dimen¬ 
sional  motions  are  enforced  by  terrain.  So,  we 
can  observe  circulations  with  axis  parallel  as 
well  as  perpendicular  to  the  wave  crests,  which 
cannot  be  predicted  with  two-dimensional  mod¬ 
els.  On  the  other  hand,  undulating  terrain  has 
rather  small  effects  on  the  mean  turbulence 
profiles  as  long  as  the  wavelength  X  is  less  than 
4  H  and  the  wave  amplitude  S  less  than  0.15  H. 

In  Fig.  2  we  see  convection  patterns  which  are 
composed  of  large-scale  components  at  scales 
of  the  order  H  plus  small-scale  random  turbulent 
motions.  The  flow  structure  is  little  affected  by 
the  sinusoidal  waves  for  XIH^2  and  (5/H<0.15. 
But,  they  persist  over  longer  time  intervalls  {at 
least  5  convective  lime  scales  f.)  in  the  presence 
of  surface  waves  which  fix  the  motion  patterns 
(Fig.  3)  Our  results  confirm  field  observations 
with  respect  to  changes  in  the  horizontal  length 
scales  (Kaimal  et  al.,  1982).  A  complete  doc¬ 
umentation  was  published  by  Kreftenauer  (1991) 

b)  Convection  for  positive  mean  horizontal  flow 
speed 

As  a  next  step  in  our  investigations  jwards 
realistic  atmospheric  cases,  we  began  to  simu¬ 
late  the  flow  over  sinusoidal  waves  with  pre¬ 
scribed  mean  horizontal  flow  velocity  U.  The  aim 
of  this  part  of  our  study  is  to  investigate  the 
combined  influence  of  the  undulating  surface, 
the  convective  motion  and  the  mean  advecfion 
of  wind  on  the  turbulence  structure.  We  chose  a 
special  configuration  which  is  relevant  for  appli¬ 
cations  in  atmospheric  physics.  The  domain  size 
is  typical  for  the  meso-scale  of  atmospheric 
motions.  The  wavelength  is  XjH  =  1  and  the  pre¬ 
scribed  temperature  flux  at  the  surface  is 
Q,  =  0.1  Km/s.  We  compare  four  cases: 


(A)(5/W  =  0,  i7  =  0; 

{B)6IH  =  0,  u  =  5mls\ 

(C)  (5/W  =  0.05,  U  =  0mls: 

(D)  (5/W  =  0.05,  U  =  5mls. 

For  all  simulations  we  assumed  that  the  initial 
temperature  field  is  stably  stratified  with  an  uni¬ 
form  gradient  t)0/9z  «  3  K/km.  Further,  we  add 
random  perturbations  ranf  to  initiate  turbulent 
motions: 

0  =  300K  -f  .  z  -h  7.  ■  ranf  . 
oz 

Depending  on  the  height  of  the  inversion  z,  the 
ratio  i7/w.  is  about  3  to  4  for  runs  (B)  and  (D). 

Fig,  4a  shows  the  temporal  development  of  0(»;) 
(averaged  over  planes  =  const.).  These  pro¬ 
files  look  similiar  for  all  runs  and  mark  typical 
mean  profiles  of  a  convective  boundary  layer 
(superadiabatic  lapse  rate  in  the  surface  layer, 
a  well  mixed  layer  with  dt?>  j  dzxO,  the  entrain¬ 
ment  zone,  and  above  it  the  stable  atmosphere). 
Fig.  4b  depicts  the  temporal  evolution  of  the 
volume  averaged  kinetic  energy  of  turbulent 
motion  (TKE)  which  first  decreases  to  a  mini¬ 
mum  and  then  achieves  an  approximately 
steady  state  for  times  greater  100  min.  This 
behaviour  is  caused  by  the  development  of  the 
transfer  spectrum  in  wave  number  space.  The 
following  interval  up  to  f  -  200min  was  chosen 
to  average  the  vertic^  profiles  of  momentum 
flux  UW  and  heat  flux  w.9  which  are  displayed  in 
Fig.  5. 

With  regard  to  u'w',  considerably  differences 
between  the  runs  can  be  seen  whereas  fh'  heat 
fluxes  differ  only  little.  Tne  differences  are 
caused  by  the  effect  of  mean  advection  (com¬ 
pare  (A)  and  (C)  with  (B)  and  (D) )  as  well  as  the 
effect  of  orography  (compare  (A)  with  (C)  and  (B) 
with  (D)  ).  As  expected,  the  absolule_v£lues  are 
larger  for  runs  witii  U^O  because  u'w'  Is  pro¬ 
portional  to  the  gradients  of  mean  velocity.  For 
SIH  =  0  (case  B)  |  u’w’  |  is  nearly  constant  in  the 
surface  layer  and  decreases  monotonously  in 
the  mixed  layer.  Above  the  inversion  height  z, 
the  momentum  flux  has  a  small  negative  value 
which  is  supposed  to  originate  from  the  wave 
transport  and  can  be  denoted  by  wave  drag. 
Consistently,  I  u'w'  |  has  a  larger  nearly-con- 
stant  value  for  run  (D)  in  this  layer.  Also  the 
absolute  value  in  the  mixed  layer  shows  the 
influence  of  the  little  mountain:  a  vertically  more 
extended  domain  with  a  larger  value  of  |  u'w'  |. 

The  mean  flow  causes  a  systematic  change  of 
the  flow  structure  (Fig.  6).  Obviously,  as  can  be 
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seen  from  contour  plots  of  0,  the  upward  motion 
causes  upwards  propagating  perturbations  in 
the  stable  layer.  These  oscillations  are  of  an 
irregular  nature  for  (7  =  0  whereas  for  U^O 
internal  gravity  waves  grow  in  the  stably  strati¬ 
fied  troposphere.  In  contrast  to  the  horizontally 
homogeneous  case,  we  observe  for  i7  =  0  in  the 
layer  up  to  z  =  z,  that  the  thermals  are  fixed  near 
the  crest  of  the  hill  for  all  times  (Krettenauer 
,(1991). 

The  situation  in  the  well  mixed  layer  is  totally 
different  for  runs  with  mean  wind.  Due  to  the 
strong  shear  the  updraughts  are  elongated  and 
inclined.  As  argued  by  Mahrt  (1991),  these 
updraughts  become  asymmetric  with  sharp  hor¬ 
izontal  convergence  and  sharp  horizontal 
changes  of  velocity  and  temperature  at  the 
upstream  edge  of  the  thermals.  These  so  called 
microfront  zones  are  generated  by  horizontal 
convergence  between  faster  horizontal  motion 
of  descending  air  and  slower  horizontal  motion 
of  the  updraughts  Orography  included,  we 
observe  over  the  whole  integration  period 
upward  flow  at  the  upwind  side  and  downward 
flow  at  the  lee-side  of  the  crest.  Therefore,  we 
conclude  that  the  surface  undulation  triggers 
these  flow  patterns.  Also  the  gravity  waves 
above  them  are  caused  by  the  joint  action  of 
surface  undulations  and  gradient  of  mean  wind. 
The  flow  streamlines,  as  indicated  by  the  iso¬ 
lines  of  0,  oscillate  at  a  comparable  amplitude 
and  have  a  wavelength  of  about  /1/2. 

Fig.  7a  shows  the  contour  plots  of  the  vertical 
velocity  field  w  at  i/  =  50m.  The  runs  A  and  C 
show  randomly  distributed  thermal  elements. 
These  elements  are  deformed  by  the  mean  wind 
in  the  horizontally  homogeneous  case  B.  Due  to 
this  deformation  in  the  streamwise  direction,  the 
convective  cells  grow  together  and  form  rolls 
with  axis  in  the  x-dire  -tion.  The  vertical  exten¬ 
sion  of  these  rolls  is  closely  connected  to  the 
mean  shear.  When  orography  is  present,  these 
flow  patterns  are  overlayed  by  rolls  with  axis 
parallel  to  the  crest  and  wave  fronts. 

Fig.  7b  doesn't  show  any  systematic  difference 
in  the  vertical  velocity  field  between  the  runs. 
But,  looking  at  the  temporal  development  of 
these  rolls  we  observe  more  or  less  stationary 
thermals  for  (7  =  0,  which  change  their  position 
only  little.  For  U^O  (run  B)  the  rolls  walk 
through  the  computational  domain  and  in  layers 
v.'ith  stiong  mean  sheai  we  also  have  rolls  with 
axis  in  the  streamwise  direction,  in  contrast  lo 
run  B,  these  structure  are  absent  for  run  D  and 
the  thermal  is  fixed  near  the  crest  of  the  hill  over 


whole  integration  time.  The  mean  statistics  of 
turbulence  variances  in  terms  of  horizontally 
averaged  vertical  profiles  also  show  surprisingly 
little  systematic  variation  between  all  cases. 

The  rather  good  agreement  of  results  from  cas¬ 
es  with  (7  =  0  and  u  shows  that  finite  differ¬ 
ence  errors  from  mean  horizontal  adveclion  are 
small.  However,  for  larger  horizontal  wind 
speed,  we  still  have  to  make  sure  that  the  flow 
structure  is  only  little  affected  by  numerical 
approximation  errors.  As  a  next  step,  we  plan  a 
systematic  study  for  various  flow  and  surface 
parameters  as  well  as  a  theoretical  investigation 
of  the  complicated  problem. 

CONCLUSIONS 

This  study  presents  results  from  two  different 
numerical  experiments  by  means  of  large  eddy 
simulation.  In  the  first  part,  we  studied  the  effect 
of  topography  on  the  turbulence  structure  for 
thermal  convection  of  a  Boussinesq  fluid  without 
mean  wind.  In  order  to  check  the  new  subgrid- 
scale  model  we  compared  the  LES  results  with 
laboratory  measurements.  Both  results  agree 
very  well.  The  gross  features  of  the  flow  statis¬ 
tics  such  as  profiles  of  turbulence  variances  and 
fluxes  are  found  lo  be  not  very  sensitive  to  the 
variations  of  wavelength,  amplitude,  domain- 
size  and  resolution  whereas  details  of  the  flow 
structure  are  chan5.od  considerably.  The  orog¬ 
raphy  has  the  largest  effect  for  A  =  4H.  In  the 
second  part,  first  results  have  been  presented 
of  studies  of  combined  action  of  wavy  surface, 
thermal  convection  and  mean  adveclion.  The 
mean  How  causes  a  systematic  change  of  the 
flow  structure.  Due  to  mean  shear,  roll  pattern 
with  axis  along  as  well  as  perpendicular  to  the 
streamwise  direction  develop.  These  were 
absent  in  the  windless  cases. 
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Fig.  1  Root-mean-square  fluctuations  of  a)  vertical  velocity  variance  w',  b)  horizontal  velocity  vari¬ 
ance  u',  c)  temperature  variance  T,  versus  height  for  the  LES-case  with  flat  surface.  Full  curves  in 
a),  b)  and  d)  enclose  the  sum  of  resolved  and  SGS  contributions,  the  curve  c)  depicts  the  resolved 
part  only.  The  circles  represent  the  experimental  results  of  Adrian  et  al.  (1986). 
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Rg.2  Influence  of  wavelength  of  orography  on  velocity  field  in  the  LES  in  a  vertical  plane  for  var¬ 
ious  averages  and  wavelengths.  Left:  X  =  H.  Right:  X  =  4H.  Top:  Instantaneous  result  at  ts»35f.. 
Middle:  Result  averaged  from  f/f.  =  30  to  35.  Bottom:  Result  averaged  over  the  same  time  interval 
and  in  addition  over  the  y-cdordinate.  Maximum  normalized  velocity  vectors,  from  top  to  bottom, 
left:  2.20,  1.50,  1.03;  right:  2.59,  1.63,  1.34. 
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Rg.  3  Velocity  field  m  a  horizontal  plane  for  various  wavelength  (time  averaged  from  f/f.  =  30  to 
35.  Top-left:  flat  surface;  top-right:  A  =  W;  bottom-left:  X  =  2H:,  bottom-right:  X  =  4H..  Maximum 
normalized  velocity  vectors:  1.69,  1.79,  1.93,  1.91,  respectively. 


Fig.  4  a)  Temporal  evolution  of  the  profiles  of  mean  potential  temperature  (averaged  over  planes 
ri  =  const.)  for  run  (C).  b)  Spatially  averaged  kinetic  energy  of  turbulent  motion  versus  integration 
time  t  for  different  runs. 
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Fig.  5  Turbulent  temperature  and  momentum  flux  versus  height  rj  for  runs  (A)  to  (D).  All  curves  are 
averaged  over  planes  ri  =  const,  and  the  time  period  100  min  ^t  ^200  min  and  they  depict 
resolved  and  subgrid  parts. 


19-5-5 


^  distance  (km) 


-0  1 


^  distance  (km)  ^ 


Fig.  6  Influence  of  u  and  of  orography  on  the  temperature  and  velocity  field  in  a  vertical  plane 
y  =  0.  Top  left:  run  A,  top  right:  run  B,  bottom  left:  run  C,  bottom  right:  run  D.  Contour  plots  of  0  ( 
A0  =  0.1  K),  and  u  -  w-vectors.  The  velocity  in  x-direction  is  reduced  by  5  m/s  for  cases  with  mean 
wind.  The  maximum  vector  is  3.31  m/s  for  all  runs.  The  figure  shows  instantaneous  results  at 
t»3h. 


Rg.  7  Influence  of  horizontal  mean  flow  U  in  x-direction  and  of  orography  on  the  vertical  velocity 
field  in  two  horizontal  planes  t]  =  50m  (a)  and  rj  =  600  m  (b).  The  runs  are  denoted  as  in  Fig.6,  the 
contour  increment  is  Lw==QAmls.  Solid  lines  denote  positive,  dashed  lines  negative  values. 
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ABSTRACT 

The  vortex-shedding  flow  past  a  square  cylinder  at  Re  =  22.000 
was  calculated  with  various  turbulence  models.  The  2D  periodic 
shedding  motion  was  resolved  in  an  unsteady  calculadon,  and  the 
superimposed  stochastic  turbulent  fluctuations  were  simulated 
both  with  the  k-e  eddy-visocity  model  and  with  a  Reynolds-stress 
equation  model.  For  both  models,  the  viscosity-affected  near-wall 
region  was  either  bridged  by  wall  functions  or  was  resolved  with 
a  simpler  one-equation  model  using  a  prescribed  length-scale 
distribuuon.  The  k-e  model  with  wall  functions  does  not  yield 
unsteady  vortex  motion  while  the  other  model  variants  do.  The 
two-layer  k-e  model  underpredicts  severely  the  periodic 
fluctuations  and  also  the  Stanton  number  and  drag  coefficient. 
The  Reynolds-stress-equanon  models  yield  considerably  better 
agreement  with  experiments,  but  tend  to  overpredict  the  periodic 
fluctuating  motion  and  also  miss  some  other  details  of  the  flow 
behaviour. 

1.  INTRODUCTION 


yield  satisfactory  results  since  it  docs  not  take  proj^r  account  of 
history  and  transport  effects  which  are  of  eminent  importance  in 
unsteady  vortex-shedding  flows.  A  Reynolds-stress-equation 
model  was  therefore  considered  necessary  to  account  for  the 
transport  and  history  effects,  and  hence  ^e  riKxlel  of  this  type  due 
to  Launder,  Reece  and  Rodi  (1975)  was  also  tested.  Two 
approaches  were  used  for  the  treatment  of  near-wall  regions, 
namely  the  wall-function  approach  and  the  two-layer  approach  in 
which  the  viscosity-affected  near-wall  region  is  resolved  with  a 
simpler  one-equation  model.  The  test  calculations  were  carried 
out  for  two-dimensional  vortex-shedding  flow  past  a  square 
cylinder.  For  this,  detailed  measurements  have  recently  become 
available  for  a  Reynolds  number  of  Re  =  22.000  (Lyn,  1990). 

2.  CALCULATION  PROCEDURE 

2.1  Mean-Flow  Equations 

In  flows  with  periodic  unsteadiness,  an  instantaneous  quantity  f 
can  be  separated  into  (see  Fig.  1) 


The  flow  past  slender,  bluff  structures  is  frequently  associated 
with  periodic  vortex  shedding  causing  dynamic  loading  on  the 
structures.  For  the  design  of  such  structures,  the  unsteady 
loading  forces  must  be  known  and  hence  methods  for  predicting 
the  flow  and  the  forces  are  of  great  practical  importance.  For 
situations  with  low  Reynolds  numbers,  successful  calculations 
have  been  obtained  for  square  and  circular  cylinders  by  solving 
numerically  the  unsteady  Navier-Stokes  equations,  e.g.  Lecointe 
and  Piquet  (1989),  Franke  et  al.  (1990).  For  situations  with  high 
Reynolds  numbers,  which  usually  occur  in  practice,  stochastic 
three-dimensional  turbulent  fluctuations  are  superimposed  on  the 
periodic  vonex-shedding  motion.  A  resolution  of  these  motions 
in  a  direct  simulation  is  not  feasible  at  present.  Tamura  et  al. 
(1990)  have  reported  such  calculations  without  a  turbulence 
model,  but  for  the  higher  Reynolds  numbers  considered  by  them, 
the  small-scale  turbulent  motion  could  certainly  not  be  resolved 
by  the  numerical  grids  used.  They  employed  a  thiid-order  upwind 
differencing  scheme  which  introduces  numerical  damping  and 
basically  takes  over  the  role  of  a  subgrid-scale  model  in  a  large- 
eddy  simulation.  The  results  obtained  by  Tamura  et  al.  (1990)  are 
certainly  very  interesting  and  surprisingly  successful,  but  the 
approach  of  relying  on  numerical  damping  instead  of  a  subgrid- 
scale  model  requires  further  examination.  The  work  has  shown, 
however,  that  large-eddy  simulations  are  possible  for  vortex- 
shedding  flow  at  high  Reynolds  numbers,  but  such  calculations 
are  very  costly.  Hence,  there  is  still  a  need  for  more  economic 
calculation  methods  based  on  the  use  of  a  turbulence  model  for 
simulating  the  influence  of  the  stochastic  fluctuations  on  the 
periodic  vortex-shedding  motion.  So  far,  successsful  applications 
of  a  turbulence  model  to  vortex-shedding  flow  have  not  been 
reported.  It  should  be  mentioned  here  that  steady  calculations  for 
the  time-mean  field  using  standard  turbulence  models  were  not 
successful  (e.g.  Majumdar  and  Rodi,  1985)  since  the  strong 
momentum  exchange  by  the  periodic  vortex  motion  is  not 
accounted  for  in  this  approach. 

The  aim  of  the  research  reported  here  was  to  test  various 
established  turbulence  models  in  calculations  of  high-ReynoIds- 
number  vortex-shedding  flows.  One  candidate  was  the  k-e 
turbulence  model  as  this  is  presently  the  most  widely  used  model 
in  practice.  The  preliminary  study  of  Franke  et  al.  (1989) 
evaluating  the  detailed  experiments  of  Cantwell  and  Coles  (1983) 
has  shown  already  that  this  eddy-viscosity  model  is  unlikely  to 


f=7+  T+  f* 

■  V  * 

<f> 


(1) 


where  7  is  the  time-mean  value,  <f>  the  ensemble-average 
value,  T  the  periodic  fluctuat' in  and  f  the  stochastic  turbulent 
fluctuation.  !n  the  calculations  presented  here,  equations 
governing  the  temporal  and  spatial  variation  of  the  ensemble- 
averaged  velocity  components  and  pressure  representing  the  mean 
flow  are  solved.  These  are  the  ensemble-averaged  continuity  and 
momentum  equauons,  which  in  tensor  notation  read  as  follows: 
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Fig.  1:  Definition  of  mean  and  fluctuating  values  in 
periodic  unsteady  motion 


20-I-I 


In  the  present  2D  calculations,  only  the  velocity  components  <u> 
and  <v>  are  present  and  all  quantities  depend  only  on  x  and  y 
(see  Fig.  2  for  coordinate  system).  In  the  momentum  equations, 
the  correlation  <ul  uj  >  between  the  fluctuating  velocities  appears 
which  represents  the  Reynold  stresses  and  needs  to  be  simulated 
by  a  statistical  nirbulence  model.  In  laminar  vortex-shedding  flow 
at  low  Reynolds  numbers,  this  term  is  absent  and  the  only 
stresses  acting  are  the  viscous  ones.  In  the  present  work,  the 
calculation  procedure  of  Franke  et  al.  (1990)  for  laminar  flows 
was  extended  by  incorporating  various  nirbulence  models  into  the 
numerical  solution  procedure. 

2.2  Turbulence  Models 

Before  the  turbulence  models  used  are  introduced,  the  problem 
areas  associated  with  the  challenging  vortex-shedding  flow 
considered  are  discussed  briefly  with  respect  to  turbulence 
modelling.  Three  sub-areas  of  the  flow  can  be  identified: 

(i)  Stagnation  Flow 

In  front  of  a  bluff  body,  a  stagnation  flow  exists  which  behaves 
virtually  like  potential  flow.  Except  very  near  the  wall,  stresses 
(viscous  and  turbulent)  have  very  little  influence  on  the  mean- 
flow  behaviour.  However,  any  turbulence  and  associated  stresses 
generated  in  this  region  influence  the  flow  behaviour 
downstream,  e.g.  the  separated  shear  layer  on  the  upper  and 
lower  surface  a  square  cylinder.  If  turbulent  fluctuations  are 
present,  there  is  no  shear-stress  production  on  the  stagnation  tine 
but  only  normal-stress  production  which  governs  the  turbulence 
level  in  this  region.  The  normal-stress  production  depends  on  the 
separation  between  the  normal  stresses  <  u  2>  and  <  v  2>  which 
is  grossly  overpredicted  by  an  isotropic  eddy-viscosity  model  and 
requires  for  a  realistic  simulation  a  Reynolds-stress-equation 
model  (Taulbee  and  Tran,  1988). 


(ii)  Attached  and  Detached  Shear  Layers  on  Side  Walls 


In  the  vicinity  of  the  side  walls  of  a  square  cylinder,  a  complex 
flow  field  develops  with  partly  attached  and  partly  detached  shear 
layers,  possible  reattachment  on  the  side  wall,  as  well  as  laminar- 
turbulent  transition.  Here,  inertial  forces,  viscous  and  turbulent 
stresses  interplay,  and  the  region  is  of  considerable  importance 
for  the  development  of  the  vortex-shedding  flow  as  here  the 
origin  of  the  vortex  instability  is  located.  The  details  of  the  flow 
mechanisms  in  this  region  are  not  well  understood,  and  the 
phenomena  are  difficult  to  describe  by  a  turbulence  model. 
Because  of  the  influence  of  viscous  forces,  wall  functions  are 
unlikely  to  be  very  suitable. 

(iii)  Wake  Region 


In  the  wake  past  the  cylinder,  convection  and  turbulent  stresses 
dominate  and  the  viscous  forces  are  negligible.  The  vortices 
generated  in  the  region  discussed  under  (ii)  are  convected 
downstream  forming  a  vortex  street.  The  periodic  vortex  motion 
is  damped  by  turbulent  stresses.  The  modelling  of  turbulence  in 
this  region  mainly  affects  the  vortex  frequency  but  not  so  much 
the  amplitude  of  the  forces  acting  on  the  body.  History  and 
transport  effects  are  particularly  important  in  this  region  so  that  an 
eddy-viscosity  model  is  unlikely  to  do  justice  to  this  region  (see 
Franke  et  al.,  1989). 

Two  different  models  for  simulating  the  turbulent  stresses  in  the 
bulk  of  the  flow  away  from  walls  were  tested  and  are  briefly 
introduced  in  the  following.  The  two  approaches  used  for  treating 
the  near-wall  region  are  described  thereafter.  The  actual 
turbulence-model  equations  are  not  given  since  only  models  have 
been  used  which  are  fairly  standard  by  now  and  have  been 
described  elsewhere  (e.g.  Rodi,  1980).  For  all  equations,  the 
ensemble-average  form  has  been  employed. 


k-E  model.  The  standard  form  of  the  k-e  model  was  applied  to 
many  steady  flows  and  had  some  success  also  for  calculating 
separated  flows,  even  though  the  accuracy  of  the  predictions  was 
not  as  high  as  for  shear-layer  flows.  Here,  the  standard  k-e  model 
is  simply  adopted  for  ensemble-averaged  quantities.  The 
Reynolds  stresses  are  calculated  fiom  the  eddy- viscosity  relation 


-  <  U(U',  >  =  <  |/(  > 
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The  eddy  viscosity  <Vt>  is  related  to  the  kinetic  energy  <k>  and 
its  dissipation  rate  <e>and  the  spatial  and  temporal  distribution  of 
these  quantities  is  determined  from  model  transport  equations.The 
standard  values  were  adopted  for  the  empirical  constants  (see 
Rodi,  1980). 


Revnolds-Stress  Eouation  (RSEl  Model.  In  order  to  account 
better  for  the  important  transport  and  history  effects  in  vortex- 
shedding  flows,  a  second-order  closure  model  was  tested  which 
does  not  employ  the  eddy-viscosity  hypothesis  but  determines  the 
individual  turbulent  stresses  <UiUj>  from  transport  equations.  The 
standard  nnodel  of  Launder,  Reece  and  Rodi  (1975)  was  adopted, 
with  wall  corrections  to  the  pressure-strain  terms  due  to  Gibson 
and  Launder  (1978).The  wall  corrections  effect  damping  of  the 
normal  fluctuations  near  the  wall  and  enhance  the  fluctuations 
parallel  to  the  wall.  Again,  standard  values  were  taken  for  the 
empirical  constants  (see  Franke,  1991). 


Near-Wall  Treatment.  For  both  turbulence  models  described 
above,  two  approaches  were  tested  for  handling  the  near-wall 
region.  Wall  functions  are  still  used  in  most  practical  calculations 
and  were  therefore  tested  also  here.  In  this  approach,  the  viscous 
sublayer  is  not  resolved  but  the  first  grid  point  in  a  numerical 
calculation  is  located  outside  this  layer.  Bas^  on  the  assumption 
of  the  logarithmic  velocity  distribution  and  of  local  equilibrium  of 
turbulence  (production  =  dissipation)  the  flow  quantities  at  this 
grid  point  with  wall  distance  yc  are  related  to  the  friction  velocity 
Ut  =  (twall/p)’^  by 

u.  =  ^ln(y^E)  =  ^  =  ^  (5) 

Here,  y*  =  V^y/v  is  a  dimensionless  wall  distance.  In  connection 
with  tire  RSE  model,  the  shear  stress  at  point  c  is  set  equal  to 
and  invoking  local  equilibrium  conditions  on  the  stress 
equations  yields  the  normal  stresses  at  the  first  grid  point. 

The  assumptions  of  a  logarithmic  velocity  distribution  and  of 
local  equilibrium  of  turbulence  are  vinlati^  in  separated  flows 
(see  e.g.  Rodi,  1991),  especially  near  separation  and  reattachment 
regions.  One  way  around  this  problem  would  be  to  use  low- 
Rcynolds-number  versions  of  the  models  employed  away  from 
the  wall.  For  the  k-c  model,  a  variety  of  such  versions  is 
available,  but  they  have  virtually  all  been  tested  only  for  attached 
boundary  layers.  For  RSE  models,  low-Re  versions  are  still 
under  development  and  not  yet  ready  for  application  to  a  complex 
flow.  In  both  cases,  such  model  versions  require  very  fine 
numerical  resolution  near  the  wall  which  has  an  adverse  effect  on 
the  computational  effort  required.  For  these  reasons,  a  two-layer 
approach  was  adopted  here  in  which  the  viscosity-affected  near- 
wil  region  is  resolved  by  a  simpler  one-equation  model,  which 
does  not  solve  a  dissipation-rate  equation  but  uses  a  prescribed 
length-scale  distribution  and  hence  requires  less  numerical 
resolution  near  the  wall.  The  one-equation  model  is  then  matched 
to  the  model  used  away  from  the  wall.  In  calculations  with  both 
the  k-E  model  and  the  RSE  model  away  from  the  wall,  the  one- 
equation  model  due  to  Norris-Reynolds  (1975)  was  adopted  near 
the  wall.  The  k-E-based  two-layer  model  was  already  tested  quite 
extensively  for  steady  flows,  including  separated  flows  (see 
Rodi,  1991).  The  Norris-Reynolds  model  employs  the  eddy- 
viscosity  hypothesis  and  calculates  the  eddy  viscosity  from: 

<  vf"*  >=  /„c„>/<T>i ,  /„  =  1  -  e(- (6) 


where  ffi  is  a  damping  function  similar  to  the  van  Driest  function 
accounting  for  the  r^uction  of  turbulent  momentum  exchange 
very  near  the  wall.  The  kinetic  energy  <k>  is  obtained  from  the 
same  <k>-equation  as  used  in  the  k-E  model,  while  the  length 
scale  L  is  assumed  to  vary  linearly  with  distance  from  the  wall  as 
L  =  Kyw/cji^/'*  in  the  very  thin  near-wall  layer  where  the  model  is 
applied  (K  =  0.4187,  Cji  =  0.09).  The  dissipation  rate  <e> 
appearing  as  source  term  in  the  <So-equation  is  not  obtained  from 
an  equation  but  calculated  from  the  following  algebraic  relation; 


<e>=- 


<  k  >=>/> 


1  + 


ci'V<i'>£ 


(7) 


When  used  in  combination  with  the  RSE  model,  only  the  shear 
stress  in  the  viscous  sublayer  is  calculated  with  the  aid  of  an  eddy 
viscosity  relation  according  to  (6).  The  normal  stresses  appearing 
in  the  momentum  equations  are  determined  by  assuming 
<uiUj>/<k>  =  constant  across  the  viscous  sublayer.  The  ratio 
taken  is  the  one  resulting  from  the  RSE  model  at  the  matching 
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point  between  this  model  and  the  one-equation  model,  while  <k> 
is  taken  from  the  k-equation.  This  approach  is  certainly  very 
crude  and  does  not  account  for  the  damping  of  the  normal 
fluctuations  very  near  the  wall,  but  in  the  thin  region  where  the 
one-equation  model  is  employed  the  flow  has  boundary-layer 
character  and  the  normal  stresses  are  small  compared  with  the 
shear  stress  so  that  they  do  not  need  to  be  determined  very 
accurately. 

The  matching  between  the  one-equation  model  and  the  model 
used  further  away  from  the  wall  should  be  effected  near  the  edge 
of  the  viscous  sublayer  where  viscosity  effects  have  become 
small.  This  is  the  case  when  the  damping  function  at  f^  in  (6)  has 
a  value  near  unity,  and  in  the  calculations  presented  the  matching 
was  done  where  f^  =  0.95.  For  fully  turbulent  boundary  layers 
this  corresponds  to  y+  ^  83.  For  good  near-wall  resolution,  the 
first  grid  point  should  be  located  at  1.  When  the  viscous 
sublayer  is  resolved  with  the  one-equation  model,  the  no-slip 
conditions  are  used  as  boundary  conditions,  i.e.  both  velocity 
components  are  zero  and  also  the  turbulent  kinetic  energy  <k>. 
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Fig.  2;  Calculation  domain  and  boundary  conditions 

data  and  did  not  separate  the  fluctuations  into  periodic  and 
turbulent  components.  The  flow  situation  investigated  by  Lyn 
(1990)  was  therefore  taken  as  test  case. 


2.3  Numerical  Solution  Procedure 

The  differential  equations  governing  the  mean-flow  and  the 
turbulence  field  were  solved  numerically  with  an  extended 
version  of  the  program  TEACH  developed  by  Gosman  and  Pun 
(1973).  This  employs  a  finite-volume  method  for  solving  the 
equations  in  primitive  variables  on  a  two-dimensional  staggered 
grid.  The  coupling  between  continuity  and  momentum  equations 
v/as  achieved  with  the  SIMPLEC  predictor-corrector  algorithm  of 
van  Doormal  and  Raithby  (1984),  which  is  an  improved  version 
of  the  SIMPLE  algorithm  incorporated  in  the  original  TEACH 
program.  The  central/upwind  hybrid  spatial  discretization  scheme 
in  the  original  TEACH  program  was  replaced  by  the  QUICK 
scheme  (Quadratic  Upwind  Interpolation  for  Convective 
Kinematics)  proposed  by  Leonard  (1 979).  This  scheme  combines 
the  high  accuracy  of  a  third-order  scheme  with  the  stabilising 
effect  of  uwpind  weighting.  A  disadvantage  of  the  scheme  is  its 
unboundedness,  which  may  cause  over-  and  undershoots.  It 
should  be  mentioned  that  central/upwind  hybrid  differencing 
introduced  too  much  damping  so  that  no  unsteady  vortex 
shedding  resulted.  For  time  discretization,  the  fully  implicit  first- 
order  Euler  scheme  was  chosen.  It  provides  high  stability  but 
requires  small  time  steps  in  order  to  obtain  accurate  solutions 
(more  than  100  time  steps  per  period  were  used).  The  resulting 
system  of  linear  difference  equations  was  solved  by  the  strongly 
implicit  method  of  Stone  (1968).  A  more  detailed  description  of 
the  numerical  method  is  given  in  Franke  (1991).  The 
computational  domain  in  which  the  equations  were  solved  and  the 
outer  boundary  conditions  are  shown  in  Fig.  2.  In  connection 
with  wall  functions,  a  70  x  64  grid  was  used  with  AycTD  = 
0.022.  For  calculations  with  the  two-layer  approach,  in  which  the 
viscosity-affected  sublayers  are  resolved,  a  186  x  156  grid  was 
used  with  the  first  point  at  a  distance  from  the  wall  of  Ayc/D  = 
0.00125.  On  an  IBM  3090,  the  calculation  time  to  cover  one 
shedding  period  was  typically  1/2  hour  for  the  RSE  model  with 
wall  functions  and  5  hours  for  the  two-layer  RSE-model. 

3 .  CALCULATION  RESULTS  AND  COMPARISON 
WITH  EXPERIMENTS 

3.1  Experimental  Data 

The  availability  of  experimental  data  is  crucial  for  the  testing  of 
turbulence  models.  In  the  case  of  unsteady  vortex-shedding 
flows,  a  proper  testing  of  the  models  can  only  be  done  when 
results  of  time-resolved  measurements  are  available  which  give 
information  on  the  temporal  variation  of  ensemble-averaged 
quantities  and  separate  the  fluctuations  into  periodic  and  turbulent 
ones.  Such  detailed  data  on  flows  past  bluff  bodies  are  rare,  but 
recently  Lyn  (1990)  has  complete  time-resolved  two-channel 
LDA  measurements  in  the  wake  past  a  ^uarc  cylinder  at  Re 
22.000.  In  these  experiments,  the  shedding  period  was  divided 
into  20  phase  angles,  for  which  the  velocity-component  and 
..eynolds-stress  distributions  were  reported  as  ensemble- 
averaged  values  in  a  plane  perpendicular  to  the  cylinder.  The 
turbulence  level  in  the  oncoming  flow  was  2%.  The  only  other 
fairly  detailed  measurements  of  the  flow  past  a  square  cylinder 
known  to  the  authors  are  those  of  Durao  et  al.  (1988)  for  Re  = 
14.000.  However,  these  authors  obtainf.d  only  time-averaged 


3.2  Integral  Parameters  and  Time-Mean  Distributions 

The  calculations  with  the  k-e  model  using  wall  functions  yielded  a 
steady  solution  and  no  vortex  shedding.  Apparently  this 
combination  of  model  and  near-wall  treatment  introduces  too 
strong  damping  so  that  a  periodic  vortex-shedding  motion  cannot 
persist.  Periodic  voncx  shedding  was  obtained  with  the  other 
three  model  variants,  and  a  sequence  of  streamlines  covering 
approximately  one  period  is  shown  in  Fig.  5  below.  Values  of 
various  integral  parameters  predicted  with  the  turbulence-model 
variants  tested  are  compared  in  Table  1  with  experimental  values. 
The  parameters  considered  are  the  dimensionless  shedding 
frequency  (Sffouhal  number  St  =  fD/Uo),  the  time-averaged  drag 
coefficient  cd  and  the  amplitudes  of  the  oscillations  in  drag 
coefficient  cd  and  lift  coefficient  cl.  The  k-e  model  yields  too  low 
shedding  fr^uency  and  drag  coefficient,  the  latter  however  being 
somewhat  higher  than  that  obtained  in  the  stationary  solution  with 
wall  functions.  The  drag  coefficient  does  not  oscillate,  but  there  is 
a  small  oscillation  in  the  lift  coefficient.  Results  obtained  with  a 
modified  two-layer  K-e  model  are  also  included  in  Table  1.  In  this 
model,  the  unrealistic  normal-stress  production  of  k  in  the 
stagnation  region  due  to  the  use  of  an  isotropic  eddy-viscosity 
model,  which  leads  to  excessive  k-levels  (see  Fig.  5  below)  is 
suppressed  in  front  of  the  body  (shaded  area  in  Fig.  2).  This 
measure  reduces  significantly  the  k-level  in  the  front  part  and 
influences  mainly  the  vortex  formation  regions  near  the  side  walls 
of  the  cylinder.  The  prediction  of  the  integral  parameters  is 
improved  somewhat  by  this  measure.  Further  improvement  is 
achieved  by  use  of  the  RSE  models.  In  combination  with  wall 
functions,  the  predicted  Strouhal  number  and  drag  coefficient  are 
now  in  good  agreement  with  the  measured  ones.  When  the  two- 
layer  variant  is  used,  these  quantities  are  predicted  too  high;  by 
switching  from  wall  functions  to  a  two-layer  approach,  the 
shedding  frequency  increases  while  the  amplitude  of  the 
oscillating  forces  acting  on  the  body  is  reduced.  Inis  detail  of  the 
calculation  is  not  weU  understood  at  the  present  time.  Consistent 
with  the  increase  in  cd  when  moving  from  the  standard  k-e  model 
to  the  two-layer  RSE  model  is  a  r^uction  of  the  base  pressure. 
The  distribution  of  the  time-mean  pressure  along  the  cylinder 


Table  1:  Integral  Parameters 


i 

TXirbulence  models 

Experiments 

1 

k-e  with 
wall  f. 

two 

layer 

k-e 

mod. 

two- 

layer 

k-e 

RSE 

with 

wall 

funct. 

two- 

layer 

RSE 

St 

stationary 

.124  1 

.129  i 

.136 

.159 

Lyn  .135 
Durao.  139 

CD 

1.55 

1.79 

1.89 

2.15 

2.43 

2.05-2.23 

CD 

- 

0.0 

0.0 

.383 

.079 

- 

CL 

.323 

.883 

2.11 

1.84 

20-1-3 


walls  is  compared  in  Fraiike  (1991)  wi!.'  various  experiments 
carried  out  at  different  Reynolds  numbers  and  free-stream 
turbulence  levels.  The  experimental  results  themselves  differ  by 
about  15  to  20%.  The  base  pressure  predicted  by  the  RSE  model 
with  wall  functions  falls  between  the  measurement  results,  while 
the  k-e  model  predictions  yield  too  high  and  the  predictions  with 
the  two-layer  RSE  model  too  low  base  pressures. 

Fig.  3  displays  the  distribution  of  the  time-mean  velocity  u  along 
the  centre-line  and  gives  information  on  the  length  of  the  time- 
averaged  separation  zone  behind  the  cylinder.  Experimental  data 
from  Lyn's  (1990)  and  Durao  et  al.'s  (1988)  experimental  study 
are  included.  The  data  agree  fairly  well  in  the  near-cylinder 
region,  but  the  centreline  velocity  measured  by  Lyn  approaches 
the  free-stream  velocity  much  slower  than  that  measured  by 
Durao  et  al.  The  reasons  for  this  difference  and  for  the  very  slow 
increase  of  the  centreline  velocity  in  Lyn's  experiments  are  not 
clear.  While,  as  expected,  the  velocity  distribution  in  front  of  the 
cylinder  is  influenced  very  little  by  the  turbulence  model  used, 
there  are  fairly  large  differences  in  the  wake  region,  and  in 
particular  regarding  the  length  of  the  separation  zone.  The  k-e 
model  variants  overpredict  the  length  of  this  zone  considerably, 
indicating  that  there  is  not  enough  momentum  exchange 
introduced  by  these  models.  Since  in  vortex-shedding  flows  the 
momentum  exchange  is  mainly  due  to  the  periodic  vortex- 
shedding  motion  (see  e.g.  Cantwell  and  Coles  1983,  Franke 
1991),  this  also  means  that  the  periodic  fluctuations  are 
underpredicted  significantly,  as  will  be  confirmed  shortly.  The 
modified  k-E  model  predicts  a  somewhat  shorter  separation  zone, 
pointing  to  a  more  realistic  simulation  of  the  periodic  vortex- 
shedding  motion.  Both  RSE  model  variants  predict  on  the  other 
hand  too  short  separation  bubbles,  and  there  is  little  difference 
between  the  results  obtained  with  the  two  versions  near  the 
cylinder,  there  are  larger  differences  further  downstream  but  these 
should  not  be  taken  too  seriously  since  here  there  may  be  an 
influence  of  the  different  numerical  grids  used,  which  are  quite 
coarse  in  this  downstream  region. 

The  distribution  of  the  total  (periodic  plus  turbulent)  fluctuating 
kinetic  energy  along  the  centreline  shown  in  Fig.  4  gives  a  clue  to 
the  results  discuss^  so  far  and  in  panicular  to  the  differences 
between  the  various  turbulence  models.  The  two-layer  k-e  model 
can  be  seen  to  underpredict  severely  the  fluctuation  level  behind 
the  cylinder,  while  the  RSE  models  give  approximately  the 
correct  level  and  distribution  of  the  total  fluctuations.  The 
differences  between  the  RSE  calculations  using  wall  functions 
and  the  two-layer  approach  are  of  the  same  order  as  the 
differences  between  the  experimental  values  of  Lyn  (1990)  and 
Durao  et  al.  (1988),  but  the  two-layer  version  yields  a  higher 
fluctuation  level,  which  is  consistent  with  the  higher  Strouhal 
number  and  drag  coefficient  predicted.  The  modified  k-e  model, 
in  which  the  k-production  in  front  of  the  body  is  suppressed, 
yields  a  somewhat  improved  fluctuation  level  which,  however,  is 
still  far  below  the  measured  one.  This  shows  that  the  problems 
with  the  k-E  model  originate  only  to  a  small  extent  from  the 
excessive  k-production  by  this  m^el  in  the  stagnation  region. 
The  effect  of  this  excessive  production  can  be  seen  best  ic  Fig.  5, 
which  displays  the  distribution  of  the  time-mean  turbulent  kinetic 
energy  ic  along  the  centreline.  Fairly  large  k-levels  are  produced 
right  in  front  of  the  cylinder  which  are  unrealistic.  When  the  RSE 
models  are  used,  much  lower  k-levels  result  in  the  stagnation 
region.  Behind  the  cylinder,  all  models  can  be  seen  to 
undeipredict  considerably  the  level  of  turbulence  energy  on  the 
centreline  and  particularly  so  in  and  near  the  separation  region. 
Since  the  RSE  models  pruia  the  correct  level  of  total  fluctuation 
energv,  this  means  that  they  overpredict  the  periodic  fluctuations. 
The  k-£  models  yield  higher  turbulent  fluctuation  levels  in  the 
wake  than  the  RSE  models  and  this  may  cause  a  damping  of  the 
periodic  fluctuating  motion  and  in  turn  the  ob  >erved 
underprediction  of  this  tiKttion.  The  use  of  the  two-layer  ai  proach 
in  connection  with  the  RSE  model  increases  the  turbulent 
fluctuations  in  the  se  ^amtion  region.  This  may  cause  the  reduced 
amplitudes  in  the  drag  and  lift  forces  on  the  cylinder,  but 
apparently  on  the  whole  the  periodic  fluctuations  are  increased 
rather  than  reduced  as  can  be  seen  from  Fig.  4  and  can  also  be 
inferred  from  the  increased  Strouhal  number  and  mean  drag 
coefficient. 

3.3  Phase-Dependent  Results 

Since  the  Reynolds-stress  models  gave  much  more  realistic 


Fig.  4:  Total  kinetic  energy  of  flucniations 
(periodic  +  turbulent)  along  centre  line 


Fig.  5;  Time-mean  turbulent  kinetic  energy  Ic 
along  centre  line 


fluctuation  levels  than  the  k-e  model,  ^hase-dependent  results  are 
only  presented  for  the  calculations  with  the  RSE  models.  Fig.  6 
shows  the  streamlines  predicted  with  the  RSE  model  using  wall 
functions  at  three  phases;  at  two  of  the  phases  experimentally 
determined  streamlines  are  available  and  are  also  given  for 
comparison.  The  streamlines  predicted  with  the  two-layer  RSE 
model  are  not  significantly  different.  The  alternating  vortex 
shedding  can  be  seen  clearly,  and  there  is  reasonable  agmment 
about  the  streamline  development  with  the  experiments. 
However,  certain  differences  can  be  noted.  At  some  phas  .ts,  the 
predictions  do  not  show  a  negative  <u>-velocity  on  the  leeward 
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Fig.  6:  Streamlines  at  3  phases 
(Phase  1=  1/20  T, 

Phase  9=  9/20  T. 

Phase  17  =  17/20  T) 


Fig.  7;  Profiles  of  <u>  at  x-location  of  tear 
cylinder  wall  for  2  phases 

side  of  the  cylinder  while  the  experiments  indicate  that  the 
velocity  is  negative  at  all  times  (for  further  evidence  see  Fianke, 
1991).  Also,  the  model  predicts  temporary  reattachment  of  the 
separated  flow  on  the  side  walls  near  the  rear  comer  (c.g.  phase 
1,  topside)  which  was  not  found  in  the  experiments,  lliis  can  be 
seen  more  clearly  in  Fig.  7  where  the  <u>-velocity  distribution  at 
the  x-position  of  the  rear  cylinder  wall  is  compared  with 
measurements.  Here,  in  addition  to  Lyn's  (1990)  two-channel 


measurements  also  Lyn's  (1989)  one-channel  measurements 
extending  closer  to  the  w  all  are  included.  At  the  two  phases 
considered  (1  and  9)  the  calculations  do  not  show  negative 
velocities  on  one  of  the  side  walls  while  in  the  experiments  the 
velocity  very  near  the  wall  is  always  negative.  Considering  the 
results  at  all  phases  (which  could  not  be  included  here)  the  two- 
layer  RSE  model  gives  slightly  better  agreement  with  the 
measurements  than  the  model  using  wall  functions.  However,  the 
discrepancies  point  to  a  weakness  of  the  model  in  underpredicting 
the  size  of  the  separation  zone  near  the  side  walls.  Fig.  8  presents 
the  variation  of  the  ensemble-averaged  lateral  velocity  <v>  along 
the  centreline  for  two  phases.  The  agreement  with  the 


measurements  is  fairly  good,  both  with  resprat  to  the  maximum 
values  and  to  the  zero  crossings,  the  latter  being  a  measure  of  the 
size  of  the  shed  vortices.  There  is  no  significant  difference  here 
between  the  model  using  wall  functions  and  the  two-layer 
^proach.  Similar  distributions  for  the  velocity  component  <u>  as 
given  in  Franke  (1991)  show  inferior  agreement  with 
experiments,  firstly  because  in  the  downstream  region  the  time- 
mean  u-velocity  is  overpredicted,  as  can  be  seen  from  Fig.  3,  but 
also  because  near  the  rear  cylinder  wall  the  velocity  is  not  always 
negative  as  it  was  found  in  tiie  experiments. 

Finally,  Fig.  9  compares  calculated  and  measured  <k>-contours 
at  one  phase.  The  differences  between  calculations  obtained  with 
the  two  RSE  variants  ate  not  very  significant  compared  with  the 
differences  to  the  experiments.  Of  course,  the  asymmetry  in  the 
contour  lines  is  basically  the  same  in  the  calculations  and 
experiments,  as  must  be  expected  from  the  similarity  of  the 
streamlines,  but  the  maxima  of  <k>  in  the  experiment^  data  are 
locatMi  much  closer  to  the  centreline  than  in  the  calculations,  l^is 
points  to  a  weakness  of  the  present  calculation  model  which 
appears  to  preset  the  centres  of  the  vortices  considerably  further 
from  the  centreline  than  the  experiments  indicate.  This  is 
supported  by^a  comparison  of  the  RMS  values  of  the  periodic 
fluctuations  u  on  the  centreline,  which  are  virtually  zero  in  the 
experiment  and  take  on  a  sizeable  value  in  the  predictions 
(Franke,  1991). 
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Fig.  9:  <k>  contours  at  phase  1 


4.  CONCLUSIONS 

Time-dependent  calculations  of  vortex-shedding  flow  past  a 
square  cylinder  were  carried  out  with  various  turbulence  models 
and  near-wall  treatments.  The  k-e  eddy-viscosity  model  combined 
with  wall  functions  introduces  too  much  damping  so  that  no 
vortex  shedding  is  predicted.  With  the  two-layer  approach,  the 
model  does  predict  vortex  shedding  but  the  periodic  motion  is 
considerably  too  small  so  that  there  is  too  little  momentum 
transport  resulting  in  a  too  long  time-mean  separation  zone  and 
too  low  values  of  the  Strouhal  number  and  drag  coefficient.  The 
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turbulence  models  are  probably  reached  in  this  flow  with  large- 
scale  vortex  structure  and  a  Ixtter  reproduction  of  the  details 
probably  calls  for  a  large-eddy  simulation. 
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ABSTRACT 

Numerical  solutions  of  a  separated  turbulent 
boundary  layer,  obtained  using  standard  k-e  and 
differential  stress  models,  are  presented.  To  achieve 
satisfactory  separation  the  dissipation  equation  in  both 
models  had  to  be  modified  in  the  upstream  part  of  the 
boundary  layer:  without  this  modification  both  models 
failed  to  predict  separation.  Despite  the  final  solutions 
showing  reasonable  agreement  with  experiment  in  terms 
of  skin  friction  and  boundary  layer  growth  rates,  they 
are  far  from  adequate  in  terms  of  the  behaviour  of 
Reynolds  stresses  and  turbulence  kinetic  energy.  Tl.is  is 
particularly  true  around  separation  for  both  turbulence 
models  but  also,  in  the  case  of  the  differential  stress 
model,  in  the  whole  of  the  separated  region. 

It  is  argued  that  the  usual  assumptions  embodied  by 
such  models  do  not  really  reflect  the  nature  of  the 
turbulence  in  strongly  adverse  pressure  gradient  and/or 
separated  flow  regions. 


1.  INTRODUCTION 


leaves  serious  inaccuracies  in  the  mean  flow  and 
turbulence  structure  in  the  separated  region, 
particularly  for  the  differential  stress  model. 


2.  TURBULENCE  MODELS 

The  turbulence  stresses  were  modelled  by  the 
standard  k-e  model  and  by  a  differential  stress  model 
similar  to  that  of  Launder  ct  al  (1975),  but  in  both  cases 
the  equation  for  dissipation  of  turbulence  energy  was 
modified  in  the  attached  part  of  the  boundary  layer 
upstream  of  the  separation  point. 

The  dissipation  rate  of  turbulence  energy  is  obtained 
from  a  transport  equation  of  the  form 

57=Dc  +  c4Pk-C,2^  (1) 

where  D^  represents  the  diffusion  of  e  and  Pjj  represents 
the  generation  of  turbulence  kinetic  energy.  In  the  k-e 
model  Dc  is  given  by 


At  the  1980/81  Stanford  Conference  on  Complex 
Turbulent  Flows  one  of  the  test  cases  considered  was  the 
separated  turbulent  boundary  layer  of  Simpson  et  al 
(1981).  The  flow  was  computed  using  a  variety  of 
turbulence  models,  the  most  complex  of  which  was  a  five- 
equation  differential  model;  the  rest  were  either  variants 
of  the  k-E  model  or  one-equation  eddy-viscosity  models. 
All  were  successful  in  predicting  separation,  but  with 
hindsight  this  was  probably  because  realistic  length 
scale  behaviour  at  the  wall  was  imposed. 

In  more  recent  computations,  using  the  k-e  model,  De 
Kenau  el  al  (1990)  found  that  the  boundary  layer  could 
not  be  made  to  separate  with  the  standard  form  of  the 
model.  However,  even  in  the  simpler  case  of  an 
equilibrium  adverse  pressure  gradient  boundary  layer, 
the  model's  predictions  have  been  found  to  be  poor  (Rodi 
and  Scheuerer,  1986),  with  the  shear  stress  and  skin 
friction  values  being  overpredicted.  Rodi  and  Scheuerer 
attribute  this  problem  to  the  model's  overprediction  of 
the  turbulent  length  scale  in  the  vicinity  of  the  wall,  and 
argue  that  the  production  term  in  the  dissipation 
equation  should  be  enhanced  so  as  to  increase  the 
dissipation  and  so  reduce  the  length  scale  and  hence  the 
wall  shear  stress.  By  using  a  modification  by  Hanjalic  and 
Launder  (1980)  which  has  this  effect,  they  obtained 
aceurate  predictions  of  equilibrium  adverse  pressure 
gradient  boundary  layers.  In  the  more  complex  case  of  a 
separated  turbulent  boundary  layer  the  tendency  to 
overpredict  the  shear  stresses  keeps  the  boundary  layer 
attached  when  measurements  indicate  that  it  should 
separate,  as  was  shown  to  be  the  case  by  Dc  Henau  et  al. 

In  this  paper  the  conclusion  of  De  Henau  et  al  is 
confirmed  and,  more  importantly,  it  is  shown  that  a 
similar  conclusion  holds  in  the  ease  of  the  more 
sophisticated  differential  Reynolds  stress  turbulence 
model.  Separation  cannot  be  achieved  using  either  model 
in  its  standard  form,  but  satisfactory  separation  can  be 
achieved  by  modifying  the  dissipation  equation  in  the 
upstream  part  of  the  boundary  layer,  although  this  still 


„  ^  iL'l 


(2) 


where  v^  is  the  turbulent  viscosity,  and  in  the 
differential  stress  model  (DSM)  it  is  given  by 


De  =  a^((v6ij^CeVi7|-)  g:)  (3) 

For  two-dimensional  thin  shear  flows,  the  generation 
term  Pjj  is  given  by 


r-T  —5.^  3U  _ 31) 

Pk  =  -(“^- v^)  UV3 


(4) 


The  modification  to  (1),  proposed  by  Hanjalic  and 
Launder  (1980),  essentially  consists  of  enhancing  the 
irrotational  pan  of  the  mean  strain  in  (4),  as  follows 


^e3  t  — 5.  3U  _ 3U  ... 

where  >  Cjj.  Cji  has  a  value  of  1.44  and  Hanjalic  and 
Launder  give  0^3  a  value  of  4.44. 

The  turbulence  kinetic  energy  equation  in  the  k-e 
model  is  retained  in  its  standard  form,  i.e. 


Dk 

Dt 


^  —5  3U  _ 3U 

=  Dk-(^-^)^-  “Vj  -e 


(6) 


where  is  the  modelled  diffusive  transport  term,  but 
the  normal  stresses  in  (5)  and  (6)  are  expressed  in  terms 

of  the  turbulence  kinetic  energy  as  (u^  -  ^)  =  0.33k, 
which  is  experimentally  observed  in  many  less  complex 
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flows.  The  preceding  modifications  were  applied  in  the 
attached  part  of  the  boundary  layer  up  to  the  computed 
separation  point. 

In  the  differential  stress  model  the  Reynolds  stresses 
are  obtained  from  individual  modelled  transport 
equations  which,  for  reasons  of  space,  are  not  repeated 
here.  The  closure  approximations  arc  those  described  by 
Launder  et  al  (1975)  ('Model  2'  in  their  paper),  with  the 
values  for  the  various  constants  given  in  Table  1. 


Cel 

Cc2 

Ce 

'-s 

Cl 

Y 

1.44 

1.92 

0.16 

0.22 

1.8 

0.6 

Table  1. 

Values 

of  constants  in 

turbulence 

models. 

Nomenclature  as  '  Launder  et  al  (1975). 


3.  COMPUTATIONAL  DETAILS 

3.1  Splulion  proccdurt; 

The  equations  described  in  the  previous  section,, 
together  with  equations  for  mass  and  momentum 
conservation,  were  solved  using  the  Harwell-FLOW3D 
solution  procedure  (Bums  &  Wilkes,  1987).  This  is  a 
finite-volume  procedure  based  on  a  non-orthogonal 
boundary-fitted  coordinate  system.  The  mean  velocity 
components,  in  Cartesian  coordinates,  and  pressure  arc 
stored  at  the  ccntioids  of  control  volumes  based  on  a 
boundary-fitted  coordinate  system,  and  the  equations  are 
transformed  into  curvilinear  coordinates  and  integrated 
over  a  simple  rectangular  grid  The  pressure  is  obtained 
using  the  SIMPLE  algorithm,  or  more  modern  variants 
(SIMPLEC,  PISO),  and  the  interpolation  method  of  Rhic  & 
Chow  (1983)  is  used  to  avoid  the  problem  of  chequerboard 
oscillations  in  the  pressure  field. 

The  convection  terms  in  the  equations  were 
approximated  by  higher-order  differencing  schemes.  In 
the  k-e  solutions  the  well  known  QUICK  scheme  of 
Leonard  (1979)  was  used  on  the  momentum  equations  and 
the  bounded  higher-order  scheme  of  Gaskell  and  Lau 
(1988)  was  used  on  the  turbulence  equations.  In  the  DSM 
solutions  second-order  upwind  differencing  (e.g.  Hodge 
et  al,  1979)  was  used  on  all  equations. 

3.2  Geometry  and  solution  domain 

The  geometry  of  Simpson  et  al  (1981)  and  the  solution 
domain  arc  shown  in  figure  1.  The  geometry  consists  of  a 
channel  with  a  curved  upper  wall  connected  to  a  low 
speed  wind  tunnel;  the  curvature  of  the  upper  wall 
creates  an  adverse  pressure  gradient  which  causes  the 
turbulent  boundary  layer  on  the  lower  wall  to  separate. 
Separation  on  the  upper  wall  is  prevented  by  a  boundary 
layer  control  system  which  extracts  the  boundary  layer 
and  introduces  two-dimensional  high-speed  wall  jets  at 
locations  along  the  upper  wall. 

Measurements  of  mean  velocity  components  and 
Reynolds  stresses  in  the  separation  region  and  in  the 
attached  boundary  layer  upstream  are  presented  in 
Simpson  et  al  (1981)  and  in  more  detail  in  Simpson  et  al 
(1980)  and  Shiloh  et  al  (1980).  Accurate  measurements  of 
the  separation  region  were  obtained  by  using  a 
directionally  sensitive  laser  anemon.ctry  system. 


However,  these  extend  only  to  a  point  part  of  the  way 
along  the  separation  bubble.  Beyond  this  point  the  flow 
was  increasingly  three-dimensional. 

3.3  Boundary  conditions 


Boundary  conditions  are  required  for  the  axial  and 
vertical  mca,i  velocity  components  U  and  V,  the 

dissipation  rate  e,,  the  individual  Reynolds  stresses  u^,  v^, 

Uv,  (in  DSM  calculations)  and  the  turbulence  kinetic 
energy  k  (in  k-e  calculations). 

'The  inlet  to  the  solution  domain  was  located  in  the 
parallel  section  of  the  channel  at  x  =  1.63m.  At  this 
location  the  boundary  layer  has  reached  a  fully- 
developed  state  and  has  a  clearly  defined  logarithmic 


region.  Measured  profiles  of  U,  ^  and  Hv,  at  the 

inlet  location  were  available  from  Simpson's  reports;  the 
freestream  velocity  at  this  location  was  21.8m/s.  The 
turbulence  kinetic  energy  k  was  computed  from  the 
individual  normal  stresses  and  the  vertical  mean  velocity 
V  was  assumeu  to  be  zero.  To  obtain  the  inlet  dissipation 
rate  e  in  the  boundary  layer  it  was  assumed  that  the 
turbulence  length  scale  L  was  equal  to  min(Ky,.  0.0855) 
where  y  is  distance  from  the  wall  and  S  is  the  boundary 
layer  thickness.  The  dissipation  rate  was  then  obtained 
from 


e 


(7) 


The  constants  k  and  Cp  have  values  of  0.41  and  0.09 
respectively. 

At  the  outlet  boundary  (well  beyond  reattachment) 
the  axial  derivatives  of  all  quantities  were  assumed  to  be 
zero,  which  is  a  much  more  satisfactory  procedure  than 
applying  boundary  conditions  within  the  separated 
region,  as  was  done  in  some  of  the  computations  for  the 
Stanford  Conference. 

One  option  for  the  outer  boundary  condition  would  be 

to  use  the  wind  tunnel  upper  wall  and  extract  mass 

through  it,  as  was  done  in  the  experiments.  In  the 

present  work,  the  outer  boundary  of  the  solution  domain 
was  defined  using  a  measured  inviscid  flow  streamline,  as 
suggested  by  the  Stanford  Conference  organisers.  'This 
extends  only  as  far  as  the  last  measurement  station,  so  it 

was  continued  by  a  smooth  curve  beyond  the  channel 
outlet  to  X  =  9m.  Provided  this  extension  is  chosen 

sensibly  it  has  virtually  no  effect  on  the  details  of  the 

solution  where  the  measurements  are  available.  For  the 

bounding  streamline,  a  streamline  coordinate  system 
(s,n,b)  may  be  defined  where  s  is  the  coordinate 
tangential  to  the  streamline,  n  is  normal  to  s  and  lies  in 
the  x-y  plane  and  b  is  normal  to  s  and  n.  Boundary 
conditions  for  the  mean  velocity  components  and 

Reynolds  stresses  in  Cartesian  coordinates  and  for  t  were 
derived  by  applying  the  symmetry  conditions: 

a(Us,:f„^^„^^,,c) 

“  "s''n  ~  Sn 


from  which  it  follows  that  dk/dn  =  0. 

At  the  wall  standard  logarithmic  wall  functions  as 
described  by,  for  example.  Launder  and  Spalding  (1974) 
were  applied,  although  it  is  recognised  that  within  the 


Figure  1,  Geometry  and  solution  domain. 
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(b) 


x(m):  2,22  3.01  3.52  3  97  4.34 


Figure  2.  (a)  Computational  grid  -  note  that  only  half  the  number  of  axial  grid  lines 
are  shown,  (b)  Measurement  stations. 


separated  region  standard  log-law  behaviour  docs  not 
occur. 

3.4  Computational  end 

The  computational  grid  is  shown  in  figure  2a.  The 
dependent  variables  were  stored  at  the  centroids  of 
control  volumes  formed  by  grid  lines  running  vertically 
from  the  wall  to  the  inviscid  flow  streamline  and 
lengthwise  from  the  inlet  plane  to  the  outlet  plane.  The 
lengthwise  grid  lines  were  arranged  so  that  their 
relative  spacing  was  constant  from  inlet  to  outlet. 

The  vertical  grid  lines  were  arranged  in  four 
sections,  each  containing  either  a  uniform  expansion  or 
uniform  contraction  in  spacing.  First  there  was  a 
uniform  contraction  in  spacing  from  the  inlet  plane  to 
the  measured  separation  point  at  x  =  3.45m.  Then  there 
was  a  uniform  expansion  to  the  midpoint  of  the  computed 
recirculation  bubble  at  x  =  4.425m,  followed  by  a  uniform 
contraction  to  the  location  of  the  computed  reattachment 
point  at  X  =  5.4m.  Finally  there  was  a  uniform  expansion 
to  the  outlet  plane  at  x  =  9.0m.  The  grid  spacing  at  the 
separation  and  reattachment  points  was  0.04m.  It  was 
found  that  using  smaller  spacings  than  this  had  no  effect 
on  the  solutions. 

The  lengthwise  grid  lines  were  arranged  so  that  their 
spacing  expanded  uniformly  away  from  the  wall.  At  the 
inlet  plane  the  spacing  at  the  wall  was  0.002m.  This 
ensured  that  the  near-wall  centroid  fell  well  within  the 
logarithmic  region  over  a  large  section  of  the  upstream 
attached  boundary  layer. 

The  computations  presented  in  section  4  were 
obtained  on  a  grid  containing  80  x  40  grid  lines.  The 
vertical  grid  lines  were  arranged  so  that  the  mesh 
expansion  ratio  in  each  section  of  tne  grid  was  the  same; 
this  gave  mesh  expansion  ratios  of  about  1.06.  The  mesh 
expansion  ratio  in  the  vertical  direction  was  1.04. 
Solutions  were  also  obtained  on  a  grid  containing  120  x  60 
grid  lines  to  check  for  grid-independence  and  these  were 
found  to  be  virtually  identical  to  those  on  the  80  x  40  grid. 


4.  RESULTS  OF  COMPUTATIONS 

In  this  section  the  k-e  and  DSM  solutions  are 
compared  with  experimental  measurements.  Computed 
and  measured  profiles  of  mean  velocity  and  turbulence 
quantities  are  presented  for  five  axial  stations,  indicated 
in  figure  2b.  Two  of  these  are  within  the  attached 
boundary  layer  upstream  of  the  measured  separation 
region  and  three  arc  within  the  separation  region  itself, 


one  close  to  the  separation  point  -  note  the  measured 
separation  streamline  included  in  the  Figure. 

4.1  k-£..  solutions 

It  was  found  that  the  boundary  layer  eould  not  be 
made  to  separate  with  the  standard  k-e  model,  in 

agreement  with  the  finding  of  De  Henau  et  al  (1990). 
Satisfactory  separation  was  achieved  when  the 
modification  to  the  dissipation  equation  (see  Section  2)  in 
the  attached  pan  of  the  boundary  layer  was  applied.  The 
location  of  the  separation  point  was  dependent  on  the 
value  of  Ctj  used.  An  increase  in  Cj3  caused  a  more  rapid 
reduction  in  the  wall  shear  stress,  so  the  boundary  layer 
separated  earlier.  Table  2  presents  the  computed 

separation  point  for  C£3  values  of  2.5,  4.44  and  5.5  -  note 
that  the  measured  separation  point  was  at  about  x  =  3.45m. 


Ce3  2.50  4.44  5.50 

Xsep  (m)  4.03  3.54  3.39 

Table  2.  Effect  of  Cc3  on  the  computed  separation  point 
in  the  k-e  solutions. 


In  figure  3  detailed  comparisons  of  computed  and 
measured  mean  velocity  and  turbulence  energy  are 

presented  for  the  axial  stations  indicated  in  figure  2b.  In 
the  separation  region  the  level  of  agreement  between 
the  computed  and  measured  mean  velocity  profiles  for 
Cj3  =  2.5  is  very  poor  because  the  separation  point  is  too 
far  downstream.  The  level  of  agreement  for  Cj3  =  4.44  and 
5.5  is  much  better  because  the  separation  point  is 
predicted  more  accurately,  but  there  are  still  significant 
differences  in  the  profiles;  the  positive  velocities  in  the 
outer  part  of  the  boundary  layer  and  the  negative 
velocities  in  the  back-flow  region  are  too  small. 

At  station  2,  in  the  attached  boundary  layer,  the  near- 
wall  velocities  for  all  Cgj  values  arc  too  high,  indicating 
that  the  wall  shear  stress  is  too  high  at  this  location.  This 
is  confirmed  in  figure  4  which  compares  computed  skin 
friction  coefficients  for  each  €^3  value  with 
measurements.  The  skin  friction  values  agree  with 
measured  values  around  the  separation  point  (for 

C(3=4.44  and  5.5)  and  in  the  initial  zero  pressure  gradient 
region,  but  are  a  little  too  high  in  the  strong  adverse 
pressure  gradient  region  upstream  of  the  separation 
point. 
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Figure  3.  U-vclocity  and  turbulence  energy  profiles  for  k-e  model;  d,  C£3  =  2.5; 
□  ,  4.44;  O,  5.5:  A,  measured,  (a)  U-velocity,  (b)  turbulence  energy. 


Figure  3b  shows  that  the  turbulence  energy  for 
0(3=4.44  and  5.5  is  reasonably  well  predicted  in  the 
attached  part  of  the  boundary  layer  and  at  stations  4  and 
5  in  the  separation  region,  but  is  much  too  low  around 
the  separation  point.  In  fact  the  turbulence  energy  falls 
sharply  as  the  separation  point  is  approached,  before 
rising  in  the  separation  region.  This  can  be  seen  clearly 
in  figure  5  which  shows  profiles  of  computed  turbuience 
energy  for  y/8  =  0.3.  Simpson's  measurements  of  normal 
stresses  indicate  that  this  computed  sudden  fall  in 
turbulence  energy  is  erroneous.  Thus  although  the 
modification  reduces  the  wall  shear  stress  and  causes 
separation,  it  produces  an  unrealistic  fall  in  turbulence 
energy  around  the  separation  point.  This  does  not  seem  to 
have  been  noted  in  the  previous  (limited)  work  using  the 
Hanjalic  &  Launder  modification  but  is  not  really 
surprising  since  the  length  scale  reduction  (leading  to 
the  required  lower  wall  shear  stress)  is  obtained  via  an 
effectively  imposed  increase  in  turbulence  dissipation 
rate.  This  leads  naturally  to  reductions  in  cither  the  total 
turbulence  energy  or,  in  the  case  of  the  differential 
stress  model,  the  individual  Reynolds  stresses. 

Finally,,  figure  6  compares  the  computed  and 
measured  growth  in  boundary  layer  thickness.  As  is 


x(m) 


Figure  4.  Skin  friction  coefficient  for  k-e  mode!. 
Legend  as  in  figure  3. 


increased  the  thickness  of  the  separation  region  grows 
more  rapidly,,  but  even  for  0(3  =  5.5  the  growth  is  not 
quite  as  rapid  as  measured. 


x(m) 


Figure  5.  Turbulence  energy  at  y/6  =  0.3  for  k-t  model. 
Legend  as  in  figure  3. 


x(m) 

Figure  6.  Boundary  layer  thickness,  S99,  for  k-e  model. 
Legend  as  in  figure  3. 
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Figure  7.  U-velocity,  turbulence  energy  and  shear  stress  profiles  for  DSM  model;  A,  Cj3  =  4.44; 
Q.  5.5;  <>,,  7,0;  4,  measured,  (a)  U-velocity.  (b)  turbulence  energy,  (c)  shear  stress. 
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The  boundary  layer  could  not  be  made  to  separate 

with  the  standard  form  of  the  differential  stress  model, 
but,  as  in  the  k-e  solutions,  satisfactory  separation  could 
again  be  achieved  by  applying  the  modification  to  the 
dissipation  equation  in  the  attached  part  of  the  boundary 
layer.  The  location  of  the  separation  point  again 
depended  on  the  value  of  Cj3  used,  but  a  higher  value  of 
Cf3  was  required  to  achieve  the  same  separation  point  as 
before.  Table  3  presents  the  location  of  the  separation 
point  for  0^3  values  of  4.44,  5.5  and  7.0.  Previously,,  the 
separation  point  for  =  5.5  occurred  upstream  of  the 
measured  separation  point,  but  now  it  occurs 

downstream. 


Ce3  4.44  5.50  7.00 

Xjep  (m)  3.85  3.68  3.49 

Table  3.  Effect  of  Ce3  on  the  computed  separation  point 
in  the  DSM  solutions. 


Figure  7  presents  computed  and  measured  mean 
velocity,  turbulence  energy  and  shear  stress  profiles  for 
the  axial  stations  in  figure  2b.  At  station  2,  in  the 
attached  part  of  the  boundary  layer,  the  near-wall 
velocity  is  accurately  calculated  for  Cj3  =  7.0.  Figure  8 
compares  the  computed  and  measured  skin  friction 
values  and  shows  that  the  skin  friction  is  accurately 


calculated  for  €^3  =  7.0  at  this  station  (x  =  3.01m),  but  that 
the  computed  values  are  again  too  high  over  most  of  the 
adverse  pressure  gradient  region. 

At  station  3  separation  has  occurred  for  0^3  =  7.C,  in 
agreement  with  the  measurements,  but  not  for  €{3  =  4.44 
and  5.5.  The  velocities  for  C£3  =  7.0  are  too  small  in  the 
outer  part  of  the  boundary  layer  and  also  in  the  small 
back-flow  region  -  note  that  overall  continuity  is 
satisfied  because  the  freestream  velocity  is  higher  than 
measured.  The  profiles  for  Cj3  =  4.44  and  5.5  have  small 


x(m) 


Figure  8.  Skin  friction  coefficient  for  differential  stress 
model.  Legend  as  in  figure  7 
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but  unrealistic  peaks  at  the  near-wall  centroid,  anJ 
further  downstream  negative  velocities  first  appear  at  a 
location  above  the  r.ear-wall  centroid.  Increasing  Cf.-) 
eliminates  this  behaviour  and  it  docs  not  occur  fui 
Ce3=7.0.  The  differences  between  the  computed  and 
measured  profiles  for  all  €^3  values  increase  with 
downstream  distance  and  at  stations  4  and  5  the  positive 
velocities  in  the  outer  part  of  the  boundary  layer  and  the 
negative  velocities  in  the  back-flow  region  are  much  too 
small. 


x(m) 


Figure  9.  Turbuience  energy  at  y/8  =.  0.3  for  differential 
stress  model.  Legend  as  in  figure  7. 


In  figure  7  it  can  be  seen  tha:  the  turbulence  energy 
and  shear  stress  in  the  separation  region  are  much  too 

small  for  all  0^3  values.  Figure  9  shows  computed  values 
of  turbulence  energy  for  y/S  =  0.3,  and  it  can  be  seen  that 
the  turbulence  falls  sharply  as  the  separation  point  is 
approached,  as  in  the  k-e  solutions,  but  does  not  recover 
to  the  measured  levels  as  before 

Despite  the  differences  in  the  computed  and  measured 
mean  velocity  and  ,u.'bulcncc  quantities  in  the 

separation  region,  the  growth  of  the  boundary  layer  is 

accurately  predicted,  as  may  be  seen  from  figure  10, 
which  compares  the  computed  growth  in  boundary  layer 
thickness  with  measurement.  This  should  probably  not 
be  taken  as  evidence  of  some  'low-order'  validity  of  the 
turbulence  model,  since  the  location  of  the  outer 
boundary  streamline  is  being  imposed.  The  predictions 
of  the  turbulence  structure  within  the  separated  region 
do  not  agree  with  the  implications  of  either  Simpson's 
measurements  or  the  more  recent  detailed  studies  of 

separated  regions  undertaken  in  our  own  laboratory  (e.g. 
Dianat  &  Castro,  1991).  Even  if  the  turbulence  predictions 
around  separation  were  more  accurate,  we  would  not 
expect  current  turb  'lence  .,iodels  to  handle  the  separated 
flow  itself  very  well  tCastro,  1991). 


x(m) 

Figure  10.  Boundary  layer  thickness,  699,  for  differential 
stress  model.  Legend  as  in  figure  7. 


5.  CONCLUSIONS 

The  major  conclusion  is  that  turbulent  boundary 
layer  separation  cannot  be  adequately  predicted  by  the 
standard  k-e  model  or  the  differential  stress  model. 
Hanjalic  &  Launder's  (1980)  modificatioii  to  the 
dissipation  equation  produced  separation  but  left  serious 
errors  in  the  separation  region,  particularly  when 
applied  to  the  differential  stress  mode!.  These  were  at 
least  partly  due  to  the  modification  itself,  and  it  seems 
clear  that  the  separation  process  cannot  be  adequately 
modelled  by  simple  changes  to  the  dissipation  equation. 
However,  the  poor  quality  of  the  DSM  solutions  suggests 
that  current  modelling  assumptions  do  not  really  reflect 
the  nature  of  the  flow  both  up  to  separation  and  in  the 
separation  region  itself. 
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ABSTRACT: 

Two  different  two-dimensional  curvilinear  finite-volume 
(FV)  codes  with  both  k-e  model  and  a  Reynolds  Stress 
Transport  Model  (RSTM)  [1,2]  have  been  achieved  lor 
application  to  recirculating  flows  In  non  rectangular 
geometries.  Such  a  geometry  is  encountered  In  a  flow 
across  rod  bundles  In  heat  exchangers  In  which  accurate 
predictions  of  turbulence  characteristics  are  required 
prior  to  tentative  modelling  of  heat  transfer  at  the  walls. 
The  paper  focuses  on  the  Implementation  of  wall 
boundary  conditions  within  the  Cartesian  framework. 
Numerical  predictions  of  the  tube  bundle  flow  are 
compared  with  experiment  ;  The  level  of  turbulent  kinetic 
energy,  overestimated  by  the  eddy  viscosity  model,  is 
better  predicted  by  RSTM  and  improved  by  slight 
modifications  which  aim  at  overcoming  some  weaknesses 
of  the  standard  model  in  strongly  anisotropic  flows  on 
one  hand,  and  in  impinging  regions  on  the  other  hand. 


NOMENCLATURE 

Reynolds  Stress  Transport  Equations  : 

du,  U|  n  dui  ui  o,  j 

+  Uk-^  ~  Pii  +  <I>ii  +  dll  -  eii 
3t  9xk 

where  : 

Pi  I  "  - 1  ui  uk  ^  +  uk  U|  —  I 
\  9xk  3xk / 


an  isotropization  of  production  (rapid)  term  ; 

<)>ij.2  “  -C2|Pij  - 

and  a  wall  echo  term  (Gibson  Launder)  [2]  ; 

-  C|£|ui.umR<nmSi|  -  -  5ifc^n,niJ  *|j^| 

+  C2|(|)km.2ivrk«8lj  -  ^itlkl.zivnj  '  ^l^k|.2R<ni]  •(—!;-) 
'  2  2'  IXniln/ 

‘diffusive  transport  of  Reynolds  stresses  and 
dissipation  rate  two  distinct  models  have  been 
employed,  atensorlalone,  following  Daly  and  Harlow  [3], 
hereafter  referred  to  as  DH-diffusion  ; 


di( 


C’t^f  ^  Uk  Urn  —  Ik  U|1 
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dt  -  Ce:^(liukUni 

3Xk  \  ®  3Xm  / 

and  an  "eddy  viscosity"  one, 
diffusion  : 


referred  to  as  EV- 
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Reynolds  Stress  Transport  Model  (RSTM) 

‘  The  pressure  strain  correlation  <I>||  associated  with 
the  devlatoric  part  of  eij  is  the  main  contribution  to  the 
model.  Following  Launder,  Reece  and  Rod!  (1|,  it  Is 
decomposed  into  three  terms  : 

({>ij  =  <I>i|-f  (eij -2.e8i))  =  (|)|,,,  +  <(),,. 2  +  <|)|j  „ 

a  return  to  isotropy  (slow)  term  ; 

<|)il.i  •  Cl  UI  Uj  -  5ij  I 


Part  of  tha  rssaarch  work  of  thasa  authors  was 
undertaken  during  their  stay  at  the  University  of 
Manchester  Institute  of  Science  and  Technology. 


•Equation  of  the  dissipation  rate  e  : 

+  U|L  -  d.  +  Cti£p  - 
at  9xk  k  k 

notations : 

aij  turbulent  stress  anisotropy  tensor  -  --^Sm 

k  3 

A  2D  invariance  coefficient  -  1-^(A2-A3) 

8 

A2  second  anisotropy  tensor  Invariant  -  ajK  aj«j 
As  third  anisotropy  tensor  invariant  •  ajjr  aid  ag 

(set  to  0.09  In  the  k-e  model) 

dij  diffusive  transport  of  uTu] 

E  logarithmic  law  constant 

k  turbulent  kinetic  energy  -  .S'uTur 

fs  314^ 

1  characteristic  turbulence  length  scale  :  ^  ^ 

ni  component  of  the  unit  vector  normal  to  the  wall 
P  generation  rate  of  k  >  .5‘P|  i 
Pll  generation  rate  of  uiuj 

Re  Reynolds  Number -UqD/v 
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Uo  reference  velocity 


NUMERICAL  SOLUTION  PROCEDURES: 


Ui  mean  velocity  component 

U|  Cartesian  tluctuating  velocity  component 

u,v,w  surface  adapted  fluctuating  velocity  component 

u*  friction  velocity  via  u* 

u^  friction  velocity  via  = 

X|  Cartesian  direction  coordinate 

x,y,z  wall  surface  adapted  coordinate 
y+  non  dimensional  distance  to  the  wall  -  yu./v 
ei)  dissipation  rate  of  uiuj 

e  dissipation  rate  of  k  n  .5  •  &! 

cl>i|  pressure-strain  correlation 

V  kinematic  viscosity 

Cl  k^ 

vt  eddy  viscosity, 

K  Karman  Constant  -  0.41 

dU  I 

■t*  wall  shear  stress  >  ' 

*  3y  lw.li 


constants  : 


Cl  C2  C' 1  C'2  C's  Cg  C^i  Cgz 

1,8  0.6  0.5  0.3  0.22  0.18  1.44  1.92  1.  1.3 


In  anisotropic  flows,  Launder  et  al  (4)  suggest  a 
dependence  of  the  e  equation  constants  in  terms  of  the 
anisotropy  tensor  invariants  : 


Cel  =  1 


C,2  - _ 1-32 - 

1  +06/a7a 


INTRODUCTION: 


The  numerical  implementation  has  been  carried  out  in 
two  different  solution  procedures,  both  using  Cartesian 
decomposition  of  vector  and  tensors. 

The  first  numerical  solution  procedure  (NSP1 )  Is  based 
on  a  semi-staggered  variable  arrangement  (Fig.  2)  which 
naturally  (one  order  of  derivation  corresponds  to  one 
grid-swapping)  couples  Reynolds  stresses  to  the  mean 
tlow  variables. 


Figure  2  :  Semi-staggered  grid  arrangement. 

The  second  one  (NSP2)  uses  a  collocated 
arrangement  (Fig.  3)  in  which  the  coupling  of  various 
variables  Is  re-established  by  interpolation  practices 
[6], (7]  similar  to  those  employed  by  Rhie  and  Chow  [8]  for 
pressure  and  by  Obi  et  al.  for  the  Reynolds  stresses  on 
rectangular  grids  [9]. 


Figure  3  ;  Collocated  grid  arrangement. 


The  two  procedures  also  differ  from  one  another  In 
algorithmic  details  ; 

NSP1  Is  a  time  marching  procedure  solving  the 
unsteady  equations  by  fractional  steps  [10]: 


To  our  knowledge,  FV  RSTM  compulations  have  yet 
been  limited  to  flows  in  non  rectangular  geometries  with  a 
low  degree  of  complexity,  where  only  orthogonal  grids 
are  required.  On  the  other  hand.  In  these  distorted  flow 
domains,  where  recirculation  occurs,  second  moment 
closure  models  markedly  prove  their  superiority  upon 
eddy  viscosity  models  in  that  they  better  take  into 
account  the  interaction  between  curvature  related  strain 
and  turbulence  anisotropy  whereas  a  k-e  model  strictly 
aligns  the  principal  axes  of  the  two  tensors. 


45  mm 


1)  advectlon  of  variables  by  a  Lagranglan  method, 

2)  a  diffusion  and  source  term  step  solved  In  the 
Incremental  form  with  a  linear  system  coupling  all 
variables, 

3)  a  pressure  correction  step  ensuring  mass 
conservation, 

all  linear  systems  are  solved  by  a  three  level  conjugate 
residual  algorithm  with  a  diagonal  preconditioning  for 
step  2. 

NSP2  solves  the  steady  equations  In  an  iterative  way 
(under-relaxation).  Al  any  Iteration,  governing  equations 
are  solved  one  by  one.  The  Power  Law  Differencing 
Scheme  is  used  tor  transport  terms  and  source  terms  are 
selectively  implicited  [11].  Mean  velocity  and  pressure 
fields  are  coupled  by  a  pressure  correction  -SIMPLEC- 
[12]  algorithm  and  tri-diagonal  linear  systems  are  solved 
by  a  fully  vectorized  Red-Black  algorithm. 

The  geometry,  NOG  and  use  of  Cartesian  coordinates 
require  generalization  of  boundary  conditions  for  the 
RSTM. 


BOUNDARY  CONDITIONS  : 


Figure  1  :  flow  domain  within  a  tube  bundle 
(dashed  lines  ;  domain  of  computation) 

A  non  orthogonal  grid  (NOG)  is  required  for  the 
geometry  of  Fig.  1  which  by  symmetry  and  periodicity 
represents  the  fully  developed  cross-flow  within  a  tube 
bundle  (experiment  of  SImonin  et  al.  [5]).  This  NOG 
(Fig.  4)  enables  refinement  of  the  mesh  In  the  leeward 
corner  precisely  where  maximum  difference  between  k-e 
model  and  RSTM  may  be  found.  After  presentation  of  the 
two  solutions  procedures  which  have  been  implementod, 
results  obtained  on  this  geometry  will  be  discussed. 


No  major  difficulties  lie  In  the  implementation  of 
boundary  conditions  (for  the  flow  domain  shown  in  Fig.  1 , 
symmetry  and  anti-periodicity  conditions  are  applied), 
except  lor  wall  boundary  conditions  (WBC). 

RSTM  is  rooted  In  a  high  Reynolds  number 
assumption,  and  therefore  it  is  not  valid  up  to  the  wall.  As 
a  WBC  in  complex  geometry,  it  is  thus  advisable,  for  sake 
of  simplicity,  to  use  a  wall  function  approach  despite  Its 
well  known  shortcomings  : 

1)  Its  strict  domain  of  validity  is  the  one  dimensional 
Couette  tlow 
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2)  Existing  waii  functions  ali  focus  on  a  waif  surface 
adapted  framework  white  equations  need  to  remain 
tractabie  when  transferred  back  into  the  Cartesian 
framework. 

Relating  to  this,  NSPI  and  NSP2  have  two  separate 
implementations  presented  here-below ; 

Concerning  NSPI  [13],  WBC  on  the  total  stresses  are 
interpreted  as  limiting  values  for  the  turbulent  force 
imposed  on  the  mean  flow;  Let  R  be  the  Reynolds  stress 
tensor  and  (N,  T)  respectively  the  normal  and  tangent  to 
the  wall,  and  dF  the  resulting  force  :  dF  >  R  N 

4  assumptions  need  to  be  made  to  define  the  4 
stresses ; 

-  the  turbulent  shear  stress  approaches  the  wall  shear 
stress  towards  the  wall  i.e.  dF.T  «  xw/p  (Ai} 


■  a  Neuman  condition  is  applied  to  k  :  —  =  Q  (AS) 

d  n 


-  for  2D  flows,  one  can  assume  : , 


-  finally  as  a  fourth  frame  independent  condition  we 

dn  _  ' 

(where  "dF.N’  is  obviously  nothing  else  but  v’) 

As  a  matterof  fact,  these  BC  are  equivalent  to; 

Returning  to  the  Cartesian  framework  leads  to  a 
system  of  four  equations' 

(u2*  -  ui^)ninj  +  ulu2(n?  -  nj)  =  -Xw/p 


^  +  n«  +  2n.n:te 


It  should  be  noted  here  that,  by  assuming  the  local 
equilibrium,  one  has  entirely  set  the  value  of  C^.  From 
the  modelled  stress  equations,  using  the  standard  values 
of  the  RSTM  constants,  one  finds  ; 


This  is  In  agreement  with  the  channel  flow  experiment 
of  El  Tebany  and  Reynolds  [14], and  it  Is  recalled  at  this 
stage  that  the  usual  value  of  0.09  had  been  set  from  a 
free  shear  layer  experiment  [15], 

An  alternative  used  In  NSP2  [16]  is  to  solve  an 
Algebraic  Stress  Model  in  the  near  wall  cells  to  retrieve 
more  general  DIrIchlet  conditions  on  the  stresses  in  the 
surface  adapted  frame  and  then  simply  recover  the  values 
in  the  Cartesian  coordinates.  However,  In  this  collocated 
procedure,  the  wall  function  approach  demands  a 
modification  of  the  turbulent  kinetic  energy  equation  In 
the  near  wall  call  which  satisfies  the  local  equilibrium.  It  is 
obtained  by  forcing  the  following  equality  ; 

-  UV  nMr  w*g  ■<  enMT  vnll  ■< 

ay  'ey 

and  by  assuming  a  zero  gradient  diffusive  flux 
at  the  wall  fork. 

Following  Rod!  [15],  if  the  transport  of  Reynolds 
stresses  is  assumed  to  be  proportional  to  the  transport  of 
k  with  u7ui/k  as  ratio  of  proportionality  ; 


(1 -C2)(Pij'iP6ij)  +  ^|,w 
P  +  (C, -1)e 


In  the  surface  adapted  framework,  a  local 
Couatte  flow  approximation  reads  ; 


2.(ci  +  2  -  2C2  +  czcy  +  ciy^ 


2.(Ci  +  Cz  -  1  -  2C2Ci) 

3  _  __  _ 

Cl  +  2C‘i 


dv2^ 
dn  dn 


¥  =  0 

dn 

This  coupled  system  is  easily  implemented  in  the  semi- 
staggered  code  since  all  stress  are  solved  fully  coupled 
and  implicitly. 

xw  is  evaluated  from  two  approximations  of  the  friction 
velocity,  one,  u*,  resulting  from  the  definition  of  C^  ; 

u*  -  k 

while  the  other  one  Is  obtained  from  the  logarithmic 
law ; 

|U|  K 
ln(Ey+) 

This  leads  to  the  following  variegation  ; 

Xw  /p  -  -  sign(U)  u-  Ut 

Besides  the  wall  value  of  e  is  chosen  as  ; 


K  0.2  Ay 

e«.u  is  only  used  In  the  diffusion  term  and  the  fraction 
of  the  space  discretisation  0.2  Ay  allows  the  gradient  of 
dissipation  to  be  compatible  with  the  local  equilibrium  at 
the  cell  face. 


(i^r  -  -  Cz  "•  i-SCzCz  .  c« 

'  k  '  I  nMrwia  k  \  Cl  +  I.SCi  / 

However,  as  far  as  the  turbulent  shear  stress  is 
concerned.  In  order  to  keep  benefit  of  the  variegation 
used  In  NSPI,  the  following  expression  >s  employed 


xw/p  » -  slgn(U)  'u*  Ut 


RESULTS  : 


As  detailed  in  Fig.  4,  the  flow-field  can  be 
decomposed  into  3  regions  where  the  mean  flow  Is 
undergoing  compression,  acceleration  and  sudden 
expansion. 

Compnuion 


Figure  4  ;  Flow  analysis 

For  the  present  report,  most  of  the  results  are 
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presented  In  the  expansion  zone  of  the  periodic  field  at 
location  Xq  (Fig.  1)  and  compared  with  the  experiment  of 
SImonIn  and  Barcouda.  The  Reynolds  number  based  on 
the  diameter  of  the  tubes  Is  equal  to  18  000. 


eddy  viscosity  assumption  leads  to  ; 


Details  of  the  predictions  presented  In  following 
figures  are  summarized  In  Table  1.  Bold  cells  denote 
underlying  comparisons. 


Figure 
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Differences  occur  between  NSP1  and  NSP2  with  the 
same  eddy  viscosity  turbulent  diffusion  model  (Fig.  5). 
Even  though  treatment  of  convection  terms  and 
pressure-continuity  steps  differ,  they  cannot  be 
responsible  of  such  a  divergence  in  the  results  since  k-e 
results  with  both  numerical  solution  procedures  are  very 
similar  (Fig  8).  Stress  boundary  conditions  are  enough 
different  to  explain  such  discrepancies. 

Besides,  one  should  note  the  high  sensitivity  to  the 
turbulent  diffusion  modelling  which  affects  the  level  of 
turbulence  (Fig.  5b)  as  well  as  the  mean  momentum  (Fig. 
5a). 

The  presence  of  the  wall  reflection  terms  greatly 
improves  the  description  of  the  recirculation  region  (Fig. 
6)  with  a  raising  of  turbulent  shear  stress  and  kinetic 
energy  but  the  upstream  flow  of  the  expansion  (y>8) 
shows  a  non  physical  behaviour  of  ^ij,w  modelling.  I'  one 
considers  a  one  dim^sional  approach  in  the  vicinity  of  a 
stagnation  point  (dUi/dxi  <  0),  it  is  noticeable  that 
<l>ii,w'i-^22,w  acts  as  a  source  term  in  the  2D  turbulent 
kinetic  energy  equation.  This  creates  an  artificial  spot  of 
turbulent  kinetic  energy  which  Is  carried  down  along  the 
tube  sides  and  still  visible  at  location  Xq.  As  a  matter  of 
fact  the  wall  echo  term  modelling  is  designed  to  take  into 
account  the  attenuation  of  normal  Reynolds  stress  near  a 
surface, only  in  a  local  Couette  flow  approximation.  The 
best  compromise  is  thus  obtained  by  accounting  for  the 
only  physical  effect,  I.e.  the  downstream  tube  effect,  and 
to  cancel  locally  the  effect  of  the  Impinged  surface  upon 
wall  echo  redistribution.  The  extent  of  the  recirculation 
region  is  nevertheless  affected  through  the  anti- 
periodicity  condition. 

Fig.  7  shows  that  the  classical  e  equation  with  constant 
underpredicts  turbulent  fields.  Velocity  profile  is  also 
badly  captured  with  a  too  long  recirculation  zone.  By 
taking  into  account  the  anisotropy  through  these 
coefficients.  Launder  et  ai's  proposal  successfully 
rectifies  mean  and  turbulent  profiles. 

Fig.  8  compares  NSP1  and  NSP2  k-e  model 
predictions  with  final  RSTM  results  (obtained  In  NSP1 
after  modification  of  e  equation  and  correction  of  wall 
echo  ‘tricky’  effects).  As  noticed  previously  both 
procedures  predict  similar  k-e  results  but,  unlike 
experimental  data,  this  model  reverses  the  turbulence 
maximum  near  the  upstream  wall.  In  a  ID  approach  of  the 
flow  upstream  a  stagnation  point  (see  above  discussion). 


which  unrealistically  forces  the  positivity  of  the 
production  torm  (Fig.  8d).  The  amount  of  artificial 
turbulent  energy  is  then  convected  from  the 
impingement  region  along  the  tube  wall. 

Whatever  the  model  is,  mean  velocity  profiles  are  not 
tar  from  experiment  (Fig.  8a).  Besides  rapid  distorsion 
coefficient  a  { ratio  of  characteristic  turbulent  and  mean 
strain  time  scales) ; 

o -  k  / eVSijSij  where  Si)  - -ij^yL  + 

2\dx)  dxj/ 

exceeds  3  in  the  high  shear  region  which  tends  to 
prove  a  predominancy  of  rapid  term  upon  non  linear  term. 


(5. a) :  longitudinal  mean  velocity  component 


X  Exp.  data  from  Simonin  and  Barcouda 
—  NSP1 -f  EV-diffuslon 


-  NSP1  +  DH-diffusion 

.  NSP2  +  EV-diffuslon 

Figure  5  :  Comparison  of  the  two  numerical  solution 
procedures  (NSP1  and  NSP2)  :  RSTM  predictions  at 
location  Xq  influence  of  the  turbulent  diffusion  term 
modelling 
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<u1u2>/U0”2  1/2(<u1u1>  +  <u2u2>)/U0"2  U1/U0 


0  2  4  6  8  10  12  14  16  18  20 

(6. a) ;  longitudinal  mean  velocity  component 


0  2  4  6  8  10  12  14  16  18  20 


(6.b) ;  20  turbulent  kinetic  energy 


0  2  4  6  8  10  12  14  16  18  20 

(6.C)  ;  turbulent  shear  stress 


X  Exp,  data  from  Simonin  and  Barcouda 

-  no  wall  echo  term 

-  wall  echo  term  ol  downstream  tube  onty 

-  wall  echo  term  ol  both  tubes 

Figure  6  :  RSTM  predictions  obtained  with  NSP1  at 
location  Xo  :  influence  of  the  wall  echo  term  ♦ij,,, . 


(7. a) :  longitudinal  mean  velocity  component 


0  2  4  6  8  10  12  14  16  18  20 

(7.b) :  2D  turbulent  kinetic  energy 


®  2  4  6  8  10  12  14  16  18  20 

(7.C) ;  turbulent  shear  stress 


X  Exp.  data  from  Simonin  and  Barcouda 

-  E  equation  with  CeI  »  1.44,  C£2- 1.92 

-  e  equation  with  Cel ,  Ce2  related  to  anisotropy  Invariants 


Figure  7  :  RSTM  predictions  obtained  with  NSP1 
location  Xo  :  Influence  of  the  e  equation  modelling 


at 


0  2  4  6  8  10  12  14  16  18  20 

(8. a) :  longitudinal  mean  velocity  component 


(6.b) :  20  turbulent  kinetic  energy 
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(8.d)  .  production  term  Pk  along  the  axis  o(  symmetry 
upstream  the  tube 

X  Exp  data  from  Simonin  and  Barcouda 

- RSTMwrthNSPi 

-  k  e  model  with  NSP1 

. .  k£  model  wrthNSP2 

Figure  8  :  comparison  of  k-e  predictions  obtained  with 
NSP1 .  NSP2  and  RSTM  predictions  obtained  with  NSP1 . 


CONCLUSION 

Predictions  of  a  fully  developed  flow  across  a  lube 
bundle  have  been  obtained  with  a  k-e  model  and  a 
Reynolds  stress  model,  both  implemented  In  two 
different  numerical  solution  procedures.  Similar  results 
are  obtained  with  NSPI  and  NSP2  when  the  eddy 
viscosity  model  is  used  whereas  divergences  In  the  wall 
boundary  condition  treatment  make  the  two  RSTM  results 
far  from  one  another.  The  semi-staggered  FV  approach 
(NSP1),  avoiding  interpolation  stabilizing  techniques, 
leads  to  a  robust  procedure  which  is  meant  to  overcome 
deterioration  of  numerical  stability  by  strong  source  terms 
occurring  in  curvature,  rotation  or  buoyancy  dominated 
flows  [18]  On  the  other  hand,  the  collocated  procedure 
(NSP2)  is  more  versatile  in  testing  various  turbulence 
models  and  also  more  suitable  for  multigrid  methods  (19). 

The  flow  is  believed  to  be  dominated  by  rapid 
distortion,  and  this  was  confirmed  by  the  fact  that  both 
RSTM  and  k-e  model  are  giving  velocity  fields  close  to  the 
experimental  data.  On  the  other  hand,  turbulence 
characteristics  predicted  by  the  RSTM  are  signiflcanliy 
better  than  those  of  the  the  k-e  model,  due  to  a  better 
description  of  the  anisotropy.  Accounting  for  the 
anisotropy. In  the  c  equation  constants  improved  again 
the  results,  together  with  a  local  suppression  of  the  wall 
echo  terms  which  seems  unsuitable  for  an  impinging  flow. 

In  a  same  way,  boundary  conditions  are  shown  to  be  of 
significant  Importance  in  the  level  of  turbulence.  Local 
equilibrium  badly  reflects  the  anisotropy  at  the  wall  and 
remaining  discrepancies  noted  so  far  may  be  coming  from 
this  assumption.  A  low  Reynolds  number  modelling  would 
certainly  lead  to  a  better  prediction,  and  because  of  the 
rapid  distortion  again,  a  refined  modelling  of  rapid  part  of 
the  pressure-strain  terms  might  Improve  the  prediction 
120). 
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ABSTRACT 

Turbulence  structure  of  a  backward  facing  step 
flow  IS  investigated  using  the  numerical  flow  field 
which  is  computed  by  large  eddy  simulation  (LES). 
The  Reynolds  number  based  on  step  height  and  main 
flow  is  46000.  Reliability  of  this  data  has  been 
already  confirmed  by  the  comparisons  between 
experimental  and  numerical  data.  The  profiles  of 
mean  velocities,  Reynolds  stresses,  triple  products 
and  the  budget  of  Reynolds  stresses  are  indicated, 
and  turbuier,.e  structure  of  a  separating  flow  field 
is  nuraericjily  discussed. 


NOMENCLATURE 

Xj  ;  coordinates  in  tensor  notation 

U,  ;•  mo, an  velocity  component  in  Xj  direction 

U|  fluctuating  veiocity  component  in  X, 

d 1 rect  ion 

v,y, ’  :  longitudinal,  vertical  and  spanwise 

coord  inates 

U, V  ;  mean  velocity  components  in  x  and  y 
d 1 rect  ions 

u.v,w  :■  fluctuating  velocity  components  in  x,  y 
and  2  d  irect  ions 

Uo  ,•  wain  flow  at  the  inlet  section 

H  :  step  he  ight 

Re  ;  Reynolds  number  based  on  step  height  and 
main  flow 


INTRODUCTION 


In  this  paper,  larger  spanwise  grid  number  (80) 
and  wider  spanwise  computational  region  (4H)  are 
set  up,,  and  turbulence  structure  of  a  separating 
flow  is  numerically  investigated  using  LES  data. 


COMPUTATIONAL  CONDITIONS 

The  basic  equations  of  LES  are  grid  scale  (GS) 
continuity  and  momentum  equations.  Subgrid  scale 
(SGS)  model  is  the  Smagorinsky  model  with  a 
variable  length  scale  11,21  These  equations 
are  then  solved  using  an  Adams-Bashforth  scheme  of 
the  2nd  order  in  time  and  the  2nd  order  central 
finite  difference  formulae  in  space.  Pressure 
fields  are  solved  using  a  simultaneous  iteration 
method  for  velocity  and  pressure  131. 

The  computational  flow  field  is  a  channel  with 
the  backward  facing  step  of  step  ratio  1.5.  At  the 
inlet  of  the  channel,;  fully  developed  channel  flow 
fields  which  arc  computed  in  driver  seotion 
<2Hx2Hx4H)  are  specified  instantaneously.  The 
outlet  IS  located  at  3011  downstream  from  the  step 
where  the  first  derivatives  of  flow  properties  in  x 
direction  are  set  at  2ero.  A  spanwise  computational 
region  is  4H.;  and  cyclic  boundary  condition  is  used 
for  this  direction.  The  Spalding's  law  of  the  wall 
11,41  is  supposed  for  the  wall  boundary.  Reynolds 
number  based  on  step  height  II  and  main  flow  Uo  is 
46000  The  numerical  grid  number  In  all  directions 
are  230x50x80.  Ensemble  mean  values  are  counted  out 
using  5000  time  steps  and  spanwise  numerical 
points.  The  computational  conditions  are  shown  in 
Table  1 


The  turbulent  flow  over  the  backward  facing  step 
has  been  investigated  by  many  experimental  and 
numerical  methods.  Although  the  geometry  of  the 
backward  facing  step  is  still  simple,,  this  flow 
contains  many  features  of  the  complex  flow 
phenomena  such  as  separation,  reattachment  and 
reverse  flow.  It  has  been  recogni7.ed  that  the 
conventional  ensemble  mean  turbulent  models 
underpredici  or  overpredlct  the  reattachment  length 
which  is  the  most  basic  factor  in  this  flow.  Large 
eddy  simulation  (LES)  technique  can  provide  the 
detailed  informations  of  the  time-dependent  and 
three  dimensional  turbulent  flow  fields  at  the  high 
Reynolds  number  Reliability  of  LES  has  been 
promoti  '  in  some  basic  flow  fields,  and  it  is 
needed  to  investigate  the  capability  of  LES  for  the 
practical  problems. 

We  have  already  computed  the  backward  facing  step 
flow  using  the  LES  111.  The  calculation  results  of 
mean  velocity,  turbulent  distribution  and 
reattachment  length  were  compared  with 
corresponding  experimental  values.  Although  this 
computation  was  done  under  relatively  small 
spanwise  grid  number  (20)  and  narrow  spanwise 
computational  region  (211),.  good  agreement  between 
computational  and  experimental  data  were  shown  on 
the  mean  velocities  and  turbulences, 


Table  1.  Computational  conditions. 


Compulalional  region 

■  —  — . 

32H  (+2H)  X  3H  X  4H 

Numerical  grid  number 

210  (+20)  X  50  X  80 

■Scheme  in  time 

Adams-Bashforth  (At=0.  01) 

Scheme  in  space 

Central  (2nd  order) 

i  Solution  for  pressure 

HSMAC 

Inlet  B.  C 

1 

1 

Fully  developed  channel  flowl 
-  ■ ! 

1  Outlet  B.C 

1 

d/dx=0  (for  u,  v  and  w)  i 

! 

i  Spanwise  B.C 

Cyc  lie  (for  u.  V,  w  and  p)  1 

Wall  B.C. 

Spalding’s  law  of  the  wall”! 

SGS  model 

1 

1 

Smagorinsky  »odel  ! 

with  variable  lengtii  scale  i 

1 

n 

Reynolds  number 

46000 
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RESULTS  AND  DISCUSSIONS 

The  turbulent  structure  of  the  separated  region 
of  the  flow  over  backward  facing  step  Is  discussed 
using  LES  data. 

The  contour  plot  of  the  streaa  lines  for  Mean 
velocity  field  is  shown  in  Fig.  1.  The 
conputat  ional  reattachment  length  is  about  7.011, 
which  is  ainost  the  sane  as  the  corresponding 
experinental  result  [5,61.  CoMparisons  between 
experiwental  and  LES  data  about  the  mean  velocities 
and  Reynolds  stresses  have  already  done  in  the 
previous  (coarse  grid)  coMputation.  No  basic 
difference  between  the  previous  and  present  data 
is  observed  on  the  turbulent  quantities. 

Figure  2  indicates  the  schenatic  MechanisM  of  the 
budget  for  the  turbulent  shear  stresses  in  the  two 


diwensional  flows.  On  the  spanwise  turbulent 
Intensity,  redistribution  by  the  pressure-strain 
terM  has  the  predowlnant  effect,  since  there  is  no 
production  term  for  the  spanwise  intensities  in  the 
two  dimensional  flows. 

Mean  velocity  field  behind  the  step  has  a 
separating  bubble  in  which  strong  reverse  flow 
exists.  The  mean  longitudinal  velocity  profiles  in 
Fig.  3  show  that  the  niniMum  value  of  reverse  flow 
is  -0. 25Uo  at  X/H=3.  The  vertical  distances  froM 
the  wall  at  which  the  peak  values  of  reverse  flow 
exist  decrease  with  increasing  longitudinal 
coordinate  in  the  separating  region.  The  velocity 
gradient  of  the  Mixing  layer  behind  the  step  makes 
the  dominant  production  for  uv  and  uu  respectively. 
The  separating  region  at  the  section  Just  behind 
the  step  is  not  a  dead  water  area,,  and  has  the  peak 


Figure  3,  l.ong  i  tud  ina  1  mean  velocity  profiles. 


Figure  4.  Vertical  mean  velocity  rofiles. 


value  of  -0. 08Uo  for  longitudinal  velocity 
conponent.  The  longitudinal  gradient  of  U  in  the 
separating  region  slightly  affects  on  the 
production  term  of  uu.  This  effect  yields  the 
positive  production  near  the  step  and  near  the 
reattachment  point. 

Figure  4  shows  the  vertical  mean  velocity 
profiles.  The  maximum  and  minimum  values  of  the 
vertical  component  are  0.05  at  the  section  of  X/H=2 
and  -0.058  at  the  section  of  X/H=5  respectively. 
The  negative  velocity  gradient  in  the  section  Just 
behind  the  step  and  in  the  separating  region  near 
the  reattachment  point  produces  relatively  large 
production  of  vv. 

Turbulent  intensities  and  Reynolds  shear  stress 
profiles  at  different  downstream  sections  are 
plotted  in  Fig.  5(a),(b),<c)  and  Fig.  G.  Although 
grid  resolution  near  the  wall  is  not  enough  to 
resolve  the  wall  turbulence  structure,  the 
turbulent  profiles  of  channel  flow  are 


qualitatively  maintained  near  the  upper  wall.  The 
sharp  distributions  of  turbulences  In  the  section 
just  behind  the  step  are  produced  by  the  vertical 
gradient  of  U,  and  spread  to  downstream.  Turbulent 
Intensities  and  Reynolds  stress  Increase  with 
increasing  the  longitudinal  coordinate  from  X/H=l 
to  X/H=3  in  the  separating  region.  Longitudinal 
turbulent  Intensity  profile  near  the  step  side  wall 
at  the  section  of  X/H=l  has  the  peak  point  which  is 
produced  by  the  production  corresponding  to  the 
longitudinal  velocity  gradient  of  U. 

Figures  7,8,9  and  10  show  the  profiles  of  the 
triple  products  related  to  the  diffusion  of  the 
budgets  of  Reynolds  stresses.  In  the  mixing  layer 
just  behind  the  step,  these  terms  are  roughly 
asymmetrical  about  the  inflection  point.  In  the 
separating  region  near  the  reattachment  point,  the 
triple  products  have  the  peak  point.  It  Is  well 
known  that  the  main  contribution  to  the  triple 
products  come  from  the  large  eddies  .  Therefore  It 
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Figure  7.  Triple  product  uuv. 


Figure  9.  Triple  product  vww. 


Figure  8.  Triple  product  vvv. 


Figure  10.  Triple  product  uvv. 
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is  probable  that  the  active  «.i)t  ions  of  the  large 
eddies  exist  in  the  «iixlng  layer  behind  the  step 
and  in  the  region  near  the  reattach«ent  point. 

Figures  1!,12  and  13  show  the  typical  budgets  of 
Reynolds  stresses.  The  budgets  of  the  turbulent 
normal  stresses  uTT  and  vv  at  the  section  of  X/H=2 
are  shown  in  Figs.  11  and  12.  At  the  region  of  the 
mixing  layer  behind  the  step,-  the  production  term 
of  uu  through  the  vertical  gradient  of  U  is 
predominant.  The  production  term  of  v7  through  the 


vertical  gradient  of  V  is  shown  in  this  region, 
too.  Behavior  of  the  pressure-strain  terms  in  the 
region  of  mixing  layer  behind  the  step  indicates 
that  the  turbulence  energy  Is  redistributed  from  Uu 
to  vv  and  ww.  The  profiles  of  the  diffusion  terms 
correspond  to  the  action  of  the  tripl  ■  products.  At 
the  region  near  the  step  side  wall  of  the  section 
Just  behind  the  step,  the  positive  production  of 
iiu  and  the  negative  production  of  vv  are  peculiar. 
These  terms  relate  to  the  longitudinal  gradient  of 
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Figure  11.  Budget  of  uu  at  the  section  of  X/H“2. 
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Figure  12.  Budget  of  vv  at  the  section  of  X/H=2. 
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Figure  13.  Budget  of  uu  at  the  section  of  X/H=5. 


U  or  the  vertical  gr.idient  of  V.  Figure  13  shows 
the  budget  of  turbulent  nornal  stress  uu  at  the 
section  of  X/H=5.  In  the  region  near  the 
reattachwent  point,  the  diffusion  ter*  is 
predowinant.  Sl»ilar  behavior  of  the  diffusion 
terws  IS  shown  in  the  budgets  of  the  nor*al 
stresses  and  turbulence  energy  at  the  section  near 
the  reattach«ent  point.  The  diffusion  terms  of  this 
region  are  intensely  affected  by  the  action  of  the 
triple  products. 


CONCLUSIONS 

Turbulent  structure  of  c  separating  flow  field  is 
nunerically  discussed  on  the  flow  over  a  backward 
facing  step.  Ense*ble  nean  data  are  estimated  by 
using  the  data  computed  by  large  eddy  simuiat'on. 
According  to  the  discussions  on  the  profiles  of 
mean  velocities,  Reynolds  stresses,  triple  products 
and  the  budget  of  Reynolds  stresses,  turbulence 
structure  of  separating  region  In  the  backward 
facing  step  flow  can  be  roughly  classified  ino 
following  regions; 


Figure  14.  Turbulence  structure  of  separating 
region 


The  region  on  mixing  layer  behind  the  step 
(Region  A  In  Fig.  14). 

The  region  just  behind  the  step,  where  the 
promotion  terws  correspond  to  dV/dy  are  appeared 
in  vv  (Region  B  In  Fig.  14). 

The  region  near  the  reattaching  point,  where  the 
diffusion  terms  related  to  the  triple  products  are 
predominant  (Region  C  in  Fig.  14). 

The  region  near  the  step  side  wall  of  the  section 
just  behind  the  step,  where  the  production  terms 
which  are  due  to  dU/dx  and  dV/dy  are  predominant 
(Region  D  in  Fig  14). 
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ABSTRACT 

The  incorporation  of  Reynolds-stress  closure  into  a 
non-onhogonal ,  collocated  fintte-volttme  framework  in  which 
the  discretisation  of  convection  is  non-dif fusive  presents  a 
number  of  algorithmic  problems  not  encountered  in  more 
traditional  schemes  employing  staggered,  rectilinear  volume 
arrangements  Three  issues  requiring  special  consideration  are 
the  lensorially  correct  incorporation  of  the  wall-related 
pressure-strain  terms  which  are  important  fragments  in  the 
stress  closure,  boundary  conditions  at  curved  walls,  and 
Iterative  .lability  The  first  issue,  in  particular,  arises  because 
the  wall-related  terms  are  lied  to  the  orientation  of  the  wall 
relative  to  the  directions  of  the  Reynolds  stresses  The  paper 
report  practices  which  address  all  three  problem  areas  Three 
complex  applications  art  reported,  among  them  the  flow 
through  a  sinusoidal  pipe  constriction  and  shock-induced 
separation  over  a  channel  biinip. 

INTRODUCTION 

Over  the  past  few  years,  CFD  for  general  turbulent  flow 
has  advanced  along  two  major  fronts  without  significant 
cross-links  Numerically,  there  has  been  a  dramatic  shift  away 
from  simple  rectilii  ear  geometries  towards  complex  domains 
requiring  the  use  of  body-fitted  meshes.  A  number  of  strategies 
have  been  pursued,  but  the  one  which  seems  to  emerge  as 
offering  the  best  compromise  between  flexibility  and  algorithmic 
simplicity  adopts  a  Cartesian  or  cylindrical-polar  velocity 
decomposition  within  a  non-orthogonal  finite-volume  framework 
Such  schemes  have  been  developed,  for  example,  by  Peric 
(1985),  Shyy  &  Braalen  (1986)  and  Majumdar  et  al  (1989) 
Moreover,  a  number  of  commercial  packages  -  for  example, 
TLOWSD  and  FLUENT/BFC  -  are  based  on  this  approach 
Physically,  there  has  been  a  similarly  strong  shift  away  from 
eddy-viscosity  models  towards  second-moment  closure.  This  shift 
has  been  motivated,  principally,  by  the  ri  ihsation  that  only  the 
latter  type  of  models  is  able  to  capture,  in  any  fundamentally 
sound  sense,  the  interaction  between  curvature-related  strain 
and  turbulence  transport. 

The  importance  of  curvature  in  all  recirculating  and 
swirling  flows  naturally  favours  the  combination  of 
second-moment  models  with  elliptic-flow  solvers.  While  this 
turns  out  to  be  a  non-trivial  task,  such  models  have  been 
successfully  incorporated  into  a  number  of  recirculating-flow 
algorithms  (e.g.  McGuirk  et  al  (1985),  Gaskell  &  Lau  (1937), 
Jones  &  Manners  (1988)  and  Lin  &  Lesch  cr  (1989)). 
However,  with  very  few  exceptions,  such  schemes  are  applicable 
to  Cartesian  or  cylindrical-polar  meshes  only,,  and  most  adopt  a 
staggered  finite-volume  arrangement.  One  procedure  based  on 
the  collocated  approach  is  that  of  Obi  et  al  (1989),  but  this 
applies  to  regular  grids  only,  while  a  scheme  by  Sebag  & 
Laurence  (1990)  adopts  a  non-orthogoniil,  semi-staggered 
formulation. 

Combining  se;ono  ment  closure  with  a  non-orthogonal, 
collocated  scheme  is  a  particularly  challenging  task  Apart  from 
'ordinary'  complexities  associated  with  non-orthogonality,  the 
mam  difficulties  arise  from  boundary  conditions,  the  awkward 
tensorial  nature  of  the  highly  influential  wall-reflection  terms  in 
the  pressure-strain  components  of  the  Reynolds-stress  equations, 
and  from  the  fact  that  storage  ot  all  stresses  at  the  same 
spatial  location  is  a  strong  source  of  numerical  instability  or 


physically  unrealistic  oscillatory  be.iaviour. 

This  puper  present  practices  directed  towards  all  three 
problem  areas,  realised  within  a  recently  developed 
non-orthogonal-grid  methodology  combining  second-moment 
closure,  non-diffusive  discretisation  and  multigrid  convergence 
acceleration  That  same  methodology  has  also  been  extended  to 
compressible  flow,  including  transonic  domains,  and  one  of  the 
applications  piescnt-d  below  relates  to  shock-induced  separation 
from  a  channel  bump 

BASIC  NUMERICAL  FRAMEWORK 

The  discretisation  process  is  preceded  by  a  transformation 
of  the  Cartesian  forms  of  the  flow-governing  equations  lo  forms 
involving  spatial  derivatives  along  the  non-orthogonal 
co-ordinates,  involving  the  use  of  the  Jacobian  transformation 
matrix.  Because  the  velocity  components  are  chosen  to  remain 
Cartesi.'.n  (or,  more  generally,  cylindrical  polar,  toroidal  or 
adapting  to  an  arbitrary,  user-defined  datum  line),  they  can  be 
treated  as  scalars,  thus  circumventing  the  complexities  associated 
with  fully  covariant  differentiation  of  vectors  and  tensors. 


With  I  and  q  representing  the  non-onhogonal  directions 
and  r  being  the  radial  co-ordinate,  the  transport  equation  for 
any  scalar  property  ib  can  be  written  in  the  following  form: 


where  U  and  V  are  contravariant  velocity  components. 


U  -  uy^  -  vx, 

V  -  vxj  -  uyj 

J  is  the  Jacobian  of  the  transformation,  rJ  is  the  ratio  of 
corresponding  volumes  (areas)  in  physical  and  transformed  (?,i?) 
space,  and  contains  diffusive  terms  involving  mixed 

derivatives,  sources  and  sinks,  includinv  pressure  terms  in  the 
case  of  momentum.  For  isotropic  diftusivity  r,j„  the  q'I’-terms 
are.' 

9?  -  rq,  (.v^  +  x'j 

qt  '•  r*  (y|  ^  x|) 

The  above  terms  will  be  redefined  later  in  the  context  of 
anisotropic  turbulence  transport. 

Next,  the  equation  is  integrated  over  the  volume  shown  in 
Fig.  1  to  yield,  after  application  of  the  Gau(3  Divergence 
Theorem,,  a  balance  of  face  fluxes  and  volume-integrated  net 
source:' 

(prb)e  (be  -  (prU),,  <l>„  +  (prV)n  -  (prV)s  -  rJS,j, 

+  [(rqt/Jle  +  ('■q?/J)w  +  ('■qt/'')n  +  ('■qt/-'>s}‘’p 
-  [(rqf/De  '*’£  +  (''q'f/J)w  *W 
+  (rqt/JJn  ‘»>N  +  ('■qt/-')s  *5]  ■■■W 
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Kig.  1:  Finite  volume  and  storage  arrangement 

The  convection  fluxes  are  approximated  either  by  the 
'Hybrid'  (upwind/central-)  differencing  scheme  of  Patankar 
(1980)  or  by  the  quadratic  scheme  QUICK  of  Leonard  (1979) 
or  by  van  Leer's  TVD  scheme  MUSCL  (1979).  The  last 
scheme  is  also  used  for  all  turbulence-model  equations. 

As  seen  from  Fig.  1,.  the  velocity  components  and  pressure 
are  stored  together  at  cell-centred  nodes.  This  would  normally 
lead  to  'chequerboard  oscillations'  when  pressure  gradients  are 
approximated  by  central  differencing,  reflecting  a  computational 
decoupling  between  velocity  and  pressure  gradient  The 
difficulty  may  be  overcome,  however,  by  using  the  method  of 
Rhie  and  Chow  (1983)  winch,  essentially,  introduces  a  measure 
of  artificial  fourth-oider  pressure  smoothing.  For  the  east  and 
north  faces  of  the  cell  shown  in  Fig.  1 ,  the  Rhie  and  Chow 
interpolation  may,  for  plane  flow,  be  written"' 


In  the  last  two  contributions,  nj  is  the  wall-normal  unit  vector 
in  the  direction  i  and  f  =  k’‘VexAn  with  iln  being 

the  wall-normal  distance 

In  principle,  the  equations  of  set  (5)  are  discretised  in 
precisely  the  same  manner  as  any  other  for  any  property  <>, 
i.e.  the  equations  are  transf.jrmed,  as  expressed  by  form  (2), 
and  then  integrated  over  the  finite  volume  in  Fig.  1. 
However,  in  the  course  of  the  discretisation  and  solution 
process,  three  issues  require  special  consideration,  namely 
stability,  boundary  conditions  and  the  tensorially  correct 
incorporation  of  the  wall-reflection  terms  The  last  issue 

arises  because  the  wall-reflection  approximations  are  clearly  tied 
to  the  orientation  of  the  wall,  via  f.  Each  issue  is  considered 
separately  below. 

Boundary  conditions 


Ug  -  [(u  -  DUj  {jp)e  +  DUj  e  (pp  -  pg)  ]y,, 

-  [(V  -  DVj  Jjp)'^  +  DVj  e  (pp  -  Pe;]x^  ..(3) 

Vn  -  [(V  -  DV,  6^p)n  +  DV^  (pp  -  p^)  Jxj 

-  [(u  -  DU^  6,p)n  +  DU^,  (pp  -  Pn)  ]y|  (4) 

whore  Jjpp  »  (p„  -  Pe) ,  5,pp  ■  (Pj  -  Pn) ; 

overbars  denote  aveiages,  evaluated  at  faces  'e'  and  'n', 
respectively,  from  values  pertaining  to  volumes  which  abut  at 
the  face  in  question,  DUj_  DVj  -  say  at  point  P  -  are  the 
projected  areas,  AUj  and  AVj,  identified  in  Fig  1,  divided  by 
the  coefficient  multiplying  the  velocity  Up  in  the  final  form  of 
finite-volume  momentum  equation  (2)  (i  e  for  <b=Up). 

The  pressure  itself  is  determined  by  using  the  SIMPLE 
pressure-correction  algorithm  of  Patankar  (1980)  This  is 
modified  to  include  a  denstty-relardatton  methodology 
permitting  an  accurate  capturing  of  shocks  (Lien  &  Leschziner 
(1992)]  One  example  presented  later  has  been  computed  with 
this  methodology. 

IMPLEMENTATION  OF  SECOND-MOMENT  CLOSURE 
Present  closure  form 


The  closure  adopted  herein  is  the  high-Re  Reynolds-stress 
variant  of  Gibson  and  Launder  (1987)  In  terms  of  Cartesian 
tensor  notation,  for  plane  flows,  this  closure  may  be  written  as 
follows. 


gpup 


dxu 


°'J  "3  *  ‘"ij 


(5) 


In  the  context  of  using  high-Re  transport  models  of 
turbulence  within  finite-volume  schemes,  it  is  standard  practice 
to  adopt  log-law-based  relations  to  bridge  the  semi-viscous 
near-wall  region.  One  feature  of  this  treatment  is  the  solution 
of  the  turbulence  energy  or  stress  equations  over  the  near-wall 
eells  with  cell-integrated  productions  and  dissipation  terms 
evaluated  from  the  log  law. 

The  treatment  adopted  here  is  different  and  involves  a 
prescription  of  all  stresses  at  the  near-wall  nodes.  Values  for 
the  stresses  in  the  log-law  region  may  be  derived  by  focusing 
on  the  stress  equations  applicable  to  local  energy  equilibrium, 
0  5Pkk=<,  and  setting  the  wall-distance  function  f=l.  Adopting 
the  wall-oriented  Cartesian  frame  of  reference  shown  in  Fig.  2, 
this  route  can  be  shown  to  lead  to: 


Fig.  2.  Wall-  and  mesh-oriented  co-ordinate  systems 
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in  which 

°'j  "  3^  [  P  J 

Pij  -  -P  ‘>i«k  -  P 


with  the  last  obtained  with  the  aid  of 


(  « 


xdn 


...(7) 


Next,  the  above  stresses  in  wall-oriented  co-ordinates  must 
transformed  to  the  primary  Cartesian  system  in  which  the 
within  the  numerical  scheme. 


be 

velocity-vector  is  decomposed 
This  can  be  achieved  by: 


‘•’ij  -  ^iji"*^  ‘*’ijj+  <t'ijv,,+  4ijj„, 


..  (8) 


-  -c,  p  ^  [uj'uj'  -  ui^uj,  ] 
'•’ijj  ■  -c,  P  [Pjj  -  ^  Pkk] 


where  a  is  the  wall-oriented  stress  system  and  a  is  the  primary 
Cartesian  one  With  the  wall-oriented  unit  vectors  denoted  by 
ej  and  decomposed  into  components  associated  with  the  primary 
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Cartesian  system, 


e,  “  (‘i.  ‘2.,  0) 
e,  -  (n, ,  nj,  0) 

03  -  (  0,  0,,  1) 


and  using  non-diffusive  discretisation.  In  essence,  the  difficulty 
arises  from  the  absence  of  eddy-viscosity  terms  and  a  numerical 
decoupling  of  stresses  from  related  strains.  The  problem  has 
been  addressed  here  by  extracting  apparent  viscosities  from  the 
a, H)-trans formed  partial  differential  equations  governing  the 
■  •  stresses.  It  can  be  shown  that  terms  appearing  naturaily  in  the 

stress  equations  allow  the  interpretation  :■ 


as  shown  in  Fig.  2,  A  arises  as; 
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while  for  i-J  (no  summation), 


and  AT  is  the  transpose  of  A.  Hence,  the  Cartesian 
stresses  may  be  evaluated  as. 
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which  is  associated  with  the  strain 


where  c,*=CjCj',  and  f,  and  fj  are  either  f^  or  (y,  as  defined 
by  equation  (12)  Insertion  of  the  abo/e  viscosities  into  the 
u-momentum  equation,  for  example,  leads  to.^ 


u '  V '  -  u '  ^  t  ,  t  J  +  v'  '  n,nj  +  u'v'  (t,n,  -1  tjii,)) 

The  alxjve  stresses  arc  used  as  boundary  conditions  for  the 
inner  field 
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Wall-reflection  terms 


The  task  at  hand  may  be  illustrated  by  focusing  on  any 
single  curved  wall,  as  shown  in  Fig.  2,  with  the  wall-normal 
vector  being  (n,,nj).  The  wall-distance  function  f  may  then 
be  related  to  Cartesian,  velocity-oriented  components  by 

-  n’  f ;  fy  -  Oj  f,  fyy  ~  n,  Hj  f  .(12) 

With  the  above  transformed  wall-distance-function  components. 
It  can  be  shown  that  the  stress  equations  (for  2D  plane  cases) 
may  be  written' 
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with  the  a-coefficients  tabulated  below  for  u'  v'  2  and  u'V. 
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The  above  ••  !a  .  'r  ''ivc  been  derived  via  two  entirely 
different  routes,  f'.,;  .volving  the  direct  insertion  of  the 
wall-distance  transformations  into  the  wall-reflection  terms  of 
equation  (5)  and  the  other  proceeding  through  a  rigorous 
transformation  of  all  terms  in  Both  routes  are  found  to 

lead  to  identical  results  (details  may  be  found  in  Lien  (1991)) 

Stability 

Low  iterative  stability  is  a  serious  difficulty  in  elliotic 
solver.',  particularly  those  based  on  a  collocated  arrangement 
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The  addition  of  normal  stresses  to  the  pressure,  as  done 
in  relations  (18)  which  are  inserted  into  equations  (17),  is  of 
considerable  significance  to  stability,  in  the  context  of  the  Rhie 
&  Chow  interpolations  (3)  and  (4).  It  should  be  evident  that 
the  interpretation  of  normal  stres.ses  as  pressure  fragments 
means  that  any  cell-face  velocity  is  not  merely  sensitised  to  the 
pressure  differences  centred  on  that  face  but  only  to  the 
normal-stress  difference.  In  effect,  this  practice  introduced 
(aitificial)  fourth-order  normal-stress  diffusion  in  addition  to 
fourth-order  pressure  diffusion. 


RESULTS 


The  capabilities  and  performance  of  the  above  methodology 
are  exemplified  by  three  examples,  a  flow  behind  a 
backward-facing  step  (Durst  &  Schmidt  (1985)]  computed  with 
a  deliberately  distorted  mesh,  a  flow  through  a  sinusoidal  pipe 
constriction  [Deshpande  &  Giddens  (1980)]  and  a  transonic  flo'w 
over  a  channel  bump  ['Case  B'  of  Delery  (1983)]  in  which  the 
shock  induces  boundary-layer  separation.  All  cases  are 
two-dimensional,  although  the  code  (in  conjunction  with 
eddy-viscosity  modelling)  applies  to  and  has  been  used  for 
three-dimensional  flows,  including  multigrid  acceleration  [Lien  & 
Leschzincr  (1990)). 

Fig.  3  and  4  compaie  k-c  and  Reynolds-stress-model 
calculations  performed  with  a  200x50  grid,  with  the  aid  of  a 
3-lcvcl  multigrid  convergence-acceleration  scheme,  for  Durst  & 
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Schmidt's  step.  QUICK  was  used  to  approximate  the  convection 
of  momentum,  while  convection  of  turbulence  quantities  was 
discretised  by  means  of  the  MUSCL/TVD  scheme.  Only 
streamfunction  plots  and  a  few  velocity  profiles  have  been 
included  here,  although  extensive  comparisons  with  experimental 
data  have  been  performed.  The  experimental  reattachmem 
length  is  about  8,  and  tlie  stress  model  is  seen  to  predict  this 
value  well.  However,  there  is  some  evidence  that  grid 

skewness  generally  increases  sensiti'/ity  to  grid  density,,  and 
hence  further  grid  refinement  is  needed  to  justify  confidence  in 
the  predicted  sciutions.  indeed,  closer  inspection  of  the 
streamlines  reveals  'kinks'  whose  positions  coincide  with  those  at 
which  the  grid  disposition  changes  abruptly.  Whilst  there  are 
no  dramatic  differences  between  the  solutions  returned  by  the 
k-t  model  and  the  stress  closure,  the  latter  evidently  predicts  a 
longer  recirculation  zone,  a  secondary  corner  eddy  and  steeper 
shear  strains  in  the  curved,  separated  shear  layer.  All  may  be 
attributed  to  curvature-induced  attenuaiion  of  turbulence  and 
have  been  observed  in  previous  calculations  of  similar  flows 
Contrary  to  observations  by  Obi  et  al  (1989),  Lasher  & 
Taulbee  (1990)  and  Sebag  &  Laurence  (1990),  no  abnormal 
reversal  in  the  direction  of  the  separation  streamline  is 
predicted  as  the  point  of  reattachment  is  approached.  This 
defect  has  been  attributed  to  an  inappropriate  amplification, 
rather  than  attenuation,  of  the  wall-normal  turbulence  intensity 
by  the  wall-related  contribution  to  the  pressure-strain  model. 
One  might  suspect  that  the  severe  grid  ske'vness  at  the 
lower  wall  could  have  suppressed  the  manifestation  of  this 
genuine  model  defect  However,  test  calculations  by  the 
authors  with  a  Cartesian  mesh,  somewhat  coarser  than  the 
200x50  non-orthogonal  one,  yielded  a  solution  very  similar  to 
that  shown  in  Fig  3.  Interestingly,  a  replacement  of  the 
rounded  (experimental)  inlet  profile  by  a  uniform  one  was 
found  to  provoke  a  directional  reversal  of  the  separation 
streamline  On  the  other  hand,  >he  present  authors  have 

observed  that  variations  in  the  treatment  of  wall-boundary 
conditions  can  have  a  considerable  influence  on  the  manner  in 
which  the  separation  streamline  approaches  the  reattachment 
point  Hence,  the  authors  are  not  entirely  convinced  that  the 
the  anomaly  is  linked  solely  to  d’ljw, 

rigs  5  to  8  show  solutions  obtained  with  the  high-Rs  k-< 
model,  a  low-Re  k-<  variant  of  Lien  (1991)'*'  and  with  the 
stress-model  for  the  flow  through  Deshpande  &  Giddens* 
sinusoidal  pipe  constriction  As  in  the  previous  case,  a 
combination  of  QUICK  and  MU.SCL  was  used  for  approximating 
convection,  here  over  grids  vaiying  between  120x24  and  120x40. 
The  comparison  of  streamfunction  plo‘.5  in  Fig  5  reveals  some 
trents  which  are  consistent  with  those  observed  in  the  previous 
case  For  example,  the  stress  closure  predicts,  here  too, 
steeper  velocity  gradients  in  the  shear  layer  bordering  the 
separation  zone.  However,  there  are  also  marked  differences 
Thus,  here,  the  tendency  of  the  separation  streamline  to  double 
up  at  the  point  of  reattachment  is  evident,  a  feature  which 
may  have  been  enhanced  by  the  nearly  uniform  velocity  profile 
ahead  of  separat'on.  None  of  the  models  returns  the  correct 
behaviour  of  the  centreline  velocity  and  the  wall  pressure,  but 
the  stress  model  clearly  responds  more  sensitively  to  the 

adverse  pressure  gradient  beyond  the  throat,  inducing  earlier 
separation  and  diminishing  the  consistent  tendency  towards  an 
excessive  recovery  of  pressure  Interestingly,  the  comparison 
conveys  the  message  that  relaminarisation  of  the  boundary  layer 
during  the  acceleration  phase  ahead  of  the  throat  does  not 
seem  to  play  an  essential  role  in  the  separation  process 

Implicit  in  this  statement  is,  however,  the  assumption  that  the 

low-Re  k-(  model  gives  a  realistic  representation  of  the  history 
of  relaminarisation  in  the  flow  beyond  the  throat,  just  ahead  of 
separation. 

Finally,  Figs.  9  to  11,  give  results  obtained  with  the 

high-Re  k-r  model  and  the  stress  closure  for  the  transonic 
bump  flow  ot  Uelery.  For  the  latter  model,  solutions  are 
reported  for  two  grids,  one  containing  95x35  and  the  other 
130x50  lines  Fig.  9  gives  an  oveiall  view  of  the  flow  field  in 
terms  of  Mach-number  contours,  and  the  plots  reveal  the 
characteristic  X-shock  structure  arising  from  the  interaction  of 


+  This  model  has  been  specifically  constructed  to  yield  a 
near-wall  length  scale  in  accord  with  that  used  in  Wolfshtein's 
one-equation  model  (1969). 


the  normal  shock  with  the  wall  boundary  layer.  Fig.  10 
compares  the  predicted  pressure  variations  along  the  bump  wall 
and  the  duct-centre  plane  with  Delery's  experimental  data.  The 
centreline  variation  has  been  included  to  convey  the 
shock-capturing  capability  of  the  procedure;  this  is  not  well 
brought  out  in  Fig.  9,  the  appearance  of  which  is  marred  by 
minor  oscillations  around  the  shock.  The  characteristic  pressure 
plateau  in  Fig.  10  is  a  reflection  of  the  separation  zone,  and 
the  comparison  gives  a  clear  indication  that  the  Reynolds-stress 
model  is  considerably  more  sensitive  to  the  shock,  yielding 
earlier  separation  and  a  more  extensive  recirculation  zone. 
This  behaviour  is  broadly  consonant  with  that  observed  earlier, 
particularly  in  the  previous  pipe  constriction.  The  higher 

sensitivity  of  the  boundary  layer  to  the  shock  predicted  by  the 
stress  model  is  confirmed  by  the  velocity  profiles  given  in  Fig. 
11.  Evidently,  separation  occurs  earlier  (the  first  location, 
x/H=1.9,  is  within  the  X-shock),  and  the  displacement  of  the 
boundary  is  larger;  indeed,  displacement  is  too  large,  which 
then  inhibits  recovery  downstream  of  the  reattachment  point. 
Further  results  for  velocity  and  turbulence  quantities  may  be 
found  in  Lien  (1991).  It  is  finally  interesting  to  note  that 
earlier  calculations  by  Dimitriadis  and  I,eschziner  (1990)  for  a 
similar  transonic  flow  (Delery's  'Case  C)  with  a  cell-vertex 
scheme  and  an  algebraic  variant  of  the  present  Reynolds-stress 
model  show  differences  between  k-c  and  stiess-model  solutions 
which  are  quite  similar  to  those  reported  here. 

CONCLUSIONS 

The  paper  reported  the  successful  inclusion  of  full 
second-moment  closure  into  a  general,  non-orthogonal, 

collocated  f!nitc-''olume  scheme  in  which  convection  is 

approximated  by  essentially  non-diffusive  convection  schemes. 
Particular  emphasis  was  put  on  numerical  practices  pertaining  to 
stability,  wail-boundary  conditions  and  the  wall-related 

fragments  of  the  pressure-strain  model.  The  application 

examples  reported,  whilst  necessarily  giving  a  rather  superficial 
and  incomplete  view,  serve  to  reinforce  earlier  observations 
that,  for  separated  flow,  second-moment  closure  offers  benefits 
relative  to  the  eddy-viscosity  framework.  They  also  confirm 
previously  reported  weaknesses,  however.  Thus,  there  is 
evidence  of  an  insufficient  rate  of  recovery  following 
reattachment,  and  of  an  erroneous  representation  of  the 
•■eattachment  process  itself.  The  latter  may  be  alleviated,  but 
not  eliminated,  by  modifications  to  the  wall-function-based 
near-wall  treatment,  and  this  points  to  the  need  for  new 
proposals  for  modelling  the  influence  of  wall-induced  pressure 
reflections  on  the  pressure-strain  process 

REFERENCES 

DELERY,  J  ,  (1983),  J.  AIAA,  Vol.  21,  p.  180 
DESHPANDE,  M.D.  &  GIDDENS,  D.P.,,  (1980),  JFM  97(1), 
p.  65. 

DIMITRIADIS,  K.P,  &  LESCHZINER,  M.A.,  (1990), 

"Modelling  shock/boundary  layer  interaction  with  a 

cell-vertex  scheme  and  second-moment  closure".,  Proc. 
12th  Int.  Conf.  on  Numerical  Methods  on  Fluid  Dynamics, 
Oxford,  Lecture  Notes  in  Physics,  p.  371  (K.W  Morton, 
ed.).  Springer  Verlag. 

DURST,  F.  &  SCHMITT.  F.,  (1985),  "Experimental  studies  of 
high  Reynolds  number  backward-facing  step  flows",  Proc. 
5th  Symp.  Turbulent  Shear  Flows,  Cornell  University,  p. 
5.19. 

GASKELL,  P.H.  &  LAU,,  A.K.C.,  (1987),  "An  assessment  of 
direct  stress  modelling  for  elliptic  turbulent  flows  with  the 
aid  of  a  non-diffusive,  boundedness-preserving, 
discretization  scheme",,  Proc.  5th  Int.  Conf.  on  Numerical 
Methods  in  Laminar  and  Turbulent  Flows,  Montreal, 
Pineridge  Press,  Swansea,  p.  351. 

GIBSON,  M.M.  &  LAUNDER,  B.E.,  (1987),  JFM,  85.  p.  491. 
HAFEZ,  M..  SOUTH,  J.  &  MURMAN,  E.,  (1979),  J.  AIAA, 
Vol.  17,  p.  838. 

JONES,  W.P.  &  MANNERS,  A.,  (1988),  "The  calculation  of 
the  flow  through  a  two-dimensional  faired  diffuser",  Proc. 
6th  Symp.  on  Turbulent  Shear  Flows,  Toulouse,  p.  17.7.1. 
LASHER,  W.C.  &  TAULBEE,  D.B.,  (1990),  Engineering 

Turbulence  Modelling  and  Experiments,  Elsevier,  (eds. 
Rodi  and  Gani£,  p.  195. 

VAN  LEER,  B..,  (1979),  JCP.,  Vol.  32.  p.  101. 


20-5-4 


LEONARD,  B.P  ,  (1979),  Comp.  Meths.  Appl  Mech.  Engng., 
19,  p.  59. 

LIEN,  F.S.,  (1991),  "Computational  modelling  of  3D  flow  m 
complex  ducts  and  passages",  Ph.D.  Thesis  in  preparation. 
University  of  Manchester 

LIEN,  FS.  and  LESCHZINER,  M.A.,  (1990),  "Multigrid 
convergence  acceleration  for  complex  flow  including 
turbulence".  Third  European  Conf.  on  Multigrid  Methods", 
Bonn,  To  be  published  in  ISNM  by  Birkhauser  Veriag, 
Basel  (19911 

LIEN,  F.S.  &  LESCHZINER,  M.A.,  (1992),  "Modelling 

shock/turbulent-  boundary-layer  interaction  with 
second-moment  closure  within  a  pressure-velocity  strategy", 
submitted  to  AIAA  30th  Aerospace  Science  Meeting,  Reno. 

LIN,  C  A.  &  LESCHZINER,  M  A,,  (1989),  "Computation  of 
three-dimensional  injection  into  swirling  flow  with 
second-moment  closure".  Pro:.  6th  Int.  Conf  on 

Numerical  Methods  m  Laminar  and  Turbulent  Flows, 
Swansea,  Pineridge  Press,  Swansea,  p.  1711. 

MAJUMDAR,  S.,  RODl,  W.  and  SCHONUNG,  B  ,.  (1989), 
Finite  Approximations  in  Fluid  Mechanics  II,  Notes  on 
Numerical  Fluid  Mechanics,  Vieweg  Veriag. 

MCGUTRK,  J  J  ,  PAPADIMITRIOU,.  C.  &  TAYLOR, 
A.M.K.P.,  (1985),  "Reynolds-stress  model  calculations  of 
two-dimensional  plane  and  axisymmetric  recirculating 
flows".  Paper  presented  at  5th  Symp.  on  Turbulent  Shear 
Flows,  Cornell  University. 

OBI,  S.,  PERIC,  M.  &  SCHEUERER,  G.,  (1989),  "A 
finite-volume  calculation  procedure  for  turbulent  flows  with 
second-order  closure  and  collocated  variable  arrangement", 
Proc.  7th  Symp.  Turbulent  Shear  Flows,  Stanford  Univ., 
p  17  4 

PATANKAR,  S  V  ,  (1980),  Numerical  Heal  Transfer  and 
Fluid  Flow,  McGraw-Hill,  New  York. 

PERIC,  M.  (1985),  "A  finite  volume  method  for  the  prediction 
cf  three  dimensional  fluid  flow  in  complex  ducts",,  Ph.D 
Thesis,  Univ  of  London. 

RHIE,  C  M  &  CHOW,  W  L  ,  (1983),  J  AIAA,  21  p.  1525. 

SEBAG,  S  &  LAURENCE,  D  ,  (1990),  Engineering  Turbulence 
Modelling  and  Experiments,.  Elsevier,,  (eds.  Rodi  and 
Gani6),  p.  175. 

SHYY,  W  &  BRAATEN,.  M.E.,,  (1986),  "Int.  J.  Numerical 
Methods  Fluids,  6,  p  861 . 

WOLFSHTEIN,  M.W.,  (1969),  Int  J.  Heat  Mass  and  Transfer,, 
12,  p  301 


Acknowledgement:  The  authors  are  grateful  to  the  UK  Science 
and  Engineering  Research  Council  which  supported  the  present 
work  via  grants  GR/E26808  and  GR/F86816 

2  0 
1  5 
'/n  t  0 
0  5 
0  0 

0  I  2  3  *  S 


0. 0  2. 5  5  0  2,5  10  0 


VU  X/K  3  1  000 


r/H  x/H-  2  000 


Y/H  X/H- 4.000 


-05  00  0.5  10  15  -05  00  05  10  1.5 


Y/H  X/H  .  S  000 


Y/K  X/H.  0  000 


Y/H  X/H. 10.000 


U/U,  UA/„ 

Fig.  4:.  Backward-facing  step:,  velocity  profiles 


0  ‘  6  X/R 


Fig  5'.  Pipe  constriction:  streamfunction 
contours 


Fig.  6:  Pipe  constriction:,  wall  static  pressure 


Fig.  3:  Backward- facing  step:,  grid  and 
streamfunction  contours 
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Fig  10-  Transonic  bump:  (a)  pressure  along  bump 
wall;  (b)  pressure  along  centre  plane 
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Abstract 

An  important  aspect  of  supersonic  combustion  is  the  proper  mixing  of 
fuel  and  oxidizer  In  the  present  work,  temporal  direct  numerical  simu¬ 
lations  of  tiK  reacting  compressible  shear  layer  are  presented  Although 
the  Reynolds  number  is  low,  we  believe  that  the  general  flow  structures 
found  are  characteristic  of  what  would  be  found  for  the  large  scale  struc- 
tures  of  high  Reynolds  number  turbulent  reacting  compressible  mixing 
la>ers  Results  indicate  that  with  heat  release  and  at  large  Mach  num¬ 
bers,  the  miving  of  fuel  and  oxidizer  by  large-scale  cngulfinent  of  fluid 
from  b«oth  sides  is  not  likely  to  occur  Instead,  fluid  from  each  of  the 
free  streams  is  first  mixed  with  product  and  then  diffuses  to  the  reaction 
zone 

1.  Introduction 

For  the  plane  reacting  compressible  shear  layer,  the  existence  of  two 
maxima  of  the  mean  density-xorticity  profile  (^)  leads  to  the  existence 
of  two  distinct  mstabilit>  modes,  the  'outer  modes'  [1]  Each  of  these 
outer  modes  is  associated  with  one  of  the  free  streams  Us  greatest 
disturbance  aniplituJcs  occur  in  this  stream  and  its  phase  velocity  is 
comparable  w’ltli  the  mean  velocity  at  tlie  ^  peak  in  tins  stream 

The  development  of  two-dimensional  and  three-dimensional  reacting 
mixing  la>cr8  has  been  simulated  to  stud>  several  aspects  of  the  evolution 
of  the  la>er,  including  '( 1)  non  linear  effects  associated  with  the  growth 
of  a  single  mode,  (2)  the  iiiteractior,  between  the  fast  and  the  slow  outer 
modes  and  its  consequences  on  the  mixing  process,  (3)  the  absence  of 
pairing  for  compressible  reacting  mixing  layers  and  its  consequences  on 
the  mechanism  for  the  mixing  layer  growth,  and  (‘1)  the  obliquity  of  the 
large-scale  structures 

Two-dimensioiitil  simulations  are  performed  using  an  extension  of  the 
Poinsot-Lele  code  [2j  for  diffusion  flames  A  Padc  scheme  with  accuracy 
of  sixtli  order  m  space  and  third  order  Runge-Kutta  m  time  is  used  (3.'1) 
All  the  calculations  arc  performed  on  a  regular  mesh,  with  equal  rnesh 
size.s  m  the  x  (strramwisc)  and  the  >  (cross-stream)  directions  llie 
boundary  conditions  are  periodic  in  x  and  iion-reflectmg  m  y 

'I'lir  mran  flow  consists  of  a  reacting  plane  free  shear  layer  between 
a  low -speed  <ur  flow  and  a  high-speed  mixture  of  fuel  and  inert  gas  The 
mean  velocity  and  temperature  profiles  are  initialized  using  the  com- 
piessible  boundary  la>cr  equations  A  self-siiiular  solution  is  obtained, 
by  assuming  an  infinite  reaction  rate,  Prandtl  and  Lewis  numbers  equal 
to  unity,  constant  specific  heats,  and  viscosity  proportional  to  tem¬ 
perature  T  Perturbations  are  added  to  the  mean  profile  in  the  form  of 
eigenfunctions  of  unstable  modes  from  temporal  linear  stability  analy¬ 
sis,  in  winch  viscous  and  molecular  diffusion  effects  were  ignored.  Unless 
otherwise  specified,  the  amplitudes  (defined  as  the  ratio  of  the  largest 
velocity  fluctuation  to  the  fast-stream  velocity)  are  0  002  for  the  fuiida- 
mentals  and  0  0004  for  their  subharmonics 

The  fluid  dynamics  equations  solved  are* 

op  Opu,  _ 

ot  dx,  ’ 

Opu,  opu,  Uj  ,  Op  _  Or,, 

Ot  ^  Ox,  Ox,  Oxj  ' 


Opft  9pu,(e,  +  p/p)  _  du,r,,  Oq,  ^  ^  . 
dt  Ox,  ~  dx,  dx, 

OpY,  dpu,Y,  _  d  ,  ,,dY,  . 

dpY.dpu,Y,  a  ,  . 


The  chenucal  scheme  is  single  step  and  ir'^cversible  and  the  reaction  rate 

w  =  Ap'‘Y;Y,e-^‘''^ 


Zc  IS  the  nondimcnsionul  activation  temperature,  chosen  equal  to  2  The 
heat  flux  is  qj,  r,;  is  the  viscous  stress  tensor,  =  e,  +  u^/2  is  the 
total  energy  density,  and  V)  and  Yp  are  the  maSvS  fractions  of  fuel  and 
oxidizer  The  heat  release  parameter,  defined  as  S  AH//{CpTi)  is 
chosen  equal  to  2  The  vorticity  thickness  is  used  as  the  characteristic 
length,  and  the  reference  temperature  and  viscosity  are  those  of  the  fast 
stream  The  velocities  are  nondimensionalued  by  the  sound  velocity  of 
the  fast  free  stream  In  the  present  application,  Sc  =  Pr  =  Le  =  1, 
the  Mach  number  of  the  fast  stream  is  Mi  ^  3.2 
and  the  Mach  number  of  tiie  slow  stream  A/j  =  I  6  yielding  a  convective 
Mach  number  A/^  =  0  8  and  flame  convective  Mach  numbers  Af/i  = 
Mf2  =  03  The  flame  convective  Mach  numbers  are  defined  by. 


where  cf,  cj  and  cj  are  the  sound  velocities  m  the  feist  stream,  in  the 
slow  stream  and  in  the  flame  region,  and  U\ ,  and  (//  the  fluid  velocities 
111  those  regions  As  noted  by  [1],  the  flame  convective  Mach  numbers 
are  likely  to  be  the  preferred  parameters  for  correlating  compressibility 
effects  Here,  for  flame  convective  Mach  numbers  equal  to  0  3,  the  large 
scale  structures  should  be  two-dimensional 

The  mass  fraction  of  fuel  and  oxidizer  arc  both  equal  to  0.2  The  molar 
mass  and  the  ratio  of  specific  heats  are  constant  The  Reynolds  number 
and  Pamkolilcr  are  defined  as 

Re  = 

Da  =  ApfYfooe~^‘^'^^S^/AU 

For  a  reacting  shear  layer,  the  large  variations  of  transport  properties  due 
to  temperature  variations  requires  the  use  of  large  Reynolds  numbers. 
In  cur  simulations  wc  have  used  a  Rcjnolds  number  equal  to  4000,  and 
approximately  150000  grid  points  in  2D. 

Three-dimensional  simulations  are  performed  using  an  extension  of 
the  Sandham-Reynolds  code  [5]  to  diffusion  flames.  I’he  mam  purpose 
of  this  3-D  run  is  to  study  the  effects  of  heat  release  on  the  obliquity 
of  the  large  scale  structures  of  the  compressible  reacting  mixing  layer. 
A  Pade  scheme  with  accuracy  of  sixth  order  in  y,  Fourier  modes  in  x 


2I-I-I 


riGL'ru:  1  Contour  of  (a)  pressure,  (b)  vorticity.  (c)  mixture  fraction 
arul  (d)  reaction  rate  of  a  typical  Urge  scale  structure  of  a  low  Mach 
number  (A/«  =  0  05)  no  heat  release  reacting  mixing  layer 


and  2  and  third  order  Runge-Kutta  in  time  are  used  A  hyperbolic 
tangent  mapping  is  used  to  keep  the  majority  of  the  grid  points  in  the 
vortical  region  of  the  la>cr  Ihe  boundary  conditions  are  periodic  in  x 
(streamvsise  direction)  and  7  (spanwise  direction)  and  non-reflecting  in 
the  y  direction 

The  initiali2ation  and  the  notation  arc  the  same  as  in  the  two- 
dimensional  simulations  One  3-D  simulation  has  been  performed  using 
61x300x64  points  8  instability  modes  were  included  in  the  simulation 
one  fast  and  one  slow  outer  mode,  their  subharmonics,  one  fast  and  one 
slow  45  degree  mode  and  their  45  degree  subharmctiKS  The  amplitudes 
of  the  fundamentals  are  0  002  and  the  amplitudes  of  their  subharmonics 
0  001 

2.  2-D  siiiiulatioiis  results 

The  2-D  simulations  confirm  the  existence  of  the  outer  modes  for  com¬ 
pressible  and  incompressible  shear  layers  For  compressible  reacting 
shear  layers,  it  is  shown  (1)  that  the  fast  and  the  slow  outer  mode 
develop  without  interacting  and  (2)  that  no  pairing  occurs  between  one 
outer  mode  and  its  subharmonic  For  incompressible  shear  layers,  simu¬ 
lations  initialized  with  the  fast  and  slow  outer  modes  and  their  'central 
subharmonic’  leads  to  the  coupling  of  the  outer  inodes,  suggesting  that 
(3)  the  outer  modes  are  not  the  significant  instability  modes  of  the  re¬ 
acting  incompressible  shear  layer 

2  1  Ov(rv%tw  of  one  compresstblc  outer  mode 

2-D  simulations  initialized  with  only  the  slow  outer  mode  show  that 
this  mode  develops  on  its  respective  side  of  the  reaction  zone  with  ut 
spreading  across  the  whole  layer  Similar  results  arc  obtai*'  1  for  the 

For  later  comparison,  figure  1  shows  the  fluctuations  of  (a)  pressure, 
(b)  vorticity,  (c)  mixture  fraction,  and  (d)  reaction  rate  for  a  low  Mach 
number  reacting  mixing  layer  without  heat  release  Note  the  large-scale 
entrainment  of  fluid  from  both  sides  by  the  instability  mode  and  the 
increase  m  flame  surface  displayed  by  the  reaction  rate 

Figure  2  shows  the  corresponding  results  for  a  typical  developed  slow 
outer  mode  of  a  reacting  compressible  shear  layer.  Only  the  vortical 
region  of  the  computational  domain  is  shown  The  Damkohier  number  is 
equal  to  6  but  similar  results  arc  obtained  for  lower  Damkohier  numbers 
Here,  fuel  is  almost  undisturbed  and  diffuse  to  the  reaction  zone,  while 


Figure  2  Contour  of  (a)  pressure,  (b)  vorticity,  (c)  mixture  fraction 
and  (d)  reaction  rate  of  a  typical  slow  outer  mode  of  a  compressible 
reacting  shear  layer  (A/e  =  0  8)  with  heat  release  (T/  =  3) 

oxidizer  and  hot  product  are  mixed  by  the  large-scale  structure  The 
chemical  reaction  occurs  at  the  interface  of  the  fuel  and  the  hot  mixture 
of  product  and  oxidizer,  and  no  additional  flame  surface  is  created  The 
slow  outer  mode  generates  radiating  pressure  waves  m  the  fast  stream 
The  angle  of  those  waves  {sinO  «»l/(A/j  -  A/j))  and  the  absence  of  such 
pressure  waves  m  the  slow  stream,  indicates  that  the  slow  outer  mode 
approximately  travels  at  the  slow  stream  velocity 

Figure  3  shows  the  time  variation  of  the  kinetic  energy  of  the  slow 
outer  mode  The  energy  grows,  saturates  and  then  sharply  decays.  This 
decay  is  related  to  the  existence  of  the  radiating  pressure  waves,  carry¬ 
ing  energy  away  from  the  la>er  This  behavior  is  different  from  what  is 
observed  for  non-reacting  incompressible  mixing  layers,  where  after  sat¬ 
uration  of  the  instability  mode,  the  vorticity  thickness  and  the  kinetic 
energy  in  that  mode  exhibits  a  damped  oscillation  in  time  [5] 

2  2  Interaction  of  the  fast  and  slow  outer  modes 

2-D  simulations  of  reacting  shear  layers  initialized  with  only  the  fast  and 
the  slow  outer  mode  indicate  that  the  two  outer  modes  simultaneously 
develop  on  their  respective  side  of  the  mixing  layer  without  interacting 
Figure  4  shows  the  results  in  this  case  at  the  same  time  as  m  Fig  2 
The  amplification  rates  of  i  he  two  outer  modes  being  different,  the  slow 
mode  IS  almost  at  its  saturation  point  whereas  the  fast  outer  mode  is 
still  growing.  Opposite  results  can  be  found  depending  on  the  position  of 
the  flame,  on  its  temperature  and  on  the  free  stream  vemperature  ratio 
[1]  Each  outer  mode  generates  radiating  pressure  waves  in  the  opposite 
stream,  modulated  at  the  frequency  /  =  Lx/(Ui  —  where  Lg  is  the 
wavelength  of  the  instability  modes  The  time  variation  of  the  maximum 
reaction  rate  (Fig  5),  vorticity  thickness,  and  maximum  vorticity  also 
exhibits  tins  oscillatory  behavior,  due  to  the  constantly  varying  phase 
difference  betv  een  the  two  outer  modes. 

Note  by  comparing  with  Fig.  2  that  the  slow  outer  mode  is  not 
disturbed  by  the  presence  of  the  fast  outer  mode  The  vorticity  and 
mixture  fraction  contour  overlap  in  the  slow  side  of  the  mixing  layer.  The 
fast  outer  mode  remains  associated  with  the  fast  free  stream  and  only 
mixes  fuel  and  product,  whereas  the  slow  outer  mode  remains  associated 
with  the  slow  free  stream  and  only  entrains  oxidizer  and  product  This 
suggests  a  two-step  mixing  process  where  fluid  from  each  of  the  free 
streams  is  first  mixed  with  product  and  then  diffuses  to  the  reaction 
zone  as  described  in  F'lg.  6. 
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PlOL  KF  3  Time  variation  of  the  kinetic  energv  of  the  slow  outer  mode 
of  figure  2 


I'ka’RE  5  Time  variation  of  the  maxnniitn  reaction  rale  for  the 
reacting  compressible  shear  la>er  of  figure  d 


Stdgmtion  points  for  (he 


slow  outer  mcae 


riGOUE  C  Schematic  of  the  reacting  mixing  layer 


The  existence  of  two  bumps  on  the  pdf  of  the  mixture  fraction  Z  (Fig 
7a)  confirms  this  two-step  mixing  process  Une  bump  is  located  at  if  = 
0  75,  corresponding  to  equally  mixed  fuel  {Z  =  1)  and  product  {Z  =  0  5) 
and  the  other  one  at  if  =  0  25  corresponding  to  equally  mixed  oxidizer 
and  product  Note  the  absence  of  product  here,  which  markedly  difTcrs 
from  tlic  typical  low  Mach  number  non*reacting  shear  layers  results.  The 
mixture  fraction  exhibits  two  ramps  (Fig  7b),  reminiscent  of  the  ramps 
cxiierimentally  observed  by  Clemens  in  the  non  reacting  case  at  Mc=0.62 
[GJ.  Those  ramps  arc  the  direct  consequence  of  the  existence  of  the  outer 
modes,  with  the  Clemens  results  suggesting  that  outer  modes  might  be 
present  at  moderate  convective  Mach  numbers  even  in  the  non  reacting 
case. 


FiGt’iiE  d  Contour  of  (a)  pressure,  (b)  vorticity,  (c)  mixture  fraction 
.111(1  (d)  reaction  rate  for  simulation  started  with  the  fast  and  the  slow 
outer  mode  of  a  compressible  reacting  shear  layer  (Af^  =  0  8)  with  heat 
release  (T/  =  3) 


These  results  are  significant  in  terms  of  the  effects  of  the  outer  modes 
on  the  reaction  rate  For  incompressible  react,  ig  mixing  layers,  large-, 
scale  structures  increase  the  flame  surface  area,  which  increases  the  total 
reaction  rate  For  compressible  reacting  shear-layers,  the  mechanism 
IS  different  The  reaction  zone  remains  plane  and  no  additional  flame 
surface  is  created,  but  the  large  scale  structures  feed  the  flame  region 
with  a  hot  mixture  of  fuel  and  product  on  one  side  and  a  hot  mixture 
of  oxidizer  and  product  on  the  other  side  The  local  reaction  rate  gets 
larger,  thus  increasing  tlie  total  rc.iction  rate 

2  3  Interaciwn  of  the  oulci  mode  wtth  its  subhomiomc 

In  the  third  section  of  our  work  we  examine  the  interaction  of  one  outer 
mode  with  its  subharmonic  for  reacting  shear  layers.  For  non  reacting 
mixing  layers,  the  usual  mechanism  of  interaction  is  pairing,  where  en¬ 
ergy  IS  transfered  from  the  fundamental  to  the  subfiarmonics  in  one  edcly 
turnover  time  Figure  8  sketches  the  phase  velocities  of  the  instability 
modes  of  a  re.-icting  mixing  layer  versus  wavelength  at  two  different  Mach 
numbers  [1]  Note  the  absence  of  central  instability  modes  at  high  Mach 
numbers. 

For  reacting  incompressible  shear  layers,  simulations  [7]  indicate  that 
the  energy  transfer  does  not  occur  in  one  step  as  in  the  non-rcacting 
case.  The  phase  difference  between  the  fundamental  and  its  subharmonic 
(which  is  a  central  mode  and  thus  has  a  different  phase  speed  from  the 
outer  modes)  is  constantly  changing  in  time  and  energy  is  transfered  from 
the  fundamental  to  the  subharmonic  through  a  succession  of  pairings 
and  tcanngs  Simulations  initialized  with  the  fas-  and  slow  outer  modes 
and  their  central  subharmonics  show  that  the  outer  modes  interact  and 
couple,  resulting  in  large-scale  structures  similar  to  what  is  observed  for 
non  reacting  sliear  layers.  This  result  suggests  that  outer  modes  are  not 
significant  instability  modes  for  incompressible  reacting  shear  layers. 

In  the  reacting  compressible  case,  no  central  subharmonics  exists. 
The  fast  outer  mode  has  fast  outer  subharmomes  and  the  slow  outer 
mode  slow  outer  subharmonics  Our  simulation  shows  that  pairings 
do  not  occur  between  outer  modes  and  their  subharmonics.  The  time 
variation  of  the  kinetic  energies  of  one  fast  outer  mode  and  of  its  sub- 
harmonics,  shows  that  those  two  modes  grow,  saturate  and  then  decay 
independently  from  one  another,  similar  to  what  wc  observed  in  Section 
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I'lC.ruK  7  (a)  Pdf  .ind  (h)  carpet  plot  of  the  mixture  fraction  of  the 

reartiiig  rnixiiig  layer  of  figure  1  at  a  •slightly  later  tune 


2  1  'rhis  suggests*  that  (1)  unlike  what  was  observed  for  the  incom¬ 
pressible  noii-reactiiig  shear  layers,  in  the  reacting  compressible  case,  a 
large  distribution  of  instability  modes  will  be  present  at  a  given  time 
in  the  shear  layer,  all  having  different  growth  rates,  with  some  growing, 
some  saturating  and  some  decaying  Past  outer  modes  will  remain  in  the 
fast  sublayer  and  slow  outer  modes  in  the  slow  sublayer  (2)  The  growth 
mcchamsm  will  not  be  ihrougli  pairing  but  will  result  from  the  various 
growth  rates  of  all  the  instability  modes  present  m  the  layer  at  a  given 
instant  of  tune 

3.  Early  3-D  siinulatioiis  results 

Three  dimensional  direct  numerical  simulations  were  used  to  investigate 
the  following  question  Does  lieat  release  cause  the  large  structures  of 
the  reacting  shear  layer  (slow  outer  modes  in  the  slow  sublayer  and  fast 
outer  modes  m  tlic  fast  sublayer)  to  remain  two-dimensional  at  high 
Mach  numbers  as  predicted  by  linear  stability  analysis  This  result  is 
important  m  terms  of  its  effects  on  tlie  entrainment  and  the  subsequent 
mixing  process  At  this  writing,  the  simulation  has  been  run  for  80  hours 
on  the  Cray-YMP  'flic  flow  time  non-dimensionalized  by  the  fast  stream 
velocity  and  the  initial  vorticity  tliickncss  is  approximately  t=22  which 
IS  still  in  the  linear  range  Guided  by  2-D  simulations,  we  estimate  non¬ 
linear  effects  to  become  significant  around  t=^0  Figure  9  shows  the 
variation  of  the  kinetic  energy  of  the  various  modes  Note  that  the  2- 
D  modes  grows  significantly  faster  than  the  3-D  ones,  thus  conririniiig 
linear  stability  results  The  growth  rate  agrees  well  with  values  obtained 
using  the  linear  stability  analysis 
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LOW  MACH  NUMBER 
ONE  CENTRAL 
SUBHARMONIC  EXISTS 


HIGH  MACH  NUMBER 
NO  CENTRAL 
SUBHARMONIC  PRESENT 


FicuRt  8  S^'liematic  of  the  phase  velocity  of  the  instability  modes 
of  the  reacting  mixing  layer  (a)  Low  Mach  number  (b)  High  Mach 
number 


FiCiURK  9  Time  variation  of  the  total  kinetic  energy  of  tlie  2-D  and 
da  degree  iiistabiiity  modes 


At  this  point  of  the  simulation  no  interaction  is  observed  between  the 
fast  and  the  slow  outer  modes  The  perspective  view  of  the  high  vorticity 
region  (vorticity  magnitude  equal  to  90%  of  the  maximum  vorticity) 
show  the  existence  of  the  two  sublayers  inside  the  shear  layer  (Fig.  10) 
The  hot  flame  region  separates  the  two  sublayers  and  is  unaffected  by  the 
presence  of  the  instability  modes,  no  additional  flame  surface  is  created 
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I'K.f  iu  10  Siirfarc  of  coii'-tant  \orticit\  fOO  %  of  llu  mAximum  vortinty  rio»  RI  1!  Surfarc  <»f  (Oijsl.'snt  vorticity  (‘H;  /niaxnniim  vortirity  at 
at  tinu'  tmirrj) 


Figure  11  shows  the  same  mforination  as  in  Fig  10  at  a  slightly  dif¬ 
ferent  time  N’ote  that  although  the  time  lag  between  the  two  figures  is 
small,  the  <»ppearance  of  the  mixing  layer  has  markedly  changed  'Hie 
two  lajcrs  are  travelling  at  two  different  speeds  and  "snapshots*  taken 
from  the  top  or  the  side  of  the  mixing  laser  are  constantly  varying  with 
time  This  suggests  that  clearly  organized  structure  will  be  harder  to 
diitinguish  in  the  reacting  compressible  ease  than  m  the  non-rcacting 
incompressible  case  Experimentally,  looking  at  tlieir  indirect  nmiiifcs- 
tations,  such  as  pressure  waves  will  be  a  way  to  establish  their  existence 

Simulation  is  continuing  on  both  the  Cra\  YMP  and  the  hypcrcube, 
to  study  the  interaction  between  fiirdamentah  and  subharmomes  as  well 
as  interaction  between  fast  and  slow  outer  modes  From  our  2-0  simula¬ 
tion  results  the  expected  results  are  an  absence  of  pairing  (energy  being 
transfered  continuously  from  the  fundamental  to  the  subha  momc,  in¬ 
stead  of  in  one  time  as  in  pa>ring)  and  an  absence  of  interaction  between 
tlic  fast  and  the  slow  modes 

4.  Conclusions 

Temporal  2-0  and  3-D  direct  s.umerica!  simulations  have  been  used  to 
study  the  large-scale  structures  of  compressible  reacting  mixing  layers 
Our  results  indicate  that  reacting  compressible  shear  layers  can  be  seen 
as  the  reunion  of  two  non-intf  rcating  fast  and  slow  sublayers  Instability 
modes  developing  m  the  fast  or  the  slow  sublayer  were  shown  to  be 
two-dimciisiona!  and  no  pairing  was  observed  in  our  simulations  It  was 
shown  that  mixing  of  fuel  and  oxidizer  by  large-scale  entrainment  of  fluid 
from  both  side  was  not  likely  to  occur  for  reacting  compressible  shear 
layers,  and  a  two-step  mixing  meclianism  was  proposed  where  fliml  from 
each  of  the  free  streams  is  first  mixed  with  product  and  then  dilTuses  to 
the  reaction  zone 
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ABSTRACT 

The  present  study  investigates  compressibility  effects  on  turbulence 
by  direct  numerical  simulation  of  homogeneous  shear  flow  A  primary 
observation  is  that  the  growth  of  the  turbulent  kinetic  energy  decreases 
with  increasing  Mach  number  The  compressible  dissipation  and  the 
pressure-dilatation  are  shown  to  contribute  to  the  reduced  growth  of 
kinetic  energy  Models  are  proposed  for  these  dilatational  terms  and 
verified  by  direct  comparison  with  the  simulations.  The  differences 
between  tfie  incompressible  and  compressible  fields  are  brought  out 
by  the  examination  of  spectra,  statistical  moments,  and  structure  of 
the  rate  of  strain  tensor 

1.  INTRODUCTION 

We  consider  the  case  of  spatially  hemogeneous  turbulence  sustained 
by  a  parallel  mean  velocity  field  u  =  (5jr2, 0, 0)  with  a  constant  shear 
rate  S  (see  Fig  1 )  Such  a  flow  is  perhaps  the  simplest  idealization  of 
turbulent  shear  flow  where  there  are  no  boundary  effects,  and  where 
the  given  mean  flow  is  unaffected  by  the  Reynolds  stresses  Neverthe¬ 
less,  the  crucial  mechanisms  of  sustenance  of  turbulent  fluctuations  by 
a  mean  velocity  gradient,  and  tlie  energy  cascade  down  to  the  small 
scales  of  motion  arc  both  present  in  this  flow. 

Tlie  homogeneous  shear  flow  problem  has  been  studied  experimen¬ 
tally  by  Ta\oularis  and  Corrsm  (1981)  among  others  Rogalio  (1981) 
and  Rogers  and  Mom  (1987)  have  investigated  the  incompressible  ho¬ 
mogeneous  sliear  problem  at  great  depth  through  direct  nuiiicncal 
simulations  These  simulations,  albeit  at  low  turbulence  Reynolds 
numbers,  have  provided  turbulence  statistics  vshich  are  in  good  agree¬ 
ment  with  expeiiments  performed  at  relatively  higher  Reynolds  num¬ 
bers  Furthermore,  since  the  simulations  provide  global  instantaneous 
fields,  the  turbulence  can  be  studied  in  much  greater  detail  than  in 
physical  experiments 

Recently  there  has  been  a  spurt  of  activity  in  the  direct  numeri¬ 
cal  simulation  (DNS)  of  tbrec-dimensional  compressible  turbulence 
Decaying  isotropic  turbulence  has  been  studied  by  Passot  (1987),  Er- 
lebacher  et  at  (1990),  Sarkar  et  al  (1989),  and  Lee,  Lele  and  Mom 
(1990)  I’he  simulations  of  Erlebacher  et  al  (1990)  identified  differ¬ 
ent  transient  regimes  including  a  regime  with  weak  shocks,  and  also 
showed  that  a  velocity  field  which  is  initially  solenoidal  can  develop  a 
significant  dilatational  component  at  later  times  Sarkar  et  al  (1989) 
investigated  the  statistical  moments  associated  with  the  compressible 
mode  in  their  simulations,  and  determined  a  quasi-cquilibrium  in  these 
statistics  for  moderate  turbulent  Mach  numbers  which  was  then  used 
to  model  various  dilatational  correlations  Lee,  Lele  an<l  Moin  (1990) 
studied  eddy  sliocklets  which  developed  in  their  simulations  when  the 
initial  turbulent  Mach  number  was  sufficiently  high  {Mt  >0  6)  Kida 
and  Orszag  (1990)  primarily  studied  power  spectra,  and  energy  trans¬ 
fer  mechanisms  octween  the  solenoidal  and  dilatational  components 
of  the  velocity  in  «heir  simulations  of  forced  isotropic  turbulence 

Physical  experimeots  have  not  been  and  perhaps  cannot  be  per¬ 
formed  for  homogeneous  shear  flows  at  flow  speeds  which  are  suffi¬ 
ciently  high  to  introduce  compressible  effects  on  the  turbulence  How¬ 
ever,  direct  nuirencal  simulation  of  this  problem  could  provide  mean¬ 
ingful  data,  especially  since  DNS  for  the  incompressible  problem  has 
t  -en  successful  in  giving  realistic  flow  fields  The  compressible  prob¬ 
lem  was  considered  by  Fciereisen  et  al  (1982)  who  performed  rel¬ 
atively  low  resolution  64^  simulations  and  concluded  that  compress¬ 
ibility  effects  are  small.  Recently  Blaisdell  ct  al.  (1990)  have  also 
considered  compressible  shear  flow.  We  have  performed  both  96^  and 
128^  simulations  which  have  allowed  us  to  obtain  some  interesting  new 
results  regarding  the  influence  of  compressibility  on  the  turbulence. 


In  contrast  to  the  results  of  Feiereisen  et  al.,  our  simulations  which 
start  with  incompressible  initial  data  develop  significant  rms  levels 
of  dilatational  velocity  and  density  We  find  that  the  growth  rate 
of  the  kinetic  energy  decreases  with  increasing  Mach  number  as  we!! 
as  increasing  rms  density  fluctuations  and  show  that  the  compress¬ 
ible  dissipation  and  pressure-dilatation  contribute  to  this  effect  Since 
these  dilatational  terms  are  important  consequences  of  compressibil¬ 
ity,  we  propose  models  for  the  pressure-dilatation  and  compressible 
dissipation  to  be  used  in  computations  of  engineering  turbulent  flows 
Further  details  on  second-order  moments,  thermodynamic  statis¬ 
tics,  probability  density  functions  and  highcr-order  moments  can  be 
found  111  Sarkar,  Erlebacher  and  Hussaini  (1991)  and  will  not  be  dis¬ 
cussed  here  In  this  paper,  we  will  present  new  results  comparing 
the  compressible  and  incompressible  comiionents  by  examination  of 
spectra  and  strucvural  statistics  of  the  rate  of  strain  tensor 

2.  GOVERNING  EQUATIONS 
The  compressible  Navier-Stokes  equations  arc  written  in  a  frame 
of  reference  moving  with  the  mean  flow  uj  This  transformation, 
which  vas  introduced  by  Rogalio  (1981)  for  incompressible  homoge¬ 
neous  shear,  removes  the  explicit  dependence  on  tli(x2)  in  the  exact 
equations  for  the  fluctuating  velocity,  thus  allowing  the  imposition  of 
periodic  boundary  conditions  m  the  direction  The  relation  be¬ 
tween  X*  and  the  lab  frame  x,  is 


x;  =  xi-.S/x2  .  '  ^3  =  ^3 


Ib'te  N  denotes  the  (unstant  shear  rate  uj  2  the  transformed  frame 
X*.  the  compressible  Navicr-Stokcs  equations  take  the  form 


(pti/),,-5f(pii2'Tr  =  0  (1) 


-  “p,.  +  r'.j,; -5pU2'5ii 

-f  +  5fp, 16,2  -  57/12,1  (2) 


=  ^fuzV.i  +  75'fp’-2,i  +  ^ 

+  (7-l)^pJ;-257rl2-f5¥Tll]  (3) 


P  =  pRl'  W 

where  is  tlie  dissipation  function,  the  fluctuating  veloc¬ 

ity,  p  the  instantaneous  density,  p  the  pressure,  T  the  temperature,  R 
the  gas  constant,  and  K  the  thermal  conductivity  The  viscous  stress 

IS 

2 

+  U;.,)  - 

where  fi  is  the  molecular  viscositv  ”  '  Ich  is  taken  to  be  constant  AH 
the  derivatives  in  the  above  ‘.ys  vm  are  evaluated  with  respect  to  the 
transformed  coordinates  x* 

A  Fourier  collocation  method  s  used  for  the  spatial  discretization 
of  the  governing  equations  A  Mu  d  order,  low  storage  Runge-Kutta 
scheme  is  used  for  advancing  tu^  solution  in  time. 

3.  RESULTS 

We  have  performed  simulations  for  a  variety  of  initial  conditions  and 
obtained  turbulent  fields  with  Taylor  microscale  Reynolds  numbers 
Re\  up  to  35  and  turbulent  Mach  numbers  Mt  up  to  0  6.  Note  tuat 

where  q  =  yj uiuj  and  A  =  ,  while  Mt  =  q/c 

where  c  is  the  mean  speed  of  sound.  The  computational  domain  is  a 
cube  with  side  27r.  The  results  discussed  here  were  obtained  with  a 
uniform  96^  mesh  overlaying  the  computational  domain. 
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3.1.  COMPRESSIDILITY  EFFECT  ON  KINETIC  EN¬ 
ERGY 

Figs  2-5  show  results  from  simulations  which  start  with  incompress¬ 
ible  data,  that  is,  density  is  constant  and  the  divergence  V  u  =  0,  but 
have  different  initial  Mach  numbers  A/|,o.  The  initial  pressure  is  cal¬ 
culated  from  the  Poisson  equation,  and  the  temperature  is  obtained 
from  the  ideal  gas  equation  of  state  The  DNS  results  of  Fig.  2  show 
that  the  level  of  the  kinetic  energy  A'  at  a  given  time  decreases  with 
increasing  Afj  o  Thus  an  increase  in  compressibility  level,  decreases 
the  growth  of  turbulent  kinetic  energj  in  the  case  of  homogeneous 
shear  flow  See  Table  1  for  the  initial  parameters  of  the  DNS  cases 

In  order  to  explain  the  phenorneiioii  of  reduced  growth  rate  ot  ki¬ 
netic  energy,  we  consider  the  equation  go.'eriiing  the  kinetic  energy  of 
turbulence  in  homogeneous  shear  winch  is 

=  pP-  p(,  -  PCe  -f  p'd'  (5) 

where  P  =  -S/Ju'/ti!/  ‘s  the  prof^uction,  the  soicnoidAl 

dissipation  rate,  Cc  =  (4/3)u(/'“  the  compressible  dissipation  rate  and 
p'd'  the  pressure*dilatation  The  last  two  terms  represent  the  explicit 
influence  of  the  iion-solenoidal  nature  of  the  fluctuating  vcIocit>  field 
in  the  kinetic  energy  budget  The  ovorbar  over  a  variable  denotes  a 
conventional  Reynolds  average,  while  the  overtilde  denotes  a  Favre 
average  A  single  superscript  '  represents  fluctuations  with  respect  to 
the  Reynolds  average,  while  a  double  superscript  "  signifies  fluctua¬ 
tions  with  respect  to  the  Favre  average 

The  quantitative  contribution  of  the  pressure-dilatation  and  com¬ 
pressible  dissipation  to  the  kinetic  energy  budget  is  shown  in  Fig  3 
It  can  be  seen  from  Fig  3  that  these  terms  act  as  a  dram  on  the  ki¬ 
netic  energy,  and  can  modify  the  tlie  kinetic  energy  budget  .^y  as  much 
as  The  pressure-dilatation  //d'  (solid  curve  in  Fig  d)  is  highly 
oscillatory  Though  p'd'  can  be  both  positive  or  negative  it  tends  to 
be  predominantly  negative 

Thv  "edonunantly  negative  values  of  p'd'  in  liomogeneous  shear  is 
til  contrast  to  the  prcdoininantly  positive  values  reported  in  Sarkar  ct 
al  (1989)  tor  the  case  of  decaying  isotropic  turbulence.  To  understand 
this  contrasting  behavior  of  p'd'  we  write  the  exact  equation  for  the 
pressure  variance  which  is  applicable  to  both  these  flows 

=  -IlfW  -  (27  -  \  -  2(p  +  'i>f  (6) 

where  Op  is  a  term  depending  on  mean  viscosity  and  mean  conductiv¬ 
ity  which  IS  negligible  compared  to  Cp  Here  Cp  =  (y  -  \)Rk'^jVj 
and  can  be  called  the  pressure  dissipation  term  by  virtue  of  being  a 
sink  on  the  rlis  of  Eq  (6)  Comparing  Eq  (5)  and  Eq  (6)  it  is  clear 
that  p'd'  acts  to  transfer  energy  between  the  kinetic  energy  of  turbu¬ 
lence  pK  and  the  potential  energy  of  the  turbulence  ^/(27p).  In  the 
case  of  homogeneous  shear  the  rms  values  of  rhe  velocity  and  pressure 
increase  with  time  Now,  the  third  term  on  the  rhs  of  Eq  (6)  is  always 
negative  and  therefore  a  sink  for  the  pressure  variance  For  small  p' fp 
we  can  neglect  the  second  term  on  the  rhs  of  Eq  (6)  with  respect  to 
the  first  term.  Therefore  for  p'*  to  increase  with  time,  a  source  term 
IS  necessary  which  implies  that  p'd'  be  ntgaUvt  in  accord  with  the 
DNS  resulU  We  note  that  a  similar  analysis  of  the  equations  for  p'^ 
and  T'^  indicates  that  p'd'  and  T'd'  also  have  to  be  predominantly 
negative  in  this  flow 

In  decaying  isotropic  turbulence  p'*  must  decay  with  time,  however, 
because  Cp  is  sufiicicnt  to  ensure  decay  of  ^  the  sign  of  p'd'  cannot  be 
determined  from  Eq  (6)  Alternatively,  we  consider  the  exact  density 
variance  equation  which  for  homogeneous  shear  flow  is 

(7) 

For  small  p'/^,  the  first  term  on  the  rhs  of  Eq.  (6)  dominates  the 
pcCOiid  tetin  Tliciefoit:  for  p  to  decrease  with  tune  it  is  iictessary 
that  p'd'  be  predominantly  positive.  It  we  assume  that  the  thermo¬ 
dynamic  fluctuations  are  approximately  iscntropic  in  this  case  (DNS 
supports  this  assumption),  it  immediately  follows  that  is  also  pre- 
dominantly  positive  in  decaying  isotropic  turbulence.  Thus,  the  role 
of  p'd'  as  a  mechanism  for  energy  transfer  between  the  kinetic  energy 
and  potential  energy  dictates  its  differing  signs  in  homogeneous  shear 
and  unforced  isotropic  turbulence. 

The  earlier  work  of  Sarkar  et  al.  (1989)  had  shown  that,  in  isotropic 
turbulence,  the  ratio  F  of  kinetic  energy  and  potential  energy  of 
the  compressible  component  1,  which  implies  a  tendency  toward 


cquipartition  between  the  kinetic  and  potential  energies  of  the  fluctu¬ 
ating  compressible  mode.  DNS  of  homogeneous  shear  shows  that  the 
partition  factor  F  approaches  and  oscillates  around  an  equilibrium 
value  of  approximately  0  95  indicating  that  approximate  equiparti- 
tion  in  the  energies  associated  with  the  compressible  mode  holds  in 
the  case  oi  liomogeneous  shear  too 

3.2.  COMPRESSIBLE  AND  SOLENOIDAL  SPECTRA 
The  Fourier  component  of  the  velocity  is  decomposed  into  com¬ 
ponents  perpendicular  and  parallel  to  the  wave  number  vector  from 
which  the  solenoidai  spectrum  Eg{k)  and  compressible  spectrum  Ec{k) 
are  calculated  Fig  4  compares  the  solenoidzil  and  compressible  spec¬ 
tra  at  St=7  (when  Af(  =  0  43)  for  Case  3  The  slopes  of  the  compress¬ 
ible  and  incompressible  spectra  are  similar  for  the  intermediate  wave 
numbers  10  <  /:  <  48  The  solcnoidat  spectrum  at  =  7  is  com¬ 
pared  in  Fig  5  between  Case  1  which  is  an  incompressible  run  and  a 
compressible  run  (Case  3)  Case  3  has  initial  A/,  =  0.3  and  the  initial 
velocity  and  pressure  fields  are  the  saine  as  in  Case  1.  From  Fig  5  ‘t 
appears  that  the  shape  of  the  solenoidal  spectrum  in  Case  3  is  not  al¬ 
tered  m  the  intermediate  wave  number  range  from  the  incompressible 
case,  even  though  the  compressible  fluctuations  are  non-neghgibtc  - 
Pmtip  =  0  12  and  x*  =  KdK  =  0.05  However,  the  pressure  spec¬ 
trum  in  Fig.  6  shows  significant  differences  between  Cases  1  and  3  In 
the  compressible  rase,  the  pressure  spectrum  seems  to  be  relatively 
flatter  than  in  the  incompressible  case. 

4.  MODELING  THE  D^ATATIONAL  TERMS 
We  showed  in  Fig_^  that  the  compressible  dissipation  fc  and  the 
pressure-dilatition  p'd'  contribute  significantly  to  the  kinetic  energy 
budget  and  'iierefore  require  modeling.  In  Sarkar  et  al  (1991)  we 
proposed  a  model  for  the  compressible  dissipation  Ce  =  ba^ed 

on  an  asymptotic  analysis  and  DNS  of  isotropic  turbulence.  Fig  7 
shows  that,  after  starting  from  a  variety  of  initial  conditions,  — 
0.5c, A/, suggesting  that  oj  =  0  5 
Our  direct  numerical  simulations  of  isotropic  turbulence  and  homo¬ 
geneous  shear  flow  provided  a  data  base  for  the  pressure-dilatation  and 
suggested  a  theoretical  approach  towards  modeling  it  The  evolution 
of  the  pressure'  dilatation  p'd'  for  case  3  is  depicted  by  the  solid  curve 
in  Fig  8  From  numerical  experiments,  it  was  found  that  the  nominal 
time  period  of  the  oscillations  m  p'd'  decreased  approximately  linearly 
with  the  speed  of  sound  This  suggested  that  one  could  isolate  the 
oscillatory  part  of  p'd'  by  decomposing  the  fluctuating  pressure  p'  into 
the  sum  of  an  incompressible  part  p^'  and  a  compressible  part  p^' 
The  component  p’  is  associated  with  the  incompressible  velocity  field 
which  IS  divergence-free  (V  =  0)  and  satisfies  the  usual  Poisson 
equauon 

V  V'  =  (8) 

and  the  remamdor  p'  -  p''  is  the  compressible  pressure  Since 

p'  =  p''  +  p*^' 

we  have  _  _ 

p'd'  =  p^*d'  +  p^*d' 

Fig.  8  shows  the  evolution  of  p^'d'  and  p^'d'  for  Case  3.  The  os¬ 
cillations  are  substantial  only  for  p^  d',  and  furthermore,  the  peaks 
and  valleys  in  the  evolution  of  p^'d'  in  Fig.  8  seem  to  be  much  more 

symmetric  around  tlie  origin  than  those  in  p'd^ _ In  order  to  gauge 

the  relative  importance  of  the  two  components  p^'d'  and  p^'d'  of  the 
prcssure-dilatation  m  the  evolution  of  the  turbulent  kinetic  energy, 
we  calculate  the  time  integrals  of  these  components.  The  integrated 
contribution  of  p^'d'  is  about  an  order  of  magnitude  larger  than  that 
of  p^'d'  in  Case  3  Examination  of  other  DNS  cases  indicates  that, 
in  general,  p^'d'  has  a  negligible  contribution  to  the  turbulent  kinetic 
energy  evolution  relative  to  p^'d'.  Therefore,  it  seems  that  only  the 
component  p^'d'  of  the  pressure-dilatation  requires  modeling  in  shear 
flows  _ 

In  order  to  model  p^'d',  we  consider  the  Poisson  equation  Eq  (8)  for 
the  incompressible  pressure  After  splitting  the  pressure  into  a  rapid 
part  p^  and  a  slow  part  ,  we  obtain  the  following  exact  expressions 
for  the  rapid  pressure-dilatation  and  slow  presure-dilatation* 

(9) 

=pj  (10) 

Here  denotes  the  complex  conjugate  of  the  Fourier  transform  ^ 
and  represents  the  spectrum  of  the  mixed  Reynolds  stress  tensor 
Using  scaling  arguments  (see  Sarkar  (1991)  for  details)  to 
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simplify  Eqs  {i.)-(10)  we  find  that  p^^'d'  depends  on  the  production 
P  while  p^'d‘  depends  on  the  dissipation  f.  Finally,  we  propose  the 
following  model  for  the  pressure-dilatation’ 

p'd'  =  -Q2pPM^  (U) 

where  P  —  -u.juj'u"  is  the  production  of  kinetic  cnerg>,  A/|  = 

y^2I\lyRf  the  turbulent  Mach  number  and  the  solcnoidal  dissipa¬ 
tion  Because  the  production  7^  =  0  in  decaying  isotropic  turbulence, 
the  \driation  of  the  incompressible  pressure-dilatation  with  t,  can  be 
verified  using  DNS  of  isotropic  turbulence  The  ratio  p^'d'/{p€,M^) 
IS  shown  as  a  function  of  non  dimensional  time  in  Fig  9  This  ratio 
readit's  an  equilibrium  value  by  a  time  of  0  25,  substantiating  the  va¬ 
lidity  of  the  second  term  in  Eq  (11)  Based  on  the  DNS  value  of 
the  equilibrium  ratio,  the  model  coeflicient  03  in  Eq.  (II)  is  taken  to 
be  0  2  The  remaining  part  of  the  model  for  the  pressurc-dilatatiou 
IS  calibrated  against  simulations  of  homogeneous  shear  flow  Fig  10 
shows  that,  in  accord  with  our  model,  the  rapid  part  of  the  pressure- 
dilatation  scales  as  pPAf^  The  ratio  [p^'d'  -  0.2f,A/t^)/(^A/,^) 
roaches  an  approximate  equilibrium  value  of  -0.4,  suggesting  that 
the  model  coefficient  =  04 

5.  STRUCTURE  OF  THE  RATE  OF  STRAIN  TENSOR 
In  this  section,  we  study  the  structure  of  the  rate  of  strain  tensor  5.; 
in  compressible  homogeneous  flow  Because  the  flow  is  anisotropic,  it 
IS  important  to  consider  characteristics  of  the  flow  with  respect  to  all 
three  coordinate  directions  The  mast  fundaniental  quantity  for  such  a 
study  IS  the  tensor  n,  j  which  is  the  sum  of  the  s^'nimetricrale  of  strain 
tensor  5,;  =  0  -f  and  the  antisymmetric  rotation  tensor 
0,^  =  0  5(ti,  j  -  The  latter  tensor  describes  the  iiistaiitaiicous 
rotation  of  uidiMdual  fluid  < IciiKuts,  while  the  former  tensor  describes 
the  straining  of  these  elements  This  study  is  motivated  by  observed 
differences  in  the  streak  patterns  of  the  irrotational  and  the  solcnoidal 
components  of  the  velocity  vector  (nj  and  u/)  These  differences  were 
brought  out  by  plotting  the  magnitude  of  uf  and  uf  m  the  x  -  y. 
X  -  :  and  y  -  c  planes,  and  noting  some  strong  qualitative  diflercnces 
between  the  solcnoidal  and  irrotational  parts  'I'liose  diflerences  can 
be  characterized  by  conM<iermg  separately  the  rate  of  strain  tensors 
Sfj  and  respectively  based  on  uf  and  u/  The  properties  of 
thes*'  tensors  are  best  put  fortli  by  considering  the  statistics  of  (he 

eigenvalues  and  eigenvectors 

Let  Aj  <  A2  <  A3  he  the  three  eigenvalues  of  the  rate  of  strain  ten¬ 
sor  (A  supersc»‘ipt  1  or  C  on  any  <|uaiitity  refers  to  quantities  based 
on  either  the  solcnoidal  or  the  irrotational  component  of  the  velocity 
vector)  Associated  with  these  eigenvalues,  let  f,  the  eigenvector  of 
5,;  associated  with  A,  Some  immediate  properties  of  the  eigenvalues 
arc 

hi  =  0 

«=i 

1=1 

Ew  =  ^ 

f  =  i 

After  the  eigenvectors  are  normalized  to  unity,  we  compute  the  angle 
Otj  between  eigenvector  f,  and  the  unit  vector  ip  coordinate  direction 
;  Pdf’s  of  I  cos  0,f  I  over  a  subset  of  the  flow  field  then  provide  informa¬ 
tion  on  structural  differences  111  the  flow  as  they  relate  to  deformation 
of  material  lines  and  surfaces  for  both  the  solcnoidal  and  dilatational 
components  of  the  flow  The  cosine  of  0  is  chosen  instead  of  so  that 
the  probability  density  functions  (pdfs)  of  a  Gaussian  field  are  flat 
The  sampling  is  done  on  a  grid  resolution  of  48  x  48  x  12  although 
the  simulation  was  performed  on  a  90^  mesh  Ja'’e'’'dness  m  the  his¬ 
togram  plots  are  directly  related  to  an  insufficient  number  of  sample 
points  We  performed  spot  checks  of  our  pdfs  at  a  higher  sampling  of 
96  X  96  X  24  and  observed  only  the  expected  smoothing  of  the  curve*?, 
but  no  qualitative  change 

We  consider  results  from  one  simulation  with  initial  parameters 
S  =  10,  lU  =  125,  Aft  =  0  4,  constant  density,  divergence  free  ve¬ 
locity,  and  pressure  calculated  from  the  usual  Poisson  equation  for 
incompressible  flow  The  data  was  analyzed  at  Si  =  1,3,5,7,9,11, 
and  plotted  using  a  variety  of  data  reduction  techniques  Only  the 
most  relevant  plots  are  shown  here.  A  more  extensive  discussion  of 
this  analysis  is  available  in  Erlcbacher,  Sarkar  and  Ilussaini  (1991) 

The  peak  of  the  pdf  of  a  stochastic  variable  occurs  at  a  value  of 
the  variable  which  we  call  the  most  probable  variable  Time  histo¬ 
nes  of  the  most  probable  Af  and  Af,  i  =  1,2.3  arc  shown  in  Figs 


11  and  12  respectively!  As  expected,  the  most  probable  values  A, 
are  significantly  larger  for  the  solcnoidal  component,  consistent  with 
»  d^  The  most  probable  solcnoidal  eigenvalues  remain  approxi¬ 
mately  constant  in  time,  wherers  the  maximumirrotational  eigenvalue 
increases  m  time.  This  indicates  that,  on  average,  the  lengthening  of 
fluid  elements  due  to  the  irrotational  strain  field  increases  with  time. 
Althougli  the  most  probable  Af  is  approximately  constant  in  time, 
Its  minimum  (taken  over  the  3-D  field)  decreases  (Fig  13).  Conse¬ 
quently,  the  effect  of  regions  with  large  compression  intensifies  with 
time  This  effect  will  be  studied  further  with  the  use  of  conditional 
probability  density  functions  In  Fig.  14,  we  plot  the  pdf  of  cos0^  at 
Si  =  1, 3, 5, 7, 9  and  1 1  The  structure  of  the  curve  remains  almost  in¬ 
variant  in  time  We  f  nd  that  this  is  true  for  all  Ofj ,  except  for  0,3.  By 
comparison  with  similar  plots  obtained  from  DNS  of  incompressible 
homogeneous  shear  flow,  we  find  that  compressibility  has  only  very 
subtle  effects  on  the  spatial  structure  of  the  solenoidal  rate  of  strain 
tensor  Only  the  most  probable  inclinations  of  the  eigenvectors  with 
the  spanwise  direction  seem  affected  by  compressibility  FAirther  con¬ 
clusions  await  a  more  detailed  analysis.  Finally,  the  last  two  figures 
illustrate  some  of  the  structural  differences  found  in  the  solenoidal 
and  irrotational  components  of  5i;.  Fig  15  shows  the  pdf’s  of  cos 
while  cos  is  plotted  in  Fig  16.  These  correspond  to  5f  =  11 
One  sees  from  Fig  15  that,  for  the  solenoidal  field,  the  eigenvector 
fa  has  no  preferred  orientation  with  respect  to  the  spanwise  direction. 
However,  this  vector  has  approximately  a  45  degree  orientation  with 
respect  to  the  r  and  t/  directions.  We  note  that  this  eigenvalue  (A3) 
IS  positive  and  corresponds  to  an  expansion  of  fluid  elements  m  the 
corresponding  principal  axis  direction  Figure  16  on  the  other  hand 
show  a  completely  different  cliaracter  of  5,^  Us  interpretation  is  not 
yet  clear  However,  the  characteristics  of  Fig.  16  are  found  in  many 
of  our  shear  flow  Minulations 
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Fig.  3.  Contribution  of  axpliclt  compressibUlly 
torms  to  the  kinetic  energy  budget 


Fig.  6.  Preesure  ipectre  (or  compreitible  and  incompreasible  rune. 


Fig.  9.  Incompressibls  pressure-dilatation  in  decaying  isotropic 
turbulence. 


Fig.  12.  Time  history  of  most  probable  Xf,  i-1,2,3. 
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ABSTRACT 

Compressible  homogeneous  turbulence  subjected  to  iso¬ 
tropic  mean  compression  is  simulated  numerically  for  high 
and  low  turbulent  Mach  numbers,  at  various  compression 
rates.  We  find  that  at  low  Mach  numbers,  the  effects  of 
viscosity  variations  on  the  development  of  the  turbulent  ki¬ 
netic  energy  can  be  significant.  A  model  consistent  with  the 
invariance  of  the  Navier-Stokes  equations  to  spherical  com¬ 
pression,  that  takes  into  account  variable  viscosity  effects  is 
proposed.  At  high  Mach  numbers,  the  distribution  of  en¬ 
ergy  between  the  acoustic  and  solenoid  fields  is  found  to 
depend  upon  initial  conditions.  The  simulation  results  are 
also  used  to  evaluate  two-equation  compressible  turbulence 
models 

INTRODUCTION 

One  of  the  most  pressing  needs  in  the  field  of  turbulence 
modeling  today  is  that  of  correctly  incorporating  the  effects 
of  compressibility  into  one-point  closures.  Because  of  un¬ 
certainties  in  compressible  turbulence  models,  the  ability 
to  adequately  predict  flows  such  tis  those  associated  with 
internal  combustion  engines,  hypersonic  flight,  supersonic 
combustion  and  astrophysics  is  currently  rather  limited 
The  goal  of  this  study  is  to  increase  our  understanding  of 
compressible  turbulence  by  considering  the  simple  limiting 
case  of  homogeneous  compressible  turbulence  subjected  to 
isotropic  (“spherical”)  mean  compression.  Our  main  ob¬ 
jective  IS  to  generate  direct  numerical  simulations  (DNS)  of 
the  spherically-compressed  case,  for  various  turbulent  Mach 
numbers  and  compression  rates,  and  use  the  results  to  mod¬ 
ify  turbulence  models  so  that  they  correctly  predict  this 
flow.  By  “tuning”  the  models  in  this  manner,  it  is  felt  that 
they  will  provide  better  predictions  for  all  flows. 

FLOW  DESCRIPTION 

The  fluid  is  assumed  to  be  a  viscous,  compressible  ideal 
gas  with  constant  specific  heats.  The  mean  straining  is 
given  by  the  isotropic  compression 

il,,(<)  =  S(f)G„  (1) 

where  the  mean  dilatation,  ii,,,  =  35(<),  is  negative,  and  u, 
is  the  Favre  averaged  mean  velocity.  In  what  follows,  Favre 
averaged  quantities  arc  denoted  by  a  tilde,  and  ensemble 
averaged  vririables  by  angle  brackets  Single  and  double 
primes  represent  respectively,  deviations  from  the  Favre  and 
ensemble  average:  eg.  u,  ■=  u,  +  u"  =  (u,)  uj.  The  list  of 
parameters  which  govern  the  flov  includes;  (1)  the  initial 
compression  rate,  defined  here  {Sq^/e)o  (a  zero  subscript 
is  used  throughout  to  denote  an  initial  value),  where  is 
(pu"uj'')/(p),  twice  the  turbulent  kinetic  energy  per  unit 
mass,  and  €  =  c,  -f  is  the  total  rate  of  turbulent  kinetic 


energy  dissipation  due  to  both  solenoidal  and  dilatational 
velocity  fluctuations:  e,  =  and  ej  = 

(1/  =  Ji/{p),  ui[  is  the  fluctuation  vcrticity  and  p  and  u  are 
the  dynamic  and  kinematic  viscosity,  respectively);  (2)  the 
compression  history,  S{ty,  (3)  the  initial  turbulent  Reynolds 
number,  (ReT)o  —  (q^/(P)oi  (4)  the  initial  turbulent  Mach 
number  (Mt)o  =  [ql^o,  where  c  is  the  sound  speed  based 
on  the  mean  temperature,  T;  (5)  the  molecular  Prandtl 
number,  Pr;  (6)  the  ratio  of  specific  heats,  7;  (7)  the  tem¬ 
perature  dependence  of  the  dynamic  viscosity,  (8) 

the  initial  magnitude  and  spectra  shapes  of  the  density  and 
temperature  fields;  and  (9)  the  initial  partitioning  of  turbu¬ 
lent  kinetic  energy  between  the  solenoidal  and  dilatational 
fields,  and  the  respective  initial  spectra  shapes. 

The  DNS  code  of  Blaisdcll,  Mansour  &  Reynolds  (1991) 
(henceforth  BMR)  is  used  to  produce  the  results.  The 
program  computes  numerical  solutions  of  the  compressible 
Navier  Stokes  equations,  for  various  types  of  mean  defor¬ 
mation.  All  the  relevant  scales  of  motion  aic  lesolved  '(.so 
that  no  turbulence  model  is  required),  by  utilizing  a  Fouiier 
spatial  discretization  and  Runge-Kutta  time  advance  algo¬ 
rithm 

We  assume 

,i(T)=p(f„)(^iy‘,  (2! 

and  jl  =  p(T).  Tlie  viscosity  exponent,  n,  is  taken  to  be 
either  0.67,  0.75  or  (for  reasons  discussed  below)  1/(7  - 
1).  To  maintain  the  homogeneity  of  the  turbulence,  the 
compression  history  must  follow  (BMR) 

5(<)  =  5o/(l-f5o<).  [3] 

The  other  parameters  used  for  each  run  are  given  in  the 
appendix,  ns  are  details  regarding  generation  of  the  initial 
conditions. 

Two- equation  model 

For  isotropic  turbulence  under  spherical  compression,  the 
off-diagonal  Reynolds  stresses  arc  negligible.  We  therefore 
choose  to  focus  our  attention  upon  two-equation  models.  A 
form  appropriate  for  compressible  flow  is  (BMR,  Speziale  & 
Sarkar  1991,  Reynolds  1980) 

=  'P  +  -  («',')(?>.  -b  IIs  -  e,  -  Crf,  (4) 

"J  (2C'iP  —  2C2<j)-f- 3(1  —  [5] 

q 

where  V  =  -u"u"u,,,  is  the  production  of  q^/2,  27,3  and 
T’f,  prepresent  turbulent  and  viscous  diffusion  and  Tlj  = 
(p'«",)/{p)  is  the  pressure-dilatation  term.  The  q^  trans¬ 
port  equation  is  exact  (except  for  the  fact  that  terms  in¬ 
volving  correlations  of  fluctuating  viscosity  -  which  have 
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been  found  to  be  negligible  by  BMR  -  have  been  omitted), 
while  the  transport  equation  for  e,  is  a  model.  Ci,-  C2  and 
C3  are  modeling  constants;  popular  values  are  C\  =  1.44, 
C2  =  1.83  and  C3  =  (7  —  2Ci)/3  (Speziale  &  Sarkar  1991). 
V  is  modeled  an  eddy  viscosity  approach,  so  that  V  = 
0.5C^(g^/€,)(S,jS,;  -  3S^)  -  q^S  with  5,j  =  +  Uj,.) 

and  =  0.09  (Patel  et  al.  1985)  Given  parameterizations 
for  the  two  compressibility  terms,  fl,;  and  c^,  the  equation 
set  is  closed. 

Applied  to  the  special  case  of  isotropic  compression,  Eqs. 
[4]  and  [5]  reduce  to 


dqy2 

dt 


=  V  -  t,-  +  lid,. 


[6] 


with  V  =  —q^S.  Our  objective  is  to  use  DNS  results  to  test 
some  proposed  closures  for  lid  and  (j,  and  to  evaluate  the 
constants  in  (and  form  of)  the  c,  equation  We  begin  with 
the  later  task,  by  considering  the  flow  in  which  the  velocity 
fluctuations  are  small  compared  to  the  local  sound  speed. 


LOW  MACH  NUMBER  CASES 
When  the  turoulcnt  Mach  number,  Mr,  is  very  small,  the 
fluctuation  velocity  field  is  effectively  solenoidal,.  implying 
that  cd  and  lid  are  both  negligible  TIk  low  Mach  number 
DNS  results  presented  in  this  section  are  thus  primarily  use¬ 
ful  as  a  means  for  evaluating  the  e,  equation.  We  first  turn 
our  attention  to  compressions  at  very  rapid  rates,  since  this 
allows  us  to  compare  Eq  [7]  and  DNS  results  with  rapid  dis¬ 
tortion  theory  (RDT)  (see  also  Coleman  L  Mansour  1991) 

Rapid  Spherical  Compre»>ion 
Dissipation  histories  from  two  low  Mach  number  rapid 
compression  runs,  with  {Sq^ !<)(,  =  -47,  arc  given  in  Fig  1 
The  time  span  shown  represents  half  of  the  total  available, 
since  at  |So|(  =  1  the  volume  collapses  to  zero  (see  Eq  (31) 
The  first  of  the  DNS  data  (shown  by  the  symbols),  is  Vi’u 
et  al  ’s(1985)  Case  SQF,  which  aitsumed  the  fluctuating  ve¬ 
locity  was  divergence  free,  so  that  Mr  was  exactly  zero. 
Very  good  agreement  is  found  between  Wu’s  data  and  the 
present  simulation  results  (run  r3dh,  dotted  curve),  which 
uses  {Mt)o  =  0  04  (the  other  run  parameters  are  given 
in  the  appendix).  Also  shown  in  Fig  1,  tis  the  da.shcd 
curve,  is  the  model  Eq  [7]  prediction,,  using  C2  =  1  92  and 
C3  =  (7  —  2Ci)/3,  the  standard  value  quoted  above.  The 
large  difference  between  the  model  and  the  DNS  histories 
is  at  first  glance  puzzling,  since  this  value  of  C3  was  advo¬ 
cated  by  Reynolds  (1980)  and  Morel  &  Mansour  (1982)  as 
a  means  of  exactly  m-itching  rapid  isotropic  compression. 
However,  in  setting  the  value  for  C3,  Reynolds  and  Morel 
Mansour  were  matching  RDT  for  constant  kinematic  vis¬ 
cosity.  Coleman  &  Mansour  (1991)  have  shown  that  the 
effect  of  variable  viscosity  is  important,  and 


will  reproduce  the  RDT  and  DNS  results.  In  Fig.  1,  pre¬ 
dictions  using  Eq.[8]  are  shown  as  the  chain-dot  and  solid 
curves,  for  C2  equal  to  1.92  and  0,  respectively;  very  good 
agreement  with  the  simulation  data  is  observed. 

Intermediate  and  Slow  Spherical  Compressions 
While  the  correct  treatment  of  terms  dominant  during  a 
rapid  compression  is  apt  to  improve  the  overall  behavior 


Figure  1.  Evolution  of  the  solenoidal  part  of  e  during  a 
rapid  spherical  compression,  (Sq'^/e)^  =  -47  and  Mr  2;  0; 

A ,  Wu  cl  oI.’sl985  DNS  Case  SQF,  Mr  =  0; . ,  present 

DNS  run  c3dh,  (A/r)o  =  0  04; - ,  Eq.  [7]  prediction  using 

Ci  =  (7  — 2Ci)/3,  C2  =  1.92; - ,  Eq.  [7]  prediction  using 

Eq.  [8]  for  Cl,  with  C2  =  1.92; - ,  Eq.  [7]  prediction  using 

Eq.  [8]  for  Cl,  with  C2  =  0. 


of  the  e,  equation,  it  provides  no  guarantee  of  an  accurate 
prediction  for  flows  experiencing  compression  at  low  or  in¬ 
termediate  rates.  The  mean  production  term  is  faithfully 
represented  in  the  e,  equation  when  Eq.  [8]  is  used  for  C3, 
but  the  manner  in  which  Eq  [7]  models  the  terms  which  are 
important  away  from  the  rapid  compression  regime,  namely 
the  vortex-stretching  and  destruction  terms,  are  crucial  in 
more  general  situations  This  is  the  subject  of  the  present 
section. 

The  key  to  modeling  aibitrary  isotropic  compressions  is 
found  in  a  conclusion  attributed  to  Spiegel  &  Frisch  in  a 
recent  paper  by  Cambon,  Mao  k  Jeandcl  (1991):  that  the 
form  of  the  Navier-Stokes  equations  is  unchanged  by  the 
transformation  which  maps  a  decaying  isotropic  flow  to  one 
experiencing  spherical  compression,  provided  Mr  =  0  and 
the  variations  of  kinematic  viscosity  are  the  same  for  the  de¬ 
caying  and  compressing  flows.  This  result  is  demonstrated 
by  the  DNS  data  shown  in  Fig.  2.  The  solid  and  dashed 
curves  trace  g*  histories  of  an  intermediate  compression, 
(Sg*/e)o  =  -2.5,  for  cases  with  constant  (run  c3dq)  and 
variable  viscosity  (c3dl),  respectively.  The  later  uses  in 
Eq.  [2]  the  exponent  n  =  3/4,  and  the  former  n  =  1/(7  —  1). 
Setting  n  =  1/(7  —  1)  leads  to  (since  for  the  mean  flow 
the  isentropic  relations  are  a  very  good  approximation), 
do/dt  —  0.  The  dotted  curve  in  Fig.  2  is  the  result  of  map¬ 
ping  the  isotrojiic  decay  evolution  (run  ixxb),  which  began 
from  the  same  state  as  the  compression  runs,  according  to 
the  Spiegel-Frisch  transformation: 


where  the  “starred”  quantities  represent  the  unmapped  iso¬ 
tropic  decay  variables,  and  the  “unstarred”  those  of  the 
mapped  spherically-compressed  flow.  The  fact  that  the  solid 
and  dotted  curves  correspond  shows  the  density  fluctuations 
are  negligible  for  these  runs,  while  the  divergence  of  the 
dashed  and  dotted  curves  points  to  the  importsuice  of  the 
viscosities  exhibiting  the  same  behavior,  for  the  transforma¬ 
tion  to  be  exact. 

The  Spiegel-Frisch  result  implies  that  to  accurately  model 
an  isotropic  compression  of  any  rate,  one  need  only  obtain 
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Figure  2.  Evolution  of  turbulent  kinetic  energy  for  in¬ 
termediate  rate  spherical  compression,  {Sq'^/e)^  =  -2.5 

and  (A/r)o  =  0.03; - ,  run  c3dl,  n  =  3/4\ - ,  c3dq, 

n  =  l/(7-l)  (i.e.  dV/dt  =  0);  •  -  ,  ixxb,  mapped  isotropic 

decay 


an  accurate  model  of  isotropic  decay  with  time- varying  vis¬ 
cosity.  We  first  consider  the  t/  =  constant  ca.se,  so  that 
dej'dt  =  V(Lj‘^/dt  (wheie  ui  ~  Eq  [7]  predicts 


de, 

'dt 


(101 


To  deteimme  Cj.  we  appeal  to  the  recent  direct  simula¬ 
tions  of  incompressible  isotro[)ic  decay  of  Wray  &  Man- 
sour  (1991).  Fig.  3  shows  the  development  of  C?  with 
Rcx  =  (5/Jer/3)'^^  predicted  by  the  simulations,  and  the 
models  of  Hanjalic  &  Launder  (1976)  and  Lumley  (1978) 
The  Lumley  model  consistently  underpredicts  the  DNS  data 
for  the  range  of  Rc\  shown,  while  the  Hanjalic  Launder 
curve  reaches  the  high  Rex  limit  too  quickly.  Although  the 
models  and  data  all  appear  to  agree  on  the  very  small  Rex 
limit  of  Cj  2:  1.4,  the  behavior  as  Rcx  — *  0  is  very  differ¬ 
ent,  no  evidence  of  the  dCj/dRex  =  0  vaiiation  assumed 
by  both  models  is  found  in  the  low  Rex  simulation  results. 
Modeling  Ca  by  a  curve  fit  of  the  DNS  data,  we  have 


Cl  =  -0.4exp(-0  l3Rex)  +  1.8,  [11] 

which  produces  the  dotted  curve  shown  in  Fig.  3 

Using  Eq.  [9],  the  Spiegel- Frisch  transformation,  Eq.  (lOj 
maps  to  the  u  ~  constant  isotropic  compression  model. 


Figure  3.  Variation  of  Ci  with  Rex;  Open  symbols,  128’ 
DNS;  Solid  symbols,  256’  DNS  (Wray  &  Mansour  1991); 

- Hanjalic  &  Launder  (1976); - ,•  Lumley  (1978); 

. ,Eq.  [11], 


Since  in  general,  de^/dt  —  udux^/dt  +ux^du/dt,  this  leads  to 
the  following  model  for  vaiiable-il  isotropic  decay: 


<le> 

dt 


r 


dt 


L— 

dt 


[13] 


Provided  Eq  [13]  is  valid,  the  Eq.  [9]  mapping  implies  that 
a  low  Mach  number  spherical  compression  of  any  rate  would 
then  be  described  by 


de, 

dt 


2/3 


w  du 


'^2  dt 


[14] 


The  first  two  terms  on  the  RHS  of  Eq.  [14]  follow  from  the 
variable  viscosity  RDT  findings  of  the  previous  section;  Cj  is 
modeled  by  Eq.  [11],  We  arc  now  in  the  process  of  evaluating 
the  Cji,  term  by  DNS  of  variable  viscosity  isotropic  decay. 


HI'iH  MACH  NUMBER  CASES 
Up  to  this  point,-  our  discussions  have  dealt  with  “com¬ 
pressing”  flows,  those  in  which  compressibility  affects  only 
the  mean  density.  There  are  many  situations,  however, 
where  density  fluctuations  are  important.  In  this  section, 
we  address  the  issues  related  to  these  flows,  m  which  Mr  is 
not  small. 


^  =  -4Se.-2Ci^.  [12] 

dt  q‘ 

This  result  was  first  found  by  Cambon  ct  al.  (1991),  who 
only  consider  the  constant  viscosity  case.  It  is  iilcntical 
to  the  result  one  obtains  by  applying  Eq.  [7]  directly  to 
spherical  compressions  when  using  Eq.  [8]  with  di^/dt  = 
0,  and  IS  therefore  consistent  with  Reynolds’  and  Morel  & 
Mansour’s  u  =  constant  RDT  work. 

As  we  have  seen,  via  Fig.  2.  even  at  intermediate  com¬ 
pression  rates  the  variation  of  V  is  important  during  the 
compression.  Therefore,  in  order  to  account  for  the  usual 
situation  in  which  du/dt  /  0,  and  fully  take  advantage  of 
the  Spiegel-Frisch  transformation,  a  realistic  model  of  vari¬ 
able  viscosity  isotropic  decay  must  be  developed.  In  an  at¬ 
tempt  to  do  so,  we  consider  the  transport  equation  for  the 
enstrophy,  w’,  and  assume  that  the  imbalance  between  the 
vortex  stretching  and  viscous  destruction  terms  induced  by 
variations  of  u  is  governed  by  the  parameter  {\/q^)dv/dt. 


“Synthetic  ’’  Initial  Conditions 
The  first  issue  we  consifler  is  the  effect  of  isotropic  com¬ 
pression  on  the  acoustic  variables.  During  their  study  of 
compressible  homogeneous  shear  flow,  BMR  found  that  the 
mean  shear  drives  the  acoustic  (dilatational)  field  to  a  un¬ 
ique  state,  regardless  of  the  magnitude  of  initial  conditions 
-  even  when  no  development  time  was  allowed  for  the  turbu¬ 
lence  to  mature  before  the  shear  was  imposed  Two  parallel 
runs,  c3dr  and  c3ds,  with  identitfl  initial  Mach  numbers 
(Mt-  =  0  3)  and  compression  rates  {{Sq^/c)u  =  -2.5),  but 
different  acoustic  initial  conditions,  were  performed  to  see  if 
spherically-compressed  turbulence  is  similar  in  this  regard. 
One  run,  c3dr,  begrm  with  no  initial  dilatational  velocity 
or  fluctuation  density,  temperature  or  pressure;  the  other, 
c3ds,  began  with  one-fourth  of  the  turbulent  kinetic  en¬ 
ergy  in  the  dilatational  component,  and  fluctuation  density 
and  absolute  temperature  fields  both  equal  to  15  percent 
of  their  volume  averaged  means  (with  the  pressure  given  by 
the  ideal  gas  law).  All  non- zero  fields  for  both  runs  assumed 
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Figi'RF,  4.  Histones  of  (a),  tutbuleiit  Macli  number  and 
(b)  ratio  of  ailatational  to  solcnoidal  dissipation;  (Sq'‘/e)o  = 
-2.5  and  {Mr)o  =  0  3,  - .  c3dr,.  acoustic  fields  ini¬ 
tially  zero; - ,  c3ds,  (<?L/9?oi«l)o  =  1/4,  ip,m,/{p))o  = 

(r,n„/(r))o  =  0.15. 


“top-hat"  initial  spectra  (BMR),  and  the  compression  be 
gan  immediately  upon  the  “synthetic”  undeveloped  fields 
(see  appendix  for  other  run  parameters) 

The  Mach  number  histoiics  for  the  paiallcl  runs  are  given 
in  Fig  4a.  and  are  very  similar  to  each  other  However, 
the  variations  of  t'  dilatational  dissipation  (Fig.  4b)  and 
pressure-dilatation  coi relation  (not  shown)  are  quite  dis¬ 
tinct.  Since  the  histories  have  progressed,  without  converg¬ 
ing,  to  over  half  of  the  total  possible  compiession  time, 
0  <  |.?o|f  <  1  (see  Eq  [3]),  it  appeals  that  unlike  shear, 
spherical  compression  docs  not  drive  the  acoustic  field  to 
a  unique  state  This  behavior  is  a  result  of  the  f.act  that 
the  only  coupling  between  the  .solcnohlal  .and  acoustic  fields 
is  due  to  nonlinear  inter.actions,  which  are  slow  compared 
to  the  turbulence  time  scale  at  this  Reynolds  numbei  It 
implies  that  and  Rd  mod  Is  must  account  foi  initial  con¬ 
ditions  if  they  are  to  work  correctly  during  isotropic  com- 
])ression.  The  degree  to  which  one  R,;  model  succeeds  is 
taken  up  in  the  next  section,  as  part  of  a  discussion  of  high 
Mr  data  which  are  generated  using  for  initial  conditions  - 
rather  than  the  synthetic  fields  of  this  section  -  developed 
isotropic  decaying  turbulence. 

“Natural”  Imtial  Conditiovd 

As  with  the  spherically-compressed  flow,  acoustic  vari 
ables  in  decaying  isotropic  turbulence  do  not  converge  to 
unique  values  which  are  independent  of  their  initial  condi¬ 
tions  (cf.  BMR).  Because  of  this,  a  certain  amount  of  arbi¬ 
trariness  exists  in  specifying  “natural”  initial  conditions  for 
the  high  Mach  number  simulations.  For  the  present  com¬ 
putations,  the  initial  acoustic  field  is  the  result  of  begin¬ 
ning  with  a  purely  solcnoidal  field,  allowing  it  to  decay  and 


ilevclop  dilatational  fluctuations,  before  the  coinoression  is 
imposed,  at  the  point  where  A/r  =  0.44,  p,  -  0.03(p),- 
Tttna  =  0.02(T)  and  9  percent  of  the  turbulent  kinetic  en¬ 
ergy  is  in  the  dilatation.al  field.  Three  separate  compres¬ 
sion  speeds  were  chosen,,  defining  three  cases,  runs  c3db 
i(Sqye)o  =  -47),  c3dc  (-12.5)  and  c3dd  (-1.25). 

The  initial  field  was  not  in  exact  acoustic  equilibrium, 
since  the  dilatational  energy  was  not  evenly  split  into  the 
kinetic  and  potential  energy  partitions  The  ratio  of  the  two 
is  defined  by  the  paiameter,  =  "t{F){p)qd,i/{p'cP'c)f  where 
Pc  is  the  so-called  “compressible  pressure”  (Sarkar  et  al 
1989).  Both  high  and  low  Mr  isotropic  decay  simulations 
have  shown  that  after  an  initial  transient,,  well  developed 
compressible  turbulence  reaches  acoustic  equilibrium,  char¬ 
acterized  by  ~  1  (Sarkar  et  al  1989,  Lee  et  al.  1991, 
BMR).  Instead  of  being  about  one,  the  initial  condition 
used  here  saw  ~  0.6.  (During  the  determination  of  T, 
we  found  that  for  this  flow,  the  compressible  pressure  fluc¬ 
tuations  (PcP'c)  accounted  for  approximately  80  percent  of 
the  total  fluctuations,  {p'p')  )  Wc  intend  to  repeat  these 
high  Mt  cases  using  .F  2;  1  initial  conditions,  so  that  the 
effect  of  spherical  compression  upon  the  partitioning  of  the 
acoustic  energy  may  be  determined. 

From  the  present  runs  we  arc  able  to  observe  that  the 
compression  rate  strongly  affects  the  evolution  of  the  Mach 
number,  the  dilatational  dissipation  and  the  pressure-dila¬ 
tation  correlation  (Fig.  5).  In  particular,  we  note  in  Fig  5b 
that  for  the  initial  condition  used,,  the  level  of  ed  is  very 
small,  never  more  than  4  percent  of  the  total  dissipation. 
One  of  the  predictions  of  RDT  is  that  e^/e,  will  remain 
constant  during  a  lapid  spherical  compression  (Coleman  et 
al.  1991);  the  DNS  results  support  this  finding,  since  the 
rate  of  change  of  ed/fj  decreases  as  the  compression  rate 
increases. 

FVoin  a  modeling  standpoint,  the  most  significant  result 
is  the  behavior  of  prcssure-dilat.ation  term  shown  in  Fig.  5c. 
The  magnitude  of  Ud  is  seen  to  be  a  significant  fr.action  of 
the  total  dissipation,  and  demonstrates  a  great  dependence 
on  compression  rate  Beginning  from  the  initial  condition 
level,  where  the  iircssurc-dilatation  in  the  unstrained  field 
acts  .as  a  source  of  turbulent  kinetic  energy  (supplied  by 
the  potential  energy  of  the  pressure  field),  the  compression 
in  all  cases  c.auscs  a  leduction  of  H,!.  At  the  slow  rate,  it 
appro.achcs  zero  and  remains  slightly  positive,  when  |5|  is 
large  however,  the  pressure-dilatation  is  driven  to  very  large 
negatne  values,  with  magnitude  many  times  that  of  the  to- 
t.al  dissipation  rate  (see  Fig.  Ga),  representing  an  important 
kinetic  to  potential  energy  conversion.  In  Fig.  6,  we  test 
the  ability  of  Aiipoix  et  al  ’s(199())  Hj  model  to  duplicate 
the  DNS  histoiics  for  the  largest  and  smallest  compression 
rates  (note  the  expanded  vertical  and  horizontal  scales  in 
Fig.  Ca).  The  model  assumes 


d{p)Ud 

dt 


-'-'AjiPiT, - T. - - Hrf, 

dr  A  dt  Ta 


[15] 


where  ta  =  {l/2)^^^q^ /€}Mt,  Cai  =  0.25  and  Ca2  =  0  20. 
While  the  trend  for  the  (^Sq^/t)a  ~  —1  25  case  is  roughly 
correct  (Fig  6b),  that  for  the  rapid  compression  (Fig.  6a)  is 
not.  Given  that  the  slow  compression  performance  is  about 
as  good  as  that  found  for  isotropic  decay  (see  Figure  5  of 
Aupoix  et  al.  1990),  and  the  poor  response  for  large  |5| 
found  here,  it  seems  as  if  the  major  deficiency  of  the  model 
is  the  strain  rate  sensitivity  -  although  part  of  the  poor 
showing  could  be  due  to  the  fact  that  it  has  been  tested 
against  a  flow  in  acoustic  nonequilibriuin.  This  issue  will 
be  clarified  in  the  future.  Aupoix  et  al.  have  acknowledged 
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Figure  5.  Evolution  of  (a)  turbulent  Mach  number, 
(h)  ratio  of  clilatational  to  solenoidal  dissipation,  and  (c) 

pressure-dilatation,  (Mr)o  =  0.44, - ,  c3db,  {Sq^/()o  = 

-47; - ,  c3dc,  (59^/e)o  = -12.5;  ••  ,  c3dd,  (S9^/«)o  = 

-1.25 


the  model’s  v'eakness  for  flows  with  strong  initial  condition 
dependence  and  have  tentatively  proposed  model  transport 
equations  for  both  and  (j,  which  might  alleviate  some 
of  the  shortcomings  observed  here. 

Zeman  (1991)  has  recently  proposed  an  algebraic  model 
for  Hi,  which  he  uses  to  predict  some  of  our  DNS  results 
(as  discussed  in  these  proceedings).  While  we  cannot  ex¬ 
pect  an  algebraic  model  to  do  well  in  an  initial  conrlition 
dependent  flow  when  compared  directly  to  the  pressure- 
dilatation  histories,  Zeman  has  found  some  succe.ss  when 
it  is  one  component  of  a  set  of  modeling  equations.  It  is 
also  possible  that  when  the  Aupoix  proposal  is  combined 
vdth  other  model  equations,  the  overall  performance  might 
be  better  than  implied  by  the  above  test. 


Figure  6.  Pressure-dilatation  histones,  (A/r)o  =  0  44; 
(a)  Run  c3db,  {Sq'^/e)o  =  -47;  (h)  Run  c3db,  (Sq^/e)o  = 
-1.25. - ,  DNS, - ,  .Aupoix  et  al  (1990)  Eq.  [15). 


CONCLUSIONS 

The  DNS  data  imply  that  for  compressible  turbulence 
models  to  correctly  predict  isotropic  compression,  the  varia¬ 
tion  of  kinematic  viscosity  induced  by  the  compression  must 
be  accounted  for  For  a  rapid  spherical  compression,  this 
may  be  done  by  using  Eq.  [8j  for  C3,  which  implies  that 
this  model  “constant”  is  a  function  of  the  bulk  compression 
At  non-rapid  compression  rates,  Eq.  [14]  is  proposed,  but 
further  testing  is  needed.  For  constant-!/  isotropic  decay,  a 
new  model  for  Cj,  Eq.  [Ill,  has  been  constructed.  The  high 
Mt  flows  have  been  found  to  exhibit  a  strong  dependence 
on  acoustic  initial  conditions,  which  implies  that  models  for 
(d  and  Ud  which  are  sensitive  to  initial  conditions  are  apt 
to  be  the  most  successful. 
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APPENDIX 

All  the  DNS  runs  reported  herein  use  96^  grid  points,  and 
choose  Pr  =  0.7  and  7  =  1.4  as  fixed  parameters;  variable 
parameters  are  listed  in  Tables  1  and  2.  Table  2  gives  the 
acoustic  initial  conditions:  the  ratio  of  dilatational  to  total 
turbulent  kinetic  energy,  and  the  (nns  to  volume  average) 
density  fluctuation  and  (absolute)  temperature  fluctuation 
ratios.  The  compression  rate,  turbulent  Reynolds  and  Mach 
numbers,  viscosity  exponent  (Eq.  [2])  and  type  of  initial 
condition  are  given  in  Table  1.  Two  methods  of  generating 
initial  conditions  arc  employed,  one  termed  “synthetic,”  the 
other  “natural.”  The  runs  which  use  the  “natural”  approach 
(those  with  ‘N’  entered  in  the  IC  column  of  Table  1),  begin 
with  random,  isotropic  velocity,  density  and  temperature 
fields  with  prescribed  analytic  spectra  (either  “top-hat”  or 
“exponential”  (Blaisdell  el  al.  1991)),  and  allow  the  tur¬ 
bulence  to  decay  without  imposed  strain  to  a  mature  state 
(such  that  the  velocity  derivative  skewness  ~  0.4),  before 
the  compression  is  imposed  upon  the  mature  field  charac¬ 
terized  by  the  Table  1  and  2  values  In  the  two  runs  which 
use  “synthetic”  initial  conditions  (denoted  in  Table  1  by  an 
‘S’),  no  development  time  is  allowed  before  the  compression 
begins  upon  a  field  defined  by  the  analytic  spectra  The  last 
three  runs  listed.  c3dk,  clda,  and  cldb,  are  not  used  in  this 
paper,  but  along  with  c3db,  are  discussed  by  Zeman  (1991) 
later  in  these  proceedings  For  clda  and  cldb,  the  mean 
compression  is  one-diincnsional,  i  e.  Ut,j(t)  =  S(t)S,iSij. 

Table  1  Non-acoustic  Run  Parameters 


Run 

-{Sqye)o 

{q^/(T')o 

(A//-)o 

n 

IC 

c3dh 

47  0 

21 

0.04 

0  75 

N 

c3dl 

25 

52 

0  03 

0.75 

N 

c3dq 

25 

52 

0.03 

1/(7- 1) 

N 

ixxb 

0 

52 

0.03 

0.75 

N 

c3dr 

25 

200 

0.30 

0.67 

S 

c3ds 

2.5 

200 

0.30 

0.67 

S 

c3db 

47.0 

500 

0  44 

0  67 

N 

c3dc 

12  5 

500 

0.44 

0  67 

N 

c3dd 

1.25 

500 

3.44 

0.67 

N 

c3dk 

47.0 

21 

0  02 

0.67 

N 

clda 

47.0 

500 

0.44 

0.67 

N 

cldb 

47.0 

21 

0.02 

0  67 

N 

Table  2.  Acoustic  Run  Parameters 


Run 

{qli/qlou\)o 

(pTjns!  (/^))o 

(7’,.„,/(T))o 

r3dh 

0.00 

0.00 

0  00 

c3dl 

000 

000 

0.00 

c3dq 

0.00 

0.00 

0.00 

ixxb 

0.00 

0.00 

0.00 

c3dr 

0 

0 

0 

c3ds 

0.25 

0.15 

0.15 

c3db 

0.09 

0.03 

0.02 

c3dc 

0.09 

0.03 

0.02 

c3dd 

0.09 

0.03 

0.02 

c3dk 

0.00 

0.00 

0.00 

clda 

0.09 

0.03 

0.02 

cldb 

0.00 

0.00 

0.00 
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ABSTRACT 

First,  this  paper  reviews  the  physics  .and  modeling  of  com¬ 
pressibility  effects  in  homogeneous  decaying,  and  shear-driven 
turbulence.  Second,  the  principal  subject  is  investigation  of 
the  effects  of  pressiiie  and  dilatationa!  fields  in  turbulence  sub¬ 
jected  to  r.apid  spherical  (3D),  and  one-dircctional  (ID)  com¬ 
press....  On  the  basis  of  the  direct  numerical  simulation  re¬ 
sults  ol  Coleman  (1991),  it  is  shown  that  in  ID  rapid  toni- 
pressioii  the  pressure-dilatation  correlation  {’puj'j}  is  responsible 
for  unusually  high  energy  transfer  from  the  kinetic  to  pressure 
modes.  This  transfer  mecluanism  leads  to  considerable  turbulent 
kinetic  energy  losses  even  when  turbulence  is  virtually  incom¬ 
pressible  A  parametric  model  for  piij.T  >s  developed  to  capture 
this  anisotropic  rapid  effect,  and  the  model  results  are  compared 
with  the  Coleman  data  The  model  is  then  tested  against  the 
direct  simulations  of  turbiilence/iiormal  shock  interactions  (Lee, 
1991)  It  is  shown  that  apart  from  the  energy  transfer  due  to 
another  important  mechanism  within  the  shock  is  associ¬ 
ated  with  the  acceleration  term  (cont.ainmg  the  mean  pressure 
gradient ), 

INTUODUCTIO.N 

The  measure  of  the  compressibility  effects  on  turbulence  is 
the  so-called  r.m  s  Mach  number  At,,  based  on  an  r  in.s,  fluc¬ 
tuating  speed  and  the  sonic  sjieed  corresponding  to  the  back¬ 
ground  (mean)  temperature.  The  sonn  speed  can  be  considered 
.as  a  new  intrinsic  velocity  .scale  which  limits  the  propagation 
of  perturbations  through  the  fluid  and  set.s  a  limit,  in  a  statis¬ 
tical  sense,  on  the  velocity  fluctuations  as  well.  As  the  r.m.s. 
Mach  number  increases,  the  velocity  fluctuations  are  accompa¬ 
nied  by  growing  levels  of  density  and  pressure  fluctuations  and 
a  growing  degree  of  coupling  between  the  vortical  and  dilata¬ 
tiona!  (acoustic)  fields.  Utilizing  Helmholtz’  decompo-sition  and 
F'avre  averaging,  one  can  identify  two  explicit  terms  in  the  tu.- 
bulence  energy  equations  which  depend  on  the  dilalational  field 
and  provide  the  vortical/acoustic  mode  coupling.  These  arc-  1) 
the  dilatation  dissipation  defined  as  Cj  =  4/3p(Ujj)^/p,  and  2) 
the  pressure-dilatation  correlation  term  il^  =  puj^fp 

Zeman  (1990)  suggested  that  turbulence,  at  a  sufficiently 
large  Mt,  may  generate  shock-like  structures  or  shocklets,  which 
entail  high  levels  of  the  dilatation  dissipation  cj.  The  existence 
of  turbulent  shocklets  has  been  recently  confirmed  in  direct  nu¬ 
merical  simulations  (DNS)  of  decaying  turbulence  (Lee,  Lclc, 
and  Moin  1990)  and  in  the  DNS  of  shear-driven  turbulence  as 
well  (Blaisdell,  1990).  In  laboratory  flows,  the  most  prominent 
effect  of  compressibility  on  turbulence  is  the  inhibition  of  shear 
layer  growth  rate  with  the  (convective)  Mach  number  Me  as 
observed  in  experiments  of  Papamoschou  and  Roshko  (1988), 
Samimy  and  Elliott  (1989),  and  others.  Z€man(1990)  argued 
that  the  growth  rate  inhibition  is  due  to  the  (anomalous)  di¬ 
latation  dissipation  caused  by  turbulent  shocklets  and,  on  the 
basis  of  a  stochastic  shocklet  model,  inferred  a  parametric  ex¬ 
pression  to  quantify  fj.  Inclusion  of  this  anomalous  dissipation 
in  a  second-order  closure  model  provided  the  growth  rate  reduc¬ 
tion  in  agreement  with  the  experimental  data. 


The  importance  of  the  pressure-dilatation  Ha  for  turbulence 
energetics  has,  so  far,  not  been  fully  appreciated  As  illustrated 
in  Zeman  &  Blaisdell  (1990)  and  Zeman  (1991),  Ha  mediates 
the  exchange  between  the  kinetic  and  potential  energies.  The 
potential  energy  is  meant  to  be  the  energy  associated  with  the 
compression  work;  it  is  proportional  to  the  pressure  fluctuation 
vari.ance  p^.  In  equilibrium  flows  such  as  self-preserving  shear 
Layers  and  flat  plate  boundary  layers,  lU  appears  to  be  negligi¬ 
ble.  However,  in  unsteady  turbulent  flows  controlled  by  initial 
conditions  and  in  flows  with  rapid  (mean)  compression,  the  con- 
tribition  of  Uj  in  the  turbulence  energy  budget  can  be  signifi¬ 
cant,  and  its  knowledge  is  indispensable  for  computation  of  the 
variances  of  pressure  and  dei  ity  fluctuations  (see  also  Zeman, 
1991a) 

In  the  following  a  brief  review  is  presented  of  the  current  un¬ 
derstanding  of  compressibility  effects  in  two  generic  (DNS)  flows, 
decaying  and  shear-driven  turbulence.  The  eflects  of  mean  rapid 
compression  on  turbulence  (with  non-zero  values  of  Mt)  are  the 
main  subjects  of  this  paper.  The  problems  to  be  addressed  are: 
1)  homogeneous  three-  and  one-dimensional  rapid  compression 
(hereafter  abbreviations  3D,  or  ID  are  used)  and  2)  response  of 
shear-free  turbulence  to  a  passage  through  normal  shock. 

COMPRESSIBLE  DECAYING.  AND  SHEAR-DRIVEN  TUR¬ 
BULENCE 

The  fundamental  energy-governing  equations  in  the  Favre 
average  setting  are 

l/2^  =  F,-(c,.t-f,-n,)„ 

^  =  (€,-f€u-ni)c;‘,  (1) 

accompanied  by  the  equation  of  state  p  =  pRT,  where  tilde  and 
bar  denote,  respectively,  Favre  and  Reynolds  averages.  Defined 
previously,  Hu  is  the  pressure-dilatation  term,  P,  represents  the 
shear  production  of  turbulence  due  to  the  (constant)  mean  shear 
o,  and  -  uyUj  is  twice  the  Favre-averaged  kinetic  energy. 
The  separation  of  the  total  dissipation  in  the  solenoidal  (c,), 
and  dilatational  {(j)  parts  is  feasible  due  to  the  Helmholtz’  de¬ 
composition  of  the  velocity  field  (Zeman,.  1990)  and  is  strictly 
valid  only  in  flows  which  are  homogeneous  in  the  mean.  The  def¬ 
inition  of  the  r.m.s.  Mach  number  is  Mt  =  g/a  where  the  sonic 
speed  a  is  based  on  the  mean  temperature  T.  In  the  absence 
of  compressibility  effects  {Mt  «  1),  the  Reynolds  stress  ten¬ 
sor  components  uTuj  can  be  computed  by  means  of  a  standard 
turbulence  closure  model  (for  details  see  Zeman,  1991a).  Here 
we  discuss  merely  the  physics  and  modeling  associated  with  the 
compressible  terms. 

Dilatation  dissipation:  In  high  Reynolds  number  turbulence  the 
only  significant  source  of  dilatational  dissipation  Cu  is  due  to 
eddy  shocklets.  On  the  basis  of  a  stochastic  shocklet  model, 
Zeman  (1990)  inferred  a  parametric  expression 

(.ocCePiMttK)-  (2) 
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The  shocklet  dissipation  function  is  an  integral  func¬ 

tional  of  a  pdf  ;)(m,  A')  of  fluctuating  Mach  number  m.  The  pa¬ 
rameter  K  characterizes  a  departure  from  Gaussianity  of  m  and 
has  been  defined  as  the  kurtosis  i.e  A'  =  ftom  the 

direct  simulations  of  liomogeneous  turbulence,  A"  was  esinnaled 
as  K  «  ■!  (Zeman  h  Blaisdell  1990)  and  approximated 

as 

F{M,)  =  1  -  exp{-({M,  -  0  25)/  80)=} 

F(A/,)  =  0,  i/A/i  <  0  25  (3) 

We  note  that  is  negligible  (w.r.t.  (,)  when  Mi  <  0.3.  Phys¬ 
ically,  It  means  that  shocklets  cannot  occur  below  a  certain 
threshold  value  of  Mi  In  the  simulations  of  Lee  et  al  (1991),  the 
shocklets  were  found  only  when  Mt  exceeded  values  of  about  0.3 
In  most  of  the  computational  examples  presented  in  this  paper, 
fa  is  unimportant,  the  solenoidal  dissipation  t,  is  dete-mincd 
from  a  standard  modeling  equation  (independent  of  Mi). 

Prci^sure-dilatatwn  correlation:  Zeman  (1991)  proposed  that  in 
shocklet  free  decaying  or  shear-driven  turbulence,  the  principal 
balance  in  the  pressure  vari.ance  equations  is 


1  Dir- 
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and  proposed  a  closure  for  Ha  based  on  an  heuristic  argument 
that  in  the  absence  of  forcing,  the  pressure  fluctuations  will  tend 
to  rehax  to  an  equilibrium  value  pJ.Mi)  at  a  rate  dictated  by 
an  acoustic  time  scale  r„  a  Lja  This  h.os  led  lo  the  closure 
equation 
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The  equilibrium  variance  p]  was  inferred  from  theory  and  D.VS 


data  as 


p'q^a' 
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(0) 


with  the  acoustic  time  scale  r,  =  O.ZAf.r,  It  is  noted  that 
in  these  flows,  the  turbulence  time  .scale  Is  related  to  cortical 
turbulence,  i  e  ,  r  = 


The  DiV.S  data  of  Hlaisdell  (1990)  confirmed  that  (-1)  is  a 
valid  .assumption  for  a  range  of  r  m.s.  Mach  number.-.  0  05  < 
A/(  <  0.7  The  model  (.5)  accounts  for  the  initml  condition  influ¬ 
ence  on  the  (transient)  liehaMor  of  turbulence,  when  the  initial 
pressure  (or  densitc )  fluctuation  level  is  much  lugher  (or  lower) 
then  the  equilibrium  value  p,,  potential  energy  /i=  is  transferred 
to  (or  extracted  from)  the  kinetic  mode.  This  energy  exchange 
takes  place  on  the  acoustic  time  scale  r^. 

In  the  equilibrium  regime  of  homogeneous  shear  liirbulence 
{St  >  2),  the  model  represented  by  Eqs  (-1 )-((>)  can  be  tested  for 
prediction  of  two  quantities  llj  and  of  the  (normalized)  pressure 
variance  p^/p=.  The  pressure  variance  ;is  a  function  of  Mt  is 
shown  in  Fig  1,  where  the  cross-hatched  area  represents  the 
spread  of  DNS  data  reproduced  ^m  Hlaisdell  (1990)  (plott.-'d 
only  for  (  >  3.V~’).  The  values  of p'  are  very  close  to,  but  always 
smaller  than,  the  equilibrium  pressure  variance  p=(9=,  A/|)  (not 
shown),  the  subtle  difference  between  p=  and  is  according  to 
(5),  responsible  for  the  sign  and  magnitude  of  11^.  Comparison 
of  the  relative  quantity  n,i/cj  is  shown  in  Fig.  2.  Doth  figures 
support  the  model  mechanism  of  relaxation  to  equilibrium.  We 
note  that  a.iothcr  viable  model  for  11^  in  she.ar  turbulence  has 
been  proposed  by  Aupoix  et  al  (1990).  This  model,  however,  is 
not  capable  of  dealing  with  the  initial  condition  effects. 


RAPID  HOMOGENEOUS  COMPRESSION:  3D  VS  ID 

Recently,  Coleman  (1990)  performed  direct  simulations  of 
compressible  turbulence  subjected  to  rapid  spherical  {3D)  and 
ID  compression  for  different  initial  values  of  the  r.m.s.  Mach 
number  Mio  -  0.02  and  O.'ld.  These  DNS  experiments  have 
relevance  to  the  flows  of  practical  interest:  the  internal  combus¬ 
tion  engine  flow  and  turbulence/shock  interactions  taking  place 
e.g  in  a  compression  corner  flow.  The  purpose  of  this  section 


Fig.  I  Pressure  variance  dependence  on  r.m.s.  Mach  number 
in  lioiiiogencous  shear  turbulence:  DNS-model  comparison. 


Fig.  2.  Evolution  of  the  pressu.e  dilatation  normalized  by  total 
dissip.atioii;  otherwise  same  .as  in  Fig.  1. 


IS  lo  elucidate  the  physics  of  r.apidly  compressed  turbulence  and 
describe  the  recent  modeling  effort  in  this  area.  Perhaps  the 
most  important  finding  is  that  due  to  strong  interactions  be¬ 
tween  fluctuating  pressure,  dilatation  (u,,,),  and  vorticity  m  the 
ID  rapid  compression,  the  pressure  dilatation  term  Hi  cannot 
be  discarded  even  for  Aft  <<  1  This  is  contrtiry  to  the  current 
wisdom  that  turbulence  under  such  conditions  can  be  considered 
incompressible. 


The  important  parameters  of  the  flows  in  question  are  the 
lui'.i.u  .Mach  number  A/io,  initial  timescale  =  [q^ le,)o,  and 
the  iii.tial  rate  of  compression  zt((  =  0)  =  4^  Denoting  the 
mean  velocity  field  by  (/,  we  define  the  spherical  compression 
by 

Ui,i  =  f'z.z  -  Ui.i  =  V-U/3  =  ~zl((),  and  ID  compression  by 
Ui.i  =  V-U  =  -A(l)  The  condition  of  spatial  homogeneity 
dem.'iiids  thiit 


(7) 


.and  the  compression  is  considered  rapid  if  >>  1. 


In  the  Coleman  simulations  discussed  here,  A^r^  47  and 
therefore,  in  principle,  a  rapid  theory  coujd  be  utilized  to  deter¬ 
mine  the  evolution  of  q=  and,  if  need  be,  p=.  The  3D  rapid  com¬ 
pression  of  incompressible  isotropic  turbulence  (with  Mio  «  1) 
is  a  trivial  problem  of  no  interest  to  us  except  as  a  reference 
flow.  If,  however.  Af.j  is  sufficiently  high  to  produce  initial  di 
latation  and  pressure  fluctuations,  the  rapid  theory  is  more  in¬ 
volved.  Here,  we  use  the  results  of  the  modified  rapid  theory  of 
Sabel’nikov  (1975)  to  determine  a  free  constant  in  the  rapid  part 
of  the  model  for  11^.  The  relevant  set  of  equations  to  describe 
rapid  spherical  compression  of  isotropic  turbulence  are 


l/2^  =  -59^V.U-(c,  +  Q-IIa), 
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~  =  i)V-vf  +  (c,  +  u-  IliV-', 

i|i^  =  -7VuF-7Ppn,.  (8) 

and  the  usual  equation  of  state.  Equations  in  (8)  require  a  clo¬ 
sure  for  Ilj,  and  for  the  total  dissipation  cj  =  r,  +  c^.  There  is 
virtually  no  dilatation  dissipation  in  this  flow  and  therefore  cj  is 
neglected.  The  eqtiation  for  the  solenoidal  dissipation  f,  requires 
a  special  ticatinent  because  the  molecular  viscosity  varies  dur¬ 
ing  coiuiiression.  We  used  the  f,  equation  proposed  by  Coleman 
&  Mansour  (19!)1)  (in  these  proceedings)  which  yields  a  perfect 
agreement  with  the  DNS  data 

Rapid  distortion  theorj  suggests  that  tlie  pressure  dilatation 
term  II, i  have  a  rapid  contribution,- linear  in  p-V  U.  Hence,  a 
new  expression 


pllj-)p  = 


4  c,(p2V  U 


(9) 


has  been  proj'oscd  to  account  for  the  rapid  compression  con¬ 
tribution  The  free  constant  has  been  determined  from  the 
rapid  theory  as  cj  =  (5-:l7)/f2  (note  that  cj  =  0  for  monatomic 
gases,  and  0  OGG  in  air).  Tiie  details  of  the  calculations  leading 
to  the  determination  of  cj  are  described  in  Sabel’nikov  (1975) 
and  Zeman  &  Coleman  (1991).  We  note  that  in  analogy  with 
pressure-strain  terms,  we  have  in  (9)  the  slow  (relaxation)  teim 
and  the  rapid  (compression)  term.  Here,  however,  the  rapid  con¬ 
dition  requirement  is  IV •lI|rA/(,  >>  1,  or  in  terms  of  the  initial 
parameters 

/IoToA/io  >>  1  (10) 

This  new  rapid  condition  is  pertinent  to  the  dilatational  field 
and  is  stronger  than  the  condition  AoTo  >>  1  for  the  solenoidal 
field 

Finaily,  we  note  tliat  dii.'ing  the  rapid  compression,  the  tur¬ 
bulence  lengthscaJe  (L)  and  tiine.scalc  (r)  no  longer  depend  on 
(,  and  therefore  a  relation  such  as  £  a  tn<>y  not  be  ap¬ 
propriate  We  c.an  construct  a  lengthscale  equation  which  yields 
the  rapid  limit  satisfying  /."p  =  con>t.  and  tlic  equilibrium  limit 
L  —  q''/c,  (when  V-U  —  0)' 


DL 

Dt 


£{--4- -i-V  U}, 
T  n  ' 
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where  n  is  an  integer  denoting  the  diinension  of  compression 
(or  expansion)  Eq.  (11)  is  exactly  valid  only  for  rapid  spheri¬ 
cal  compression;  in  ID  compression  (n=l),  it  approximates  the 
lengthscale  v.ariation  in  the  direction  of  compression  Now,  in 
principle,  r  in  the  modeling  equations  should  be  proportional 
to  £/q  We  found,  however  that  L/g  decreased  too  rapidly  and 
had  undesirable  effects  on  the  model  results  We  therefore  used 
in  the  following  c.vlculatioiis  a  timescale  based  on  the  geometric 
average:  r  =  y/glJT,. 

DNS  computations  of  rapidly  compressed  turbulence  (in  ID 
and  .3D)  of  Coleman  (1991)  for  two  initial  Mach  numbers  Mto  — 
0  02  (Case  A)  and  0.44  (Case  B)  are  presented  in  Figs  3,  4,  5, 
and  6  The  initial  field  was  a  freely  decaying  turbulence  with 
equilibrium  pressure  (density)  fluctuations  dependent  only  on 
Mio.  The  initial,  rapid  |)aramcter  AoTo  =  47  was  the  same  for 
both  cases  A  and  B.  The  3D  compression  case  is  fairly  straight¬ 
forward:  the  kinetic  energy  growth  (Fig.  3)  is  virtually  identical 
for  both  cases  A  and  B,  and  the  pressure  variance  growths  (in 
Fig.  4)  are  nearly  the  same.  The  DNS  data  agree  well  (within 
4%  error)  with  the  rapid  compression  limit  whereby  the  pressure 
dilatation  IIj  is  neglected  (also  r,  =  0).  According  to  (7)  and 
(8)  this  limit  yields  simple  expressions: 


--  =  =  (— i_)2/3  .  Pi  _ 

gl  A„l’  ’  pI  n-  Aot' 


which  arc  independent  of  A/j  «  Mio.  The  evolution  l\d/ct  for  3D 
compression  only  is  shown  m  Fig.  5,  the  model-predicted  vrdues 
of  \ld-  Here,  the  best  match  with  the  DNS  data  was  achieved 
with  the  rapid  part  of  the  model  in  (9)  discarded.  It  turned  out 
that  the  rapid  part  of  (9)  (with  Cd  =  0.066)  yielded  undesirable 
(negative)  contributions  to  Hj  immediately  at  the  onset  of  the 
compression  which  is  in  disagreement  with  the  DNS  data. 


Fig.  3  Evolution  of  kinetic  energy  during  rapid  compression  in 
ID  and  3D.  Case  A  is  for  Mta  =  0.02;  Case  B  is  for  Mto  =  0.44 
DNS  d.ata  of  Coleman  (1991) 


Fig.  4.  Evolution  of  pressure  variance;  otherwise  the  same  as 
Fig.  3. 


Aol 

Fig  5  Evolution  of  the  normalized  pressure  dilatation  for  3D 
rapnl  contpression:  DNS  data  and  model  results. 

Our  conclusion  is  that  overall,  the  3D  rapid  compression 
of  isotropic  turbulence  is  a  relatively  simple  modeling  problem, 
however,  this  is  not  so  in  the  case  of  ID  compression.  Inspection 
of  the  Coleman  DNS  data  in  Figs  3  and  4  reveals  some  striking 
differences  between  3D  and  ID  compression  for  the  low  Mach 
number  case  A.  This  is  most  clearly  evident  in  the  DNS  data 
of  While  the  growth  of  pressure  fluctuations  agrees  again 
with  the  rapid  theory  for  Case  B,  it  is  seen  that  in  the  low  Mt 
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ca?c  A,  the  relative  growth  of  is  much  more  rapid.  By  the 
time  Aot  =  0.5,  the  amplification  of  p^  in  Case  A  is  by  the  order 
0(100)  larger  then  in  Case  B.  This  unexpected  behavior  can  be 
traced  to  the  pressure-dilatation  term  shown  for  ID  compression 
in  Fig.  6  Contrary  to  expectation,  IIrf/ci  grows  much  faster  in 
Case  A  (with  Mto  -  0.02  <<  1)  than  in  Case  B.  This  results  in 
an  unusually  high  energy  transfer  from  the  kinetic  to  prcssurc- 
fiuctuation  mode  and  thus  to  a  significant  loss  of  kinetic  energj' 
to  p-,  despite  turbulence  being  nearly  incompressible.  This  also 
explains  the  difrerence  in  the  kinetic  energy  evolutions  in  ID 
compression  as  indicated  by  the  DNS  data  in  Fig.  ,3. 

Attempting  to  model  this  phenomenon,  we  have  found  that 
the  isotropic  compression  model  for  11^  in  Eq.  (9)  is  entirely 
inadequate  since  it  docs  not  distinguish  between  isotropic  and 
anisotropic  (directional)  conipre.s.sioii.  Inspecting  the  conserva¬ 
tion  equation  for  pujj .  we  identified  a  new  miportant  term  which 
appears  to  be  responsible  for  strong  dilat.ition/vorticity  iiiterac- 
tioii.s  111  anisotropic  lompression  From  this  term's  form,  the 
following  contribution  to  IIj  wa.s  inferred  (see  Zeman  k  Cole¬ 
man  ( 199! )  for  details) 


=  (12) 

pa/, 

where  is  the  tr.ice-froe  deformation  tensor  defined  as  .S’,j  = 
i(f',  j  -f  Cj,,  -  |V  U^.j),  C4  is  an  adjustable  constant,  and 
p'  =  (p-)'''"  Note  that  the  contribuiion  (12)  is  nonzero  only 
if  the  ( oiiipression  is  anisotropic  (for  11)  compression  (5,^)'  = 
|(V  U)^)  A  preliminarj  value  of  the  free  constant  is  ca  = 
0  0001.  It  is  of  interest  to  note  that  an  analogous  term  of  the 
form  ~ Mr^ Ip^iW )'  has  also  been  suggested  by  Taiilbee 
k  VaiiOsdol  (1991).  However,  in  their  final  expression,  Taiilbee 
and  \’an0.sdol  retained  only  the  linear  term  in  V-U,  which  is 
similar  to  the  rapid  term  in  Eq  (9)  Similarly,  llorstman  (1987) 
proposed  a  closure  for  H,/  of  the  form  —A/  q'V  U  where  A/  is 
the  mean  local  Mach  number  (in  a  botind.ary  layer) 


Aot 

Fig.  (i.  Evolution  of  the  normalized  pressure  dilatation  for  ID 
rapid  compression;  DNS  data  and  model  results. 


The  DNS-model  comparisons  of  the  pressure  dilatation  and 
pressure  varmnee  in  ID  rapid  compression  aa-e  in  Figs.  6  and  7. 
It  is  seen  that  the  model  is  capable  of  replicating  the  important 
feature  of  ID  compression-  the  difference  m  the  kmetic-to  pr^ 
sure  energy  transfer  and  the  resulting  amplification  rate  of  p^ 
between  the  low  and  high  Mach  number  cases.  It  ran  be  shown 
that  without  the  anisotropic  rapid  term  (12),  the  predictions 
for  the  low  M,  case  A  would  be  virtually  identical  with  Case 
B,  hence  in  gross  error.  The  unique  effect  of  anisotropic  rapid 
compression  of  nearly  incompressible  turbulence  is  also  evident 
in  shock-produced  compression  of  turbulence  as  shown  in  the 
following  section.  In  conclusion,  in  ID  rapid  compression,  the 
quadratic  contribution  (in  V-U)  m  the  pressure  dilatation  II,,  is 
more  important  than  the  linear  one,  and  it  is  expected  to  be  so, 
for  example,  in  supersonic  compression  corner  flows. 


Fig.  7.  DNS-model  comparison  of  the  prcssiirc-variaiice  evolu¬ 
tion  for  ID  compression  with  the  anisotropic  pressure  dilatation 
mo-lol 


UESPON.se  of  TlliBULENCE  TO  A  PASSAGE  THROUGH 
SHOCKS 

Here,  wo  present  the  results  of  model  simulation  and  com¬ 
parison  with  the  DNS  data  of  Lee  (1991)  of  the  response  of 
initially  isotropic  turbulence  to  a  normal  shock.  To  simplify 
the  model  computations,  the  mean  shock  flow  is  prescribed  by 
the  Uankine-Hiigcniot  relations.  This  is  justified  as  long  as  the 
r  m.s  velocities  (u'  =  \/q^  13)  aie  small  compared  to  the  jump 
across  the  shock  AfA  typically  for  the  present  computations 
u'lAU  <  0  1  The  flow  is  inhomogeneous  m  and  .axisymmet- 
ric  about  the  direction  i  =  x,  normal  the  shock,  the  mean 
quantities  f'’i(ji).  p(ii),  and  p(xi)  are  known.  The  turbiiWnce 
equations  to  be  solved  are 

^  =  -2n?t/,.,  -  h.Jn  -  H?,  -  h,  -  n„)  -  i(r,n  -f  2pr),t 

Ut  /)  o  p 

~  -  ip,, «,  -((,  -  11  j)-  1(7',;,  -f  2,7ur),i  (13) 


Here,  the  operator  DjDt  =  Oigf^,  T,,\  =■  pu,ii;U,  are  the 
nonzero  third  moments  or  fluxes  in  the  i,  direction.  n°  are 
trace-free  pressure-strain  terms  of  the  same  form  as  in  incom- 
pre.ssible  turbulence,  these  contains  the  customary  slow  and 
r,apid  terms,  where  the  trace-free  mean  strain  tensor  S'j  must 
be  used.  Both  '■r.;.  and  11°  are  given  in  Zeman  (1990);  discus¬ 
sion  of  the  pressure  flux  puf  is  deferred  to  the  following  para¬ 
graph.  A  version  of  the  t,  equation  (m  ID)  required  to  solve 
(13)  is  described  m  Zeman  &  Coleman  (1991),  and  the  L  equa¬ 
tion  is  as  in  (11)  with  n  =  1.  A  new,  inhomogeneous  term  in 
Eq  (13)  is  the  so-called  acceleration  term:  the  product  of  the 
mean  pressure  gradient  j? ,  and  the  fluctuation  velocity  aver¬ 
age  «,  =  -p'ujp.  A  customary  approach  to  modeling  u,  has 
been  utilization  of  the  so-called  Strong  Reynolds  Analogy  (SRA) 
which  yields  il,  oc  -uJ/Cf,  According  to  the  DNS  data,  this  es¬ 
timate  is  of  wrong  sign  and  results  in  gross  errors  (gain  instead 
of  loss  of  kinetic  energy);  we.  strongly  suggest  that  the  applica¬ 
tion  of  SUA  be  avoided  in  modeling  turbulent  boundary  layers 
in  the  presence  ol  shocks  A  more  appropriate  approach  is  to 
use  a  model  rale  equation  for  the  mass  flux  pfu,i 


Dp'u, 

Dt 


-  U,Uj  p,;  -  p'UjU,,;. 


(14) 


The  first  term  on  the  RIIS  of  (14)  is  a  relaxation  term,  which 
drives  the  mass  flux  to  zero  (after  the  shock)  on  the  feist  acoustic 
timescale  in  accordance  with  the  DNS  daia.  Eq.(14)  yields, 
within  the  shock,  p'ti,  <  0,  i  e  the  acceleration  term  in  (13) 
dampens  turbulence  as  expected  by  the  Rayleigh-Taylor  analogy. 
Application  of  the  SRA  yields  an  opposite  (destabilizing)  effect, 
which  is  tinpliysical. 
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Modeling  the  pressure  flux  puT  is  not  straightforward.  It 
would  appear  that  in  the  incompressible  limit  Mt  0,  pin 
sliould  be  negligible;  however,  in  the  vicinity  of  the  shock,-  this 
is  not  so  It  may  be  more  appropriate  to  utilize  the  observed  fact 
that  the  fluctuations  of  density  and  temperature  are  positively 
correlated  (as  opposed  to  SKA)  so  that 

pu;  =  Cfp'xi,d\  .(15) 

where  the  mass  flux  /TtiT  can  be  determined  from  (15)'.  For 
the  strictly  adiabatic  relation  Vjf  =  (7  -  1)/>7p.  constant 
Cp  =  1.0.  Note  that  according  to  (15),  the  divergence  (p«i).i 
needed  in  (13)  contains  terms  that  would  reduce  the  magnitude 
of  the  acceleration  term. 

I'lie  principal  purpose  of  the  preliminary  computations  pre¬ 
sented  next  IS  to  test  the  effect  of  the  pressure  dilatation  and  ac¬ 
celeration  terms  on  the  occrall  (modeled)  response  of  turbulence 
to  the  shock  and  comparison  with  the  DNS  re.sults.  For  simplic- 
itv  we  neglected  the  total  energv'  flux  divergence  in  (13).  This 
IS  not  entirely  justified  since  the  flux  divergence  is  expected  to 
yield  energy  gam,  this  gain  is,  however,  of  order  0{M,)  smaller 
than  the  remaining  t'-rins  in  (13). 

'1  he  simulated  flow  is  decaying  isotropic  turbulence  subjected 
to  compression  through  a  normal  shock  with  the  upstream  Mach 
number  Afi  =  1.18  with  the  density  (and  velocity)  ratio  = 
1  31.  The  r  m  s  Mach  number  immediatel)  oeVre  the  shock  is 
=  0.13,  hence  the  initial  compressibilitv -induced  effects  .are 
relaticeh  small  The  results,  using  the  modeling  equations  (13). 
(11),  and  (15),  arc  presented  in  Figs  8,  d.  aim  10.  We  rent, ark 
that  since  the  shock  profiles  of  mean  quantities  <are  prescribed.- 
the  model  n  unable  to  reproduce  the  extremely  high  fluctuations 
le>eK  associated  with  the  shock  motion  These  lluctiiatioiis  are 
pas.sive  and  .affect  little  the  turbiilerue  response  to  the  shock 


Fig.  8  Response  of  turbulence  kinetic  energy  to  the  passage 
through  normal  shock:  comparison  of  node!  prediction  with 
DNS  data  of  Lee  (1991).  Model  1:  with  C4  =  0.0004  in  Eq. 
(12);.  Model  11.  ca  =  0.0 


Fig  9  Response  of  pressure  variance,  otherwise  the  same  as 
Fig.  8. 


Fig.  10  Response  of  the  strcamwise  component  of  kinetic  en- 
ergy  (Uj),  otherwise  the  same  as  Fig  8,  except  Model  III  (see 
text) 


Here,.  Model  1  represents  a  base  model  with  the  acceleration 
term  included  and  modeled  with  the  aid  of  Eq.  (i4)  The  pres¬ 
sure  dilatation  model  consists  of  Eq.  (9)  and  the  anisotropic 
contribution  11^  in  (12).  Model  II  results  show  the  effect  of  ne¬ 
glecting  IIj ,  and  .Model  III  (only  in  Fig.  10)  is  the  base  model 
where  the  mass  flux  iii  =  -p'u./p  in  the  acceleration  term  in 

(13)  IS  evaluated  according  to  SRA,- i.c.,  iii  =  T'u\lT.  Since 
the  heat  flux  T’u^  (computed  from  an  equation  .analogous  to 

(14) )  IS  neg.ative,  the  acceleration  term  provides,  in  this  ca-se,  a 
Large  g.ain  in  the  tt]  budget.  According  to  Fig.  10,  Model  III 
overpredicts  the  iij  amplification  through  the  shock  by  about 
200%  We  emphasize  that  the  model  results  presented  here  are 
only  tentative  .and  serve  to  point  out  the  relative  importance  of 
various  merh.anisms  m  the  shock/tiirbulence  interactions.  The 
detailed  work  on  this  problem  is  in  progress 

sidimary 

'I'he  subject  of  the  presented  work  has  been  investigation  of 
the  pres.siiie-diliitation  interactions  in  shear-driven  and  r.apidly 
compres.sed  turbulence  The  principal  finding  is  that  turbu¬ 
lence  subjected  to  rapid  directional  (anisotropic)  compression 
produces  high  negative  values  of  the  pressure-dilatation  corre- 
l.atioii.  which  in  turn  leads  to  a  considerable  transfer  (loss)  of 
turbulent  kinetic  energy  to  pressure  fluctuations  This  trans¬ 
fer  mechanism  has  been  found  to  be  important  even  in  nearly 
incompressible  turbulence  and  is  expected  to  be  of  importance 
in  flows  of  practical  interest  such  as  internal  combustion  engine 
and  turbulonce/shork  interactions 

A  new  model  for  the  pre.ssuro-dilat,ation  term  has  been  pro¬ 
posed  to  account  for  this  r.apid  compression  effects.  Preliminary 
modeling  results  indicate  that  a  significant  kinetic  energy  losses 
to  pressure  fluctuations  may  occur  in  the  shock/turbulence  in¬ 
teractions. 

REFERENCES 

AUPOIX,  II  ,  3LAISDELL,  G  A.,-  REYNOLDS.  W.  C.  &  ZE- 
.MAN  0  1990  Modeling  the  turbulent  kinetic  energy  equation 
for  compressible,  homogeneous  turbulence,  in  Proceedings  of  the 
1990  -Summer  Program,  GTR,  S'anford  University. 

flLAISDBLL,  G.  A.,  1990,  Numencal  simulations  of  compress¬ 
ible  homogeneous  turbulence,  Ph  D.  Thesis,  Mechanical  Engi¬ 
neering  Dept.,  Stanford  University. 

COLEMAN,  G.  N  &MANSOUR,  N  N  1991  Direct  simulations 
of  homogeneous  compressible  turbulence  under  Isotropic  mean 
compression,  in  these  proceedings. 

HORSTMAN,  C  C.  1987  Prediction  of  hypersonic  shock-wave/ 
turbiilcnt-boundary-layer  interaction,  AIAA  Paper  87-1367. 


21-4-5 


LEE.  S  1991,  personal  communication. 

LEE.  S  ,  LELE.  S.  &  MOIN  P  1991  Eddy  shocklets  in  decaying 
compressible  turbulence,  Phys.  Fluids  A  3,  657. 

P.-VPAMOSCHOL.  D  &  ROSHKO.  A.  19S8  The  compressible 
turbulent  shear  layer  an  e\perimental  study,  .1.  Fluid  Mech. 
197,  -1.53 

SAMIMV,  .M  ELLIOTT,  G  S  1990  The  effects  of  compress¬ 
ibility  on  the  characteristics  of  free  shear  layers,  AIAA  J  28, 
129. ' 

TAlM.li  1).  &  VANOSDOL,  J  1991  Modeling  turbulent  com¬ 
pressible  flows  the  mass  fluctuating  velocity  and  square  density. 
.•vIA.\  paper  91-0521. 

ZE.MAN.  0  1990  Dilatation  dissipation  The  concept  and  ap¬ 
plication  in  modeling  compressible  ini.xing  layers,  Phys  Fluids 
A  2.  178. 

ZEM  'N,  0  1991  On  the  decay  of  compressible  isotropic  turbu¬ 
lence,  Phys.  Fluids  A  3 

ZL.vl.AN,  0  1991a  Toward  a  constitutive  relation  in  compress 
ible  turbulenc* ,  in  Proceedings  of  John  Lumlcy’s  COth  Birthday 
Symposium,  1990. 

ZE.M.VN.O  fc  oo.AISDELL,  G  A  1990  New  physics  and  mod¬ 
els  for  compressible  turbulence,  in  Advances  in  T,irbulcnce  3. 
eds  .\  Johansson  II  P  Alfrcdsson,- Springer- Verlag,  1991 

ZEMA.N.  0  iL  COLL  V.\,  G  N  1991  Rapidly  compressed 
turbulence  in  one  and  three  dimensions,  simulations,  physics, 
and  mod  'ing,  m  preparation 


21-4-6 


21-5 


IJGirm  SViMI’OSll M  ON 
IllK'IMH.ENI  SHEAR  EEOWS 
Tecimicai  University  of  Munich 
September  9-11,  I99| 

Effect  of  Mach  number  on  Communication  between 
Regions  of  a  Shear  Layer 


Dimitri  Papamoschou 

Department  of  Mechanical  and  Aerospace  Engineering 
University  of  California,  Irvine,  CA  92717,.  USA 


ABSTRACT 

.■\  J)h\hical  inteiprotatioii  of  tiu'  stabilizing  effctl  of  Marli 
mimbci  on  free  shear  flous  is  offered  The  effect  of  Mach 
number  on  communication  between  regions  of  a  sliear  layer 
acidiessed  and  qiiantined  in  the  limit  of  geometiK  acoustics 
rile  sound  einitUxl  by  a  liigh-frcqiieiKV  acoustic  soune,  lo¬ 
cated  inside  asbeai  layei,  is  studied  Tlie generalized  Snell '.s 
law  19  used  to  eonstiuct  acoustic  rays  which  aie  shown  to 
be  highlN  distorted  because  of  the  .Nfach-niimbcr  gradient. 
Soiind-infensiti  calc  illations  tcve.il  that  the  influence  of  the 
source  on  the  .surrounding  medium  tiecoines  confined  to  a 
.smaller  and  smaller  area  as  the  .Mach  nnnibei  incieases  It  is 
proposed  tiiat  the  iniiibitcd  communication  among  regions 
of  the  flow  field  is  a  fnndament<il  reason  for  the  inheicnit 
stability  of  compressible  shear  flows 

INTRODUCTION 

i’eihaps  the;  must  characteristic  effect  of  Macli  nmnbei 
on  free  shear  flows  is  that  it  snpptesses  tlieir  growth  and  in¬ 
stability  Landau  (Ul-M)  fust  showexi  that  the  vortex  shec;l 
becomes  stable  when  the  relative  Mach  minibci  c'xcecxls  a 
critical  value  (\/2  for  the  equal-density  case)  Early  linear 
anal>sps  (Lin  1953.  Gropengiesser  1970)  and  single-stream 
experiments  (Sineix  &  Solignac  1968)  found  that  the  growth 
rates  of  compressible,  fimte-tliickness  shear  layers,  decrease 
sliarply  with  increasing  Mach  number  Recent  linear  analy- 
.ses  (Ragal)  &  M'u  1988,  Zhuang  et.al  1988),  computations 
fSandham  k  Reynolds  1989)  and  two-stream  experiments 
(Chinzci  et  al  1986,  Papatuosihou  k  Roshko  1988)  ce  -r- 
ing  ?  larger  range  of  conditions,  fonlinned  the  abene  liciids 
The  experiments,  in  particular,  showed  that  at  high  Mach 
numbers  the  turbulent  shear-layer  growth  late  decre.ises  to 
.ns  little  as  one  fifth  of  the  incompressible  xahie  D<-spite 
rc'cent  significant  gams  in  the  conipic;ssible  turbulence  lield,. 
a  physical  explanation  of  the  ba.sic  mechamsm  by  which 
c oinpiessibility  ;eciiicc;s  the  growth  rate  is  not  yet  wc-ll  i;s- 
lablishci 

While  compressible  shear  flows  geneially  contcam  den¬ 
sity  gradients,  density  elfecls  alone  are  not  responsible  for 
the  large  reduction  in  growth  rates  Brown  and  Roshko 
( lOTct)  showed  that  the  growth  rale  of  the  subsonic ,  variable- 
density  shear  layer  changed  only  by  about  50%  when  the 
density  ratio  was  varicxi  by  a  factor  of  .50.  Tlic;re  is,  tliere- 
fore  a  large*  effect  a99neiated  "'ith  the  .M.ach.  number  ds.  If 
■Morkovin  (1987)  stresses  iliat  upstream  and  cross-flow  coni- 
municaticin  's  essential  for  instabilities  at  fupcr.ionie  and 
hypersonic  speeds  .'lis  point  ii  primarily  based  on  Mack’s 
(198'f)  linear  stai  .hty  analysis,  where  it  is  shcAvn  that  the 
most  misc,ahle  waves  are  those  whose  phase*  spec*(i  is  subsonie 
relative*  to  the*  lrc*e-  frc*am  velocity. 


in  abstract  lei  ms,  we  may  atlubute  the  flow  stabil¬ 
ity  to  the  hmdiaiice  of  communication  among  parts  of  the 
shc*ar  flow  caused  by  the  Mach  mimher  .Morkovin  sug¬ 
gests  the  e.xisleuce  of  zones  of  influence,  defined  by  Mach 
cones,  outside  which  a  distmbanco  is  not  felt  Bieiden- 
(iiai  s  (1990)  cotiipiessible-Uirbiileiicc  model  is  based  on  the 
assim’plioii  that  tiiibnlent  i;delics  wlu5sc*  rotational  Mach 
mimher  is  gieatci  than  unity  do  not  paiticipale  m  lliiid 
cnlramment,  while  those  with  rotational  .Macli  number  of 
■mily  or  less  engulf  fluid  like  mctompiessible  eddies  The 
niixnig-lc*iigtl;  model  of  Kim  (1990)  for  a  siipei.«onic  shear 
layer  a.ssiimes  tliat  disturbances  do  not  pcnetiate  outside  a 
region  bounded  by  rcliitive  some  velocities 

1  he  above  models  are  useful  bee, .use  they  capture  the 
o.sscntial  iiatiiie  of  snpeisomc  flow  However,  they  are  in- 
co.mplcto  m  the  following  sense,  first,  Iheie  is  strong  ex¬ 
perimental  and  theoretical  evidence  (see  references  above) 
tlnat  stabilization  starts  at  low  values  of  the  Mach  mimbe'* 
where  lelativesome  velocities  cannot  be  defined,  second,  the 
fact  that  the  relative  velocity  is  greater  than  sonic  does  not 
prove  that  mfoimation  will  not  propagate  outside  the  region 
bounded  by  that  velocity  We  must  be  lemindcd  that,  in  a 
shear  laver,  we  are  dealing  with  a  snioothly-vaiying  velocity 
piofile  rradilional  example's  that  illustrate  lark  of  com..iu- 
niiation  in  supeisonic  flow,  such  <i,s  a  supeisonic  , airplane 
appioaching  an  obseivcr  on  the  ground,  can  be  used  here 
only  in  a  heunsi  ic  sense 

The  present  sliiov  attempts  to  addiess  the  eflect  of  .Mach 
number  on  propagation  of  irifoimatioii  in  a  shear  layer  with 
smoollily  varying  velocity  profile  in  a  more  quantitative,  al¬ 
beit  still  'deahzed.  manner  it  should  be  stated  .at  the  out¬ 
set  that  sound  piopagation  m  the  presence  of  M<ach-number 
giadients  has  been  the  topic  of  nunoroiis  studies,  .some  ref¬ 
erenced  later  The  intent  of  this  p,aj)cr  is  not  to  add  to  the 
existing  theory,  but  rather  to  use  that  theory  to  underst.anri 
and  quantify  the  hindian''e  of  communication  cainsed  by  the 
Mach  iiumhei  m  a  shear  Layer,  m  a  niarmei  that  may  help 
further  refinei  cut  of  rompre.ssible-turhiilenre  models  Ge¬ 
ometric  acoustics  theory  is  used  because  of  its  relative  sim¬ 
plicity  and  capability  to  produce  a  '‘picture”  of  the  sound 
lield  l)v  ray  tracing 

GEOMETRIC  ACOUSTICS  THEORV 

At  high  Mach  numbers,  the  .acoustic  wave  length  of  the* 
cion. inant  instability  is  similar  to  or  smaller  than  the  cliar- 
aeteristic  thickness  of  the  shc'ar  layer.  Euithr.  eLaboralioii 
on  this  topic  can  be  fouiicl  in  the  discussion  section.  It  is 
thus  pos.sible  that  gc;ometrir  acoustics,  and  tlio  related  ray 
theory,  could  he  a  re<a.sonah!c  approximation  for  studying 
sound  propagation  in  a  compressible;  shear  layer,  at  lc;ast  for 
obtaining  qualit.aiive  Ireacis  The  .approximatir  *  improvc.s 
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as  the  acouslic  wavelengtli  becomes  much  smaller  than  the 
characteristic  thickness  of  the  refractive-index  gradient  (a 
generalized  definition  of  sound  refrac  ive  index  in  a  moving 
medium  is  presented  later). 

The  study  of  geometric  acoustics  in  a  moving  medium 
has  been  extensive,  so  here  we  mention  only  a  few  selected 
works,  d’hc  subject  wa,s  first  addressed  by  Lord  R.ayleigh 
(1915)  who  presented  tlie  basic  principles  behind  sound  prop¬ 
agation  in  wind  shear  and  used  simple  arguments  to  ex¬ 
panded  Snell's  law  to  include  velocity  gradients  The  funda- 
ment.d  wave  and  energy  equations  were  formally  established 
by  Blockhintzev  (191G)  whose  “energy  invariance”  law  al¬ 
lows  calculation  of  acoustic  intensity  once  the  lay  paths  are 
known  Hayes  (196S)  developed  concise  equations  for  ray 
geometry  and  acoustic  energy  in  a  three-dimensional  envi- 
loi.mcnt  and  showed  that  these  equations  hold  even  when 
the  moving  medium  is  unsteady,  in  the  lincaiized  sense 

Ray  const luction  has  been  a  popular  method  for  obtain¬ 
ing  an  overall  view  of  the  aeoustic  i'eld  and  for  calculating 
acoustic  intensity  Some  of  the  early  ray  constructions  were 
performed  by  Kornhauser  (1953),  who  considered  the  prob¬ 
lem  of  a  source  in  a  linear  velocity  gi.idient  More  recently, 
ray  construction  has  been  used  for  calculating  the  acous¬ 
tic  field  m  ducts  containing  sheai  (lows  (Grimm  &  Hurst 
1979).  as  well  as  sound  propagation  .tnd  caustic  formation 
in  a  boundary  iayei  (Kriegsmann  &  Pciss  1983) 

Heic  we  will  examine  the  sound  find  geneiated  by  a 
source  in  a  shear  layer  a.s  monitored  b\  an  ob.server  moving 
with  tlie  fluid,  with  emphasis  on  the  effect  of  .M.-ich  ni.nibcr 
on  r.ay  distortion  and  the  re.sultmg  acoustic  intensity  dis¬ 
tribution  \Vc  consider  a  parallel  shear  layer  with  velocity 
dependent  only  on  the  transverse  coordinate  y.  and  examine 
how  an  acoustic  source  inside  the  shear  layer  is  felt  m  the 
surrounding  flow  field  To  facilitate  the  analysis,  we  place 
ourselves  in  the  frame  of  reference  moving  with  the  local 
flow  velocity  This  transformation  is  depicted  in  Fig.  1. 


The  frame  on  vhich  we  are  stationary  is  locab’d  on  the 
plane  y  =  0  whidi,  for  the  purposes  of  this  paper,  will  act 
;is  the  “receiver”  plane  From  this  plane,  we  see  a  velocity 
distribution  U(y)  'I  lie  acoustic  source  is  taken  to  be  fixed 
relative  to  the  loceiver  and  is  located  at  (0,  j/i)  On  the 
„K„„  _  „  (i,„  I’  'rr,«  (i„. 


^  —  ^1,  V,.,-  ..J  1  V/,  V..V 

shear  layer  are  defined  by  the  velocities  and  t/_«>.  We 
will  restrict  outsclves  to  a  two-dimensional  problem  where 
all  interactions  occur  on  the  x  -  y  plane  We  are  interested 
in  the  geometry  of  the  ray  that  connects  point  (0,  y\)  on 
the  .source  plane  with  point  (tq,  0)  on  the  receiver  plane 
(h'lg  2)  The  group  vch  city,  V,  consists  of  the  geometric 
sum  of  the  local  velocity  vector  and  the  local  speed-of  sound 


vector.  The  speed-of-sound  vector  is  inclined  at  the  wave- 
normal  angle  0  with  respect  to  the  vertical. 


Loid  Rayleigh  (1945)  postulated  that  the  velocity  of  the 
trace  of  an  acoustic  wave  front  on  an  interface  between  gases 
of  slightly-differcnt  velocities  is  constant  and  arrived  at  at 
the  following  relation  between  U,  a,  and  0: 

=  FTc 

where  C  is  a  constant.  This  relation  has  been  verified  by 
more  ligorous  treatments  of  ray  theory,  such  as  the  work  of 
Hayes  (19(18) 


Relating  the  constant  C  in  Eq.(l)  to  the  conditions  Ui, 
'll  and  0i  at  the  ray  origin  (0,yj),  we  obtain  the  following 
foim  of  Eq  (!)• 


sind  =  sindi 


a 

at  +  (U  -  f7i)sindi 


(2) 


which  can  be  seen  as  Snell’s  law  of  refraction  generalized  to 
,c  moving  medium 


RAY  CONSTRUCTION 


Given  the  conditions  at  the  ray  origin  (I/,,  ai,  Ot)  and 
the  velocity  and  speed-of-sound  distributions,  construction 
of  the  rays  is  now  possible  .since  0  is  known  from  Eq.(2).  The 
differential  equations  for  the  rays  tlx/xi  =  U  -  asiiiO  and 
dy/^t  —  -acosO  were  integrated  using  a  4‘^-order  Runge- 
Kiitta  method  with  variable  time  step.  Computations  were 
perfoiined  an  a  personal  .M’-386  computer.  The  ray  con¬ 
structions  shown  here  correspond  to  n=con.stant  and  U{y) 
dexribcd  by  a  hyperbolic-tangent  profile  of  the  form 

L’{y)  --  A  +  B  tanli(ay  -(-  /?) 

4  =  t-Ves.  - 
2 

H  (3) 

P  =  .anh-  (I) 


The  velocity  profile  is  such  that  yi  =  l  (t.c  ,  the  distance 
between  source  and  receiver  plane  stay.s  constant)  for  all 
prescribed  values  of  i', ,  and 

Ail  rays  originate  at  (0,  yi),  and  tlie  receiv'd  (zero- 
velocity)  plane  is  at  y  =  0  The  Mach  luiniber  at  the  ray 
origin  is  Mi  =  Ui/a.  The  frec-stream  velocity  above  the 
ray  origin  is  and  that  below  the  receiver  plane  is 
defined  positive.  If  the  ray  origin  and  receiver  are  chosen 
to  be  at  the  edges  of  the  shear  layer,  then  =  f/i  and 
f/_oo  =  0.  In  the  [iresent  constructions,  -  1  5f/|  and 

lL^  =  or>u,. 
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Fig.  3  shows  the  ray  paths  for  A/i=0,  0.5,  1  0,  and  2.0 
The  rays  correspond  to  0^  ranging  from  0  to  300'^  in  12“  in- 
cienients  For  Mi=0,  the  rays  are  straight,  since  no  gradi¬ 
ents  are  present.  As  Mi  increases,  the  rays  get  progiessively 
more  distorted  In  the  cases  with  Mi  >  1,  certain  rays  that 
are  originally  directed  away  from  the  receiver  plane  get  re¬ 
flected  from  the  uppei  flow  region  and  eventuallv  cross  the 
receiver  plane.  Although  not  included  on  the  figure,  some 
rays  that  cross  the  receiver  piano  get  reflected  from  the  lower 
flow  legion  and  cross  the  receiver  plane  once  more. 

Knowing  the  geometrv  of  the  ray  paths  we  can  also  con¬ 
struct  the  wave  fronts,  shown  in  Fig.  4.  The  time  interval 
between  wave  fronts  is  0.5,  with  a  =  1  and  y,  =  1.  As  ex¬ 
pected,.  the  wave  fronts  also  become  distorted  as  the  Mach 
mimhcr  increases  The  wave-fiont  geometries  for  the  Mi=2 
case  are  particularly  intciesting  as  they  illustrate  that,  even 
though  the  velocity  at  the  source  is  supersonic,  the  signal 
eventually  piopagates  upstream  of  the  souice  This  is  due  to 
the  lay  reflections  from  the  lowei  flow  region,  as  illustrated 
m  Fig  7. 

ACOUSTIC  INTENSITY  DISTRIBUTION 

Of  interest  now  is  to  find  the  sound  iiiteiisitj  icteived 
by  point  (j,0)  from  an  acoustic  source  at  (O.yi).  The  sound 
intensity  is  commonly  defined  as  I  ^  wlieio  is 

the  acoii.itic  pressure  Hiiciuation  and  p  the  den.sitv  of  the 
medium  .\  fundamental  energe -coiisercation  law  m  incoiii- 
pressiblc  geometric  acoustics  is  that  the  product  of  intensitj 
and  nj-tiibe  area  icniains  constant.  For  the  comprc’ssible 
rase,  the  comercation  law  for  /.  cleiivecl  by  lIKc  khmtzev 
(1916)  and  by  Hayes  (I9GS),  is  of  the  form 
I  <l  An 


(P 


=  constant 


(•1) 


where  A„  is  the  ra>-tube  area,  dcfmecl  by  the  inteisection 
of  adjacent  rays  with  wave  fronts,  and  Q  =  ^/(!  —  AfsinP) 
the  sound  frecjuency  heard  by  an  observer  moving  with  the 
meduiiii,  with  u  the  freciiiency  of  the  acoustic  source  Note 
that  the  expression  in  Eej  (4)  cannot  be  evaluated  at  the 
source  Rather,  an  assumption  must  be  made  as  to  the 
value  of  the  acoustic  energy  flux  /nzl„/fH  conserved  within 
each  rav  tube 


energy  invariance  of  Eq.(4)  becomes 
/  U  An 


SdOi 


On  die  receiver  plane,  where  M  =  0,  the  wave  fionts  are 
perpendicular  to  the  rays  This  gives  A„(,t,0)  =  dx  ecsOg, 
where  dx  is  the  “footprint”  of  the  ray  tube  on  the  .r-axis  and 
Oo  the  angle  at  which  it  crosses  the  x-axis  (Fig  5).  Also, 
we  note  that  n(x.O)  =  lo—constant,  since  M(x,0)=0  For 
a  =  ai=constant,  the  intensity  on  the  x-axis  is 


/(x)  = 


dOi 

a  I  dx  cosOo 


In  this  paper,  we  will  be  compaiing  intensity  distiibutions 
crc.ated  by  a  source  with  constant  £  and  tv,  hence  the  first 
fraction  on  the  right-hand  side  will  remain  constant.  For 
the  sake  of  simplicity,  and  without  losing  any  information 
on  the  Mach-number  effect,  we  set  tv^F/ai  =  1  and  obtain 


I{x)  =  cosdo 


dx 

dfi 


(5) 


The  derivative  dxjdOi  was  computed  by  numerical  integra¬ 
tion  (4'*-order  Rungc  Kulta)  of  the  relation  dx  —  [U  - 
acos0)dt,  in  connection  with  Eq  (2) 

Computations  of  /(x)  were  carried  out  for  the  condi¬ 
tions  corresponding  to  the  lay  constructions  in  Fig  3,  The 
intensity  distributions  arc  shown  in  Fig  6,  where  it  is  ob¬ 
served  that  they  become  narrower  as  M,  mci eases  At  high 
Ml,  the  intensity  reaches  very  low  valuc.s  not  far  fiom  the 
souice  It  IS  instructive  to  connect  these  distributions  to  the 
ray  constructions  of  Fig  3  The  low  intensities  are  generally 
associated  with  rays  that  cross  the  t/  =  0  plane  after  refle.'t- 
ing  fiom  the  uppei  or  lower  flow  legions,  wHh  resulting  large 
rav-tiibe  areas 


Fig  6  Acoustic  intensity  distributions 


INTEGRATED  INTENSITY 


I’lg  5  Ray-tube  geometry 

To  define  a  ray  tube ,  we  consider  two  adjacent  rays  orig¬ 
inating  from  the  source  with  wave-normal  angles  d|  and 
0i  +  dOi,  as  shown  m  Fig.  5.  We  now  make  the  a-ssumption 
that  the  source  is  omnidirectional,  that  is,  the  energy  flux  is 
uniformly  distributed  with  0i  Consequently,  each  ray  tiilre 
contains  an  energy  flux  £d0i,  where  £  is  a  constant.  The 


The  intensity  distributions  of  Fig.  6  indicate  that,  as  the 
■Mach  number  at  the  source  location  increases,  communica¬ 
tion  between  the  source  and  the  receiver  plane  is  confined  to 
a  smallei  region.  To  make  quantitative  comparisons  among 
the  dificrent  distributions,  we  examine  the  integrated  inten¬ 
sity  along  x 

/+CO 

I(x)dx  (6) 

•OO 

where  h  can  be  seen  as  a  measure  of  the  total  acoustic 
energy  flux  received  on  the  y  =  0  plane.  From  Eq  (5),  we 
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have 


=  f 

J-O 


dO, 


-dx 


ih-u 


dOi 


iV 


-oc  COsOo  dx  Jot-lim  cosflo 
Note  that  the  integral  in  x  is  converted  to  an  integral  in  9 
The  relation  between  Oo  and  0i  is  known  through  Eq.(2) 


.  „  Qo  sin6li 

sinwo  —  r, 

fii  —  Ui  sinwi 


(8) 


thus  evaluation  of  the  integral  in  Eq.(7)  is  straight-forward 
once  the  limits  for  6i  are  determined.  To  find  these  limits, 
we  must  establish  the  range  of  0,  for  which  rays  actually 
cross  the  y  =  0  plane.  Obviously,  the  rays  that  do  not 
cross  the  receiver  plane  do  not  contribute  to  the  energy  flux 
received  Also,  attention  must  be  paid  to  winch  rays  cross 
the  receiver  plane  twice. 


Fig  7  Ray  reflections  from  shear- layei  bouiidaiios. 


The  sketch  of  Fig  7  helps  us  visualize  the  di.scussion 
that  follows  First,  we  note  that  no  reflections  can  occui 
in  the  uniform  free  stream  outside  the  layer  Therefore,  all 
reflections  will  occur  within  the  edges  of  the  shear  layer,  de¬ 
fined  by  the  velocities  U+x  and  (/_«•  We  now  examine  the 
raj  paths  as  flt  increases  from  -x  Let  On  be  the  value  of 
9t  corresponding  to  the  first  reflection  on  the  upper  bound¬ 
ary  (U  =  ff+oo,  a  =  a+x'  Sind  =  -1),  which  produces  the 
rightmost  ray  that  cros.scs  the  y  =  0  pLne  As  0i  increases 
beyond  On,,  the  rays  cross  the  receiver  plane  and  exit  to 
the  lower  free  stream  until  the  first  reflection  on  the  lower 
boundary  ((/  =  u  =  o-ooi  sind  =  -pl)  occurs  at 

the  value  di  =  On  For  dj  >  On,  all  rays  that  are  initially 
directed  downwards  get  reflected  upwards.  Consequently, 
they  cross  the  receiver  plane  twice,  until  the  reflection  oc¬ 
curs  above  y  =  0.  The  last  ray  crossing  the  receiver  plane 
(U  =  0,  a  =  do,  sindo  =  +1)  corresponds  to  di  =  Oij.  For 
>  On,  no  more  rays  cross  the  receiver  plane. 


.Since  the  conditions  under  which  rays  reflect  from  the 
boundaries  are  known,,  the  values  of  the  corresponding  dv’s 
are  readily  obtained  from  Eq.(2).  We  have. 


On 

On 

On 


-z  -f  .S’ln”' 


- - ] 

U  +  oo  d"  L+oo  ^1/ 


Sin 


'll 


.  -f  +  Ui 


and  Eq  (8)  becomes' 


(9) 


dO, 

cosdo 


jd0j_ 

cosdo 


(10) 


'File  last  integral  is  multiplied  by  two  because,  for  On  <  0,  < 
On,  tile  rays  cross  the  receiver  plane  twice,  hence  deliver 


their  energy  flux  'wice  If  the  receiver  is  chosen  to  be  located 
at  the  lower  edge  of  the  shear  layer,  then  On  =  di3  and  the 
last  integral  vanishes,  It  is  interesting  to  note  that  the  result 
given  by  Eq.(lO)  does  not  depend  on  the  specific  functions 
that  describe  U{y)  and  a(y)  but  only  on  the  free-stream, 
souice,  and  receiver  conditions 

Calculations  of  E  were  performed  for  constant  speed  of 
sound  and  for  the  following  free-stream  conditions: 

(a)  U+oo  =  U\,  U-co  =  0  (no  reflections); 

(b)  U+oo  =  1  5Uif  U-ao  =  0.517i  (moderate  reflections); 

(c)  !/+<»,  =  3f7i,  U-oo  =  2f7i(strong  reflections). 

The  integrated  intensity  E  is  plotted  versus  A/j  in  I'^ig.  8 
First,,  we  note  that  for  Mj=0,  E  =  cx>.  This  is  not  surpris¬ 
ing  as  we  realize  that  the  straight  rays  of  the  incompressible, 
uniform-density  case,  create  a  footprint  of  infinite  extent  on 
the  i-axis.  However,,  as  Mi  becomes  finite,  E  also  becomes 
finite  and  deci eases  with  increasing  Mi,  reaching  an  asymp¬ 
totic  value  at  high  Mi.  The  magnitude  of  E  is  higher  when 
ray  reflections  occur,  as  is  expected  from  Eq  (10) 


Fig  8  Integrated  intensity  versus  Mi  for 

(a)  no  ray  reflections; 

(b)  moderate  leflections; 

(c)  strong  reflections 


DISCUSSION 

'Fhe  intensity  curves  of  Fig.  G  warrant  some  discussion. 
Let  us  start  by  noting  that  sound  propagation  gets  altered 
significantly  even  at  low  values  of  the  Mach  numbei  This 
is  further  demonstrated  by  the  integrated  intensity  plots  of 
Fig  7  Hence  the  velocity  difference  need  not  be  sonic  or 
supersonic  for  the  Mach  number  effect  on  communication 
to  become  dominant 

If  we  were  located  at  the  same  streamwise  position  a.s 
the  source  (a:  =  0),  we  would  feel  a  gradual  loss  of  sound  in¬ 
tensity  as  the  Mach  number  at  the  source  location  increases, 
but  we  would  not  be  completely  cut  off  from  the  source  even 
at  high  Mach  numbers  At  Mi  =  1,  for  example,  the  inten¬ 
sity  loss  would  be  about  '10%.  The  A/j  =  1  case  represents 
communication  between  the  edges  and  the  center  of  a  re¬ 
gion  bounded  by  relative  sonic  velocities.  It  is  only  when 
Ml  >  2  that  communication  at  x  =  0  becomes  significantly 
restricted,  but  is  still  non-zero 

As  Ml  increases,  communication  is  inhibited  both  up¬ 
stream  and  downstream  of  the  source,  with  the  upstream 
communication  being  attenuated  fa.ster  with  distance  than 
the  downstream  communication.  'Fhis  may  provide  some 
physical  insight  into  the  cause  of  stability  at  high  Mach 
numbers.  .Since  communication  between  fluid  particles  is 
vital  for  the  onset  and  development  of  turbulent  interac- 
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tions  (perhaps  best  illustrated  in  shear-llovv  compulations 
using  vortex  methods),  lack  or  hindrance  of  communication 
will  lead  to  slower  responses  to  a  given  perturbation,  hence 
increased  stability 

The  present  study  has  been  restricted  to  constant  speed 
of  sound,  primarily  to  highlight  the  cffocts  of  Mach  number 
uncoupled  from  efle.'ts  of  density  variation  The  equations 
presented  here,  however,  are  general  enough  that  they  can 
be  applied  to  cases  with  speed-of-so,iiid  variation,  provided 
a  =  a(ij)  only 

The  central  question  is,  of  coutse,  how  applicable  are 
the  present  results  to  a  turbulent  compressible  shear  layei. 
In  icality,  the  flow  is  unsteady  and  the  disturbance  wave¬ 
lengths  may  not  be  short  enough  for  geometiic  acoustics 
to  be  valid.  However,  there  is  rea,son  to  believe  that  the 
underlying  assumptions  of  this  study,  I'c.  steady  How  and 
small  wavelength,  may  not  be  as  unrealistic  as  one  might 
initially  think  The  linear  stability  analysis  of  Mack  (198-1) 
has  shown  that,  at  high  .Mach  numbers,  the  most  unstable, 
highcr-mode  waves  occur  at  fiequencies  about  three  times 
those  of  the  first-mode  waves  Experiments  on  shear  layers 
by  Papamoschou  (1989)  have  indicated  that  the  large-scale 
tuibulent  structure  is  vciy  inactive  at  high  Mach  numbers: 
there  is  imperceptible  structure  rotation  and  no  evidence 
of  pairing  In  recent  schliercn  visualizations  of  supersonic 
shear  layers  at  very  high  Reynolds  numbeis  by  Hall  ct.a! 
(1991),  large-scale  structures  are  not  discernible  but  small- 
scale  turbulence  is  prevalent.  Thus,  there  is  increasing,  al¬ 
beit  prelimiiuuy,  evidence  that  small  scale  turbulence  may 
be  the  dommam  source  of  instability  at  high  Mach  numbers, 
which  would  be  in  line  with  the  small-wavelength  assump¬ 
tion  of  thus  study  Furthermore,  since  supersonic  shear  lay¬ 
ers  glow  so  slowly,  with  fluctuation  letcls  substantially  lowei 
than  HI  the  incompressible  case  (Saniimy  k  Elliot  1990), 
they  are  much  less  unstable  tlian  their  subsonic  counter¬ 
parts  .N'ote  that  Hayes  (1968)  has  shown  that  ray  theory  is 
still  valid  in  flow  with  small  unsteadiness. 

It  IS  hoped  that  the  above  findings  and  discussion  will  aid 
In  the  construction  of  more  refined  compressible  turbulence 
models  that  take  into  account  the  intricate  ways  in  which 
sound  can  propagate  in  a  shear  flow  at  high  Mach  numbers 
The  analysis  presented  licre  represents  a  first  step  towards 
that  goal,  and  in  the  future  needs  to  be  expanded  beyond 
the  restrictions  of  geometric  acoustics 

CONCLUSION 

Geometric  acoustics  theory  lia.s  been  applied  to  study 
the  effeit  of  .Mach  number  on  the  sound  field  ireated  by  a 
source  inside  a  two-dimensional  shear  layei  it  is  found  lli.at 
the  -Mach  number  severely  distorts  tiie  acoustic  rays,  ( re- 
ating  regions  where  little  signal  is  hear<l  .Sound-intensity 
distributions  on  a  streaiiiwi.se  plane  become  narrower  with 
increasing  .Mach  number,  indicating  a  diminishing  influence 
of  the  source  on  the  snrroiindirig  medium  'I'he  study  sug¬ 
gests  that  the  Mach  number  inhibits  acoustic  interactions  in 
the  shear  layer,  which  is  oflered  here  a,s  a  fundamental  ex¬ 
planation  for  the  stability  observerl  at  high  Mach  numbers 
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Abstract. 

The  mixing  model  based  on  pairwise  interaction  of  notional 
particles  in  scalar  space  is  analyzed  The  equations  for  the 
higher  normalized  moments  show  that  the  model  based  on 
uniform  probability  for  the  outcome  of  the  mixing  interac¬ 
tion  does  not  ajjproach  a  Gaussian  pdf  in  the  limit  of  decay¬ 
ing  or  maintained  turbulence  Flirtlier  analysis  of  the  mix¬ 
ing  model  generalized  to  conditional  pdfs  shows  that  mixing 
can  be  regarded  as  jump  process,  where  selected  notional 
particles  undergo  mixing  and  particles  not  selected  remain 
unaffected.  The  jump  rate  pdf  is  shown  to  depend  on  the 
pdf  Itself  reflecting  the  availability  of  mixing  partners  Fi¬ 
nally,  it  IS  shown  that  a  modification  of  the  pdf  describing 
the  amount  of  mixing  during  pairwise  interaction  leads  to 
a  mixing  model  which  is  governed  by  a  Fokker- Planck  type 
equation. 

1.0  Introduction. 


The  calculation  of  turbulent  flows  with  chemical  reactions 
based  on  pdf  methods  requires  a  closure  model  for  mixing. 
Two  approaches  have  been  developed  to  deal  with  this  aspect 
of  pdf  metnods.  First,  simplified  mechanisms  for  mixing  in 
a  turbulent  environment  were  proposed  and  their  statistical 
properties  lead  to  closure  models  (Dopazo  1975,1979,  Jan- 
icka  ct  al  1979,  Pope  1982,1985)  and  second,  mappings  were 
proposed  to  express  the  pdf  in  terms  of  a  Gau.".sian  and  the 
Jacobian  of  the  nonlinear  mapping  (Chen,Chen  and  Kraich- 
nan  1989)  Following  the  first  approach  a  class  of  closure 
models  based  on  the  notion  of  pairwise  interaction  will  be 
analyzed  It  will  be  shown  that  either  a  jump  process  or 
the  approximation  of  a  smooth  process  satisfying  a  Fokker- 
Planck  type  equation  results  depending  on  the  shape  of  a 
pdf  describing  the  degree  of  mixing 

The  pdf  transport  equation  for  the  set  of  I  thermo-  chem¬ 
ical  variables  can  be  given  for  high  Reynolds  numbers  in  the 
form  (sec  Kollmann,  1987) 


/  I  'r  '  if  11 

--IT  '■  “'^5x7  ^ 


I  I 


0^ 


(1) 


where  tlie  density-weighted  pdf  f\  is  defined  by 

r  _  c  {  .  .  _  {e\\ 

71  = - - /nv’ii'  (2) 


and  the  scalar  dissipation  rates  t,j  in  the  conditional  expec¬ 
tations  are  defined  by 

dto  dXa 


with  r,  =  F;  =  r  For  homogeneous  flows  without  chemical 
leaction  the  pdf  equation  describes  turbulent  mixing  at  a 
single  point 


2Il 

dt 


(  I 


--EE 

;=I  t=t 


d>p,d>^k 


(4) 


Any  closuie  model  for  the  mixing  process  described  by  (4) 
should  share  as  many  properties  as  possible  with  the  exact 
term  It  should  preserve  normalisation  and  mean  values  and 
decrease  variances  and  covariances.  The  pdf  should  remain 
nonnegative  and  should  not  spread  outside  the  domain  of  al¬ 
lowable  states  The  presently  available  models  for  the  mix¬ 
ing  process  in  the  pdf  equation  have  several  shortcomings 
(Pope,  1985  and  Chen  and  Kollmann,  1989)  The  develop¬ 
ment  of  improved  mixing  models  requires  careful  analysis  of 
the  physics  of  mixing  and  the  mathematical  properties  of  the 
corresponding  terms  in  the  equation  for  the  pdf.  The  case  of 
a  single  scalar  variable  will  be  considered  for  this  purpose. 

2.0  Moment  analysis  of  the  pair  interaction  model. 

The  class  of  mixing  models  to  be  considered  in  detail  is  given 
by 


\  at  /mix  T  Jo  Jo 

-/i(¥>)}  (8) 

The  properties  of  this  class  of  models  can  be  assessed  in 
terms  of  the  normalized  higher  moments 


{4-'2)5 


(9) 


In  particular  skewness  /rj  and  flatness  pi  will  be  considered. 
The  central  part  of  the  mixing  model  is  the  kernel  T.  It 
is  the  probability  that  the  interaction  of  a  material  point 
^  =  ip'  with  a  point  4'  =  <fi"  produces  the  values  4'  =  <p 
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and  ^  +  ip"  —  tfi  and  is  called  the  transition  probability 

T{p' ,p" ,p).  T  must  satisfy  the  requirements 

Tip',  p",  p)  =  Tip',  p",  p'  +  p"  -  p)  (10) 

Tip  ,p" ,p)  =  ()  for  p  (i[p' ,p"]  (11) 

and  T  is  pdf  with  respect  to  p 

dpT{p',p",p)  =  l  (12) 

Conditions  (10)-(12)  lead  to  a  class  of  transition  pdfs  con- 
stiucted  as  follows 

Tip',p",p)  =  GiQHip  ,p" ,p)  (13) 

wheie 

(,ip',p".  p)  S  rT~~ln  [y  -  +  V>")1  (14) 

IV’  “r  I 

and 

1. 0  otherwise. 

and  G  is  a  nonnegative  symmetric  function  defined  on  (—1,1) 
such  that  ^ 

J  ^  dCG(0  =  2  (IG) 

holds  If  G  =  1  is  chosen  the  ini.xing  model  of  Dopazo  (1979) 
and  Janicka  et  al.  (1979)  is  recovered  and  for  GiQ  =  2^((,‘) 
Cuii’s  (1963)  droplet  interaction  model  is  obtained  Tlie 

function  G(0  describes  the  extent  of  mixing  and  is  anal¬ 
ogous  to  the  pdf  A(a)  introduced  by  Pope  (1982)  for  the 
same  purpose  The  moment  equations  follow  from  (8)  by 
integration 

|(r)  =  ^{j„ -(<-")}  (17) 

where 

J„  =  /  dpp"  f  dp' 

Jo  Jo 

Hip',p",p]  (18) 

The  trijile  integral  can  be  expressed  in  terms  of  the  monients 
of  the  pdf  /  and  after  lengthy  inaniiuilations  the  following 
result  IS  obtained 


where  the  summation  i.s  earned  out  with  increincnt  two  (even 
terms  only).  MJ!  i.s  defined  by 


/  df" f(-f')f(9")GiC.ip' ,p" ,p)) 
Jo 


£ 

dt 
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(22) 

Inspection  of  the  right  hand  side  shows  that  no  moments  of 
order  higher  than  ri  appear.  An  easy  calculation  shows  that 
the  right  hand  side  of  (22)  for  n  <  1  is  indeed  zero,  hence 
are  normalisation  and  mean  value  preserved  in  time.  The 
equation  for  the  second  moment 

|(^'>  =  -g(2-m2)(('I'^)-(«')^)  (23) 

can  be  solved  analytically  for  given  G(C)  and  time  scale  r 
independent  of  The  solution  can  be  inserted  into  the 
equation  for  the  third  moment,  which  can  then  be  solved 
This  process  can  be  continued  up  to  the  nth  level  and  it 
becomes  clear  that  the  mixing  model  (8)  corresponds  to  mo¬ 
ment  equations  that  are  linear  with  time  dependent  coef¬ 
ficients  The  segregation  parameter  for  a  binary  mixture 
follows  from  (2)  ruid  (22) 

d  Cf 

=  ~47(2  -  'n2)aAB 


and  shows  that  decays  with  a  rate  determined  by  the 
time  scale  and  the  second  moment  of  the  transition  pdf 


The  earlier  analysis  of  Pope  (1982),  Kosaly  (1986)  and 
Kosaly  and  Givi  (1987)  showed  that  the  normalized  higher 
moments  of  even  order  diverge  and  that  the  skewness  (n  =  3) 
lemains  constant  if  the  time  scale  t  is  constant  Equation 
(22)  rcpioduces  these  results.  It  follows  from  (22)  and  (23) 
that 

Ot 


=  0 


(24) 


and 

-|^  =  ~(2-2m2-t-m,)(w+3).  (25) 

hold  It  follows  fiom  mj  <  1  and  mi  >  0  that  grows 
exponentially  for  coiistiuit  time  scale  r.  The  time  scale  t  is, 
however,  not  constant  in  homogeneous  turbulence  unless  it 
is  maintained  by  an  external  force  field.  If  r  =  Tot’"  with  an 
<-xponent  larger  than  unity,  then  the  iioiinahzcd  moments 
cease  to  grow  with  time  and  the  limiting  foim  of  the  pdf  de¬ 
pends  c.s.sentially  on  the  trmisition  pdf  The  measurements 
of  Cointc-Dellot  and  Corrsin  (1971)  show  that  the  time  -scale 
formed  with  the  kinetic  eiieigy  and  the  integral  length  scale 
has  an  exponent  m  =  1.025  in  their  grid  generated  turbu¬ 
lence.  The  normalized  moments  would  not  grow  over  all 
bounds  ill  this  flow. 


=  ED-irQ  ("  „  ^■) (<"’+’> ('J'"-'’-’)  (20) 

p=0  q=0  \i  /  \  H  / 

juici  G  possesses  finite  moments  of  even  order,  because 

/•l  rl 

J  ^  dCC^GiQ  <  j  ^  GiO  =  2  (21) 

holds.  The  moment  equations  are  then  given  by 


3.0  Analysis  of  the  mixing  model:  Jump  pioeess. 

The  integral  form  of  the  mixing  model  indicates  that  it  may 
be  regarded  as  jump  process.  This  is  in  fact  the  approxima¬ 
tion  u.sed  in  the  numerical  simulation,  where  only  a  randomly 
selected  subse*  of  notional  particles  takes  part  in  the  mix¬ 
ing  operation  and  the  rest  remains  unaffected,  i  he  analysis 
will  be  carried  out  in  two  steps:  First  the  pdf  equation  cor¬ 
responding  to  a  stochastic  differential  equation  containing 
the  increment  of  a  jump  process  will  be  derived.  This  is  a 
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fairly  standard  procedure  and  can  be  found  for  instance  in 
Gardiner  (1983,  ch.3.4).  Let  the  sde  be  given  by 

dY  =  -Adt  +  BidW  +  dJ  (26) 

where  d\V  denotes  the  increment  of  a  standard  Wiener  pro¬ 
cess 

{dW[t))  =  0 

and 

{dW{t)d\V{t  +  dt))  =  dt 

and  dJ  is  the  increment  of  tlie  jump  process  Tlie  pdf  equa¬ 
tion  IS  now  sought  for  the  conditional  pdf  /(!/,<|j/o,<o)  de¬ 
fined  by 

fiv-,  f\yoJo)(iy  —  Pi'oh{y  <  1  (0  ^  y+dy,l^(fo)  =  yo)  (27) 


together  with  its  normal  derivative  at  the  boundary  of  the 
range  of  values  of  Y  and  integrating  over  this  range.  Ex¬ 
ploiting  the  conditions  imposed  on  /  and  the  smoothness  of 
(?(y)  leads  to  the  equation  for  the  pdf  /  (see  Gardiner  1983). 
It  emerges  in  the  form 

-W^(:rly,<)/(y,t|r,<')!  (31) 

The  solution  is  determined  by  the  initial  condition 

f(y,t\z,i)  =  S{y-z)  (32) 

The  equation  for  the  single  point  pdf  f{y,t)  can  be  obtained 
without  difficulty  by  multiplication  of  (31)  and  (32)  with 
f{z,t')  and  integration  over  z.  The  resulting  pdf  equation  is 
identical  with  (31)  and  the  initial  condition  becomes 


where  to  <  t  must  hold  Several  conditions  are  now  imposed 
on  this  pdf  to  insure  that  the  equation  governing  its  temporal 
evolution  exists.  Let  e  >  0,  then  the  following  conditions 
must  hold  uniformly  in  y.z.t: 

lim  ^/(y,t -b  At|r,t)  =  l'F(y|r,t) /or  |y  -  ;|  >  «  (Cl) 
Al— 0  At 

im  /  dy{y  -  z)f{y,t  + /^t\z.t)  =  A(z,t)  +  0{t) 

,1-0  At  J 


lim 

Al 


(C2) 


Im  ~  /  dyiy-zff(yJ  +  ^t\z,t)  =  D{zJ)  +  0{() 

.t-0  At  J 

(C3) 


lim 

Al 


Iv-r|<f 


Conditions  (C  2)  and  (C  3)  must  also  hold  uniformly  with 
respect  to  e.  The  function  lE(y|z,f)  may  be  singular  but 
must  be  at  least  integrable  The  definition  (C  1)  implies 
that  lT(y|;,t)  describes  the  expected  rate  of  jumps  of  size 
|y  —  per  unit  time.  Integrating  W  over  all  possible  values 


/(y,<'),  =  /o(y) 

where  /o  denotes  the  given  initial  pdf.  Equation  (31)  is  the 
tool  for  the  analysis  of  the  mixing  model  (8).  We  note  that 
the  integral  model  (8)  can  be  recast  as 

/df{y,t\z,t’)\  ^ 

\  Ot  /mil 

/  dxf{x,t\z,t')-  [  dy"f{y",t\z,t')T{x,y",y) 

Jo  T  Jo 

--f{y.t\z,t')  (33) 

T 

because  the  derivation  of  the  mixing  model  can  be  carried 
out  for  the  conditional  pdf  f{y,t\z,i')  without  any  modi¬ 
fications.  Comparison  of  (33)  with  (31)  indicates  that  the 
definition 

W(y|T,t)  B-  f  dy"fiy\t\z,t')T{x,y‘',y)  (34) 

r  Jo 

puts  the  mixing  model  into  the  form  of  a  jump  process.  The 


for  the  jumps) 

property  to  check  is  the  existence  and  the  value  of  the  inte¬ 

00 

gral 

J  dyW(y\z,t)  =  R{z,t) 

-OO 

(28) 

f  dxW'lx\y,t)  =  -  f  dx  f  dy"f{y’',tlz,t')T{y.y",x) 
Jo  ^  Jo  Jo 

originating  at  the  value  Y(^t)  =  z.  The  conditions  (C.2) 
and  (C.3)  imply  furthermore  that  W  is  related  to  the  drift 

It  follows  at  once  from  (12)  that 

velocity  A  and  the  diffusivity  B  by 

[' dxW'{x\y,i)  =  -  (35) 

[  {y-z)\V{y\z,t)  =  A{z,t)  +  Oit) 

(29) 

Jo  ^ 

J 

holds  and  the  mixing  model  emerges  in  the  form 

and 

j  (y-zYV/{y\z,t}-^B{z,t]  +  0{e) 

(30) 

\  Ot  /  mtz  Jq 

\y-2\<e 

Finally,  it  should  be  noted  that  the  Lindebcrg  condition  (see 
Gardiner  (1983),  ch.3.4),  which  states  that  the  sample  paths 
of  the  stochastic  process  Y(t)  are  continuous  if  for  c  >  0 
W{y\z,t)  =  0  holds  with  probability  one,  allows  proper  in¬ 
terpretation  of  W.  It  follows  that  W  ^0  implies  indeed  sam¬ 
ple  paths  with  jumps.  The  transport  equation  for  /(y,<i^,f') 
can  be  obtained  by  multiplying  the  pdf  /  with  an  arbitrary, 
twice  continuously  differentiable  function  Q{y)  that  vanishes 


-f{y,t\z,t')\r{x\y,t)]  (36) 

equivalent  to  the  pdf  equation  for  jump  processes  {A  =  B  = 
0  in  (3r)).  The  probability  W*  for  jumps  from  x  to  y  per 
unit  time  for  the  mixing  model  depends  according  to  (34) 
on  the  probability  f(y",llz,l')  of  finding  an  element  with 
Y  =  y"  such  that  y  is  the  interval  (x,  y"j  and  the  probability 
T(x,y",  y)  for  the  interaction  of  x  with  y"  to  produce  an 
clement  with  K  =  y 
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4.0  Analysis  of  the  mixing  model:  Relation  to  the 
Fokker  -Planck  equation. 

The  pdf  equation  for  pure  mixing  was  shown  to  have  the  form 
of  a  master  equation  for  a  jump  process  (36).  It  is  instruc¬ 
tive  to  consider  the  limit  of  this  equation  for  the  jump  size 
approaching  zero.  It  is  known  that  jump  processes  can  ap¬ 
proximate  diffusion  processes  in  this  limit  (Gardiner  1983). 
The  investigation  of  the  mixing  model  for  the  limit  of  van¬ 
ishing  step  size  is  based  on  the  following  consideration  In 
each  time  step  all  the  notional  particles  repiesenting  an  ap¬ 
proximation  of  the  pdf  participate  in  the  mixing  step  and 
the  time  step  controls  the  amount  of  mixing.  It  follows  that 
a  new  parameter  e  measuring  the  amount  of  mixing  n.  ist 
be  introduced  into  the  mixing  model.  The  pdf  for  the  jump 
rate  is  modified  to  include  c 


lF(y|x, 

=  ^  1  ily"f{y",t\ 
^  Jo 

~M')T(x, 

Aj",y,() 

(37) 

via  the  transition  pdf  T 

T(x,v",y,f)  =  G{(,( 

)/f(x,y", 

y) 

(38) 

where 

fy 

1 

1 

III 

H 

-2(^  + 

y")] 

(39) 

denotes  the  centered  variable  defined  in  [-1,1]  and  H  is 
defined  by  (15)  The  shape  function  G  controls  the  tunount 
of  mixing  if  it  is  modified  to  allow  mixing  only  in  the  f- 
neighbourhood  of  the  states  bcfoie  mixing'  G((,c)  >  0  fot 
iy  e  [x,  j  -f  c]  U  [y"  -  e,!/"j  for  x  <  t/)  or  (y  6  [x  -  e,xj  U 
[y", !/''  4  e]  for  x  >  y)  and  G{C  f)  =  0  otherwise  Clearly,  if  e 
appioaches  zero  no  mixing  takes  place  and  if  e  =  l/2(x-f  y") 
the  original  model  is  lecovoied  The  analysis  is  now  carried 
out  with  the  shape  function  defined  by 

G{(,  e)  =  4-  1  -  c)  -f  (5(C  -  1  -  e))  (40) 

wheie  A  denotes  a  quantity  depending  on  «  only  Note 
that  this  definition  of  the  shape  function  gives  the  iiia.ximal 
amount  of  mixing  for  the  restricted  range  and  is  symmetric 
as  required  for  the  pair  exchange  model  The  jump  rate  pdt 
emerges  now  in  the  form 

>'>'(ylx)=  -{/i(i-y)  f  dy'  j^<>(C4-  1  -e) 
r  Jn  y 

4-/i(y-x)j^‘dy'^i(C-l-f)}  (41) 

where  h  denote.-,  tlic  unit  step  function  The  integral.s  can 
be  evaluated  and 

is  obtained.  The  two  integrals  constituting  the  mixing  model 
(36)  can  now  be  evaluated  if  the  pdf  /  is  analytic.  Taylor 
senes  expansion  for  c  1  (using  (1  —  l/2e)  *  =  1  4-  l/2e  — 
l/4c^  4-  0(e^))  leads  to 


which  is  expanded  to  third  order  leads  to 


=  /(!/)-^<'^~y)|^  +  gc^(x-y)^|i4-0(e^) 
A  similar  expansion  for 

leads  to  the  expansion  for  the  jump  rate  pdf 


lF(y|x,e)  = 

-  y)^jWy  -  -  y))  -  fiy)] 

-  2(2  -  y)|^(/!(y  -  s)  -  ft(x  -  y))]  +  G(e^)} 

(43) 

The  integrals  in  (36)  are  evaluated  over  the  interval  [0  ,  !■*■] 
to  preserve  the  normalization,  which  implies  that 

holds.  The  mixing  model  appears  now  in  the  form  of  a  power 
series  with  respect  to  e 

(9f{y,t\z,t')\  ^ 

\  dt  )  mtx 

fA  Idf 

dx/(x)(,i  -y)~  J  d'2'/(x)(x  -  y)) 

Of  /•*' 

"WJo 

dx/(x)l4-0(c“)}  (44) 

This  relation  shows  clearly  that  for  time  scales  of  the  or¬ 
der  £  a  Fokker-Planck-type  equation  results  foi  the  mixing 
model  wth  the  shape  function  modified  according  to  (40). 
It  follows  that  the  drift  term  reduces  the  variance  and  the 
interaction  of  a  notional  particle  with  a  randomly  selected 
mixing  partner  appears  as  random  Stirling  in  scalar  space 
Numerical  verification  of  this  result  is  presently  carried  out 

5.0  Conclusions. 

The  mixing  model  ba.sed  on  pairwise  interaction  of  notional 
particles  m  scalar  space  was  analyzed  The  dynamics  of 
higher  normalized  moments  shows  that  the  model  based  on 
uniform  probability  for  the  outcome  of  the  mixing  interac- 
tkui  does  not  approach  a  Gaussian  pdf  in  the  limit  of  dc 
c.aying  turbulence  The  normalized  moments  approacli  fi¬ 
nite  limit  values  if  the  mixing  time  scale  varies  according  to 
the  experimental  evidence  but  Gaussianity  is  not  recovered. 
The  analysis  of  the  mixing  model  cein  be  generalized  to  con¬ 
ditional  pdf”  and  it  follows  that  mixing  can  be  regarded  as 
jump  process,  where  selected  notional  particles  undergo  mix¬ 
ing  and  particles  not  selected  remain  unaffected.  The  jump 
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rate  pdf  was  shown  to  depend  on  the  pdf  itself  reflecting  the 
availability  of  mixing  partners.  Finally,  it  was  shown  that 
a  modification  of  the  pdf  describing  the  amount  of  mixing 
during  pairwise  interaction  leads  to  a  mixing  model  which 
is  governed  by  a  Fokker-Planck  type  equation.  The  mixing 
interaction  has  to  be  carried  out  with  a  time  scale  propor¬ 
tional  to  a  new  scale  e.  If  e  is  sufficiently  small  the  mixing 
model  ajipears  as  drift  and  diffusion  in  scalar  space. 
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ABSTRACT 

The  paper  describes  a  second  order  closure  model 
for  calculating  strongly  heated  turbulent  flows 
such  as  plumes,  and  turbulent  jet  diffusion  from 
flames  in  the  atmosphere.  In  such  flows,  the 
temperature  Dependent  density  variations  are  not 
negligible,  and  the  usual  Boussinesq  approximation 
IS  not  justified.  Therefore,  it  is  necessary  to  use 
mathematical  models  derived  from  the  variable 
density  flow  equations  without  such  restrictive 
simplifications.  The  model  presented  in  this  paper 
IS  based  on  a  formulation  arising  from  a  first 
order  series  expansion  on  the  relative  pressure 
fluctUutions  (Eq.  1),,  a  linearization  of  the 
thermal  variation  of  the  physical  properties  (p  et 
K)  (Eq.  2)  euid  a  new  analysis  of  the  dissipation 
mechanisms  for  compressible  fluids  . 

NOMENCUTURl'. 

B‘^  Expansion  effects  for  any  ab  correlation. 

Diffusion  for  any  ab  correlation. 

D  5  -  a 

—  =  —  *  U,  - —  Mean  material  derivative. 

Dt  at  J  axj 

E  Dissipation  rate  of  k  with  constant  dynamic 

viscosity. 

Eg  Dissipation  rate  of  9^/2  with  constant 

conductivity  coefficient. 

K  Thermal  diffusivity. 

Production  for  any  ab  correlation. 

P,  p  Mean  and  fluctuating  pres.sure. 

R  SR/n. 

S  constant  of  ideal  gas. 
m  molar  mass  of  the  gas. 

T,  0  Mean  and  fluctuating  temperature. 

.  U(  Mean  and  fluctuating  components  of 

velocity. 

u, Uj  Reynolds  stresses. 


u,0  Scalar  fluxes. 

Xj  Cartesian  space  coordinates. 

€  Dissipation  rate  of  ic. 

€g  Dissipation  rate  of  0^  /2. 

4>jj.<f>ig  Pressure-interaction  terms. 

K  Turbulent  kinetic  energy, 

p  Dynamic  viscosity. 

0^  Temperature  variance, 

p  Density. 

INTRODUCTION 

For  the  development  of  the  turbulence  statistical 
equations  for  flows  with  density  variations,,  two 
ways  of  decomposition  have  been  proposed:' 

-  Favre  (1965)  and  Chassaing  (1985)  proposed  a 
statistical  decomposition  named  mean  weighted 
averaging:  the  instantaneous  physical  variables  are 
split  as: 


Macroscopic 

non-zero  mean 

quantities 

randoir.  variable 

7  pt 

Ip  =  — 

p 

4/  =  <f  -  Vp 

-  Rey  (1985.  1990,  1991)  Investigated  another 
decomposition  of  the  density  variation  turbulence 
mechanisms,  using  the  classical  random  variable 
with  zero  mean  (Reynolds  decomposition).  The 
turbulent  processes  are  spHtted  as: 


isovolumetrlc  turbulence  mechanisms  change 
turbulence  mechanisms  by  volume  variations 


The  main  advantage  in  this  last  proposition, 
consists  in  the  ability  to  identify  in  this 
formulation  the  mechanisms  that  are  in 
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iiK'f.mpr’essiole  fluid  flows.  Particularly,  the 
classical  second  order  closures  (Launder  et  al, 
1985;  Lumley,  1983))  are  still  valid  for  the 
isovolumetric  turbulence  mechanisms.  Furthermore 
the  statistical  terms  interacting  with  volume 
variations  are  all  known  or  negligible. 

This  formulation  arises  from  a  first  order  series 
expansion  on  the  relative  pressure  fluctuation: 


Classical 
description 
as  for 

incompressible 

flows 

(Iv) 


turbulence 

isovolumetric  mechanisms 
jf  transport 


RX  turbulence 

—  isovolumetric  mechanisms 
P  of  molecular  diffusivity 


deviation  f 

turbulence 

,  \  - 

mechanisms  change 

(Vv)  1 

by  volume  variations 

(5) 


Then  the  statistical  process  applied  in  the 
equations  is  the  usual  Reynolds  averaging  approach. 
The  model  presented  in  this  paper  is  based  on 
olumetric  variations  given  by  Eq  (1)  and  the 
analysis  of  the  thermal  variations  of  the  physical 
properties  (viscosity  and  thermal  diffusivity) 
linearized  as  follow: 


T^is  formulation  is  valid  for  mean  quantities  U,or 
T  and  for  all  turbulent  correlations  (u^Uj.  e, 
U.e.  0^.,  €g,  UjUjU,,,  U,Uj0,  ...j. 


TURBULENCE  MQDEl.r.TNfi. 


p(T)  =  A(T  -  T,)  ;  J(:{T)  =  K;,*  B{T  -  TJ,  (2) 

where  the  subscript  0  refers  to  reference  values. 


The  statistical  second  moment  transport  equations 
are  derived  using  the  volumetric  variation 
equation  Eq.  (1).  As  an  example,,  the  heat  fluxes 
u,0  equation  is  given  hereafter: 


THE  CONTINUITY  EQUATION. 


The  main  difficulty  of  this  formulation  concerns 
the  closure  of  the  set  of  equations  because  the 
velocity  divergence  is  not  zero.  In  this  model  the 
continuity  equation  is  written  as 

div  U,  -  =  0  (3) 


As  a  first  attempt  we  write 


div  U  * 


'1  3P  £  aT'l 

^P  3X|  T  5X|  J 


then  is  expressed  using  Reynolds  averaging  on  the 
right-hand  side.  Keeping  only  the  dominant  terms,  f 
can  be  written  as: 


■F=U, 


i 


1 

-V 

2T 


i 

f 


aT 


1 


au,0^ 

ax, 

(<!) 


The  divergence  condition  in  Eq.  3  must  be  solved 
together  with  the  transport  equations.  It  will  be 
directly  satisfied  by  an  extended  version  of  the 
artificial  compressibility  implicit  method 
(Riimirez-Leon  et  al.,  1991)- 


SET  OF  EQUATIONS. 

From  these  considerations  a  set  of  equations  can  be 
written  in  the  following  general  form  as: 


Du,0 

"bt  ' 
where 


^10  ‘^10  *  ‘*’10  ■  «.0  ■*8*0 
. (Iv) . (Vv)- 


(6) 


Du,  6  au,0  _  au,0 
Dt  at  ax„ 


(6.1) 


- -  5X  1 


5u,  u.  8 


RT  d 


8x, 


'J’.S  = 


R(T  +  0)  ao 


p  '. 


ax, 


RT 

*10-  ~ 


K.^  au,  00 


cj  ax,  ax. 


RT 

ap 

P 

(6.2)' 

“i 

ae 

R(T*0 

)  ap0 

’  Fr 

P 

ax. 

1 

RT  - 

apu. 

(6.3) 

-  9, 
P 

(6.'') 

(6.5) 

0^ 

-eiL . 

DU,  au,u. 

DT 

au,e' 

T 

p  ax. 

Dt  ax, 

f 

Dt 

(6.6) 

Similarly  to  (6),  the  full  set  of  equations  is 
derived  for  all  dependent  variables  and  can  be 
written  as  follow: 
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r  =  -  Pij  -  °ij  * 


—  =  -  P„  -  D.  +  ■t,,  - 
Dt  K  K  K  K 


DG^ 

"Bt  ' 

DE 

Dt  ° 


■  “eq 


-(Vv)- 


With  regard  to  Eq  (2),  the  right-hand  side  of 
equations  (5-10)  clearly  separates  the 
"isovolumetric"  effects  (Iv),  which  are  similar  to 
the  corresponding  terms  in  the  equations  for  an 
incompressible  fluid,  from  the  expansion  effects 
(Vvj. 

The  exact  definition  of  dissipation  terms  includes 
a  temperature  dependent  diffusivity  coefficient. 
So,  new  cumbersome  correlations  appear  in  the 
system.  This  difficulty  can  be  avoided  if  using  a 
simplified  form.  Assuming  high  Reynolds  number  and 
local  Isotropy  hypothesis,,  the  dissipation  terms 
are  expressed  as: 


R(T  +  8) 


part  generated  interaction 

from  a  mutual  between 

interaction  between  +  the  mean 
turbulence  strain  and 

components  turbulence 


slow  part- 


-rapid  part- 
(14) 


where  <f>  stands  for  Uj ,  6,  UjU^j,  u^Q,  etc. 

In  the  incompressible  fluid  case,  for  <p  =  Uj ,  the 
rapid  part  is  commonly  modeled  using  the 
return-to-lsotropy  concept  and  the  slow  part  using 
the  isotropization-of-production  concept.  For  the 
compressible  fluid  case,  Ramirez-Leon  et  al  (1990) 
showed  that  this  formulation  is  still  valid. 
Similarly,  for  (p  =  6,  we  can  write 


3  u,Uj  u,0  _ pUj  au^ 

■  "‘^*6 .  ~  "‘^♦8 . 3 “e®  [a;;; " 

-slow  part -  — rapid  part- 


— rapid  part — 
(15) 


where  is  a  mixed  time  scale,  C,j,0  j=  3-31.  end 
C,j,g  j=  3-46  .  The  value  of  0.45  has  been 
modified  from  the  inccmpressible  value  (Launder  et 
el.,  1975).  in  such  a  way  to  include  the  expansion 
effects . 


K  RT  ^ 
=  V  r  ~ 


3u,  3u, 

^8  ■  ^ax,  3x, 


where  the  diffusivity  coefficients  thermal 
dependance  involving  temperature  fluctuations  have 
been  neglected. 


Vandromme  et  al  (1983).  have  found  that  a  similar 
formulation  is  appropriate  for  compressible  fluid 
flows . 

Pressure-diffusion  terms. 

The  pressure-diffusion  terms  are  supposed  to  have  a 
weak  influence  in  the  development  of  a 
two-dimensional  turbulent  flow.  These  terms  have 
been  neglected. 


So,  this  set  of  equations  is  open  and  the  selection 
of  the  proper  models  for  closure  must  now  be 
considered. 


SELECTION  OF  CLOSURE  MODELS. 


Third  order  correlations. 

The  exact  equations  for  the  triple  products  have 
been  thoroughly  derived.  In  these  equations,  the 
convection,  the  main  strain  production,  and  the 
diffusive  transport  by  pressure  and  molecular 
action  have  been  omitted.  Furthermore  we  used  the 
gausslan  approximation  for  the  fourth  moments.  The 
final  form  of  triple  correlations  is: 


The  second  term  of  (6.3)  can  be  neglected  assuming 
a  high  Reynolds  number  and  £,0  is  set  equal  to  zero 
based  on  the  local  isotropy  assumption. 

If  we  were  to  keep  the  incompressible  flow  closure 
methods,  difficulties  would  arise  from  both  the 
pressure  correlations  and  third  moment  terms. 
Therefore,  the  closure  model  has  been  determined  in 
the  following  way: 

Pressure  correlations  terms. 

A  model  for  the  so-called  pressure-rate-of-strain 
correlation  is  first  presented..  This  term  may  be 
written  by  means  of  a  Poisson  equation,  as 


triple 


The  simple 


volumetric 


corre-  =  -  gradient-diffusion  -  expansion 
lations  I  form  part 

. (Iv) . (Vv) 

As  an  example,  we  give  the  modeled  equation 
for  u, U|j0  correlations: 


-  — K 


—  (Iv)  — 
au^uj 


aT_  ^  ^ 

f 
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where  an  "isovolumetric"  part  (Iv)  and  a  volumetric  As  can  be  seen  on  Fig.  1,  the  convergence  curves 
expansion  part  (VvJ  appear.  for  an  incompressible  flow  calculation  (Chorin's 

method)  and  for  a  non-Boussinesq  flow  calculation 

Finally,  the  modeled  equation  for  the  turbulent  (present  method)  are  not  significantly  different, 
heat  fluxes  can  be  written  as: 


SIHUUTIONS  OF  A  STRONGLY  HEATED  JET. 

Preliminary  numerical  calculations  were  carried  out 
with  a  simplified  version  of  the  model.  The  aim  was 
only  to  test  the  sensivity  of  the  non-Boussinesq 
extra  terms  originated  from  the  volume  variations. 

This  Initial  tests  were  run  neglecting  the 
compressibility  condition  in  the  continuity 
equation  (3)  (i.e.  J  =  0).  Therefore,  only  the 
volumetric  effects  appearing  in  the  transport 
equations  (denoted  Vv  in  Eq  5)  are  accounted  for. 

Tills  paper  is  restricted  to  these  calculations,  the 
full  model  results  are  presented  on  slides  in  this 
Symposium  and  will  be  soon  published  by 
Ramirez-Leon  et  al  (1992). 


^  Dt  dx^  Y  Dt  3X|^ 


(17) 


The  complete  set  of  equations  is  derived  using 
similar  considerations. 


A  detailed  description  of  the  present  model  will 
appear  elsewhere  (Ramlrez-Leon  et  al,  1992) 


NUMERICAL  PROCEDURE. 


The  previous  section  has  outlined  a  closed  system 
of  elliptic  partial  dif^'erentlal  equations  (6-11). 


A  finite  difference  approximation  has  been  used 
involving  the  M.A.C.  method  with  centered- 
differences  for  diffusion  termes  and  an 
upwind-weighted  scheme  for  the  advection  terms.  At 
each  time  step,  the  divergence  condition  (3)  is 
directly  satisfied  by  means  of  an  implicit 
iterative  method.  This  method  is  derived  from  the 
artificial  compressibility  method  (Chorln,  196?) 
extended  to  non-zero  divergence  flow  (see  Eqs  (3) 
and  {^)). 


Div  V  ♦  r  (Eq  (3)) 


0  200  400  600  000  1000 


Iteration  number 


Fig  1.  Convergence  of  the  continuity  equation. 

(Eq  (3)). 


Two  heated  plane  jets  with  the  same  exit  Froude 
number,  are  considered.  The  exit  velocity  and 
temperature  conditions  are  presented  in  Table  1. 


A  vertical  weakly-heated  jet  (AT  ■=  22  K,  denoted 
Flow  1)  and  a  vertical  strongly-heated  jet  (AT  = 
*)70  "K,  denoted  Flow  2)  were  calculated  in  such  a 
way  to  compare  the  transversal  turbulent  profiles. 


Fig  2.  Transversal  profile  of  the  vertical 
turbulent  heat  flux  In  heated  Jets. 

•  With  volumetric  expansion 
effects. 

*  Without  volumetric  expansion 
effects. 
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The  longitudinal  and  the  transversal  heat  fluxes 
and  the  temperature  variance  profiles,  normalized 
with  the  axial  velocity  and  the  centre-line 
temperature  excess,  are  plotted  (star  symbols)  on 
the  figures  2,  3,  ^  respectively. 

Here  t)  denotes  the  horizontal  space  coordinate 
normalized  with  the  half  width  b  of  the  mean 
velocity.  The  same  calculations  were  also  carried 
out  avoiding  volumetric  expansion  contributions 
(terms  Vv)  on  turbulence  mechanisms  (circle  full 
symbols) . 

As  it  is  readily  apparent,  the  extra  terms  affect 
the  turbulent  thermal  fields  of  the  strongly  heated 
jet.  They  induce  a  strong  decrease  on  the 
longitudinal  turbulent  heat  flux  level.  This 
influence  is  negligible  in  the  weakly  heated  jet.- 

As  it  can  be  r3en  in  Fig.  4,  the  horizontal  heat 
flux  is  only  slightly  affected.  This  illustrates 
the  non-isotropic  influence  of  the  "e.xtra  terms" 
contributions.  Nevertheless,  the  variation  is  still 
significant. 


ri  =  X/b 


Fig  3.  Transversal  profile  of  the  horizontal 
turbulent  heat  flux. 

(Symbols  as  Fig  1) 


CONCLUSION. 

An  extended  non-Bousslnesq  model  is  presented  in 
the  framework  of  turbulence  modelling  for  variable 
density  flows.  Interesting  results  are  found  in  the 
preliminary  calculations  for  symmetrical  plane 
heated  jets;  e.g.,  non-Bousslnesq  terms  Induce  a 

strong  decrease  (over _ 60J!)  of  the  longitudinal 

turbulent  heat  flux  u,9.  A  synthetic  presentation 
of  the  extended  model  is  given.  It  has  been  applied 
to  vertical  plumes  and  flame  jets  spreading  in  a 
uniform  stagnant  atmosphere.  The  most  interesting 
results  are  presented  in  the  Symposium. 


Fig  4.  Transversal  profile  of  the  temperature 
variance..  (Symbols  as  Fig  1) 
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ABSTRACT 

Here,  we  present  new  results  on  the  comi)ara- 
ison  between  two  models  of  turbulent  combustion 
and  the  results  of  the  Direct  Numerical  Simulation 
of  premixed  reai  ting  turbulent  homogeneous  and 
isotropic  flows.  The  first  model  to  be  compared  i.s 
a  combination  between  a  presumed  P.D.F.  model 
and  the  I.E.M.  model  (Interaction  by  Exchange 
with  the  Mean).  The  second  model  is  the  Curl’s 
model  (1963)  where  a  P.D.F.  transport  equation  is 
solved  by  a  method  of  Monte  Carlo.  The  numeri¬ 
cal  e.xperiment  under  study  is  a  turbulent  preinix<'d 
medium  with  pockets  of  burned  gases  This  allows 
the  study  of  the  problem  of  the  autoignition. 


INT^  DUCTION 


All  the  models  that  have  been  so  far  for  the  pre¬ 
dictions  of  turbulent  reacting  flows  lest  on  closure 
assumptions,  similarly  to  the  mathematical  turbu¬ 
lence  models  that  have  been  proposed  for  non  re¬ 
active  tmbulent  flows.  Some  of  these  <i.ssumpt.ions 
have  been  tested  against  experiments,  but  only  to  a 
small  extend.  There  is  a  great  need  of  detailed  ver¬ 
ifications  of  the  proposed  assumptions,  and  exper¬ 
imental  verifications  in  reacting  flows  are  lar  moie 
delicate.  An  other  advantage  of  the  Direct  Numer¬ 
ical  Simulation  is  that  we  can  easily  separate  the 
several  different  phenomena  which  interact  in  tur¬ 
bulent  reactive  flows,  with  which  se\-eral  different 
closure  assumptions  are  associated,  and  it  is  quite 
impossible,  in  a  physical  experiment,  to  test  sepa¬ 
rately  these  different  assumptions. 

To  our  knowledge,  the  most  recent  work  which 
deals  with  the  same  aims  is  described  by  P.A.Mc- 
Murtry  and  P.Givi  (1989).  Coiitrarly  to  P.A.,Mc- 
Murtry  and  P.Givi  who  are  interested  with  the  non 
premixecl  case,  we  present  here  results  only  in  the 
uremixed  case. 


OUg  dUg  _  -1  dp  d’^Hg 

dt  p  dig'^  ''  dx0^ 


(2) 


where  v  is  the  molecular  viscosity,  p  the  pres¬ 
sure,  p  the  density.  Initially,  a  given  energy  spec¬ 
trum  is  imposed  by  the  relation 


E[k)  =  k^exp[-2k'^l\(!,)  (3) 

where  k  is  the  wavenumber.  Then  the  turbu¬ 
lence  is  free-evolving.  Due  to  the  given  spectrum,, 
the  initial  Reynolds  number  based  on  the  integral 
scale  is  about  50.  The  numerical  method  to  solve 
the  set  of  equations  is  a  pseudo-spectral  method 
(with  32®  or  C4®  grid  meshes).  This  method  has 
been  used  by  several  authors  (e.g.  E.S.Oran  and 
.LP.Boris  (1987),  S.A.Orszag  (1972),  P.A.McMurtry 
and  P.Givi  (1989))  due  to  its  high  spatial  accuracy 
to  solve  homogeneous  isotropic  turbulent  flows. 

The  eriuation  governing  the  evolution  of  the 
perfectly  piemixed  turbulent  scalar  field  is: 


dC  dC 

-t-  aoT — 
dt  dig 


u  d'^C 
Sc  dxg^ 


•flF 


(4) 


where  Sc  is  the  Schmidt  number,  C  the  scalar 
field  and  li'  the  reaction  rate.  The  Schmidt  num¬ 
ber  was  chosen  equal  to  0.3C  in  order  to  avoid  an 
increase  of  the  energy  at  the  spectrum  cut-off.  The 
Lewis  number  (  the  ratio  of  the  heat  diffusion  over 
the  mass  diffusion)  is  equal  to  1  and  the  flow  is 
isenthalpic.  In  this  case,  one  can  demonstrate  eas¬ 
ily  that  the  temperature  is  linearly  related  to  C. 
That's  the  reason  why  we  have  chosen  a  reaction 
rate  depending  only  on  C  (  and  not  on  the  temper¬ 
ature)  given  by  the  relation: 

W{C)  =  -42^^^  (5) 


I  DIRECT  NUMERICAL  SIMULATION 

We  consider  here  a  ZD  homogeneous  incom¬ 
pressible  turbulent  flow  field.  So,  the  governing 
equations  for  the  flow  field  are  the  following  Navier- 
Stokes  equations: 


where  is  a  characteristic  chemical  time  (l/cr  = 
/,!  W{C)dC).  The  c|uantity  (1  -C)  holds  for  the  tem¬ 
perature,  and  the  usual  Arhenius  law  for  the  kinet¬ 
ics  is  replaced  by  a  power  law.  C  =  0  corresponds 
to  burned  mixture  and  C  -  1  to  unburned  mixture. 
At  <  0.  we  have  large  pockets  of  unburned  mixture 

with  small  pockets  of  partially  burned  mixture  in 
order  to  initiate  the  reaction.  As  time  increases,  an 
autoignition  phenomena  takes  place  in  a  turbulent 
medium.  This  phnomena  is  similar  to  the  study  of 
C.Dopazo  and  E.E.O’Brien  (1974).  On  the  Fig.l, 
we  can  see  that  the  hypothesis  Le  1  and  h  =  csie 


22-3-1 


is  not  at  all  restrictive  since  with  /e  =  0  5  or  Le  =  1.5 
with  a  reaction  rate  given  by  W  =  -42C(1  -  Ty/r,. 
the  results  are  similar  althcught  C  and  T  are  no 
more  linked.  The  spectrum  of  the  scalar  fluctua¬ 
tions  is  the  same  that  the  velocity  spectrum. 

Tlie  Damkholer  number  (=  rp/r^  where  rj-  is 
the  characteristic  turbulent  time)  is  near  unity  in 
all  the  results  presented  but  it  has  been  slightly 
varied  to  see  its  influence. 


1.  NEW  PRESUMED  P.D.F.  MODEL; 
’’AUTO-IGNITION'’ 

^  ^We  used  here  lagrangian  equations  derived  from 
I.E.M.  model  for  a  homogeneous  isotropic  turbu¬ 
lence  field  as  : 

^  ^£^  +  W(C)  (6) 

dt  Tjj 


0 


Time 


5 


Fig.l.  Evolution  with  time  of  the  mean  concen¬ 
tration  (upper  Fig.)  and  of  the  mean  temperatuie 
(lower  Fig.)  computed  by  the  D.N.S.  for  two  values 
of  the  Lewis  number 


_  4>-  <t>  (7) 

dt  “ 

Assuming  that  the  reaction  is  sudden,  the  trajec- 
tory  is  formed  by  the  line  AI,  IS  and  SB  in  the 
phase  space  (Fig. 2).  I  is  a  point  on  AM  that  we 
determine  by 


c, -C  =  n,\W{Ci)\  (8) 

T„  being  the  turbulent  exchange  time  in  the  medium. 
This  is  an  implicit  relation  that  permit  us  to  deter¬ 
mine  Ci,  function  of  r„,  of  the  chemistry  and  of  C. 

We  could  see  it’s  solution  by  the  line  1  in  Fig  3.  _ 

The  point  S  is  supposed  to  be  near  zero:  W{C,  )=( C- 
C,)/r,i  (see  the  line  2  m  Fig.3). 


Fig. 2.  Phase  diagram  of  the  I.E.M.  model 


C  -  C 


Fig.3.  Plot  of  the  different  solutions  for  the  Eq.  (8) 
depending  on  the  value  of  the  exchange  time 


II  MODELISATION 

Two  models  for  turbulent  combustion  have  been 
used.  The  one  which  combines  the  presumed  p.d.f. 
model  to  the  lagrangian  equations,  where  the  com¬ 
bustion  is  supposed  to  be  sudden,  and  the  other 
based  on  the  transport  equations  for  p.d.f.  with  a 
curl’s  closure  for  the  mixing  terra. 


If  Tei  is  small  enough,  is  too  high  and  the 
slope  does  not  permit  us  to  find  a  C,  near  zero, 
only  C,  near  C  exist  (see  the  line  3  m  Fig.3).  inat 
implies  that  there  exist  a  certain  value  of  func¬ 
tion  of  C  and  of  the  chemistry  for  which  there  is 
no  inflammation.  For  this  case,  we  represented 
the  form  of  the  p.d.f.  by  the  ones  of  Fig.4  (see 
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H.J.Mooa  et  al  (19S9)).  and  W  is  calculated  with 

j;'w{C)P{c)dc. 


Fig.4.  The  4  presumed  shape  of  the  P.D.F.  in  the 
initial  model 


In  the  case  where  r,,  >  r;,.  we  have  proposed 
new  presumed  p.d.f.  that  resembles  to  the  p.d.f.  of 
<  Ti  but  with  a  sligh^  difference,  r/  represents 
the  case  when  the  line  {C-C)Iti  is  adjacent  to  the 
curve  H'(C).  For  0  <  C  <  C;  we  assumed  that  there 
is  no  presence  of  the  probability  for  C  since  after 
the  ignition,-  C  is  consumed  infinitely  fast.  Three 
parameters  depending  on  C.  c'^  are  needed  to  de¬ 
fine  the  form  of  p.d.f.  dl.b,dO  for  the  shape  ( 1 )  and 
dl,b.  and  for  the  shape  (2)  (sec  Fig. 5). 


1C 


*^1  Cj,  1  C 


since  I  is  on  AM 

rlT'  1  —  ^ 

P(<t>l)^P{C,)^  (12) 

o<t>  t  \-<f>  ' 

and  as  on  AI  there  is  no  reaction  (or  very  little),, 
and  by  integrating  the  previous  equation  with  the 
assumption  that  the  trajectory  is  very  flat  between 
I  and  S,  finally,  we  obtain  : 


W  =  ~—d0 

Tj>  r 


•Pi  -4:1- C 

■  r  (^3) 

L  —  <p 


fig. 5.  The  2  new  shapes  of  the  P.D.F.  used  when 

>  Ti 


The  governing  equations  for  homogenous,  isotiopn 
incompressilile  turbulent  reactive  flows  arc. 


-r- ^ -2(c  +  2C'\V  (10) 

(it 

where,  Foi  the  modelling  of  the 

dissipation  rate  of  CPe^,  we  have  assumed  a  direct 
proportionality  between  the  dissipation  time  scale 
for  the  turbulence  kinetic  energy  and  the  variance 
of  fluctuations  of  a  reacting  specie  (tjiO  r-/-),.  which 
yields,  =  Ci;f. 

1.2.)  CALCULATION  OF  W  AND  ^ 


Where  dO  and  P(C/)(=b)  is  given  by  the  form  of 

P(C).  To  calculate  C'lF  we  use  the  same  principle 
and  we  ha\  e 

^  =  fdo  -  -  C)  (14) 


2.  CURL'S  CLOSURE 

The  Curl's  model  is  c.xpressed  by  a  tiansport 
equation  for  the  p.d.f.  In  the  homogeneous  icac  ting 
flow  considered  here,  the  evolution  of  the  proliabil- 
ity  is  given  by 

dP(C’)  d 

-  ^(F(C)U-(C)) 

+2a,>/  P(C-hC')P{C-C')(lC' -ijP(C)  (15) 
Jo 

(See  R.L.Curl  (1963).  S.Pope  (1982),  P.A.McMurtry 
and  P.Givi  (1989))  where  w  is  the  appropriate  tur¬ 
bulence  frequency.  This  equation  is  valid  only  in  a 
homogeneous  medium,  with  mean  velocity  zero.  In 
the  E(i.(15),  the  P'  r.h.s.  term  is  the  reactive  term 
which  represents  a  convection  term  in  the  proba¬ 
bility  sjiacc  while  the  2"'*  r.h.s.  term  is  a  molecu¬ 
lar  diffusion  term  which  destroys  the  fluctuations 
also  ill  the  probability  space.  The  resolution  of  this 
equation  is  done  by  the  method  of  Monte-Carlo  and 
we  have  used  the  method  employed  by  C.Dopazo 
(1979).  Cc/rrdtN  particles  are  randomly  selected 
mit  of  the  N  particles  representing  the  scalar  p.d.f. 
.it  time  t  and  they  are  mixed  by  curl’s  procedure; 
Ce  being  a  closure  constant.  Each  of  the  particles 
present  on  the  flow  will  evolve  indcpendantly  by 
the  p.d.f.  tran.sport  ecpiation  That  is  the  main 
difference  between  this  model  and  the  presumed 
p.d.f.  which  is  liased  on  transport  equations  for 
mean  variables. 

Ill  RESULTS 


the  calculation  of  IV  with  f'W{C)P(C)dC  is  not 
so  simple  as  it  appears  since  if  we  suppose  C,  and 
P(C)  ssO  for  0  <  C  <  C;  we  will  have  an  indetermi¬ 
nation.  In  fact,  for  C  =  C,  ,we  have  W(C,)=^f^  , 

and  as  C,^Q,  we  have  tF((7)R;C/r„  that  resolve' the 
indetermination  in  C=0. 

For  the  reaction  rate,  we  have 


-mc)  =  —  -^ 

a*  Te 


r„  d4>  ^  T„ 


We  have  used  the  same  initial  conditions  of  Di¬ 
rect  Numerical  simulation  and  compared  the  le- 
.sults  The  initial  conditions  of  D.N.S  and  the  pre- 
sumecl  p.d.f.  model: 

C=0.78,  C'2=0.030,  T7i=2.0  . 

Thejiiitial  coitions  of  D.N.S  and  the  curl's  model: 
C=0.78,  C'2=0.017,  tt,=2.0 

where  rr^  is  the  initial  turbulence  characteristic- 
time. 
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The  curve  marked  A  represent  the  Direct  Nu¬ 
merical  Simulation  and  B  the  models.  The  com¬ 
parison  with  the  presumed  p.d.f.  model  is  shown 
at  the  left  side  and  the  curves  at  the  right  side  cor¬ 
respond  to  curl’s  model  (see  Fig  6).  Except  the 
evolution  of  the  ^  wiA  time  for  the  presumed 
p.d.f.  model,  C(t)  and  W(C)  seem  to  fit  quite  well 
the  evolution  of  Direct  simulation. 

The  agreement  of  coalescence/dispersion  model 
with  the  Direct  Simulation  is  very  good.  In  this 
case,  the  better  concordance  is  obtained  for  a  value 
of  C.=2.5. 


F ig.6.  Evolution  versus  time  of  the  scalar  variance 
(curve  a,d),  the  mean  scalar  (curve  b,e),  of  the  re¬ 
action  rate  (curve  c,f).  A  holds  for  numerical  sim¬ 
ulation,  B  holds  for  model  in  this  set  of  curves.  For 
the  curves  c  and  d,  C  means  a  reactive  scalar  which 
evolves  without  any  turbulence.  The  set  of  curves 
(a,c,e)  is  for  the  evolution  computed  by  the  P.D.F. 
ignition  while  the  set  (b,d,f)  is  the  results  of  the 
Curl  s  model. 


2) 

If  we  compare  qualitatively  (Fig.7)  the  shape  of 
the  P.D.F.  computed  by  the  direct  numerical  sim¬ 
ulation  and  the  shape  of  the  presumed  P.D.F.,  we 
can  note  that  the  presumed  P.D.F.  shape  approx¬ 
imate  fairly  well  the  one’s  of  the  numerical  sim¬ 
ulation.  The  time  evolution  of  the  shape  of  the 
P.D.F.  computed  by  the  direct  nmnerical  simula¬ 
tion  shows  clearly  that  a  hollow  appears  in  a  range 
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of  values  of  C;  this  justifies  the  eorrect  prediction 
of  <  C  >,  <  >  and  <  IV  >.  This  new  oresumed 

P.D.F.  depends  more  on  the  chemistry  (with  the 
introduction  of  Ci  in  the  shape)tlian  the  precedent 
P.D.F.  This  new  P.D.F.  allow  to  better  represciit 
the  effect  of  the  chemical  reaction. 


Fig.7.  P.D.F.  of  the  reactive  scalar  for  different 
times  computed  by  the  D.N.S.  compared  with  the 
P.D.F.  constructed  with  rectangle  and  Dirac. 


On  the  Fig.8,  we  have  plotted  the  position  of 
the  particles  which  are  used  to  solve  the  equation  of 
transport  of  the  joint  P.D.F.  P{C,<p)  by  the  method 
of  Monte  Carlo.  We  can  see  the  width  of  the  P.D.F. 
by  the  spreading  of  the  dots  and  its  value  by  the 
density  of  the  dots.  As  time  goes  on,  the  mean 
value  of  the  inert  scalar  is  conserved  while  the  mean 
value  of  the  reactive  scalar  decreases  toward  zero 
The  joint  P.D.F.  computed  by  the  direct  numerical 
simulation  are  very  similar  to  the  one’s  computed 
by  the  Curl’s  model. 
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Fig.8.  Joint  P.D.F.  of  the  inert  scalar  <p  and  tlie 
reactive  scalar  C  computed  by  the  Curl’s  models 
for  different  times. 


Fig.9.  Evolution  versus  the  Damkohler  number  of 
the  constant  of  the  2  models. 


3) 

The  Fig. 9  shows  the  evolution  of  the  constant 
Cd  used  in  the  model  of  the  P.D.F.  ignition  and  the 
constant  Cc  used  in  the  Curl’s  model  for  different 
Damkbler  number.The  definition  of  the  Damkohler 
number  is  Da  =  T,jTr  where  r,„  is  the  initial  charac¬ 
teristic  turbulence  time  .  This  characteristic  time 
is  the  same  in  all  the  case  in  order  to  have  the  same 
evolution  for  the  turbulence.  During  the  compara- 
ison  between  the  models  and  the  direct  numerical 
simulation,  the  ralue  of  the  constant  {Cd  or  Cc)  is 
kept  really  constant.  But,  to  obtain  fairly  good 
comparaisons  between  the  models  and  the  simula¬ 
tion,  these  constants  must  be  modified  when  the 


Damkoler  number  varies.  In  a  turbulent  reacting 
medium,  the  ratio  ^/tc  whore  Tc  is  a  characteris¬ 
tic  turbulent  time  of  the  reactive  scalar  field,  has 
not  always  the  same  evolution  with  time.  This 
fact  explains  why  the  constant  is  dependant  of  the 
Damkoler  number. 

IV  CONCLUSION 

The  work  described  here  give  us  interesting  in¬ 
formation  on  the  agreement  of  models  with  regard 
to  tlie  D.N.^  The  evolution  of  the  mean  scalar  val¬ 
ues  C  ,C'^,  W  agree  well  in  both  the  two  models. 

In  the  two  models,  appear  a  characteristic  ex¬ 
change  time.  The  investigation  we  har’c  made  in 
order  to  study  the  influence  of  the  Damkholer  num¬ 
ber  demonstrates  that  the  characteristic  exchange 
time  is  dependent  of  this  number  since  we  have  to 
change  the  constant  when  this  number  changes. 

In  the  coinjiarisons  presented  here,  the  con¬ 
stants  are  not  time  dependent.  With  the  D.N.S.  we 
found  that  they  are  not  really  constant  with  time. 
Rather  than  using  the  characteristic  turbulent  ve¬ 
locity  time,  it  would  be  better  to  use  a  character¬ 
istic  time  evaluated  by  the  characteristic  turbulent 
scalar  field  since  the  ratio  between  the  two  times 
vary  with  time  for  a  reactive  flow.  For  that,  it 
is  necessary  to  solve  a  scalar  dissipation  transport 
equation  in  the  models. 
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ABSTRACT 

The  problem  of  time  discontinuity  (or  jump  condition)  in 
the  coalescence/ dispersion  (C/D)  mixing  model  is  addressed 
in  this  work.  A  C/D  mixing  model  continuous  in  time  is 
introduced.  With  the  continuous  mixing  model,  the  process 
of  chetniced  reaction  can  be  fully  coupled  with  mixing.  In 
the  case  of  homogeneous  turbulence  decay,  the  new  model 
predicts  a  pdf  very  close  to  a  Gaussian  distribution,  with 
finite  higher  moments  also  close  to  that  of  a  Gaussian  dis¬ 
tribution.  Results  from  the  continuous  mixing  model  are 
compared  with  both  experimental  data  and  numerical  re¬ 
sults  from  conventional  C/D  models. 

1.  INTRODUCTION 

Accurate  prediction  of  turbulent  reacting  flows  requires 
the  solution  of  an  evolution  equation  for  the  probability  den¬ 
sity  function  (pdf)  of  the  thermo-chemical  variables  using 
Monte  Carlo  simulation.  Since  the  pdf  equation,  like  most 
equations  describing  turbulent  motion,  is  not  closed,  closure 
models  have  to  be  devised.  For  the  par  of  scalars,  the  terms 
in  the  pdf  equation  that  need  modeling  are  molecular  mixing 
and  turbulent  convection.  The  present  work  desJs  with  the 
modeling  of  molecular  mixing. 

Most  of  the  mixing  models  are  based  on  the  coales¬ 
cence/dispersion  (C/D)  model  by  Curl  (1963).  This  model  is 
known  to  have  deficiencies,  and  efforts  had  been  made  to  cor¬ 
rect  these  deficiencies,  for  example,  Janicka,  et  al.  1979  and 
Pope  1982.  The  most  recent  efforts  have  been  devoted  to  the 
problem  of  coupling  between  mixing  and  chemical  reaction. 
Chen  and  Kollmann  (1991)  proposed  a  reaction  conditioned 
model  that  allows  correct  prediction  of  combustion  in  the 
flame-sheet  regime.  Norris  and  Pope  (1991)  proposed  a  new 
model  based  on  ordered  pairing  that  aimed  at  the  same  end.* 

All  the  existing  models  suffer  in  one  respect,  namely, 
they  are  discontinuous  in  time:  once  a  pair  of  particles  arc 
chosen  to  participate  in  mixing,  their  properties  will  jump 
abruptly  regardless  of  the  step  size  of  the  time  integration. 
This  phenomenon,  clearly  non-physical,  could  cause  diffi¬ 
culty  in  coupling  the  processes  of  mixing  and  chemical  re¬ 
action.  In  the  present  work,  a  new  model  that  is  continuous 
in  time  is  proposed.  With  this  new  model,  the  processes  of 
molecules  mixing  smd  chemical  reaction  can  be  fully  coupled. 

In  the  case  of  homogeneous  turbulence  decay  of  a  scalar, 
one  expects  a  Gaussian  distribution  for  the  pdf,  and  finite 
values  for  the  higher  moments.  Pope  (1982)  pointed  out  the 
modified  Curl  model  could  not  produce  the  correct  pdf  for 
this  problem,  and  the  higher  even  moments  from  that  model 
tend  to  infinity;  he  suggested  an  age  biased  sampling  process 
to  overcome  these  shortcomings.  The  present  continuous 


model,  as  we  will  show,  predicts  a  pdf  distribution  very  close 
to  Gaussian  for  homogeneous  turbulence  decay,  and  gives 
finite  higher  moments  w,th  values  close  to  that  of  a  Gaussian 
distribution. 

The  continuous  mixing  model  is  applied  to  the  study 
of  both  non-reacting  and  reacting  flows,  and  the  results  are 
compared  with  earlier  calculations  by  Hsu  (1991)  as  well  as 
with  experimental  data. 

2.  MOLECULAR  MIXING  MODELS 

The  evolution  equation  of  a  single  point  probability  den¬ 
sity  function  of  scalar  random  variables  —  repre¬ 

senting  the  species  mass  fraction  and  temperature  —  can  be 
written  as 

N 

pdtP  -f  pVadaP  ■¥  p'£,d^,,{w,{\l>u...,^N)P} 

1=1 

=  -  da{p  <  V"\(j>k{x)  =  i>k>P) 

-  =  h>P)  (1) 

1=1  ;=1 

where  the  terms  represent  the  rate  of  time  change,  mean  con¬ 
vection,  chemical  reaction,  turbulent  convection,  and  molec- 
ula;  mixing,  respectively;  P  is  the  density- weighted  joint  pdf: 

P  =  PP/P,  (2) 

t  is  the  scalar  dissipation: 

=  Dd.<l>,d^<P„  (3) 

(where  D  is  the  diffusion  coefficient),  and  <  i|p  >  denotes 
the  mathematical  expectation  of  a  random  function  x  con¬ 
ditioned  upon  y. 

The  left  hand  side  of  the  above  equation  can  be  evalu¬ 
ated  exactly  and  requires  no  modeling;  the  right  hand  side 
terms  contain  the  conditional  expectation  of  the  velocity 
fluctuation  and  the  conditional  expectation  of  the  scalar  dis¬ 
sipation,  which  are  new  unknowns  and  require  modeling.  In 
the  present  work  we  concentrate  on  the  modeling  of  the  sec¬ 
ond  term,  namely,  the  conditional  expectation  of  the  scalar 
dissipation,  referred  to  as  molecular  mixing  in  the  following. 

2.1  The  Modified  Curl  Model 

The  simplest  and  most  used  mixing  model  is  the  modi¬ 
fied  Curl  model,  which  assumes  binary  interaction  between 
sample  fluid  particles.  As  described  by  Pope  (1985),  in  a 
Monte  Carlo  simulation,  the  continuous  pdf  is  replaced  by 
delta  functions 

=  (4) 

nssl 
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where  each  delta  function  represents  one  sample  fluid  particle 
of  an  ensemble  of  N  particles.  The  evolution  of  P*  entails  the 
movement  of  the  particles  in  the  0— space,  or  the  evolution 
of  the  individual  vsdues  of  ^„’s. 

With  the  modified  Curl  model,  the  change  of  due  to 
molecular  mixing  is  achieved  by  the  following  binary  inter¬ 
action  process:  divide  the  flow  domain  into  small  cells,  each 
containing  N  sample  particles.  Given  a  small  time  interval 
St  and  a  turbulent  time  scale  t,  select  randomly  pairs 
of  particles, 

iVm,  =  0.5^fV,  (5) 

(C  =  6.0)  and  let  a  pair,  say,  m  and  n,  mix  as  follows 

-t- (1  -  A)<5„(<)  (6) 

<j>„{t  +  St)  =  /l^„(t)  +  (l  -/1)M0  (7) 

where  A  =  0.5f,  with  {  a  random  variable  uniformly  dis¬ 
tributed  on  the  interval  [0,1].  The  remaining  N  —  2Nmi 
particles  remain  unchanged: 

Mt  -t-  St)  =  Mi)  (8) 

This  model  does  not  represent  the  true  physical  process 
since  the  properties  of  the  sample  particles  change  discon- 
tinuously  regardless  the  size  of  the  time  interval  St.  This 
deficiency  can  be  best  illustrated  by  rearranging  eq.  6  and 
dividing  it  by  St 

(9) 

The  derivative  ^  does  not  exist  bec.ause  as  St  goes  to  zero 
the  right  hand  side  of  the  equation  becomes  infinite  since 
both  A  and  the  difference  between  and  ^„(<)  are  finite. 
This  means  that  there  is  a  sudden  jump  in  the  value  of  the 
scalar  quantities,  which  is  typical  of  a  Poisson  process,  but 
is  non-physical  in  the  present  case  since  the  flow  properties 
of  turbulence  are  continuous. 

2.2  Continuous  Mixing  Model 

One  can  see  from  the  previous  section  that  the  modified 
Curl  model  relies  on  the  parameter  N„r  to  control  the  ex¬ 
tent  of  mixing.  On  the  individual  pairticle  level,  it  assumes 
complete  nuxing  once  the  particle  is  selected  as  one  of  the 
mixing  peur,  without  considering  the  size  of  St. 

In  order  to  achieve  continuous  mixing,  we  propose  the 
following  model:  during  a  time  interval  St,  we  assume  that 
all  the  particles  within  a  cell  participate  in  mixing.  The 
extent  of  the  mixing  is  controlled  at  the  individual  particle 
level.  That  is  to  say,  the  N  particles  within  a  given  cell  are 
randomly  grouped  into  iV/2  pairs;  the  properties  of  all  the 
particles  change  according  to  eqs.  6  and  7.  The  extent  of 
mixing  now  has  to  be  controlled  at  the  individual  particle 
level  through  the  parameter  A,  which  is  redefined  as 

A  =  C'(-  (10) 

T 

where  C"  =  2.0.  With  this  new  definition,  eq.  9  can  be 
written,  in  the  limit  St  —*  0, 

^  =  (11) 


The  above  equation  states  that  the  change  of  due  to  mix¬ 
ing  is  proportional  to  tht  difference  between  <f>m  and  and 
inversely  proportional  to  ti.e  turbulence  time  scale  r. 

2.3  The  Coupling  of  Mixing  and  Reaction 

The  processes  of  mixing  and  chemical  reaction  are  es¬ 
sentially  decoupled  when  one  uses  the  discontinuous  C/D 
models.  In  contrast,  with  the  above  continuous  model,  cou¬ 
pling  become  natural  since,  for  a  given  particle,  mixing  and 
chemical  reaction  can  be  described  with  a  single  equation: 

(12) 

where  ty„  is  the  chemical  source  term. 

Since  the  continuous  mixing  model  allows  full  coupling 
of  the  reaction  and  micing  processes,  the  C/D  model  with 
reaction  zone  conditioning  by  Chen  and  Kollmann  (1991) 
can  be  easily  implemented  in  the  present  model  to  simulate 
the  fast  reaction  in  the  flame  sheet  regime.  Here  a  modified 
finite  difference  vers"  on  of  eq.  12  has  to  be  used  since  w„  is 
infinity  in  case  ol  last  reaction. 

3.  RESULTS  AND  DISCUSSIONS 

The  continuous  mixing  model  described  in  the  previous 
section  has  been  validated  using  both  non-reacting  and  re¬ 
acting  flow  test  cases.  The  results  and  their  conparisons 
with  earlier  calculations  (Hsu,  1991)  using  the  modified  Curl 
model  as  well  as  with  experimental  data  are  presented  in  this 
section. 


3.1  Homogeneous  'Airbulence  Decay  of  a  Scalar 


The  case  of  decaying  fluctuation  of  a  passive  scalar  in  ho¬ 
mogeneous  turbulence  is  used  to  test  the  continuous  mixing 
model.  The  initial  condition  is 


N/2 


'^S{rp-l)+  S(i>  +  1) 


n=N/i+l 


.  (13) 


that  is,  in  the  Monte  Carlo  simulation,  hidf  of  the  particles 
are  ascribed  the  value  1,  and  the  other  half  -1. 

The  pdf  distribution  of  the  normalized  variable  < 
(j)  >)lcr,  where  <  ^  .>  is  the  mean  and  cr  is  the  standard  de¬ 
viation,  in  the  homogeneous  turbulence  decay  problem  con¬ 
verges  to  a  single  curve  after  certain  time,  and  the  correct 
distribution  should  be  Gaussian,  Fig.  ^  and  2  are  the  pdf 
distributions  from  the  modified  Curl  model  and  the  present 
model,  both  compared  to  a  normal  distribution.  One  can 
see  that  the  pdf  from  the  modified  Curl  model  deviates  con¬ 
siderable  from  Gaussian,  while  the  result  from  the  present 
model  is  fairly  close  to  a  Gaussian  distribution. 

The  evolution  history  of  the  rms  and  fourth  and  sixth 
moments  of  the  scalar  fluctuation  are  calculated  using  both 
the  modified  Curl  model  and  the  present  continuous  model. 
Fig.  3  shows  the  results  from  the  modified  Curl  model.  One 
can  see  that  although  the  rms  from  that  model  behaves  well, 
the  fourth  and  sixth  moments  grow  quickly  out  of  bound, 
oscillating  at  a  level  several  order  of  magnitudes  higher  than 
the  value  of  Gaussian  distribution.  These  results  aie  similar 
to  what  Pope  (1982)  had  observed.  Fig.  4  shows  the  re¬ 
sults  for  the  same  set  of  quantities  from  the  present  model. 
The  rms  behaves  similar  to  that  from  the  modified  Curl 
model.  The  fourth  and  sixth  moments,  on  the  other  hstnd, 
are  quite  different  from  those  of  the  previous  model;  they 
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rise  s.noothly  to  the  value  predicted  by  Gaussian  distribu¬ 
tion.  Although  the  vdues  do  not  seem  to  converge,  they 
remain  finite,  and  are  of  the  same  order  of  magnitude  as 
that  of  the  Gaussian  distribution. 

The  above  shown  results  clearly  showed  the  advantage 
of  the  present  model  over  that  of  the  modified  Curl  model. 
Pope  (1982)  had  devised  an  age  biased  scheme  that  achieved 
the  same  end,  which  required  an  additional  variable,  namely 
the  age  of  the  particles,  and  t’vo  extra  adjustable  parame¬ 
ters.  In  contrast,  the  present  model  needs  no  extra  work  or 
parameters. 

3.2  Heated  Turbulent  Jet 

Extensive  experimental  results  for  a  heated  turbulent 
plane  jet  have  been  reported  by  many  authors  (Bashir,  et  al. 

1975,  Browne  et  al.,  1984,  Uberoi  and  Singh,  1975,  Jenkins, 

1976,  Antonia,  et  al.,  1983).  The  turbulent  jet  has  a  slightly 
higher  temperature  than  the  ambient.  Measurements  of  both 
the  the  mean  temperature  and  the  rms  of  the  temperature 
fluctuations  were  given.  We  compared  the  solutions  for  the 
heated  turbulent  jet  from  the  new  model  with  experimental 
data  as  we'l  as  with  previous  solutions  (Hsu,  1991)  obtained 
using  the  modified  Curl  model. 

In  the  present  study,  a  combined  CFD — Monte  Carlo 
algorithm  is  used.  The  mean  flow  field  is  obtained  by  solving 
the  Namier- Stokes  equation  and  a  two-equation  turbulence 
model  using  a  finite  difference  scheme.  The  temperature 
is  treated  as  a  conserved  scalar  and  simulated  by  the  pdf 
equation. 

Fig.  5  shows  the  comparisons  of  the  the  mean  tempera¬ 
ture  distribution  from  the  pdf  .Monte  Carlo  simulations  and 
experimental  data  from  various  authors.  The  figure  shows 
that  both  mixing  models  predicts  the  mean  temperature  dis¬ 
tribution  accurately. 

The  results  for  standard  variation,  or  rms,  of  the  tem¬ 
perature  distribution  are  given  in  Fig.  6.  Although  the  two 
solutions  do  not  show  significant  difference,  the  new  model 
seems  to  agree  slightly  better  with  the  experiment,al  data. 
The  skewness  and  the  flatness,  i.e.,  the  third  and  fourth  mo¬ 
ments  of  the  temperature  fluctuation,  are  given  in  Figs.  7 
and  8;  the  comparisons  show  that  in  the  present  case  of  a 
turbulent  jet  the  statistierJ  behavior  of  the  new  model  is 
similar  to  that  of  the  modified  Curl  model. 

3.3  Hydrogen-Fluorine  Diffusion  Flame 

The  continuous  model  has  been  applied  'o  the  Hj — 
Fj  diffusion  flame  studied  earlier  by  Hsu  (1991).  The  flow 
conditions  are  set  according  to  an  experiment  performed  by 
Hermanson  and  Dimotakis  (1989).  The  flame  consists  two 
streams.  The  upper  stream  contains  96%  of  Nj  and  4%  of  Fj, 
the  flow  velocity  is  Ut  =  2?  m/s;  the  lower  stream  contains 
96%  of  N]  and  4%  of  Hj,  with  velocity  f/j  =  8.8  m/s.  The 
estimated  Damkohler  number  is  ranged  from  25  to  130  (Her¬ 
manson  and  Dimotakis,  1989),  and  a  fast  chemistry  model 
is  deemed  appropriate  in  the  calculation.  Again  a  modified 
version  of  eq.  12  is  used  to  accommodate  the  fast  chemistry. 

Fig.  9  shows  the  temperature  rise  due  to  combustion.  In 
the  figure,  St  is  the  shear  layer  thi'  kness  determined  by  1%  of 
the  temperature  rise,  AT  is  the  i  :tual  temperature  rise  due 
to  combustion,  ( the  two  streams  have  the  same  temperatures 
initially,)  and  ATa^f  is  the  adiabatic  flame  temperature  as¬ 
suming  complete  reaction.  Details  on  the  flow  conditions  can 
be  found  in  Hermanson  and  Dimotakis  (1989).  The  agree¬ 


ment  between  numerical  predictions  and  experimental  data 
is  fairly  good,  and  a  comparison  of  the  results  from  the  con¬ 
tinuous  model  and  that  from  the  modified  Curl  model  shows 
that  both  performed  well  for  this  case. 

3.4  Combination  with  Reaction  Zone  Conditioning 

Chen  and  Kollmann  (1991)  developed  a  mixing  model 
based  on  reaction  zone  conditioning,  aimed  at  the  coupling 
of  reaction  and  mixing.  We  have  shown  in  Section  2.3  that 
with  the  present  model,  the  processes  of  reaction  and  mixing 
can  be  fully  coupled;  therefore  it  is  only  natural  to  apply  the 
reaction  zone  conditioning  suggested  by  Chen  and  Kollmann 
here. 

The  Hi — Fj  diffusion  flame  problem  is  reformulated 
such  that  the  chemical  reaction  is  confined  to  a  very  narrow 
zone  near  stoichiometry.  By  applying  reaction  zone  condi¬ 
tioning  to  the  continuous  mixing  model,  we  were  able  to  pro¬ 
duce  a  scatter  plot  of  the  temperature  vs.  mixture  fraction 
in  which  all  the  points  reached  the  equilibrium  temperature. 
This  result  is  shown  in  Fig.  10.  The  mixture  fraction  here 
is  defined  as  the  molar  concentration  of  fuel  divided  by  the 
total  molar  concentration,  and  stoichiometry  is  located  at 
/  =  0.5. 

4.  CONCLUSIONS 

A  turbulence  mixing  model  that  is  continuous  in  time 
has  been  introduced.  The  deficiency  of  non-physical  jump 
condition  in  the  mixing  process  is  removed  in  the  new  model. 
It  has  been  shown  that  the  new  model  is  superior  to  the  exist¬ 
ing  modified  Curl  model  (Janicka,  et  al.,  1979)  in  that  it  can 
predict  a  Gaussian  distribution  and  finite  higher  moments 
in  the  rase  of  homogeneous  turbulence  decay;  it  has  accom¬ 
plished  what  the  age  biased  samphng  sciieme  (Pope,  1982) 
is  designed  for,  without  the  extra  parameters  required  by 
that  scheme.  The  numerical  results  from  the  present  model 
compare  well  with  experimental  data 

ACKNOWLEDGEMENT 

The  work  of  the  first  author  is  supported  by  the  NASA 
Lewis  Research  Center  under  Contract  NAS3- 25266  with  L. 
Povinelli  as  monitor.  The  second  author  is  supported  by  the 
Unite  States  Department  of  Energy,  Office  of  Basic  Energy 
Sciences,  Division  of  Chemical  Sciences. 

REFERENCES 

Antonia,  R.A.,  Browne,  L.W.ri.,  Chambers,  A.J.,  and  Ra- 
jagopalan,  S.,  1983,  Budget  of  the  Temperature  Variance  in 
a  Turbulent  Plane  Jet.  Int.  J.  Heat  Mass  TVansfer,  26-1, 
41-48. 

Ashir,  J.  Md  Uberoi,  M.S.,  1975,  Experiments  on  Turbu¬ 
lent  Structure  and  Heat  Tl-ansfer  in  a  Two  Dimensional  Jet. 
Physics  of  FLuids,  18-4,  405-410. 

Browne,  L.W.B.,  Antonia,  R.A.,  and  Chembers,  A.J.,  1984, 
The  Interaction  Region  of  a  Turbulent  Plane  Jet.  J.  Fluid 
Mech.,  149,  355-373. 

Chen,  J.-Y.  and  Kollmann,  W.,  1991,  Mixing  Models  for  Tur¬ 
bulent  Flows  wiih  Exothermic  Reactions.  Turbulent  Shear 
Flows,  Springer- Vtrlag,  7,  277. 

Curl,  R.L.,  1963,  Dispersed  Phase  Mixing,  I,  Theory  and  Ef¬ 
fects  of  Simple  Reactors.  A.I.Ch.E.J.  9, 175. 


22-4-3 


Hermanson,  J.C.  and  Dimotakis,  P.E.,  1989,  Effects  of  Heat 
Release  in  a  Tlirbulent,  Reacting  Shear  Layer.  J.  Fluid  Mech. 
199,  333-375. 

Hsu,  A.T.,  1991,  The  Study  of  Hydrogen  Diffusion  Flames 
Using  PDF  Turbulence  Models.  AIAA  Paper  91-1780. 

Janicka,  j.,  Kolbe,  W.,  and  Kollmann,  W.,  1979,  Closure  of 
the  Transport  Equation  for  the  Probability  Density  Function 
Scalar  Field.  J  Non-Ekiuilib.  Thermodyn.  4,  47. 

Jenkins,  P.E.  and  Goldschmidt,  V.W.,  1973,  Mean  Tempera¬ 
ture  and  Velocity  m  a  Plane  Turbulent  Jet,  ASME  J.  Fluids 
Eng.,  95,  581-584. 

Norris,  A.T.  and  Pope,  S.B.,  1991,  Turbulent  Mixing  Model 
Based  on  Ordered  Pairing.  Combust,  and  Flame,  83,  27-42. 

Pope,  S.B.,  1982,  An  Improved  Turbulence  Mixing  Model. 
Combust.  Sci.  Tech.,  28, 131, 

Pope,  S.B.,  1985,  PDF  Methods  for  Turbulent  Reactive 
Flows.  Prg.  Energy  Combust.  Sci.,  11, 119-192. 

Uberoi,  M.S.  and  Singh,  P.I.,  1975,  Turbulent  Mixing  in  a 
Two-Dimensional  jet.  Physics  of  Fluids,  18-7,  764-769. 


(tP  -  <<fi>)/a 


Figure  1.  Asymptotic  pdf  distribution  for  a  scalar  in  homo¬ 
geneous  turbulence.  —  modified  Curl  model; - Gaussian. 
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Figure  3.  Evolution  of  moments  from  the  modified  Curl 
model.  —  standard  deviation,  -  -  -  0.01  X  fourth  central 
moment,  -  -  0.0001  x  sixth  central  moment,  o  0  01  x  fourth 
moment  for  Gaussian  distribution,  O  0.0001  x  sixth  moment 
for  Gaussian  distribution. 


Figure  4.  Evolution  of  moments  from  the  present  model.  — 
standard  deviation,  -  -  -  0.1  x  fourth  central  moment,  — 
0.01  X  sixth  central  moment,  o  0.1  x  fourth  moment  for 
Gaussian  distribution,  □  0.01  x  sixth  moment  for  Gaussian 
distribution. 


Figure  2.  Asymptotic  pdf  distribution  for  a  scalar  in  homo¬ 
geneous  turbulence.  —  present  model;  -  -  -  Gaussian. 
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Figure  5.  Mean  temperature  in  heated  plane  jet.  —  contin¬ 
uous  mixing  model, - modified  Curl  model,  A  Browne  et 

al.  (1984),  O  Bashir  and  Uberoi  (1975), «  Uberoi  and  Singh 
(1975),  0  Jenkins  and  Goldsdimidt  (1973). 


Figure  8.  Flatness  of  temperature  variance  in  heated  plane 
jet.  —  continuous  mixing  model, - modified  Curl  model. 
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Figure  6.  RMS  of  temperature  variance  in  heated  plane  jet. 
—  continuous  mixing  model,  -  -  -  modified  Curl  model,  o 
Antonia  et  al.  (1983),  o  Bashir  and  Uberoi  (1975),  A  Uberoi 
and  Singh  (1975). 


Figure  7.  Skewness  of  temperature  variance  in  heated  plane 
jet.  —  continuous  mixing  model,  -  -  -  modified  Curl  model. 
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Figure  9.  Temperature  rise  in  an  Hi-Fj  diffusion  flame. 
—  continuous  mixing  model,  -  -  -  modified  Curl  model,  o 
Hermanson  and  Dimotakis  (1989). 
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Figure  10.  Joint  pdf  between  temperature  and  mixture  frac¬ 
tion  on  the  centerline  of  the  Hj-Fj  diffusion  flame;  reaction 
is  restricted  to  a  narrow  zone  at  stoichiometry;  results  are 
obtained  by  applying  reaction  zone  conditioning  (Chen  and 
KoUmaim,  1990)  to  the  continuous  mixing  model. 
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Abstract 

The  present  paper  addresses  a  number  of  Issues  of  relevance  to 
the  modelling  of  turbulent  gaseous  explosions  These  Include  the 
removal  of  cold  front  boundary  problems  which  may  lead  to  a 
numerically  Induced  transition  to  detonation  and  the  formulation  of 
sufficient  temporal  and  spatial  resolution  criteria  to  eliminate  or 
substantially  reduce  numerical  inaccuracies  This  Is  accomplished 
by  comparing  the  results  of  transient  computations  with  the  results 
from  the  solution  of  the  corresponding  steady  problem  using  an 
eigenvalue  technique.  A  reaction  model  giving  good  agreement 
with  measurements  of  turbulent  burning  velocities  is  derived  on  the 
assumption  that  as  first  approximation  flames  exhibit  a  fractal 
behaviour  at  high  turbulence  Reynolds  numbers  It  Is  shown  that 
with  an  Inner  cutoff  based  on  the  Kolmogorov  scale  and  a  fractal 
dimension  of  7/3  the  turbulent  burning  velocity  is  dependent  upon 
the  ratio  of  the  laminar  burning  velocity  and  Kolmogorov  velocity 


Introduction 

Turbulent  gas  explosions  exhibit  complex  behaviours  and  are  very 
sensitive  to  interactions  with  obstacle  Induced  shear  layers  and  re¬ 
circulation  zones  The  types  of  flames  under  consideration  can 
readily  be  produced  under  laboratory  conditions  In  fuel-air 
mixtures  in  the  presence  of  obstacles  e.g  Lindstedt  &  Michels 
(1989)  A  particularly  interesting  feature  of  these  flames  is  that  they 
propagate  for  long  times  at  around  sonic  velocity  prior  to  transition 
to  detonation.  This  kind  of  behaviour  has  also  been  observed  In 
field  scale  trials  To  model  turbulent  flames  under  these  conditions 
Is  very  demanding  Firstly,  turbulence  Reynolds  numbers  are 
frequently  very  high  and  estimates  of  Kariowitz  numbers  based  on 
the  Kolmogorov  scale  indicate  that  these  are  exceeding  unity  by 
order(s)  of  magnitude.  Furthermore,  if  the  transition  to  detonation 
(DDT)  Is  to  be  considered  then  direct  kinetic  effects  must  be 
included.  In  the  present  study  auto-ignitlon  effects  are  not  treated 
and  only  processes  leading  up  to  DDT  are  considered 

Despite  these  difficulties  the  area  of  modelling  of  turbulent  gaseous 
explosions  has  received  a  fair  amount  of  attention  due  to  the 
obvious  practical  implications  e.g.  Hjertager  (1982)  However,  until 
recently  surprisingly  little  effort  has  been  directed  towards 
Investigating  the  numerical  behaviour  of  the  most  frequently 
utilised  reaction  models  -  versions  of  the  Eddy  Break  Up  model  - 
under  conditions  typical  of  confined  premixed  flames  and  gaseous 
explosions  Furthermore,  while  many  modifications  to  these 
models  have  been  suggested,  the  Implications  of  such 
modifications  on  the  resulting  turbulent  burning  velocity  and  their 
numerical  behaviour  has  received  little  attention  Catlin  &  Lindstedt 
(1991)  have  shown  how  a  general  eigenvalue  technique  can  be 
applied  to  investigate  the  behaviour  of  turbulent  reaction  models 
and  have  defined  the  requirements  in  terms  of  flame  resolution  and 
Courant  numbers  for  transient  numerical  computations  necessary 
to  ensure  well  behaved  solutions  for  the  standard  BML  form,  e.g 


Cant  &  Bray  (1989),  of  the  Eddy  Break  Up  (EBU)  model.  In  addition 
It  was  not^  that  common  modifications  to  this  reaction  model 
frequently  Introduced  to  ensure  uniqueness  of  the  numerical 
solution,  such  as  switching  off  the  reaction  rate  below  some  (small) 
value  of  the  reaction  progress  variable,  will  have  large  effects  on 
the  piedicted  turbulent  burning  velocity.  For  example  a  cutoff  set  at 
a  value  of  the  reaction  progress  variable  of  0.01  will  result  in  a 
reduction  In  the  predicted  turbulent  burning  velocity  by  around 
40%  with  the  use  of  standard  modelling  constants  The  case 
treated  in  the  analysis  by  Kolmogorov  et  al  (1937)  which  is 
applicable  in  the  case  where  the  flame  front  merges  with  the  cold 
front,  e  g  in  the  absence  of  a  diffusion  zone  ahead  of  the  flame, 
was  found  not  to  be  attainable  In  transient  numerical  computations 
due  to  cold  front  boundary  problems  However,  with  carefully 
controlled  computations  transient  solutions  In  good  agreement 
with  the  eigenvalue  analysis  can  be  obtained  even  with  cold  front 
quenching  criteria  reduced  to  within  an  order  of  magnitude  of  the 
truncation  error  limit  The  complete  removal  of  cold  front 
quenching  criteria  and/or  Inappropriate  temporal  or  spatial 
resolution  of  the  flame  was  shown  to  lead  to  a  limiting  case  of  a 
numerically  Induced  Chapman-Jouget  detonation  In  a  constant 
turbulence  field. 

In  the  present  paper  past  work  Is  extended  In  two  ways,  (I)  the 
eigenvalue  technique  by  Catlin  &  Lindstedt  (1991)  Is  applied  to  the 
formulation  of  a  turbulent  reaction  model  based  on  the 
presumption  of  a  fractal  behaviour  of  turbulent  flames  at  large 
turbulence  Reynolds  numbers  and  (il)  transient  flames  are  studied 
in  a  decaying  turbulence  field 


Governing  Equations 

The  current  paper  considers  the  customary  Navier-Stokes 
equations  In  Cartesian  geometry  along  with  a  fuel  mass  fraction 
equation  and  an  energy  equation  written  in  terms  of  the  total 
internal  energy,  eg  Incorporating  chemical  bond  energies  The 
mass  conservation  and  momentum  equations  may  be  written  as. 


The  turbulence  model  is  the  standard  k  -  c  model  e  g  Jones  & 
Whitelaw  (1982)  with  a  modification  to  the  c-equation  Introduced  to 
account  approximately  for  rapid  distortion  as  suggested  by  Morel 
a  Mansour  (1982). 
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The  modeling  constants  in  the  above  equations  have  their  standard 
values  as  defined  by  Jones  &  Whitelaw  (1982)  and  Morel  & 
Mansour  (1982)  eg  C,  =  1.44,  C2  =  192,  C3--O33.  C,,=0  09, 
<?((=  1  00  and  =  1.22  The  scalar  equations  may  be  written  In  the 
general  form  as. 


Reaction  Model 

To  formulate  a  suitable  reaction  model  for  a  strongly  turbulent 
deflagration  is  a  demanding  task  As  discussed  above  it  has  been 
shown  that  numerical  problems  can  readily  be  removed  from  the 
BML  form  of  the  EBU  reaction  model  and  that  the  u^-  a  u'  link  can 
be  maintained  in  transient  computation  in  a  constant  turbulence 
field  with  values  of  u'  in  excess  of  25  m/s  •  a  necessary 
requirement  for  explosion  modelling  However,  even  with  the 
removal  of  numerically  Induced  difficulties  it  Is  clear  that  the 
turbulent  burning  velocities  predicted  by  this  model  are  In 
substantial  error  in  regions  of  high  turbulence  As  a  result 
modifications  have  been  suggested  to  the  EBU  model  which 
account  for  quenching  effects  at  high  turbulence  levels  For  an 
excellent  and  recent  review  see  Bray  (1990)  One  of  the  most 
interesting  frameworks  for  deriving  modifications  to  the  EBU  model 
was  suggested  by  Gouldin  and  co-workers  (1989)  who  introduced 
an  expression  based  on  the  assumption  of  a  fractal  behaviour  of 
flames  at  high  turbulence  levels,  The  suggested  rate  expression 
may  readily  be  re-written  in  Favre  averaged  quantities  as, 
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If  the  assumption  of  a  uniform  mixture  with  no  change  in  mean 
molecular  weight  is  introduced  along  with  the  assumption  of 
g.’adient  transport  the  source  term  and  the  flux  terms  in  the  energy 
equation  may  be  written  as. 


M  (1  -I-  t)  c(1-c) 
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(13) 


In  the  above  expression  I,  and  I,,  are  the  integral  and  Kolmogorov 
length  scales  respectively,  u^  the  unstrained  (or  strained)  laminar 
burning  velocity  and  3  measure  of  the  thickness  of  the  turbulent 
flame  brush  The  term  f  is  an  empirical  function  which  will  not  be 
used  in  the  present  work  and  is  thus  not  discussed  further 
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The  turbulent  Prandtl  and  Schmidt  numbers  have  been  assigned 
values  of  0  75.  The  ratio  of  specific  heats  (>)  is  assumed  constant 
at  1  3.  Gradient  transport  is  also  assumed  for  the  fuel  mass 
fraction  flux. 
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For  ease  of  discussion  the  reaction  progress  variable  is  introduced 
and  IS  in  the  present  work  defined  as. 


=  1 


Y  /Y 

Fu'  Fu 


(11) 


It  should  here  be  noted  that  in  the  general  case  the  leactlon 
progress  variable  Is  a  function  of  the  local  mixture  fraction  (0  as 
well  as  the  local  fuel  mass  fraction  However,  In  the  present  case  of 
a  homogeneous  mixture  the  mixture  fraction  equation  need  not  be 
solved  The  source  term  in  the  fuel  mass  fraction  equation  Is 
discussed  in  detail  In  the  section  below.  It  has  further  been 
assumed  that  the  fuel  (methane)  undergoes  a  one  step  reaction  as, 

CH4  -r  O2  - >  CO2  +  2H2O  (12) 


It  IS  not  the  intention  to  here  provide  a  detailed  discussion  of  the 
applicability  of  fractal  based  models  for  turbuient  flames  It  Is 
simply  noted  that  at  high  turbulence  levels  there  appears  to  be 
general  agreement  between  measurements  (Mantzaras  et  al 
(1989),  North  &  Santavicca  (1990))  and  derivations  based  on 
treating  the  flame  as  a  passive  surface  (Gouldin  et  al  (1989))  or  as 
a  dynamic  interface  (Kerstein  (1988)),  that  flames  In  high 
turbulence  are  to  a  fust  approximation  fractal  with  a  fractal 
dimension  (D)  of  around  2  33,  However,  it  should  be  noted  that  at 
low  turbulence  levels  D  may  be  as  low  as  2.11  As  in  the  present 
work  only  high  turbulence  Reynolds  numbers  are  considered  the 
fractal  dimension  will  be  assumed  to  be  7/3 

The  turbulent  flame  thickness  appearing  in  equation  (13)  above 
can  readily  be  removed  If  it  is  noted  that  it  Is  essentially 
proportional  to  the  Integral  length  scale  In  the  cold  flow  The  factor 
or  proportionality  is  largely  dependent  upon  the  definition  of  the 
thickness  of  the  turbulent  flame  brush  but  Is  almost  without 
exception  in  the  range  1  to  10  Gatlin  &  Lindstedt  (1991)  have 
shown  that  this  indeed  holds  lor  mixing  controlled  reaction  models 
after  the  removal  of  cold  front  boundary  problems.  The  transported 
pdf  computations  by  Anand  &  Pope  (1987)  also  give  a  turbulent 
flame  thickness  proportional  to  the  Integral  length  scale  In  the  cold 
flow  with  the  addition  of  a  linear  dependence  upon  the  expansion 
ratio  (t)  across  the  flame  Consequently,  assuming  =  I,  appears 
to  be  an  acceptable  approximation  and  the  revised  reaction  model 
may  at  this  stage  be  written  as. 
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Thermodynamic  data  have  been  evaluated  using  JANAF 
polynomials.  The  final  temperature  In  the  products  Is  2340  K  giving 
an  expansion  ratio  (t  =  T,  /Tg  - 1)  across  the  flame  of  6  85 

The  above  equation  set  is  solved  as  appropriate  using  a  version  of 
the  PISO  algorithm  with  a  variable  number  of  implicit  correctors 
and  with  full  splitting  error  control  e,g  Gatlin  &  Lindstedt  (1991). 


One  further  Issue  which  has  been  debated  at  some  length  Is  the 
appropriate  Inner  cutoff  of  the  fractal  expression  In  eq  (14)  it  has 
been  assumed  that  the  inner  cutoff  corresponds  to  the  Kolmogorov 
scale,  Peters  (1986)  have  suggested  that  the  Inner  cutoff  could 
Instead  be  proportional  to  the  Gibson  scale  which  will  result  in  the 
following  rate  expression. 
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As  the  Gibson  and  Integral  scales  are  defined  as  Iq  =  /  c  and  l| 

=  3/2  u’^/c  respectively,  it  can  rradlly  be  shown  that  under  the 
present  assumptions  the  reaction  rate  source  term  reduces  to  the 
standard  BML  form  of  the  EBU  reaction  model, 


pRc  =  Cebup 
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While  the  Gibson  scale  cutoff  Is  attractive  from  a  theoretical 
viewpoint  the  above  result  appears  at  present  not  to  be  in  good 
agreement  with  experimental  data  even  for  moderate  turbulence 
Reynolds  numbers  Consequently,  the  present  work  adopts  an 
inner  cutoff  based  on  the  Kolmogorov  scale.  Some  experimental 
support  also  exists  eg  North  &  Santavicca  (1990)  that  the  Inner 
cutoff  most  probably  Is  smaller  than  the  Gibson  scale  Under  the 
simplifying  assumptions  above  the  reaction  rate  based  on  the 
Kolmogorov  scale  cutoff  may  be  written  as. 
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This  Is  an  Interesting  result  as  It  in  essence  Is  the  standard  EBU 
model  modified  by  the  ratio  of  the  laminar  burning  velocity  to  the 
turnover  velocity  of  eddies  on  Kolmogorov  scale.  The  implications 
of  this  reaction  rate  expression  are  explored  in  the  section  below 

One  final  point  remains  to  be  addressed.  It  is  now  well  known  that 
the  c(1-c)  expression  does  produce  cold  front  boundary  problems 
There  are  several  ways  of  eliminating  this  numerical  artefact  In  the 
present  work  it  has  been  assumed  that  reaction  rate  Is  zero  below 
a  Favre  averaged  progress  variable  of  0  01  In  the  present  work  the 
eigenvalue  analysis  by  Catlin  &  Lindstedt  (1991)  Is  used  in  the 
section  below  to  analyse  the  behaviour  of  the  above  reaction  rate 
expression  for  variations  in  turbulence  properties,  laminar  burning 
characteristics  and  expansion  ratios  across  the  flame 


Eigenvalue  Analysis 

An  Important  distinction  between  the  analysis  by  Kolmogorov  et  al 
(1937)  and  the  |,  -ent  eigenvalue  analysis  is  that  the  restriction 
that  the  first  derlvaiwe  of  the  reaction  rale  source  term  should  be 
non-zero  as  c  ->  0  is  removed.  This  Is  particularly  useful  in  the 
current  case  as  it  enables  more  general  turbulent  reaction  models 
to  be  investigated  As  a  starting  point  the  above  conservation 
equations  are  simplified  for  a  steadily  propagating  10  planar  flame 
in  an  incompressible  fiuid  and  a  constant  turbulence  field  to  give. 


(au)^ 


dc 

dx 


»  dc 
asc  dx 


+  pRg 


(18) 


A  simple  coordinate  transformation  is  now  introduced  as. 


^  _  JX _ 1_^ 

d{  ■  <r^  (pu)^  dx  (’^) 


and  the  resulting  equation  may  be  written  as 


dc  ^ 
cl{  'd{  d? 


+  W(c)A 


(20) 


If  the  effect  of  temperature  on  the  laminar  viscosity  Is  taken  Into 
account  the  resulting  source  Is, 


W(c) 


-0,  (1  +  T)  C;i  Cf  ^1  k  ,  , 

C  (1-C)  4,/, 2  a  v  2 

(1  +  rc)  Sc  kU^ 


where  the  parameter  ’n'  has  been  Introduced  for  reasons  outlined 
below.  It  should  be  noted  that  in  equation  (21)  only  the  density 
ratio  across  the  flame  appears  The  last  term  may  be  rewritten  as 
(with  the  turbulent  burning  velocity  denoted  Ut  =  Uq) 


Ut 


CcC.'^ik 

"sc  ''k^ 


(22) 


Equation  (20)  above  may  readily  be  Integrated  using  a  Runge- 
Kutta-Nystrom  method  and  a  binary  search  procedure  applied  to 
determine  the  resulting  eigenvalue  The  appropriate  boundary 
condition  at  the  cold  front  Is, 


^  =  Co  at  the  cold  front  (Cj  =  10'^  in  the  present  work) 


Eigenvalues  can  readily  be  determined  for  a  wide  range  of 
parameters  and  be  related  to  the  resulting  turbulent  burning 
velocity  via  equation  (22).  The  dependence  of  the  latter  upon  the 
expansion  ratio  across  the  flame  is  the  first  parameter  to  be 
considered.  The  results  obtained  by  the  solution  of  equations 
(20,21)  for  different  values  of  ’n'  are  shown  In  Fig  1  where  the 
results  have  been  normalised  by  the  turbulent  burning  velocity 
obtained  with  an  expansion  ratio  (r)  of  7  A  comparison  with  the 
result  from  the  transported  pdf  computations  by  Anand  &  Pope 
(1987)  have  also  been  Included  As  can  be  seen  it  appears  that 
n=2  gives  better  agreement  with  the  transpoted  pdf  computation 
than  the  more  commonly  used  n  - 1  This  Is  quite  different  from  the 
earlier  version  of  the  BML  form  of  the  EBU  model  used  in  the 
studies  by  Cant  &  Bray  (1989)  and  Lindstedt  &  Catlin  (1990)  for 
which  n  =  1  25  gives  the  best  agreement 

The  final  Issue  is  that  of  the  modelling  constant  CgBu  the 
exponent  n=l  the  data  by  Bradley  and  co-workers  (1984),  see 
below.  Is  fitted  very  successfully  with  this  constant  being  equal  to  i 
while  0  67  improves  the  agreement  further  For  the  case  n=2  which 
gives  o,Dllmal  agreement  with  the  transported  pdf  computations  the 
computed  eigenvalue  Increases  from  0104  to  3  12  As  a 
consequence  the  modelling  constant  is  Increased  in  proportion  to 
a  value  of  20. 


The  agreement  between  the  eigenvalue  analysis  and  transient  ID 
computations  was  first  tested  as  a  function  of  flame  resolution 
The  approach  to  a  steady  limiting  value  for  two  flames  propagating 
in  an  open  ended  flame  tube  6m  in  length  can  be  found  in  Fig  2. 
The  flame  tube  was  resolved  by  1202  computational  nodes  and  an 
Integral  length  scale  of  0  25  m  was  specified  along  with  u’  =  5  m/s 
and  u'=25  m/s  respectively  The  turbulent  burning  velocities  were 
obtained  from  the  transient  computations  by  evaluating  the 
reaction  Integral  across  the  flame  and  as  an  additional  measure  the 
results  where  checked  by  dividing  the  particle  velocity  ahead  of  the 
flame  by  the  expansion  ratio  (t).  Ignition  was  obtained  by 
specifying  a  hot  gas  pocket  at  ambient  pressure.  The  turbulent 
burning  velocities  in  Fig.  2  have  been  normalised  by  those 
determined  from  the  eigenvalue  analysis  of  5.75  m/s  and  15.7  m/s 
respectively.  The  agreement  at  the  end  of  the  computation  Is  very 
satisfactory  with  errors  less  than  5%  The  effect  of  a  reduction  in 
the  resolution  of  the  integral  length  scale  was  also  tested  for  the 
case  of  u’=5  m/s  Resolution  of  the  latter  by  50,  25  and  12 
computational  nodes  respectively,  resulted  in  turbulent  burning 
velocities  of  1.65,  1  10  and  1.04  times  the  value  obtained  by  the 
eigenvalue  analysis.  The  required  resolution  of  the  flame  Is 
consequently  roughly  twice  that  necessary  for  the  BML  form  of  the 
EBU  model.  Temporal  resolution  was  ensured  In  the  present  study 
by  limiting  the  forward  step  to  a  maximum  Courant  number  of  0.25 
based  on  the  particle  velocity. 
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Comparison  with  Measurements 

One  problem  in  evaluating  any  model  for  premixed  turbulent 
combustion  is  the  absence  of  suitable  experimental  data  The  most 
comprehensive  set  of  data  foi  one  particular  geometry  ;s  tlial 
compiled  by  Bradley  and  co-workers  (1984)  As  the  present  study 
is  concerned  only  with  methane  -  air  flames  comparisons  are  made 
with  3  flames  of  stoichiometries  0  75,  0  89  and  1  00  The  laminar 
burning  velocities  required  for  the  above  combustion  model  were 
obtained  from  the  global  leaction  scheme  by  Jones  and  dndstedt 
(1988)  which  gives  lammar  flame  speeds  of  0  25,  0  345  and  0  385 
m/s  for  the  above  stoichiometries  The  laminar  viscosities  a'so 
required  in  the  evaluation  of  the  Kol,mogcrov  velocity  where 
evaluated  using  a  standard  formulation. 


In  Fig  3  the  .  'tasured  turbiiiftit  burning  velocities  for  the  leanest 
flame  (4' -0  75)  are  compared  with  the  current  model  and  the 
standard  EBU  model  resulting  from  the  assumption  of  an  inner 
cutoff  corresponding  to  the  Gibson  scale  As  can  bo  seen  the 
agreement  between  the  current  model  and  measurements  is  very 
satisfactory  until  values  of  u7U|  exceeds  20  For  higher  turbulence 
levels  the  agreement  is  not  surprisingly  detenoranng  In  Fig  4  the 
agreement  between  tne  present  model  based  on  normal 
unstrained  laminar  flame  properties  is  compared  with 
measurements  Again  the  agreement  between  the  expe'iments  ana 
the  current  model  is  surprisingly  good  However,  at  values  of  ii  /U) 
in  excess  of  30  there  is  deteriorating  agreement  with  the  measured 
data  The  simplicity  of  the  piesent  turbulent  re,ecton  model 
formulation  allows  readily  lor  the  intrrAiuction  ol  strained  laminai 
burning  velocities  into  euuation  (17)  To  this  end  the  strained 
laminar  burning  velocities  computed  by  Dixon-Lew.s  ana  co¬ 
workers  (1990)  for  stoichiometric  methane-air  flames  are  used 
directly  with  ttie  assumption  that  to  a  first  approximation  the  strain 
rate  is  proportional  to  the  inverse  of  the  Kolmogorov  lime  scale 
The  result  of  this  approximation  is  also  shown  in  Fig  4  where  the 
line  corresponding  to  the  prediction  based  on  the  strained  laminar 
flame  speed  has  been  terminated  at  the  extinction  points  of  the 
strained  planar  laminar  flame  (aq  2500  ,  s)  It  should  be  noted 
that  the  e'ninction  point  of  tubular  strained  flames  is  lower  sti'l  As 
can  be  seen  the  agreement  with  experimenia'  data  does  not 
improve  and  the  indications  are  that  the  laminar  flames  extinguish 
much  too  soon  This  must  cast  some  doubt  on  the  validity  ol  the 
inclusion  of  strained  laminar  flame  data  in  a  simple  manner  into 
turbulent  flame  computations,  or  alternatively  that  the  strainrate  is 
the  appropriate  parameter  to  consider  Regarding  extinction 
characteristics  it  Is  well  known  that  flames  burning  against  burnt 
products  do  display  very  different  extinction  characteristics  Thus 
the  agreement  at  least  with  respect  to  this  feature  is  likely  to  be 
much  improved  with  the  use  of  such  data 

Important  issues  do  arise  in  the  context  of  the  applicability  ol  the 
type  of  model  suggested  here  for  highly  turbulent  flames 
Evaluation  of  Karlowitz  numbers  based  on  the  Kolmogorov  scale 
and  the  characteristic  reaction  times  of  the  fuel  breakdown  layer  of 
laminar  flames  yield  values  significantly  above  unity  even  at  very 
moderate  turbulence  levels  As  a  consequence  it  appears 
questionable  to  treat  the  flame  as  a  passive  surface  under  these 
conditions  Interestingly  the  form  of  the  correction  fac'or  to  the 
EBU  model  derived  above  indicates  a  dynamic  balance  between 
the  laminar  burning  velocity  and  the  Kolmogorov  scales  The 
behaviour  ol  the  ratio  of  the  latter  is  shown  in  Fig  5  where  as  an 
exam,ole  the  case  of  a  stoichiometric  methane-air  flame 
propagating  into  a  turbulence  field  with  an  integral  length  scale  of 
0.25m  is  considered  At  low  turbulence  levels  o  g  u’/U|  =  1  the  ratio 
of  U|/V|^  IS  around  8  and  hence  strong  flame  acceleration  is 
predicted  by  the  interaction  with  eddies  on  the  Kolmogorov  scale 
However,  at  high  turbulence  levels  the  ratio  goes  significantly 
below  unity  causing  the  observed  decrease  In  the  rale  ol  burning 
discussed  above  It  must  hero  bo  emphasised  that  the  behaviour  at 
low  turbulence  levels  is  likely  to  be  exaggerated  due  to  the 


assumptions  made  of  an  appropriate  fractal  dimension  of  7/3 
However,  agreement  between  predictions  and  measurements 
appear  plausible  even  in  this  region 


Transient  Flames  In  Decaying  Turbulence 

In  the  present  section  the  above  reaction  model  is  applied  to  two 
cases,  (i)  wheie  an  established  flame  is  propagated  into  a 
decaying  turbulence  field  and  (ii)  where  a  confined  flame  is  ignited 
in  a  decaying  turbulence  field  The  conditions  chosen  for  the  first 
two  cases  correspond  to  a  moderately  strong  flame  resulting  from 
values  of  u'  of  5  m/s  and  an  initial  turbulence  length  scale  0  25  In 
the  first  case  a  flame  Is  propagated  in  a  constant  turbulence  field 
for  a  sufficiently  long  time  to  establish  a  nearly  steady  flame  (t  u'/li 
^0  8)  after  which  the  turbulence  field  is  allowed  to  decay.  The 
flame  initially  slows  down  but  then  appears  to  approach  an  almost 
steady  propagation  velocity  at  around  90%  of  that  obtained  in  the 
case  of  a  constant  turbulence  field  as  shown  in  Fig  6.  This  result  is 
surprising  and  it  appears  that  an  increase  In  the  ratio  of  the  laminar 
burning  velocity  to  the  turnover  time  of  eddies  on  the  Kolmogorov 
scale  partly  compensates  for  ttie  decay  in  u'  To  attempt  to 
elucidate  this  behaviour  further  a  computation  In  which  a  flame  was 
ignited  directly  in  a  decaying  turbulence  field  in  a  closed  vessel 
was  performed  The  result  from  this  computation  can  also  be 
found  111  Fig  6  The  interesting  point  is  that  even  for  this  case  a 
constant  turbulent  burning  velocity  appears  to  be  approached  at  a 
value  of  around  80%  of  ttiat  obtained  in  a  constant  turbulence  field 
Further  investigations  are  required  to  clarify  the  reasons  for  this 
behaviour  It  can  be  noted  that  direct  simulations  by  El-Tahry  et  al 
(1991)  also  obtain  results  which  show  that  a  flame  ignited  in  a 
decaying  turbulence  fielo  approaches  a  burning  velocity  similar  to 
that  of  the  flame  in  the  conesponding  steady  turbulence  field  This 
indicates  that  the  results  obtained  in  the  piesent  study  may  not  be 
unreasonable 


Conclusions 

The  relormulation  yl  the  transient  flame  propagation  problem  to  a 
foim  applicable  to  steady  flame  piopagation  in  a  constant 
turbulence  held  hac  been  used  as  a  basis  lor  an  eigenvalue 
analysis  It  has  been  shown  that  provided  sufficient  numerical 
resolution  of  the  turbulent  flame  is  ensured  excellent  agreement 
between  transient  computations  and  the  eigenvalue  procedure  is 
obtained  A  turbulent  reaction  model  was  derived  based  on  the 
assumption  of  fractal  behaviour  of  flames  at  high  turbulence  levels 
and  comparisons  with  experimentally  obtained  turbulent  burning 
velocities  give  very  encouraging  results  The  effect  of  strain  on  the 
laminar  burning  velocity  has  also  been  incorporated  and  it  was 
shown  that  some  doubts  exist  over  the  appropriateness  of  .he 
inclusion  of  strained  laminar  flame  data  in  a  simple  manner  into 
turbulent  flame  computations  The  computation  of  moderately 
strong  flames  in  decaying  turbulence  fields  show  that  the  final 
turbulent  burning  velocity  appears  to  approach  a  similar  value  to 
that  obtained  for  the  flame  in  the  corresponding  steady  turbulence 
field 
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Figure  1 

Dependence  of  Turbulent  Burning  Velocity 
on  the  Expansion  Ratio  Across  the  Flame 
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Figure  2 

Turbulent  Burning  Velocity  Normalised  by 
the  Result  from  the  Eigenvalue  Analysis 
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Figure  3 


Comparison  of  Measured  Turbulent  Burning 
Velocities  with  Predictions  using  Different 
Inner  Cutoffs 


Figure  4 

Comparison  of  Measured  and  Computed  Turbulent 
Burning  Velocities  with  Predictions  Based  on 
Strained  and  Unstrained  Laminar  Flames 


Figure  5 

The  Ratio  of  'j^mlnar  Burning  Velocity  to  the 
Turnover  Velochy  of  Kolmogorov  Scale  Eddies 


Figure  6 

Comparison  of  Turbulent  Flames  Propagating  In 
Open  and  Closed  Tubes  in  Decaying  Turbulence 
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Abstract 

An  experimental  investigation  of  the  Mach  number  effects  m 
two-dimensional  far  wakes  is  presented.  Three  regimes  arc 
studied-  subsonic  (Mach  0.1),  Mach  2.0  and  Mach  4  2,  in  the 
developped  part  of  the  initially  turbulent  wakes.  Hot  wire 
anemometry  is  used  to  give  one  point  statistics  and  conven¬ 
tional  space-time  correlations  (STC).  It  is  shown  that,  like 
in  boundary  layei-s,  the  intcrinittcnt  part  of  the  wakes  are 
of  less  transversal  extend  in  the  supersonic  cases.  The  spec¬ 
tra  are  strongly  modified  m  the  vicinity  of  the  axis.  The 
scales  and  the  shapes  of  the  STC  aie  also  quite  sensitive  to 
the  Mach  number.  The  supersonic  wakes  seems  to  be  more 
strongly  strueturated  than  the  equivalent  subsonic  one,  with 
slight  differences  between  Mach  2  and  4. 

1.  Introduction 

The  experimental  knowledge  of  the  conipicssibility  effects  on 
turbulent  flows  takes  an  increasing  importance;  associated  to 
the  recent  developments  of  numerical  piediction  and  to  the 
revival  of  industrial  mteiest  in  high  speed  iiropiilsioii.  More 
precisely,  compressibility  arising  from  the  supersonic  regime 
should  be  adressed.  Up  to  now,  the  influences  of  the  Mach 
number  have  been  and  are  still  examined  e.xperimentally  in 
details  mainly  in  the  case  of  Boundary  Layers  and  Jets  or 
Mixing  Layeis.  For  these  kinds  of  flows,  the  compressible 
character  of  the  velocity  fluctuation  field  can  be  invoked,  in¬ 
creasing  considerably  the  difficulty  of  any  numerical  predic¬ 
tion.  The  large  scale  behaviour  of  these  flows  is  now  assumed 
to  be  play  a  crucial  lole.  The  structures  of  the  flows  and  thier 
evolution  with  the  Mach  number  are  impoitant  as  well  as  for 
the  physical  interpretation  of  the  mechanisms  as  for  the  val¬ 
idation  of  advanced  numerical  codes. 

The  present  work  deals  with  the  study  of  turbulent  far  wakes, 
in  subsonic  and  supersonic  external  flows.  For  the  small 
deficit  wakes,  at  the  difference  of  the  two  other  configura¬ 
tions  (mixing  and  boundary  layers),  the  'ocity  gradients 
and  the  turbulence  level  remain  very  snu ...  This  last  charac¬ 
teristic  induces  that  a-priori  the  velocity  fluctuations  can  be 
condidered  as  quite  incompressible,  at  least  up  to  moderate 
values  of  the  external  Mach  numbers.  These  considerations 
have  to  be  kept  in  mind  when  analysing  the  differences  be¬ 
tween  sub  and  supersonic  wakes. 

The  study  of  supersonic  wakes  is  indeed  more  delicate  than 
in  the  subsonic  case.  In  particular  when  large  scales  arc  to  be 
iiivesligated,  the  sophisticated  analysis  performed  by  several 
authors  (for  example  [19],  [12],  [2])  must  be  restricted  to  more 
simple  ones.  The  main  approaches  are  visaulizations  (6j,  [1] 
and  STC  [llj.  The  results  presented  here  are  complemen¬ 
tary  measurements  in  the  subsonic  flat  plate  wake  previuosly 
studied  [8]  and  in  the  M=2  wake  [9]  previously  studied.  In 
addition,  new  results  are  pre.sented  in  a  M  =  4  wake,  allowing 


to  judge  the  supersonic  effects  for  higher  Mach  numbers.  The 
essential  features  of  one  and  two  points  statistics,  based  on 
high  order  moments,  specira  and  STC  arc  presented. 

2.  Experimental  apparatus 
SJ  Wind  tunnels 

The  supersonic  measurements  nre  performed  in  an  open  blow¬ 
down  wind  tunnel  of  150mm  x  150mm  test  section,  operating 
at  6  and  14.10*  Pa  generating  pressures  (for  M=2  and  4  re¬ 
spectively).  The  blowdown  tunnel  has  a  maximum  running 
time  of  1  minute.  The  temperature  decrease  is  measured  and 
less  than  0.3  degree  per  second.  The  model  is  a  full  span  flat 
plate,  placed  without  incidence  in  the  axis  of  the  wind  tunnel 
as  described  in  Fig.l.  The  leading  edge  is  located  upstream  of 
the  2D  interchangeable  sonic  throats  to  avoid  parisitic  shock¬ 
waves.  The  local  Mach  number  at  this  location  is  less  than 
0.85.  The  thickness  of  the  plate  is  3mm  and  the  trailing  edge 
is  a  symmetric  wedge  of  3®  total  angle.  The  length  of  the 
plate  111  the  supersonic  part  is  0.8m.  At  the  trailing  edge,  the 
Reynolds  numbers  are  of  the  order  of  6.10^;  the  boundary 
layers  are  fully  turbulent. 


Fig.l  -  Experimental  arrangement  (supersonic)  and 
coordinates. 

Subsonic  experiments  are  performed  in  an  open  wind  tunnel 
of  30  X  30  cm*  section,  driven  at  a  mean  speed  of  36  m/sec; 
the  length  of  the  test  section  is  1.2  m;  the  model  is  also  a 
3  mm  thick  flat  plate  with  the  leading  edge  located  in  the 
convergent  region.  Sandpaper  is  glued  on  the  two  faces  of 
the  plate  1  m  upstream  of  the  trailing  edge.  The  Reynolds 
number  based  on  the  total  length  of  the  plate  is  of  order  of 
3.10®.  As  for  the  supersonic  cases,  the  boundary  layers  are 
fully  turbulent  at  the  trailing  edge,  with  a  thickness  of  about 
9  mm.  The  trailing  edge  is  bevelled  from  50  mm  upstream 
with  3%  slope. 

H.S  Hot-  Wire  anemometry 

Supersonic  hot-wire  anemometry.  The  measurements  are  per¬ 
formed  in  the  supersonic  flows  with  Constant  Temperature 
,‘Vnemometers  specially  adapted  from  DANTEC  55M01  /Ml 2 
symmetrical  bridge  (5)  with  2.5/im  wires  (0.5mm  long).  The 
bandwidth  at  the  high  overheat  ratio  used  (a  0.8)  is  greater 
than  300kHz.  As  usual  in  supersonic  flows,  a  small  slack  is 
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given  to  tlie  wires  in  order  to  avoid  strain-gage  parasitic  ef¬ 
fects.  Prior  any  use,  each  wire  is  cliecked  and  each  anemome¬ 
ter  is  adjusted  in  a  small  calibration  wind  tunnel  reproducing 
Mach,  wire-Rcynolds  numbers  and  temperature  characie.is- 
tics  of  the  measurements. 

Due  to  compressibility  effects,  it  is  well  known  that  the  su¬ 
personic  turbulent  flows  are  characterized  not  only  by  fluctu¬ 
ations  of  velocity  but  also  of  density  and  temperature.  The 
hot-wire  anemometer  is  sensitive  to  mass-flux  fluctuations: 
[pu)'  and  total  temperature  fluctuations:  T/.  If  the  wire  is 
operated  at  high  overheat  ratio,  it  can  be  assumed  that  the 
anemometer  output  is  mainly  sensitive  to  mass-flux  (13j.  The 
constart-teinpcraturc  operation  allows,  in  addition,  to  accept 
linearity  of  the  output  in  term  of  (pu)'.  The  mode  diagram 
technique,  allowing  theoretically  to  separate  the  p  and  «  con¬ 
tributions  [11]  has  not  been  performed  here,  due  to  the  rapid 
increase  in  resulting  experimental  complexity. 

Two  probes  are  simultaneously  used:  c  ne  is  kept  station¬ 
ary,  and  the  traversing  mechanism  holds  (1  .  moving  probe. 
The  displacements  are  driven  by  steppirg  motor  with  1mm 
steps.  The  positions  during  the  runs  arc  optically  checked.  A 
time  dilatation  of  16.1  is  obtained  by  recording  high-pass  fil¬ 
tered  anemometers  outputs  on  an  analog  tape  recorder  (Bell 
k.  Howell  M14G)  with  2  (0-500  kHz  bandwidth)  channels  and 
two  different  velocities:  recording  at  120  ips  and  reproducing 
at  7.5  ips.  Further  digital  sampling  is  performed  at  an  equiv¬ 
alent  physical  frequency  of  800  kHz  after  a  low-pass  filtering 
at  320  kHz,  and  a  sample  size  of  about  1  second. 

Subsonic  hot-wire  anemometry  The  measurements  are  per¬ 
formed  by  use  of  a  home  made  rake  of  23  subminiatures  hot¬ 
wires  (dia.  2.5  pm,  0.5  mm  long)  and  TSI  1750  anemometers 
[10]  The  velocity  signals  are  simultaneously  sampled  at  a 
rate  of  50  kHz  and  for  each  channel  800  records  of  1024  con¬ 
versions  are  considered.  For  each  wire  s,  the  instantaneous 
velocity  is  related  to  the  the  anemometer  voltage  by  a  a  cal¬ 
ibration  rule  which  can  take  into  account  the  temperature 
drift  of  the  mean  flow  (J’„  -  T^.^.e,^  =  a,  -h 
2  3  Numerical  procedure 

As  well  spectra  as  correlations  are  estimated  by  use  of  FFT 
techniques  The  spectrum  is  then  defined  as  £„(¥;/)  = 
(u(y;  t)‘  u(Y\  t))  where  (  )  denotes  the  Fourier  transform 
and  (  )  time  average;  indeed,  u  stands  for  pu  in  the  su¬ 
personic  case.  The  space  tune  correlation  r„„(y',K-hy',r)  =- 
(u(Y ,  t).u(Y  -t- f  -t-  r))  is  calculated  from  the  inverse  Fourier 
transform  of  T-f  17, /)  =Hy,y+^{f)  (u{Y,t)'" .u(Y  +  i/',t)} 
where  Hy,y+jy{f)  is  the  transfer  function  between  the  two 
channels  corresponding  to  the  probes  position  Y  and  Y  +  1/. 
This  correction  is  needed  only  in  'he  supersonic  case  where 
the  experimental  procedure  involves  analog  storage  of  the  sig¬ 
nals  for  relatively  high  frequencies  and  is  then  very  sensitive 
to  phase  drifts  (due  to  po.ssible  head  misalignements,  etc...); 
f^y.Y+y'if)  is  measured  by  using  ca’ibrated  signals.  In  this 
paper,  only  the  correlation  coefficients  Ru^{Y,Y  ■¥  i/;t)  = 
ruu(Y,  K  +  j7;  T)/r'JJ(Y ;  Q)/rli^(Y  +  j/;  0)  are  considered. 

3.  Results 

3.1.  Previous  evidences  of  compressibility  effects 
in  supersonic  far  wakes. 

Systematic  measurements  of  mean  values  in  supersonic  flows 
have  been  previously  perfoiiued  [4].  These  results  essentially 
concern  the  mean  velocity  evolutions  downstream  of  the  flat 
plate  for  Mach  numbers  of  1.6,  2.,  3.3  and  4.2  The  results, 
when  compared  with  the  subsonic  cases  [15]  [16],  lead  to  the 
following  main  conclusions  [4]: 

•  The  main  defect  velocity  and  wake  thicknesses  evolutions 
are  not  strongly  affected  by  the  supersonic  character  of  the 
flow.  However,  the  generation  of  the  wake  is  predominant: 


Fig.2  -  TVansverse  repartition  of  the  longitudinal  mass- 
flux  fluctuations. 

as  also  quoted  by  Wygnanski,  [19],  the  memory  of  the  origin 
of  the  wake  persits  far  rlownstream. 

»  The  initially  turbulent  thin  flat  plate  wakes  follow  a  down¬ 
stream  evolution  that  can  be  divided  in  three  successive  parts : 
the  near  wake,  the  intermediate  wake  and  finally  the  devel- 
opped  wake  [16].  For  the  present  experiments  [4],  [8],  full 
similarity  is  observed  at  Mach  2  and  4  and  for  the  subsonic 
wake,  for  dowstream  distances  g'eater  than  300  momentum 
thickness  9. 

•  Important  compressibility  cffei  ts  have  been  evidenceded  on 
the  transverse  (y)  distribution  o '  the  energy  of  the  longitudi¬ 
nal  velocity  fluctuations. 

The  Fig.  2  shows  the  results  obta  ned  in  the  above-mentioned 
subsonic  and  supersonic  wakes.  For  comparisons,  subsonic 
results  of  Pot  [15]  are  presented,  altogether  with  the  super¬ 
sonic  measurements  of  Demetriades  [11]  (This  author  has, 
since  1967,  emphasized,  this  difference  between  subsonic  and 
supersonic  wakes).  More  precisely,  two  main  characteristics 
can  be  pointed  out: 

i)  The  minimum/maximuni  ratio  of  the  longitudinal  velocity 
fluctuations  is  smaller  for  supersonic  wakes.  (Fig.Sa  );  these 
results  translates  a  more  important  transverse  evolution  of 
the  turbulent  activity  in  supersonic  wakes  than  in  subsonic 
ones. 

ii)  The  location  (Ym)  of  the  maximum  of  turbulent  kinetic 
energy  is  nearer  the  wake  axis  in  the  subsonic  case  (Fig.3b  ). 
Then,  from  the  conventional  one-point  statistical  properties, 
the  supersonic  character  appears  to  be  influent  on  the  dis¬ 
tribution  of  the  energy  fluctuations.  Some  other  results  [4] 
show  that  the  structure  parameter  of  the  Reynolds  tensor  is 
also  affected  by  the  Mach  number. 

This  situation  is  different  from  the  case  of  the  boundary  lay¬ 
ers,  where  the  influence  of  the  Mach  number  on  the  statisti- 
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Fig.3  -  Mach  number  effect  on  the  turbulence  min/max 
ratio  and  on  the  transverse  location  of  the  maximum 


23-1-2 


cal  properties  seems  very  small.  However,  it  has  been  shown 
that  the  Mach  number  influences  the  shape  of  the  other  edge 
(observable  on  higher  moments,  skewness,  flatness  and  inter- 
mittency)  and  the  shapes  and  characteristic  lengthes  of  the 
correlations  [18].  On  an  other  hand,  the  Mach  number  has  a 
tremendous  well  known  effect  directly  on  the  spending  rate 
(see  for  eyample  [3])  and  energy  distribution  [7]  of  supersonic 
mixing  layers. 

Then,  it  appears  that,  from  conventional  statistics,  the  super¬ 
sonic  wakes  behaves  in  a  quite  different  way  when  compared 
with  others  engineering  basic  flows. 

3.2.  Mean  flows  charactenstics 

The  main  characteristics  of  the  3  wakes  under  study  are  pie- 
sented  in  Table  1.  V\  is  the  minimun  (axis)  mean  velocity 
value  when  Uoa  is  the  external  velocity;  the  wake  thickness 
IS  defined  as  6,  the  distance  between  the  two  locations  where 
the  velocity  is  {U^  +  {/o)/2.  V„,  is  the  transverse  position  of 
the  maximum  of  longitudinal  velocity  fluctuations,  6  is  the 
momentum  thickness  {9  -  j pO IU^0.-U dy).  A'  is  the 
distance  from  the  trailing  edge  where  the  detailed  measure¬ 
ments  .are  taken,  Y  is  the  transverse  location  of  the  stationary 
probe  and  tj  is  the  transverse  separation  between  probes  All 
the  experiments  presented  here  correspond  to  the  far  wake  re¬ 
gion,  the  dowstream  distance  being  of  order  of  the  500  to  600 
momentum  tliickncsses. 


M=0.1 

M=4.2 

t/co  m/s 
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492. 

638. 
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a  deg 

- 

62 

58  1 
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3  3.  One-point  statistics 

The  spectra  of  the  longitudinal  velocity  component  (M=0  1) 
or  of  the  mass-flux  fluctuations  (M=2.  and  d  )  arc  plotted 
on  Fig  4  for  3  locations  within  the  wake'  on  the  wake  axis, 
at  the  maximum  of  turbulence  (Ym)  and  at  an  intermediate 
position  (Ym/2).  These  spectra  are  plotted  as  fE(f)  vs  log/ 
(/  IS  the  frequency  and  E  the  power  spectrum),  the  area  un¬ 
der  each  curve  being  proportional  to  the  energy.  No  attempt 
to  normalize  the  energy  is  made,  although  the  frequency  is 
normalized  with  b  and  the  convection  velocity  Uc  ,•  the  con¬ 
ventional  characteristic  scaling  of  far  wakes  [19],  [2],  [9]:  f4 
IS  taken  equal  to  the  external  velocity  U^. 

It  can  be  observed  that,  in  the  internal  part  of  the  wakes, 
the  spectra  do  not  seem  to  be  strongly  affected  by  the  Mach 
number.  Whatever  the  Mach  number  is,  sharp  peaks  lying 
around  /6/t/«,  ~0.4-0.5  are  clearly  observable,  showing  that 
structures  of  mean  size  of  twice  the  conventional  wake  width, 
6,  may  be  present  in  the  flows  (assuming  ,  as  generally  ad¬ 
mitted,  a  convection  velocity  close  to  the  external  one). 
Contrarily,  on  the  wake  axis,  important  differences  between 
M=0.1  and  supersonic  wakes  can  be  observed.  Despite  broad¬ 
band  spectra,  supersonic  wakes  are  relatively  more  energetic 
at  higher  frequencies.  Practically  they  loose  the  lower  typical 
characteristic  frequency  behaviour  observable  in  the  external 
part.  In  the  center  wake  region  of  supersonic  flows,  typical 
energetic  frequencies  lie  roughly  around  fb/Ux  =1,  i-e.  twice 
the  typical  frequency  observed  in  the  external  part.  Then,  the 
supersonic  wakes  seem  to  have  larger  spectral  evolutions  in 
Y  direction  than  the  subsonic  one  docs. 


Fig.4  -  Energetic  lin-log  plot  of  the  spectra  for  sub¬ 
sonic,  Mach  2  and  4  wakes  on  the  wake  axis,  at  Y  =  Ym/2 
and  Y  =  Ym.  Arbitrary  vertical  scale,  frequency  values  normal¬ 
ized  with  Uoo/b 

This  first  remark  is  confirmed  by  the  observation  of  the  higher 
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moments.  Fig.  5a  and  b  present  the  skewness  ((pu)  /(pu)  ) 

- 17  - 

and  the  flatness  ((pu)  /(pu)  )  factors  for  the  two  extreme 
Mach  numbers  and  several  Y  locations.  It  can  be  observed 
that  the  supersonic  wake  behaves  in  a  quite  different  way  that 
the  subsonic  one.  On  the  wake  axis,  the  signals  are  positively 
skewed  in  the  supersonic  wake  (Fig.  5. a),  this  behaviour  can 
be  the  trace  of  locally  higher  velocities  occiirenc  ‘hat  arc 
not  observed  in  the  subsonic  wake. 

On  other  hand,  the  skewness  values  are  everywhere  higher  in 
the  supersonic  flow,  comparable  values  being  observed  only 


Fig.S  -  Comparison  of  skewness  and  flatness  factors  of 
longitudinal  velocity  and  mass-flux  fluctuations  in  sub¬ 
sonic  and  M=4.2  wakes 
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for  y/6  ~  1  The  comparison  on  tlie  Fig.  5.b  shows  here  also 
that  the  differences  between  supersonic  and  subsonic  wakes 
are  real  both  on  the  axis  (higher  flatness  for  the  supersonic) 
and  in  the  external  part. 

The  part  of  the  wake  where  the  signals  are  more  or  less  gaiis- 
sian  is  very  small,  even  not  pre.sent,  in  the  M=4  wake,  con- 
trarily  of  the  subsonic  one,  where  quasi-gaussian  signals  arc 
observed  on  nearly  a  half  wake  width. 

As  far  as  the  infermittcncy  can  be  estimated  to  be  propor¬ 
tional  to  the  inverse  of  the  flatness  factor,  it  is  evident  that 
the  mtcrmittcncy  profile  of  the  supersonic  wake  is  largely 
fuller  than  for  the  subsonic  equivalent  flow.  A  comparable 
Mach  number  effect  is  well  known  for  boundary  layers  (14); 
the  measurements  of  Smits  et  al  [18]  show  very  close  conclu¬ 
sion  in  the  comparisons  of  tliiid  and  fourth  order  moments 
in  incompressible  and  supersonic  (M=3)  boundary  layers. 

3  4  TwO'imnt  comlatton  rlatn 

More  detailed  informations  can  be  deduced  from  two-point 
correlation;  in  the  present  experiments,  only  correlations  with 
transverse  (t/)  separations  are  available  Some  results  con¬ 
cerning  streamwise  separations  in  the  Mach  2  wakes  can  be 
found  in  (9). 

The  principal  results  are  obtained  when  the  stationary  probe 
IS  located  at  y=0,  lm/2  and  the  iso-countours  on  the 
wake  axis  are  plotted  on  Fig.G;  the  mid-position  of  the  refer¬ 
ence  point  is  considere-l  on  Fig. 7  and  the  maximum  of  fluctu¬ 
ation  is  used  for  the  lesults  of  Fig.8.  Let  us  recall  that  these 
two  last  positions  don’t  correspond  to  the  same  values  of  Y/b 
for  the  different  wakes,  due  to  the  strong  influence  of  the 
Mach  number  on  the  ratio  Ym/b  (see  Fig.2).  This  effect  ex¬ 
plains  the  increasing  relative  distance  between  the  wake  axis 
and  the  location  of  the  stationary  probe  observed  between  a, 
b  and  c  on  Fig.8  and  9 
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Fig.6  -  Iso-contours  of  the  correlation  coeRlcient  Rn 
on  the  wake  axis  of  the  wakes.  All  scales  normalized  with 
b  and  Ux 

a)  A/oo  =  0.1  ;  b)  Moo  =  2.  ;  c)  Moo  =  4. 

- - 1'  positive  correlations . zero  correlation. 

. negative  correlations 


Fig.7  -  Iso-contours  of  the  correlation  coefficient  Rn 
at  y  =  Y„/2 

a)  Moo  =  0.1  ;  b)  Moo  =  2.  ;  c)  M*,  =  4.2 
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Fig.8  -  Iso-contours  of  the  correlation  coefficient  Jin 
at  r  =  K™ 

a)  Afoo  =  0.1  ;  b)  =  2  ;  c)  =  4.2 


These  iso-contours  plots  show  global  equivalent  characteris¬ 
tics  in  shape  on  the  axis  despite  important  effects  on  the 
relative  sizes  between  the  three  configurations.  Contranly, 
as  the  reference  point  is  placed  at  Yml2  or  Ym,  the  differ¬ 
ences  between  the  regimes  appear  more  pronounced.  The 
more  streaking  feature  is  the  striking  structuration  of  the 
supersonic  cases:  marked  negative  correlation  zones  are  ob¬ 
served  both  for  positive  and  negative  time  delays.  On  other 
})and,  a  marked  tilt  of  the  iso-contours  can  be  observed  in 
the  two  supersonic  cases.  These  characteristics  are  also  asso¬ 
ciated  to  a  decrease  of  the  overall  characteristic  size  when  the 


Mach  number  increases,  however  with  a  less  influence  than 
observed  on  the  axis.  An  other  feature  appearing  from  the 
comparison  of  the  three  Mach  numbers  of  Fig.7  and  8  is  the 
role  played  by  the  wake  axis:  when  the  stationary  ])robe  is  off 
the  axis,  the  null  correlation  with  zero-time  delay  is  obtained 
when  the  moving  probe  is  crossing  the  axis  for  the  supersonic 
wakes.  This  is  not  at  all  the  case  for  the  subsonic  wake,  as  it 
can  be  more  precisely  observed  on  Fig  9. 

In  a  complementary  way,  the  plots  of  the  time-correlations 
are  given  in  Fig.  10.  The  abovementionned  evolutions  of  the 
typical  time  length  scales  with  the  Mach  numbers  are  evi¬ 
denced.  Plotted  in  iion-dimensionned  scale,  inside  the  wakes, 
the  supersonic  flows  corresponds  to  a  more  rapid  decrease 


nu{Y.y',r^0) 


Fig.9  -  Typical  plots  of  the  space-correlation  coeffi¬ 
cient:  Rn{Y,y';T  =  0)  for  7  =  0;  Km/2,  and  b  (excepted  for 
M  =  2)  (non-dimensionalization  with  i>) 
a)  M„  =  0.1  ;  b)  =  2.  i  c)  Af«  =  4.2 


of  the  correlations.  This  behaviour  is  associated  with  large 
negative  values.  It  is  clear  from  these  figures  that  the  cal¬ 
culations  of  the  integral  scales  are  not  obvious,  due  to  the 
evolution  of  the  correlation  shapes;  following  the  definition 
chosen  (the  integral  of  the  absolute  value,  the  zero-crossing 
distance  or  other  concepts),  the  conclusions  are  diff.cult  to 
draw.  Nevertheless,  the  overall  qualitative  evoiutions  of  the 
sizes  are  confirmed.  In  addition  to  these  size  considerations, 
the  inclination  of  the  iso-structures  can  be  evaluated.  In  the 
subsonic  case,  the  iso-correlations  do  not  exhibit  any  pre¬ 
ferred  orientation,  the  shapes  nearly  correspond  to  ellipses 
which  longer  axis  is  nearly  aligned  w.th  the  wake  axis.  For 
the  supersonic  case,  the  quasi-elliptic  contours  are  inclined 
with  angles  of  order  of  60  degrees  for  M=2  and  4  (see  Table 
1).  This  preferred  tilt  seems  to  be  a  specific  characteristic  of 
the  supersonic  regime. 
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Fig. 10  -  Typical  plots  of  the  time-correlation  coeffi¬ 
cient:  RniY',y'  =  0,r)  for  y  =  0;  Y„/2  (excepted  Y  =  K,„/2 
for  M  =  2) 


4.  Conclusion 

The  present  measurements  show  marked  iii/iuence  of  the  su¬ 
personic  regime  m  tlie  structuration  of  far  wakes  The  mam 
effect  is  a  more  pronounced  structuration  of  tlie  supersonic 
cases.  Tins  appears  on  the  distribution  of  the  energy  and  is 
clcaily  linked  with  a  relative  larger  transveise  extent  of  the 
turbulent  activity  for  su|)ersonic  wakes.  The  iiitermittency 
evolution  between  turbulent  and  free  stream  conditions  is 
much  more  localized  and  placed  far  from  the  axis  for  the  Mach 
numbers  of  2  and  4.  The  spectra  show  that,  near  the  axis  of 
the  supersonic  wakes,  the  charcateristic  shedding  fiequencies 
are  less  energetic  and,  instead  of  sizes  of  roughly  the  wakes 
thichness,  typical  sizes  of  half  this  thickness  are  mote  ener¬ 
getic.  The  external  and  internal  regions  of  wakes  seems  more 
statistically  different  when  the  regime  becomes  supersonic. 
This  description  is  at  this  time  not  associated  with  turbu¬ 
lence  model.  The  approach  of  Smits  [17],  based  on  hairpins 
description  in  the  case  of  boundary  layers,  can  be  extended  to 
the  wake  coi.^ijurations.  However,  such  an  extension  is  not 
obvious  due  to  the  large  differences  between  the  large  scales 
structures  of  these  two  configurations.  Lastly,  the  marked  in¬ 
fluence  of  the  Mach  number  on  the  iiitermittency  distribution 
is  quite  comparable  with  the  observations  done  for  boundary 
layers.  Providing  these  observations  are  performed  in  both 
cases  in  low  velocity  gradients  and  low  turbulence  activity 
regions,  the  mechanisms  invokea  by  the  model  cf  Smits  can 
be  still  valid  for  the  wake  configuiation.  On  other  hand,  the 
u.se  of  this  analysis  remains  limited,  because  it  requires  the 
knowledge  of  longitudinal  STC  not  measured  here. 

As  far  as  the  transverse  space-time  correlations  are  concerned, 
it  appears  that  the  supersonic  wakes  are  much  more  spatially 
structurated  than  subsonic  one.  In  particular  in  supr-sonic 
cases,  high  levels  of  negative  correlations  can  be  of  rved, 
and  the  wake  axis  plays  an  important  role,  separating  the 
regions  of  positive  and  negative  correlations.  Lastly,  a  pre¬ 
ferred  inclination  of  the  structures  (of  about  60°  relative  to 
the  streamwise  dircetion)  issued  from  the  iso-correlations  is 
observed  only  in  the  supersonic  wakes.  Such  an  influence 
of  the  compressiblity  due  to  the  supersonic  character  seems 
to  be  a  particular  characteristic  of  the  wake  conflguration. 


Lastly,  it  should  be  noticed  that  the  principal  effects  of  the 
supersonic  character  of  the  wakes  are  quite  similar  for  Mach 
numbers  2  and  4.2. 
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Abstract 

This  paper  describes  a  numerical  investigation  of 
entrainment  by  organized  motions  in  a  compressible  plane  free 
shear  layer.  Insights  obtained  from  the  results  of  recent  three- 
dimensional  direct  numerical  simulations  of  a  temporal 
compressible  mixing  layer,  at  low  and  moderate  convective 
Mach  numbers,  are  used  to  explain  the  effect  of  the  large-scale 
structure  dynamics  on  the  transport  of  a  conserved  scalar.  At 
moderate  convective  Mach  number  entrainment  is  found  to  occur 
in  several  intemiediate  steps  producing  a  marching  instantaneous 
concentration  profile.  Conserved  scalar  statistics  and  fast 
chemical  reaction  results  at  low  and  moderate  convective  Mach 
numbers  are  compared.  Finally,  the  instantaneous  streamline 
pattern  at  moderate  convective  Mach  number  is  presented  in  a 
convective  frame,  and  the  three-dimensional  critical  points  of  the 
velocity  gradient  tensor  are  classified. 

1.  Introduction  and  Background 

The  plane  compressible  free  shear  layer  has  been  a  topic  of 
renewed  interest  in  recent  years  due  to  mixing  and  combustion 
issues  related  to  supersonic  flight.  The  persistence  o^  turbulent 
large-scale  structures  at  high  Mach  number  led  Papamoschou  and 
Roshko  [1988]  to  characterize  the  compressibility  of  the  flow  in 
a  convective  frame  in  which  the  large-scale  structures  are 
stationary.  In  this  frame,  the  intrinsic  Mach  number  of  the  flow 
is  the  convective  Mach  number  (Me),  defined  as  Mc=(Ui- 
U2)/(ci+C2)  where  c/  and  C2  are  the  respective  freestream  sound 
speeds  and  (//  and  U2  are  the  respective  freestream  velocities. 
Using  the  convective  Math  number,  Papamoschou  an  i  Roshko 
were  able  to  collapse  the  growth  rate  date  onto  a  single  curve  for 
a  wide  range  of  freestream  conditions,  and  further  showed  ihat 
the  growth  rate  decreases  as  the  convective  Mach  number 
increases. 

More  recent  results  from  experiments  (Clemens  ?nd  Mungal 
[1990],  Fourgette  et  al.  [1990])  and  direct  numerical  imulations 
(Sandham  and  Reynolds  [1991]!  of  nonreacting  plane  free  shear 
layers  and  reacting  round  jets  show  that  the  underlying  structure 
in  a  free  shear  layer  changes  as  the  convective  Mach  number 
increases.  Experimental  evidence  suggests  that  as  the  convective 
Mach  number  increases  the  large-scale  motions  become 
significantly  more  three-dimensional.  Flow  visualization  images 
taken  at  Me  =  0.62  by  Clemens  and  Mungal  [1990]  show  that  the 
structures  are  highly  three-dimensional,  and  that  the  spanwise 
rollers,  which  are  the  dominant  structures  at  Me=Q.29  due  to  the 
Kelvin-Helmholtz  instability,  are  no  longer  present  with  any 
degree  of  regularity.  Linear  stability  predictions  by  Sandham 
and  Reynolds  [1991]  show  that  as  the  convective  Mach  number 
increases  above  0.6,  the  shear  layer  is  more  unstable  to  oblique 
disturbances  than  it  is  to  the  Kelvin-Helmholtz  instability. 
Therefore,  it  is  not  surprising  that  the  structures  resulting  from 
the  primary  instability  at  moderate  convective  Mach  number  are 
three-dimensional.  Based  on  direct  numerical  simulation  results 
obtained  for  a  temporal  shear  layer,  Sandham  and  Reynolds 
[1991]  modeled  the  large-scale  structure  resulting  from  the 
primary  instability  at  moderate  convective  Mach  number  as  a 
pair  of  lambda  vonices,  with  the  downsbeam  vortex  invened. 
The  plan  view  passive  scalar  images  of  Clemens  and  Mungal 


[1990]  exhibit  streamwise  streakiness  which  may  represent  the 
legs  of  the  lambda  vortices. 

For  low  convective  Mach  number  free  shear  layers, 
phenomenological  m  els  for  mixing  and  chemical  reaction  have 
been  developed  based  on  experiments  by  Konrad  [1976]  among 
others  that  demonstrate  the  significance  of  organized  large-scale 
motions  in  entrainment  and  mixing  processes.  In  the  Broadwell- 
Breidenthal  model  (Broadwell  and  Breidenthal  [1982]),  free 
stream  fluid  is  engulfed  into  the  layer  by  the  churning  motion  of 
the  spanwise  rollers  over  a  dimension  on  the  order  of  the  layer 
thickness.  The  entrained  fluid  is  subsequently  mixed  down  to  the 
Kolmogorov  scale  and  ultimately  exists  either  in  thin  laminar 
diffusion  layers  or  in  homogenized  cores  of  the  spanwise  rollers. 

Ti.e  entrainment  mechanism  at  moderate  convective  Mach 
number  is  poorly  understood  due  to  the  difficulty  in  obtaining 
measurements  under  extreme  flow  conditions.  Current 
measurements  have  focused  primarily  on  passive  scalars  which 
have  integrated  history  effects  built  in.  For  a  complicated  three- 
dimensional  flow  it  is  very  difficult  to  deduce  from  passive  scalar 
images  the  kinematics  responsible  for  the  scalar  transport.  Direct 
numerical  simulations  complement  the  experiments  because  they 
reproduce  the  low  wave  number  motions  very  accurately;  and, 
more  importantly,  because  they  provide  passive  scalar  as  well  as 
pressure,  velocity,  and  vorticity  information  simultaneously. 
While  the  high  wave  number  motions  at  large  Reynolds  numbers 
are  not  currently  accessible  m  simulations,  the  low  wave  nuinber 
motions,  which  are  responsible  for  the  entrainment  of  fluid  into 
the  layer,  are. 

In  the  present  work,  simulations  were  performed  of 
moderate  (Mc=0.8)  and  low  (Me=0.4)  convective  Mach  number 
free  shear  layers  at  similar  Reynolds  numbers.  To  compare  the 
different  entrainment  mechanisms,  the  following  results  will  be 
presented:  (1)  instantaneous  structure  of  the  large-scale  motions, 
(2)  conserved  scalar  statistics  and  fast  chemistry  results,  and  (3) 
three-dimensional  topology  of  the  velocity  field  moving  at  the 
convective  velocity. 

2.  Numerical  Method 

The  numerical  method  used  in  this  work  was  developed  by 
Sandham  and  Reynolds  [1991];  therefore,  only  a  brief  summary 
is  provided  here.  The  full  compressible  Navier-Stokes  equations 
are  solved  for  the  temporally-evolving  mixing  layer  using  a 
spectral  collocation  method.  The  spatial  derivatives  are  obtained 
using  spectral  and  higher-order  finite  difference  techniques  and 
the  solution  is  advanced  in  time  explicitly  using  a  compact  third- 
order  accurate  Runge-Kutta  method.  Periodic  boundary 
conditions  are  imposed  in  the  streamwise  (x)  and  spanwise  (z) 
directions  where  the  spatial  derivatives  are  obtained  spectrally. 
Characteristic  nonreflecting  boundary  conditions  are  imposed  in 
the  major  gradient  direction  ,y)  to  prevent  acoustic  waves  from 
affecting  the  solution.  The  grid  points  are  uniform  in  the  spectral 
directions  and  are  stretched  algebraicly  in  y,  with  approximately 
half  of  the  points  inside  the  shear  layer.  To  minimize  aliasing 
problems,  the  solution  is  overresolved  and  the  energy  spectra  is 
monitored  during  the  course  of  a  run.  Additional  Fourier  modes 
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arv'  included  as  the  resolution  becomes  marginal. 

li'  the  present  study,  all  of  the  initial  fields  were  perturbed 
with  random  noise  at  2.5%  of  the  frcestream  velocity.  This 
choice  of  initial  disturbances  was  selected  to  mimic  an  unforced 
mixing  layer.  The  mean  velocity  was  modeled  by  an  error 
function,  and  the  mean  temperature  was  derived  from  the 
Crocco-Busemann  relationship.  Random  noise  was  applied  to 
the  temperatiiie,  density,  and  all  components  of  the  velocity  field 
In  addition  to  the  hydrodynamic  fields,  a  conserved  scalar  with 
an  initial  hyper.'iolic  tangent  profile  was  carried  along,  having 
values  of  unity  in  the  high-speed  stream  and  zero  in  the  low- 
speed  stream.  The  dimensions  of  the  computational  box  in  the 
streamwise  and  spanwise  directions,  ILx  and  Lj,  were  chosen  to 
support  the  growth  of  both  a  fundamental  and  its  subharmonic  in 
the  streamwise  direction,  and  only  a  fundamental  in  the  spanwise 
direction. 

The  simulations  described  in  the  following  sections  were 
performed  at  an  initial  Reynolds  number  (Re)  of  800  based  on 
the  initial  vorticity  thickness  (So)  and  the  velocity  difference  (Uj- 
U2),  at  convective  Mach  numbers  (M^)  of  0.4  and  0.8,  and  at 
Schmidt  and  Prandtl  numbers  of  unity.  The  lower  Mach  number 
simulation  was  performed  to  provide  a  baseline  against  which  the 
higher  Mach  number  results  could  be  compared. 

3.  Instantaneous  Structure 

The  developed  structure  at  Mc=0.4  and  Mc=0  8  is  shown  in 
perspective  plots  of  the  conserved  scalar  and  pressure  in  Figure 
1.  At  Mc=0.8,  large  values  of  the  vorticity  magnitude  correspond 
to  the  mean  vorticity  which  remains  largely  in  vortex  sheets.  The 
rotational  regions  tend  to  have  lower  values  of  vorticity 
magnitude,  consequently,  rotational  regions  are  better  delineated 
by  the  pressure  minima  than  by  the  vorticity  magnitude.  From 
the  pressure  and  scalar  isocontours  it  is  evident  that  the  structure 
at  the  higher  Mach  number  is  much  more  three-dimensional. 
The  spanwise  rollers  which  dominate  the  Mc-0.4  simulation  are 
completely  absent  at  Mc=0.8.  Instead,  they  are  replaced  by 
oblique  vortices  which  comprise  the  legs  of  two  lambda  vortices, 
similar  to  the  structure  reported  in  Sandham  and  Reynolds 
[1991].  Note  that  the  vortices  are  tilted  with  respect  to  the  shear 
layer  centerline,  y=0.  The  head  of  the  upstream  lambda  is  tilted 
toward  the  high-speed  stream  while  the  head  of  the  downstrean. 
lambda  is  tilted  toward  the  low-speed  stream. 


V 


(c) 


Figure  2  shows  several  side  (x-y),  plan  (x-z),  and  end  (z-y) 
view  slices  through  the  Mc=0.8  conserved  scalar  data.  The  plan 
view  slice  through  the  midplane,  y=0,,  (Figure  2a)  best  reveals 
the  three-dimensionality  of  the  large-scale  motions;  there  is  no 
evidence  of  any  spanwise  structure  in  this  plane.  Instead,  there 
exist  several  pockets  of  partially  mixed  fluid  with  the  mixture 
fraction  favoring  either  the  low-  or  the  high-speed  side.  These 


y 


high-speed  stream 


Figutc  1 .  Perspective  plots  at  Re=I600  of  the  conserved  scalar  at 
for  a)  Mc=0  4,  b)  Mc=0.8,  and  pressure  minima  at  10% 
Pmax^OT  c)  Mc=0.8. 

pockets  of  partially  mixed  fluid  exhibit  a  streamwise  preference, 
and  are  adjacent  to  smaller  rotational  regions,  corresponding  to 
projections  of  the  legs  of  the  lambda  vortices  in  this  plane.  The 
end  view  slices  (Figure  2b)  taken  at  several  streamwise  lucatiutis 
show  the  manner  in  which  freestream  fluid  is  entrained  into  the 
layer.  Depending  upon  the  particular  streamwise  location, 
irrotational  fluid  is  entrained  into  the  layer  in  one  of  three  ways; 
(1)  pure  low-  and  high-speed  fluid  is  drawn  into  the  layer  in  one 
continuous  motion,  (2)  pure  high-  speed  fluid  is  entrained  and 
mixed  with  partially  mixed  fluid  inside  the  layer,  or  (3)  pure  low- 
speed  fluid  is  entrained  and  mixed  with  partially  mixed  fluid 
inside  the  layer.  Near  the  'treamwise  locations  where  the  tips  of 
adjacent  lambda  vortices  are  on  top  of  one  another,  entrainment 
occurs  mainly  by  methods  (2)  and  (3)  above.  In  regions  in 
between,  entrainment  occurs  mainly  by  method  (1). 

4.  Clonscrvcd  Scalar  Statistics  and  Fast  Chemistry  Results 

Statistics  of  the  conserved  scalar  field  at  Mc=0.4  and 
Mc-0.8  are  used  to  simulate  fast  chemical  reactions  in  the 
manner  detailed  in  Mungal  and  Dimotakis  [1984].  The  primary 
objective  of  this  calculation  is  to  obtain  a  qualitative  comparison 
of  the  histogram  of  the  conserved  scalar  and  the  chemical 
product  profiles  at  low  and  moderate  convective  Mach  numbers. 
In  Mungal  and  Dimotakis  [1984],  the  temperature  rise  due  to  a 
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fast  reaction  is  obtained  by  integrating  the  product  of  a  weight 
function  and  the  probability  density  function  (p.d.f.)  of  the 
conserved  scalar.  The  weight  function  is  adjusted  to  achieve  the 
desired  reactant  equivalence  ratio.  It  has  its  peak  at  the 
equivalence  ratio  and  decreases  linearly  to  zero  in  the  two 
freestreams.  The  equivalence  ratio,  (j),  is  defined  as  the  ratio  of 
the  reactant  concentrations  in  the  freestreams,  p=(co2icoj).  Here, 
a  simple  one-step  reaction,  A+B  is  assumed.  The  product 
concentration  is  maximum  at  the  stoichiometric  mixture  fraction 
f^),  which  for  the  above  reaction,  occurs  at  Given 

the  p.d.f.  of  the  conserved  scalar,  the  product  profile  and 
thiclmess  can  be  readily  computed.  In  the  present  study,  the 
p.d.f.  is  replaced  by  a  histogram,  obtained  by  averaging  the 
mixture  fraction  in  the  homogeneous  directions,  x  and  z,  from  a 
single  realization. 

Histograms  of  the  conserved  scalar  at  Re=I600  are 
presented  in  Figure  3.  Note  that  there  are  fundamental 
differences  in  the  shape  of  the  Histograms  for  the  two  cases.  At 
Mc=0.4,  the  histogram  exhibits  three  humps,  corresponding  to 
unmixed  fluid  in  the  high-  and  low-speed  streams  and  fluid 
mixed  at  the  entrainment  ratio.  The  central  peak  at  the 
entrainment  ratio  extends  across  the  lateral  extent  of  the  layer,  in 
agreement  with  the  p.d.f.  obtained  in  shear  layer  experiments  by 
Konrad  [1976].  In  contrast,  at  Mc=0.8,  the  histogram  marches 
across  the  lateral  extent  of  the  layer;  there  is  no  central  peak  at 
the  entrainment  ratio.  Moreover,  at  a  given  y  location  there 
appear  to  be  iwo  preferred  mixnire  fractions.  The  two  peaks  may 
originate  from  ‘upwash’  and  ‘downwash’  regions  in  the  flow 
produced  by  the  churning  motion  of  the  two  counter-rotating  legs 
of  the  lambda  vortex.  Low-speed  fluid  is  being  pumped  up  or 
high-speed  fluid  is  being  pushed  down.  The  induced  motion  by 


(b) 

Figure  2.  Contour  plots  of  the  conserved  scalar  at  Re=I600, 

Mc=0.8  for  a)  plan,  b)  end,  and  c)  side  view  slices.  Solid  lines 

correspond  to  Q<^<0.5  and  broken  lines  correspond  to  Figure  3.  Histogram  of  the  conserved  scalar  at  Re=lt>UO,  a) 
0.5<^<1.0.  Mc=0.4andb)Mc=0.8. 
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the  lambda  vortices  is  illustrated  in  Figure  4. 


2.5 


The  marching  character  of  the  histogram  may  be  attributed 
to  the  inclined  orientation  of  the  lambda  vortices  in  the  lateral 
direction.  The  tips  of  the  vortices  are  located  close  to  one  of  the 
freestreams,  and  therefore,  tend  to  preferentially  entrain  fluid 
from  that  side  of  the  layer.  A  raised  tip  close  to  the  high-speed 
side  tends  to  entrain  high-speed  fluid  which  subsequently  mixes 
with  partially  mixed  fluid  Inside  the  layer;  conversely,  a 
depressed  tip  close  to  the  low-speed  side  tends  to  entrain  pure 
low  speed  fluid  which  then  mixes  with  partially  mixed  fluid 
inside  the  layer.  Therefore,  rather  than  having  one  region  of 
fluid  mixed  at  the  entrainment  ratio,  at  moderate  Mach  numbers 
there  exist  two  or  more  regions  of  fluid  at  a  mixture  fraction 
favorng  the  high-  and  low-speed  sides.  In  a  recent  ‘sonic  eddy’ 
compressible  turbulence  model  by  Breidenthal  11990],  it  is 
hypothesized  that  for  very  large  convective  Mach  numbers,  the 
instantaneous  concentration  profile  would  consist  of  many  small 
steps,  approaching  a  smooth  mean  profile.  In  this  limit,  the 
concept  of  gradient  diffusion  would  become  applicable.  In  the 
present  work,  entrainment  occurs  over  one  step  at  Mc=0.4,  and 
over  two  steps  at  Mc=0.8.  It  is  uncertain,  whether,  at  higher 


Upwash 


Figure  4.  Conceptual  drawing  illustrating  the  generation  of 
‘upwash’  and  ‘downwash’  regions  by  the  lambda  vortices. 

convective  Mach  numbers,  the  number  of  steps  would  continue 
to  increase,  or  whether  it  would  remain  at  two. 

Figure  5  shows  a  slice  of  the  histograms  for  the  two  cases 
corresponding  to  the  midplane,  y=0.  There  are  several 
differences  in  the  shape  of  histogram  worth  pointing  out.  First, 
at  Mc=0.4,  there  are  intrusions  of  pure  high-  and  low-  speed  fluid 
deep  in  the  layer  as  evidenced  by  the  two  humps  centered  at  a 
mixture  fraction  (^)  of  zero  and  unity.  These  inuusions  are  the 
tongues  of  fieestream  fluid  that  are  engulfed  into  the  layer  as  the 
spanwise  rollers  turn  over.  On  the  other  hand,  at  Mc=0.8,  there 
are  no  tongues  of  pure  fluid  present  near  the  center  of  the  layer; 
therefore,  the  range  of  mixture  fractions  that  are  populated  is 
narrower.  Recent  compressible  shear  layer  experiments  by 
Clemens  et  al.  [1991]  also  show  a  narrower  range  of  mixed  fluid 
at  Mc=0.62  compared  to  Mc=028.  Second,  at  Mc=0.8,  there  are 
two  peaks  in  the  mixture  fraction,  at  ^=0.3  and  ^=0.65,  instead 
of  one  at  the  entrainment  ratio.  As  previously  discussed,  the 
origin  of  the  two  peaks  may  come  from  the  induced  motion  of 
the  legs  of  the  vortices. 

The  conserved  scalar  mean  profiles  are  shown  in  Figure  6 
for  the  two  cases.  A  triple  inflection  point  exists  in  the  mean  for 
Mc=0.4  indicating  the  pre.sence  of  homogeneous  structure  cores 
separated  by  tongues  of  pure  freestream  fluid.  On  the  other  hand, 
at  Mc=0.8  the  mean  varies  almost  linearly  from  the  low-  to  the 
high-speed  stream  with  no  evidence  of  pure  fluid  penetrating  into 
the  layer. 

In  Figure  7,  the  histograms  of  the  conserved  scalar  were 
used  to  derive  the  temperature  rise  due  to  a  fast  reaction  at 
Mc=0.4  and  Mc=0.8  for  different  inverse  equivalence  ratios 
corresponding  to  the  so-called  'flip'  experiments  by  Mungal  and 
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Figure  5.  Midplane  (y=0)  through  the  histogram  of  the  conserved 
scalar  at  Re=I600. 


Figure  6.  Mean  concentration  profile. 

Dimotakis  [1984].  At  I1c=0.4  (Figure  7a),  the  peaks  in  the 
normalized  product  profile  all  lie  close  to  the  entrainment  ratio. 
This  is  expected  since  the  histogram  is  non-marching.  Note  that 
there  are  secondary  shoulders  present  near  the  edges  of  the  layer 
indicating  that  the  tongues  of  nearly  pure  freestream  fluid  have 
penetrated  deep  into  the  layer.  Similar  results  were  obtained  in 
two-dimensional  spatially-evolving  mixing  layer  simulations  by 
Lowery  and  Reynolds  [1986].  However,  subsequent  three- 
dimensional  simulations  showed  that  streamwise  vortices  inhibit 
the  lateral  extent  of  the  tongues  [Lowery  and  Reynolds  [1986], 
Buell  and  Mansour  [1989]).  In  the  present  simulations,  the 
streamwise  vortices  are  relatively  weak  due  to  the  random  initial 
forcing.  In  Figure  7b,  the  norm^ized  product  profiles  are  shown 
for  Mc=0.8.  Here  there  is  a  larger  shift  away  from  the  rich 
reactants  as  a  result  of  the  marching  character  of  the  histogram. 
Second,  unlike  the  lower  Mach  number  case,  the  maximum 
product  is  not  attained  at  an  equivalence  ratio  of  unity;  instead, 
the  maximum  product  is  formed  for  the  flip  experiments,  with 
more  product  formed  on  the  top  and  bottom  sides  of  the  layer. 

The  product  thickness  normalized  by  the  1%  visual 
thickness  is  plotted  against  the  stoichiometric  mixture  fraction  in 
Figure  8  for  the  two  cases.  While  the  specific  values  of  the 
product  thickness  are  overpredicted  due  to  diffusion  effects  at  the 
Reynolds  number  of  the  present  simulations,  the  overall  shape  of 
the  product  thickness  as  a  function  of  the  stoichiomet^  is 
correct.  Note,  that  at  Mc=0.4,  the  familiar  ‘gull  wing’  shape  is 
reproduced,  with  the  maximum  product  formed  at  the 
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Figure  7.  Normalized  chemical  product  at  Re=l600  iot  a) 
Mc=0.4  and  b)Mc=0.8. 


entrainment  ratio  of  unity  for  a  temporal  layer.  At  Mc=0.8,  the 
shape  is  reversed,  with  more  product  being  attained  at  a 
stoichiometric  mixture  fraction  of  0.2  and  0.8,  than  of  0.5. 
Finally,  for  the  same  Reynolds  number,  slightly  more  product  is 
formed  at  higher  convective  Mach  number  over  a  wide  range  of 
stoichiometric  mixture  fractions.  This  result  is  somewhat 
inconclusive,  however,  since  the  Reynolds  number  dependency 
of  the  product  thickness  has  not  been  determined  due  to  the 
limited  range  available  in  the  present  simulations. 

5.  Topology  of  the  Velocity  Field 

In  this  section,  the  topology  of  the  velocity  field  at  Mc=0.8 
is  determined  from  instantaneous  streamline  patterns,  obtained 
by  integrating  the  instantaneous  velocity  in  a  frame  of  reference 
moving  at  the  convective  velocity.  In  this  reference  frame,  the 
flow  pattern  is  plotted  in  Figure  9  as  projected  streamlines  in  the 
three  orthogonal  planes.  The  streamlines  were  initialized  near 
the  critical  points,  wnere  the  velocity  magnitude  is  nearly  zero. 
The  location  of  the  critical  points  relative  to  the  flow  structure  is 
determined  by  comparing  Figure  4  with  Figure  9.  Figure  9a 
shows  the  projected  streamline  pattern  in  the  x-z  plans  at  y=0. 


Figure  8.  Normalized  product  thickness  vs.  stoichiometric 
mixture  fraction. 


while  Figures  9b  and  9c  are  y-z  and  x-y  planes  near  the  tips  of 
two  adjacent  lambda  vortices  (near  A  in  Figure  9a).  The  flow 
pattern  clearly  identifies  two  pairs  of  counter-rotating  vortices 
that  are  focal  in  nature  separated  by  three-dimensional  saddle 
points.  In  between  the  two  lambda  vortices,  near  A  in  Figure  9a, 
there  is  a  three-dimensional  critical  point  corresponding  to  a 
stable-node/saddle/saddle  topology  according  to  the  classifica¬ 
tion  methodology  of  Chong,  Perry,  and  Cantwell  [1990].  A 
saddle  point  exists  in  the  y-z  and  x-y  planes,  and  a  stable-node 
exists  in  the  x-z  plane.  The  saddle  point  in  the  x-y  plane  is 
clearly  siiown  in  Figure  9b  where  the  streamline  patterns  for 
several  adjacent  z  planes  are  plotted.  Note  that  the  saddle 
topology  changes  to  two  saddle  points  separated  by  an  unstable 
node  over  a  very  small  distance.  The  other  saddle  point  at  A  is 
shown  in  Figure  9c.  In  this  figure,  the  saddle  point  is  between 
four  focal  regions  corresponding  to  the  legs  of  the  vortices.  The 
local  topology  is  consistent  with  the  idea  of  entrainment 
occurring  in  two  steps  across  the  layer,  at  least  in  the  vicinity  of 
this  critical  point.  A  second  critical  point  exists  at  B  of  the 
unstable-node/saddle/saddle  type.  This  critical  point  is  a  saddle 
in  the  x-z  and  y-z  planes  and  an  unstable-node  in  the  x-y  plane. 
The  unstable  node  is  shown  in  Figure  9b.  A  third  critical  point 
exists  at  C  which  is  also  an  unstable-nodc/saddlc/saddle. 
However,  this  critical  point  is  a  saddle  in  the  x-z  and  x-y  planes 
and  an  unstable-node  in  the  y-z  plane.  The  unstable  node  is 
shown  in  Figure  9c.  A  fourth  critical  point  exists  at  D  of  the 
same  type  as  B.  Based  on  the  present  flow  pattern,  it  is  clear  that 
at  Mc=0.8,  pure  fluid  is  being  entrained  from  the  top  and  bottom 
sides  in  at  least  two  steps.  Further  work  remains  to  classify  all 
of  the  critical  points  in  the  flow,  to  deteimine  their  relationship  to 
one  another,  and  to  follow  their  temporal  evolution. 

6.  Conclusions 

Comparisons  of  direct  numerical  simulations  at  convective 
Mach  numbers  of  0.4  and  0.8  suggest  that  entrainment  and 
mixing  occur  more  locally  at  the  higher  convective  Mach 
number.  Fluid  is  entrained  into  the  layer  in  one  of  two  ways:  (1) 
pure  fluid  from  the  low-  and  high-speed  streams  is  engulfed  in 
one  continuous  motion  in  regions  between  the  tips  of  the  lambda 
vortices;  or  (2)  pure  fluid  is  engulfed  in  several  intermediate 
steps,  with  pure  high-  or  pure  low-spccd  fluid  mixing  with 
partially  mixed  fluid  inside  the  layer  in  regions  near  the  tips  of 
the  lambda  vortices.  The  apparent  source  of  the  partially  mixed 
fluid  is  the  local  upwash/downwash  regions  created  by  the 
induced  motion  of  the  legs  of  the  vortices.  The  conserved  scalar 
statistics  suggest  that,  at  Mc=0.4,  the  concentration  profile  is 
non-irarching  due  to  the  presence  of  the  global  spanwise  rollers. 
On  the  other  hand,  at  Mc=0.8  and  a  comparable  Reynolds 
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number,  the  instantaneous  concentration  profile  is  marching  with 
the  existence  of  two  preferred  mixture  fractions  at  a  given  y 
location.  The  mean  concentration  and  product  profiles  for  the 
two  cases  reflect  the  non-marching  and  marching  character  of  the 
instantaneous  concentration  profiles.  Finally,  the  instantaneous 
streamline  pattern  at  Mc=0.8  is  consistent  with  the  concept  of 
entrainment  occurring  in  multiple  steps. 


The  author  is  grateful  to  Dr.  N.  D.  Sandham  for  the  use  of 
his  compressible  flow  code,  and  to  Drs.  M.  G.  Mungal,  B.  J. 
Cantwell,  N.  N.  Mansour,  N.  T.  Clemens,  and  P.  H.  Paul  for 
many  enlightening  discussions.  Support  for  this  work  was 
provided  by  the  Department  of  Energy’s  Office  of  Basic  Energy 
Sciences,  Division  of  Chemical  Sciences. 

References 

BREIDENTHAL,  R.  E.  1990  The  sonic  eddy  -  a  model  for 
compressible  turbulence.  AlAA  Paper  90-0495. 


3ROADWELL,  J.  E.  &  BREIDENTHAL,  R.  E.  1982  A  simple 
model  of  mixing  and  chemical  reaction  in  a  turbulent  shear 
layer.  J.  Fluid  Mech.  US,  397-410. 


y 


z 


BUELL,  J.  &  MANSOUR,  N.  1989  Asymmetric  effects  in  three- 
dimensional  spatially-developing  mixing  layers.  Turbulent 
Shear  Flows  7. 

CHONG,  M.,  PERRY,  A.  E.  &  CANTWELL,  B.  J.  1990  A 
general  classification  of  three-dimensional  flow  fields.  Physics 
of  Fluids  A  1(S),  765-777. 

CLEMENS,  N.  T.  &  MUNGAL,  M.  G.  1990  Two-  and  three- 
dimensional  effects  in  the  supersonic  mixing  layer.  AlAA 
Paper  90-1978. 

CLEMENS,  N.  T.,  PAUL,  P.  H.,  MUNGAL,  M.  G.,  & 
HANSON,  R.K.  1991, /lf,'MPaper91-1720(to appear). 

FOURGETTE,  D.  C.,  MUNGAL,  M.  G.  &  DIBBLE,  R.  W.  1990 
Time  evolution  of  the  shear  layer  of  a  supersonic 
axisymmetric  jet  at  matched  conditions.  AlAA  Paper  90-0508. 


(b) 


KONRAD,  J.  H.  1976  An  experimental  investigation  of  mixing 
in  two-dimensional  turbulent  shear  flows  with  applications  to 
diffusion-limned  chemical  reactions.  Ph.  D.  Dissertation, 
Cal.  Tech. 

LOWERY,  P.  &  REYNOLDS,  W.  C.  1986  Numerical  simulation 
of  a  spatially-developing  forced,  plane  mixing  layer. 
Mechanical  Engineering  Report  TF-26. 

MUNGAL,  M.  G.  &  DIMOTAKIS,  P.  E.  1984  Mixing  and 
combustion  with  low  heat  release  in  a  turbulent  shear  layer.  J. 
Fluid  Mech.  148, 349-382. 

PAPAMOSCHOU,  D.  &  ROSHKO,  A.  1988  The  compressible 
turbulent  shear  layer:  an  experimental  study.  J.  Fluid  Mech. 
197,453-477. 

SANDHAM,  N.  D.  &  REYNOLDS,  W.  C.  1991  Three 
dimensional  simulations  of  large  eddies  in  the  compressible 
mixing  layer.  J.  Fluid  Mech.  UA,  133-159. 


(c) 

I 


Figure  9.  Projected  sneamline  patterns  at  Re=1600,  Mc=0.8  a) 
x-z  plane  at  y=0,  b)  y-z  plane  at  A,  and  c)  x-y  plane  at  A.  The 
symbols  A,  B,  C,  and  D  denote  the  location  of  critical  points. 
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ABSTRACT 

Space-time  correlations  and  filtered  Ray¬ 
leigh  scattering  based  flow  visualizations 
were  used  to  study  compressibility  effects  on 
large  structures  in  mixing  layers.  Two  high 
Reynolds  number  mixing  layers  with  M^,  =  0.51 
(case  1)  and  0.86  (case  2)  were  studies. 
Previous  LDV  results  had  indicated  no  com¬ 
pressibility  effects  on  the  growth  rate  but 
some  on  the  turbulence  characteristics  of 
case  1;  however,  there  were  major  compress¬ 
ibility  effects  on  both  the  growth  rate  and 
the  turbulence  characteristics  of  case  2 .  The 
streamwise  correlations  showed  4-5  times 
faster  decay  rate  for  case  2  than  case  1. 
While  the  spanwise  correlation  for  case  1 
showed  trends  similar  to  incompressible 
mixing  layers,  the  behavior  of  case  2  was 
totally  different.  The  pressure  fluctuations 
in  the  fully  developed  region  of  case  2 
developed  significant  rms  variation  in  spanw¬ 
ise  direction  with  a  well  defined  pattern. 
Based  on  pressure  measurements  and  flow 
visualizations  one  could  conclude  that  the 
strictures  in  case  l  are  similar  to  those  in 
subsonic  case  however  less  organized.  In  case 
2  the  structures  seem  to  be  nearly  spatially 
stationary  across  the  span  of  mixing  layer 
and  highly  three  dimensional.  The  structures 
in  this  case  seem  to  be  composed  of  vortices 
spanning  the  mixing  layer  and  inclined  in 
both  the  streamwise  and  the  spanwise  direc¬ 
tions.  It  is  postulated  that  perhaps  each 
large  structure  is  consists  of  two  or  more  of 
these  structures  with  oblique  angles  of 
different  sign  connected  at  the  edges  of  the 
mixing  layer. 

INTRODUCTION 

The  observation  of  large  scale  spanwise 
structures  in  incompressible  planar  free 
shear  flows  by  Brown  &  Roshko  (1974)  drasti¬ 
cally  altered  researchers 's  perceptions  of 
mixing  and  entrainment  processes  in  these 

flows.  These  structures  were  initially 
thought  to  be  a  manifestation  of  low  Reynolds 
number  flows  thus  reminiscence  of  transition 
to  turbulence.  However,  similar  large  scale 
structures  were  latex  observed  in  higher 
Reynolds  number  mixing  layers.  La  ;er  study  by 
Bernal  &  Roshko  (1986)  has  shown  that  stream- 
wise  streaks  or  structures  are  embedded 
within  th..  spanwise  large  structures. 

Large  scale  structures  have  also  been 
observed  in  high  Reynolds  number  compressible 
mixing  layers  (e.g.  Chinzei  et  al,  1986, 
Papamoschou  &  Roshko,  1988,  Elliott  &  Samimy, 
1990,  Clemens  et  al,  1990,  Shau  &  Dolling, 
and  Messersmith  et  al,  1991) .  Even  though 
Morkovin  hypothesized  compressibility  effect 
in  mixing  layers  in  1964  (also,  Bradshaw, 
1977) ,  it  was  only  recently  that  a  compress¬ 
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ibility  parameter  was  identified  (Bogdanoff, 
1983  and  Papamoschou  &  Roshko,  1988)  which 
correlates  the  reduction  in  the  growth  rate 
and  also  in  Reynolds  stresses  (Elliott  & 
Samimy,  1990) .  This  parameter  was  called 
convective  Mach  number,  M^.,  by  Papamnehou  & 
Roshko.  Ragab  &  Wu  (1989)  and  S..ndham  & 
Reynolds  (1989)  have  shown  that  the  oblique 
instability  waves  achieve  a  larger  growth 
rate  than  2-D  instability  waves  at  higher 
convective  Mach  numbers. 

Previously,  we  used  LDV  to  measure  de¬ 
tailed  mean  flow  and  turbulence  characteris¬ 
tics  of  cases  1  and  2  (Samimy  &  Elliott,  1990 
and  Elliott  &  Samimy,  1990) .  While  case  1 
depicts  the  beginning  of  the  compressibility 
effect  on  the  growth  rate  of  mixing  layers, 
case  2  shows  over  50%  drop  in  the  growth 
rate.  Between  cases  1  and  2  there  is  over  a 
factor  of  2  drop  in  Reynolds  shear  stress  and 
over  20%  drop  in  the  lateral  turbulence 
fluctuations.  The  stability  results  of  Ragab 
&  Wu  (1988)  and  Sandham  &  Reynolds  (1989) 
have  shown  that  at  case  1  only  two-dimension¬ 
al  instability  waves  are  amplified,  however, 
at  case  2  two-dimensional  and  oblique  waves 
are  amplified  almost  equally.  The  objective 
of  this  research  was  to  use  these  two  flowfi- 
elds  to  explore  the  effects  of  compressibili¬ 
ty  on  the  structures  in  mixing  layers  by 
using  pressure  correlation  measurements  and 
flow  visualizations. 

EXPERIMENTAL  FACILITY  AND  INSTRUMENTATION 

The  experiments  were  conducted  at  the  Ohio 
State  University  Aeronautical  and  Astronauti- 
cal  Research  Laboratory  (AARL) .  The  high 
Reynolds  number  wind  tunnel  has  a  152.4  x 
152.4  mm  test  section.  The  tunnel  is  set  up 
in  a  dual-stream  configuration  in  which  two 
independent  streams  merge  downstream  of  a 
splitter  plate  to  form  a  constant  pressure 
mixing  layer  as  shown  in  Fig.  1.  The  tunnel 
was  operated  in  two  different  configurations. 
The  Mach  numbers,  convective  Mach  numbers, 
velocity  and  density  ratios,  and  stagnation 
temperatures  of  two  streams  are  shown  below. 

Mj^  M2  Mj,  U2/Uj  P2/PJ  l’j(K) 
case  1  1.8  0.51  0.51  0.36  0.64  290 
case  2  3.0  0.42  0.86  0.24  0.36  290 

//////;///////// ///////////////-/-Z 
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Fig.  1  Schematic  of  the  test  section  with 
pressure  probes  in  it. 
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The  incoming  high  speed  boundary  layer  was 
fully  turbulent  with  Reynolds  number  based  on 
the  momentum  thickness,  Regg#  of  27700  and 
24700  for  the  Cases  1  and  2,  respectively.  At 
AARL,  the  cold  and  dry  air  generated  at  16.4 
MPa  (2400  psi)  by  two  four-stage  compressors 
is  stored  in  two  storage  tanks  with  42.5 
(1500  ft^)  capacity.  The  air  is  fed  into  the 
tunnel  by  two  separate  control  valves.  There¬ 
fore,  flow  to  both  streams  can  independently 
be  controlled.  The  tunnel  can  be  operated 
from  a  few  minutes  to  several  minutes  depend¬ 
ing  on  the  nozzles  used. 

Fast  response  pressure  transducers  were 
used  for  space-time  correlation  measurements. 
Figure  1  gives  a  schematic  of  the  pressure 
probes  arrangement  in  the  shear  layer.  The 
two  probes  were  fitted  with  Endevco  fast 
response  differential  pressure  transducers, 
model  8514-20,  with  a  sensitivity  from  0  to 
20  psi.  The  pressure  sensitive  diaphragm  of 
these  transducers  is  approximately  0.7  mm  in 
diamecer  and  an  estimated  frequency  response 
of  better  than  50  kHz  which  is  higher  than 
what  is  required  in  these  experiments.  The 
pressure  transducers  were  mounted  perpendic¬ 
ular  to  the  incoming  streams,  extending  about 
10  mm  out  of  the  probe  tip  to  approximately 
measure  the  static  pressure  fluctuations.  An 
Ectron  model  663F  signal  conditioner  was  used 
with  each  transducer  to  provide  the  excita¬ 
tion  voltage  and  to  amplify  the  output  sig¬ 
nal.  A  5520  MASSCOMP  computer  was  used  to 
acquire  and  process  100  blocks  of  data  per 
measurement  location  with  1024  samples  per 
block  and  250  kHz  sampling  rate. 

Filtered  Rayleigh  scattering  (FRS)  was  use 
for  flow  visualizations.  A  Quanta  Ray  model 
GCR-4  Nd:YAG  laser  was  used  as  a  light 
source.  Pulse  width  and  energy  per  pulse  of 
the  laser  were  8  ns  and  500  raJ  at  a  wave 
length  of  532  nm  (2nd  narmonic) .  An  injec¬ 
tion  seeder  was  used  to  narrow  the  linewidth 
and  also  to  add  some  tuning  capability.  The 
9  mm  diameter  beam  from  the  laser  is  passed 
through  a  spherical  lens  to  narrow  the  sheet 
made  by  expanding  the  beam  through  a  cylin¬ 
drical  lens.  The  scattered  light  in  the  test 
section  is  collected  through  a  molecular 
filter  into  an  intensified  CCD  camera  and 
recorded  on  a  super  VHS  tape  for  post  pro¬ 
cessing  of  the  images.  The  main  component 
that  makes  FRS  flow  visualization  system 
different  from  standard  Rayleigh  scattering 
technique  is  the  molecular  filter  placed  in 
front  of  the  camera.  The  molecular  filter  is 
basically  an  optical  cell  with  a  small  amount 
of  iodine  crystal  in  it.  When  this  cell  is 
evacuated  the  low  partial  pressure  of  the 
iodine  causes  it  to  form  vapor.  Since  iodine 
has  absorption  bands  around  the  incident 
laser  light  of  532  nm,  the  laser  can  be  tuned 
across  the  absorption  bands.  The  cell  used 
here  is  25.4  cm  long  and  similar  to  that  used 
by  Miles  et  al  (1991),  which  is  operated  in 
the  optically  thick  regime  where  the  filter 
has  a  relatively  sharp  cutoff  characteristic. 
Figure  2  shows  the  basic  concept  of  using 
this  filter  in  optically  thick  regime  for 
flow  visualizations.  Because  the  Rayleigh 
signal  is  so  weak  and  it  takes  a  high  amount 
of  laser  energy  to  form  an  image,  there  is 
usually  a  problem  with  background  scattering 
and  reflections  from  the  windows  and  walls  of 
the  wind  tunnel.  Since  this  noise  is  un¬ 
shifted  having  the  same  wave  length  as  the 
incident  light  and  scattering  from  mole¬ 
cules/particles  within  the  flow  have  a  Dopp¬ 
ler  shift,  the  laser  can  be  tuned  to  an 
absorption  band  of  the  iodine  and  the  back¬ 
ground  light  can  be  filtered  out.  Miles  et  al 


Fig.  2  The  concept  of  FRS  with  a  sharp  cutoff 
molecular  filter. 

(1991)  have  discussed  the  technique  in  more 
detail.  Although  only  flow  visualization 
results  are  presented  here,  a  multiple  camera 
system  is  currently  being  developed  to  obtain 
instantaneous  velocity  and  density  measure¬ 
ments.  For  this  case  a  sloping  instead  of  a 
sharp  cutoff  filter  needs  to  be  used.  This  is 
similar,  to  some  degree,  to  a  system  devel¬ 
oped  by  Komine  et  al  (1991) , 

EXPERIMENTAL  RESULTS  AND  DISCUSSIONS 

1.  Pressure  Results 

Streamwise  and  Lateral  Variations.  Figure  3 
shows  streamwise  evolution  of  power  spectrum 
for  case  1  at  about  the  center  of  the  shear 
layer  (y*  »  0) .  The  lateral  nondimensional 
coordinate  is  defined  as  y*  =  {y"yref)/'^w 
where  y  is  the  lateral  location  measured  from 
the  top  surface  of  the  splitter  plate,  y^^f  is 
the  lateral  distance  from  the  splitter  plate 
where  the  measured  convective  velocity  using 
spatial  correlation  matches  the  theoretical 
value,  and  5„  is  the  local  vorticity  thick¬ 
ness.  The  downward  shift  in  the  broadband 
peak  in  the  power  spectrum,  which  is  well 
defined  in  downstream  locations,  is  due  to 
the  interaction  among  large  scale  structures 
and  similar  to  incompressible  results 
(Hussain  &  Zaroan,  1985) .  Based  on  our  previ¬ 
ous  results,  the  flow  for  this  case  is  fully 
developed  for  x>150  mm  (Samimy  &  Elliott, 
1990) .  The  case  2  shows  a  similar  downshift 
in  the  frequency,  however,  the  broadband  peak 
frequency  is  not  as  well  defined. 
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Fig.  3  Power  spectra  for  various  streamwise 
locations  for  the  case  1. 


Figure  4  shows  the  streamwise  coherence 
for  both  cases  in  only  one  lateral  location 
in  the  fully  developed  region.  When  dx/5^,  » 
0.5,  the  coherence  levels  are  comparable  for 
two  cases.  The  coherence  level  drops  by  about 
50%  with  increasing  probe-separation  to  dx/S„ 
=  1  and  4.7,  respectively,  for  cases  1  and  .1. 
This  indicates  tremendous  compressibility 
effect  on  the  organization  of  large  struc¬ 
tures.  Note  that  the  local  Reynolds  numbers 
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Fig.  4  Streamwise  coherence  for  various 
separation  distance  in  the  fully  developed 
region  (a)  case  1  and  (b)  case  2. 


are  comparable  for  the  two  cases.  The  stream- 
wise  correlations  show  a  similar  compress¬ 
ibility  effect  (Fig.  .5) .  The  results  obtained 
in  other  lateral  locations  and  also  in  the 
developing  region  show  similar  compressibili¬ 
ty  effect  (Reeder,  1991) . 

The  convective  Mach  number  concept  was 
introduced  by  Bogdanoff  (1983)  and 
Papamoschou  and  Roshko  (1988)  and  has  been 
used  since  then  by  many  to  correlate  com¬ 
pressibility  effect.  The  concept  is  based  on 
the  existence  of  a  saddle  point  between  two 
Brown  and  Roshko  (1974)  type  spanwise  two- 
dimensional  rollers  at  which  the  two  streams 
of  the  mixing  layer  stagnate  in  the  coordi¬ 
nate  system  travelling  with  the  rollers.  The 
concept  breaks  down  at  supersonic  convective 
Mach  numbers  (Papamoschou,  1991,  McIntyre  & 
Settles,  1991) .  The  streamwise  spatial  corre¬ 
lations  shown  in  Fig.  S  can  be  used  directly 
to  calculate  the  average  convective  velocity 
thus  the  convective  Mach  number.  Instead  we 
have  calculated  the  convective  velocity  of 
individual  structures  (Reeder,  1991) .  Figure 
6  shows  histograms  of  convective  velocity  for 
case  2  at  two  lateral  locations.  The  follow¬ 
ing  observations  can  be  made:  1)  even  at  y*  « 
0  where  the  average  Og  is  equal  to  the  theo¬ 
retical  U(.,  structures  have  a  wide  range  of 
convective  velocities  and  2)  both  the  average 
and  the  distribution  change  with  y*.  The 
results  for  case  1  show  similar  characteris¬ 
tics  but  less  lateral  variations.  The  lateral 
variation  of  average  has  been  reported 
before  in  both  incompressible  and  compress¬ 
ible  mixing  layers  (Jones  et  al,  1973  and 
Ikawa  &  Kubota,  1975).  In  light  of  these 
results  and  flow  visualization  results  to 
follow  which  show  highly  three  dimensional 


Streomwise  Correlotion  for  Streomwise  Voriotions 
M,w05t  «i«t62mm 


Cross  C  orreiotion  for  VoneO  Streomwise  Seporotiori 
l.'t«0S6  Xi«162mm  :»-29mrn 


Fig.  5  Streamwise  space-time  correlations  for 
various  separation  distance  in  the  fully 
developed  region  (a)  case  1  and  (b)  case  2. 
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Fig.  6  Histograms  of  U^,  at  various  lateral 
positions  in  the  fully  developed  region  for 
case  2. 
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nature  of  large  structures  in  case  2,  two 
things  need  to  be  kept  in  mind:  1)  that  while 
Mj,  is  a  good  indicator  of  compressibility 
level,  one  should  not  overemphasize  it,  2) 
any  measurements  depend  a  great  deal  on 
the  lateral  position  where  they  are  taken, 
and  3)  any  U,,,  and  thus  measurements  based 
on  a  limited  number  of  structures  could 
potentially  produce  highly  erroneous  results. 


spanwise  Variations.  The  rms  pressure  fluc¬ 
tuations  in  the  developing  region,  at  about 
IOOOq  from  the  splitter  plate  where  Sq  is  the 
momentum  thickness  of  incoming  high  speed 
flow,  did  not  show  any  observable  variations 
in  the  spanwise  direction  in  either  case 
(Reeder,  1991) .  Some  spanwise  variations  with 
no  apparent  pattern  were  developed  downstream 
in  case  i  (Reeder,  1991) .  However,  variations 
up  to  3  fold  with  a  relatively  distinct 
pattern  can  be  seen  in  the  fully  developed 
region  of  case  2  (Fig.  7).  The  tunnel  span  is 
from  0  to  ±76  mm,  but  the  measurements  are 
taken  only  in  the  midsection  of  the  tunnel 
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Fig.  7  RMS  pressure  fluctuations  across  the 
span  of  case  2  in  the  fully  developed  region 
at  y*  =  (a)  -0.6,  (b)  -0.15  and  (c)  0.06. 


far  from  the  side  walls.  The  results  in  Fig. 
7  indicate  that  some  sort  of  structures  have 
been  developed  in  case  2  where  these  struc¬ 
tures  seem  to  be  nearly  spatially  stationary. 
The  maximum  rms  pressure  producing  region  of 
these  structures  seems  to  start  from  the  low 
speed  side  and  to  branch  out  in  spanwise 
direction  as  the  legs  extend  in  the  lateral 
direction. 

As  was  discussed  earlier,  stability  analy¬ 
sis  of  Ragab  and  Wu  (1989)  and  Sandham  and 
Reynolds  (1989)  show  that  oblique  instability 
waves  are  more  amplified  than  two-dimensional 
ones  at  high  compressibility  levels.  In  fact, 
direct  numerical  simulations  of  Sandham  and 
Reynolds  with  two  initial  oblique  instability 
waves  of  opposite  signs  produced  a  pressure 
field  which  appears  similar  to  the  experimen¬ 
tal  results  described  in  the  above  paragraph. 
However,  their  results  showed  two  horseshoe 
type  vortices;  one  with  the  head  at  high 
speed  side  and  the  other  similar  to  the  one 
described  above. 

Spanwise  correlations  normalized  with  rms 
at  y  =  -0.21  for  case  1  dropped  from  0.27  to 
0.08  when  dz/6„  was  changed  from  0.25  to  1.2 
in  the  fully  developed  region  of  the  mixing 
layer.  The  maximum  correlations  occurred  at 
zero  time  delay  signifying  two-dimensional 
nature  of  the  structures.  These  behaviors  are 
similar  to  Incompressible  mixing  layer  re¬ 
sults  (Browand  6  Troutt,  1980) .  Figure  8 
shows  the  spanwise  correlation  for  case  2  in 
the  fully  developed  region  at  two  y*  loca¬ 
tions.  The  general  trend  of  these  correla¬ 
tions  indicate  the  complex  nature  of  the 
structures.  When  one  probe  is  at  z  =  0,  y*  = 
-0.6,  and  d2/i„  =  0.17,  the  peak  correlation 
level  is  relatively  high  and  positive  with  a 
small  time  shift.  However,  the  correlation 
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Fig.  8  Spanwise  space-time  correlations  for 
varied  spanwise  separations  and  for  varied 
spanwise  and  lateral  locations  for  case  2. 
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peak  changes  sign  and  the  level  drops  signif¬ 
icantly  with  relatively  large  time  shift  for 
dz/i„  i  0.25.  At  y*  =  -0.15  location,  at  small 
dz/i„  both  positive  and  negative  correlations 
are  present,  but  when  dz/<S„  is  increased  the 
correlations  is  negative  and  the  level  of 
correlations  first  increases  and  then  drops. 
Table  1  shows  the  correlation  level,  the  time 
shift  and  the  angle  of  structures  from  span- 
wise  axis  for  y*  =  -0.15  and  dz/6„  =  0.25.  The 
angle  is  calculated  using  B  =  tan"^  (U£,*T/dz) , 
where  is  the  theoretical  convective  veloc¬ 
ity.  More  detailed  results  are  reported  by 
Reeder  (1991). 
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such  as  pressure  and  temperature,  the  mois¬ 
ture  may  condense  and  form  water  particles  in 
the  test  section  (Wegener  &  Mack,  1958) .  in 
our  case,  the  condensation  occurs  only  in  the 
high  speed  stream  of  case  2.  These  particles 
are  so  small  that  we  cannot  detect  them  with 
our  LDV  system  in  which  case  we  use  atomized 
oil  particles  on  the  order  of  0.5  to  1  /im. 
Our  estimate  is  that  these  condensed  parti¬ 
cles  are  in  the  order  of  0.01  urn.  These 
particles  which  are  about  an  order  of  magni¬ 
tude  larger  than  molecules  in  the  air  provid¬ 
ed  scattering  media  for  the  flow  visualiza¬ 
tions.  Therefore,  in  the  visualization  photo¬ 
graphs,  the  bright  regions  mark  the  fluid 
from  high  speed  side,  and  the  dark  regions 
the  fluid  mark  the  low  speed  side.  To  get  a 
better  contrast  in  the  photographs  we  have 
limited  the  grey  scale  to  two. 

Figure  9  shows  side  view  (x-y  plane)  of 
the  flowfield  for  case  2  from  about  40  to 
35000  i*'  fi^om  about  300  to  54000  in 
(b)  where  0p  is  the  incoming  boundary  layer 
momentum  thickness  of  high  speed  stream.  One 
identifies  very  large  structures  with  nearly 
equal  spacing  in  streamwise  direction  and 
many  smaller  structures  on  the  edges  of  each 
large  structure  can  be  seen.  These  two  photo¬ 
graphs  wf.re  taken  at  two  different  times.  The 
exposure  time  for  all  the  photographs  is  8 
ns.  Figure  lo  shows  the  spanwlse  view  (y-z 
plane)  of  structures  at  an  axial  location  of 


30  mm 


The  picture  of  the  structures  arising  from 
the  results  presented  so  far  is  a  complex 
one.  All  the  indications  are  that  the  roost 
dominant  structures  are  highly  three-dimen¬ 
sional  inclined  both  in  the  mean  flow  direc¬ 
tion  (X)  and  in  the  spanwlse  direction  (z) 
and  they  are  nearly  spatially  stationary.  An 
element  of  structure  may  be  a  horseshoe  type 
vortex  with  the  head  in  the  low  speed  side 
and  the  legs,  inclined  both  in  the  streamwise 
and  the  spanwlse  directions  extending  toward 
the  high  speed  side.  The  element  of  structure 
could  also  be  a  single  vortex  tube  type 
spanning  the  mixing  layer  and  Inclined  in 
both  the  streamwise  and  the  spanwlse  direc¬ 
tions.  Most  probably,  a  large  structure  is 
composed  of  a  few  of  these  elements  with 
oblique  angles  of  different  signs  connected 
at  either  edge  of  mixing  layer. 

2.  Flow  Visualisations 

As  was  discussed  earlier,  filtered  Ray¬ 
leigh  scattering  technique  was  used  for  flow 
visualizations.  The  background  noise  was 
removed  by  the  molecular  filter.  As  with  the 
standard  Rayleigh  scattering  technique,  the 
signal  is  proportional  to  density  and  to  the 
radius  of  molecules/particles  to  the  sixth 
power.  In  a  typical  supersonic  flow  facility, 
the  oil  and  water  particles  are  removed  by 
oil  separators,  dryers,  and  filters.  Yet  no 
matter  how  efficient  these  processes  are, 
some  water  moisture  will  remain  in  the  flow 
system.  Depending  upon  the  flow  conditions 
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Fig.  9  FRS  visualization  of  x-y  plane  for 
case  2. 
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Fig.  10  FRS  visualization  of  y-z  plane  for 
case  2. 
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about  4900(5 .  The  photograph  shows  various 
structures  in  the  spanwise  direction  con¬ 
firming  very  low  spanwise  correlation  levels 
shown  in  Fig.  8.  Figure  11  shows  the  plan 
view  (x-z  plane)  cutting  through  the  shear 
layer  just  slightly  above  the  splitter  plate 
in  the  axial  location  extending  from  about 
280  to  4300(5.  In  these  photographs,  one 
easily  observes  oblique  structures. 
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Fig.  11  FRS  visualization  of  x-z  plane  for 
case  2. 


The  technique  utilized  here  is  based  on  a 
pulsed  YAG  laser  with  8  ns  pulse  duration  and 
10  pulse/second  repetition  rate.  In  taking 
these  photographs,  the  flow  is  frozen  for 
about  8  ns  while  a  photograph  is  taken,  but 
there  is  no  tine  relation  between  two  succes¬ 
sive  photographs  or  frames.  However,  we  have 
taken  hundreds  of  frames  and  observed  them 
individually.  The  results  of  these  observa¬ 
tions  are  be  summarized  here.  There  are  large 
scale  structures  seen  in  both  streamwise  and 
spanwise  views.  These  structures  grow  both  in 
the  streamwise  and  spanwise  directions. 
Sometimes  they  seem  to  have  very  well  orga¬ 
nized  patterns  in  both  directions.  The  plan 
view  photographs  show  both  spanwise  and 
oblique  structures.  In  some  photographs, 
either  there  are  no  structures  or  the  struc¬ 
tures  do  not  seem  to  have  any  pattern.  A 
possible  explanation  for  spanwise  photographs 
may  be  that  in  each  frame  the  sheet  of  light 
cuts  through  different  parts  of  the  struc¬ 
tures,  e.g.  the  core  or  the  braid  section  of 
structures.  But  the  only  explanation  for  the 
streamwise  and  the  plan  views  is  that  the 
structures  are  very  poorly  organized  In  time 
and  are  highly  three-dimensional.  This  is 
what  one  would  also  conclude  from  coherence 
and  correlation  results  discussed  earlier. 

CONCLUSIONS 

The  behavior  of  case  1  is  similar  to 
incom isslble  mixing  layers  in  many  ways. 


However,  case  2  shows  totally  different 
behavior.  It  seems  that  the  higher  compress¬ 
ibility  case  can  support  oblique  structures; 
therefore,  the  structures  are  highly  three 
dimensional  and  complex  for  case  2.  All 
indications  are  that  these  structures  are 
nearly  spatially  stationary  in  spanwise 
direction  spanning  the  mixing  layer  and 
inclined  in  both  the  streamwise  and  the 
spanwise  direction.  They  have  both  positive 
and  negative  angles,  and  if  they  travel 
together  they  may  connect  at  either  edge  of 
the  mixing  layers. 
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ABSTRACT 

Time-dependent  two-dimensional  numerical  simulations  of 
higli-speed,  compressible,  confined,  temporally  evolving  su¬ 
personic  mixing  layers  between  hydrogen  and  oxygen  gas 
streams  are  used  to  examine  the  differences  between  Eu¬ 
ler  and  Navier-Stokes  solutions  and  the  effects  of  convective 
Mach  number.  The  computations  show  that  the  Euler  solu¬ 
tions  are  reasonably  accurate  in  the  convective-mixing  stage 
of  the  flow,  when  large-scale  structures  dominate.  As  the 
convective  Mach  number  increases,  the  mixing  and  turbu¬ 
lent  levels  are  reduced. 

INTRODUCTION 

The  successful  design  of  propulsive  engines  for  hypersonic 
vehicles  requires  accurate  prediction  of  the  mixing  and  com¬ 
bustion  efiiciency  in  high-speed  flows.  In  order  to  achieve 
this  predictive  capability,  we  need  an  improved  understand¬ 
ing  of  the  dominant  processes.  In  this  paper,  we  have  begun 
to  address  several  of  the.se  complex  issues.  In  particular,  we 
focus  on  the  numerical  solution  of  the  mixing  of  a  hydrogen 
and  oxygen  stream  so  that  we  are  studying  the  features  of 
a  high-speed  shear  layer  between  two  gases  of  very  different 
densities 

Since  the  Brown  and  Rosko  [1974]  observations,  many 
experimental  studies  have  confirmed  the  existence  of  large- 
scale  coherent  structures  in  turbulent  mixing  layers  for  both 
high  and  low  Reynolds  numbers.  Papamoschou  et  al.  (1986) 
and  Clemens  ct  al.  [1990]  showed  the  effects  of  compress¬ 
ibility  on  the  growth  of  the  shear  layer,  and  recently,  Di- 
inotakis  [1989]  summarized  experiments  on  the  entrainment 
and  mixing  processes.  There  have  been  a  number  of  theoret¬ 
ical  stability  analyses  and  concommitant  numerical  simula¬ 
tions  of  both  spatially  and  temporally  evolving  shear  layers. 
Ragab  and  Wu  [1990]  and  Jackson  and  Grosch  [1989]  have 
shown  that  for  high  Me,  there  are  several  unstable  modes 
and  three-dimensional  modes  become  important.  Sandhani 
and  Reynolds  [1989]  and  Lele  [1989]  have  considered  two- 
dimensional  and  three-dimensional  direct  numerical  simu¬ 
lations.  Using  vortex-dynamics  methods,  So^criou  et  al. 
[1991]  have  studied  the  effects  of  density  gradients. 

In  the  work  presented  below,  we  solve  the  equations  de¬ 
scribing  a  temporally  evolving  shear  layer,  where  one  stream 
is  molecular  oxygen  and  the  other  is  molecular  hydrogen. 
This  approach  allows  us  to  focus  on  the  structure  of  the 
flow  and  the  details  of  the  turbulent  structures  and  deter¬ 


mine  what  is  required  to  adequately  resolve  the  flowfield  in 
the  different  mixing  regimes.  In  particular,  we  compare  solu¬ 
tions  of  the  Euler  equations  for  this  flow  to  solutions  of  the 
complete  set  of  Navier-Stokes  equations  that  also  contain 
descriptions  of  molecular  diffusion  and  thermal  conduction 
(referred  to  as  the  NS-I-  equations). 


PHYSICAL  AND  NUMERICAL  MODEL 


General  Formulation 

We  solve  the  time-dependent,  two-dimensional,  compress¬ 
ible,  Navier-Stokes  equations  for  a  multispecies  gas,  includ¬ 
ing  the  effects  of  molecular  diffusion  and  thermal  conduc¬ 
tion.  The  balance  equations  for  the  densities,  momentum, 
and  energy  are 

|  =  -V.(pv),  (1) 

^  =  -V-(n.v)-V.(n.v„)  i  =  ,  (2) 

^  =  -V.(pvv)-V.P,  (3) 

^  =  _V.(£;v)-V.(v.P)-V-{q),  (4) 

The  mass  fraction  of  species  i  is  V,,  defined  by 


n, 


(5) 


where  n,  is  the :  <  ii.ber  density  and  W,  the  molecular  weight 
of  the  species  i.  The  auxiliary  equation  for  pressure  P  and 
heat  conductive  flux  q  are 


P  =  P(p,T)I-f  |/i„(V-v)I-/i,„[(Vv)  +  (Vv)^]  (6) 


and 

q  =  -X^VT  +  pY^hiY.Vi,  ..  (7) 

t 

Wc  assume  an  ideal-gas  equation  of  stale:  P  =  pRT .  The 
specific  enthalpy  h,  can  be  written  as 


^.  =  fc,, 


dT  -f  /i,„  , 


(8) 


where  Cp,  and  h,„  are  the  specific  heat  at  constant  pressure 
and  heat  of  formation  of  species  i,  respectively.  We  neglect 
the  radiative  fluxes  and  the  Soret  and  Dufour  effects  (ther¬ 
mal  diffusion). 
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Diffusion  Model 

The  diffusion  velocities  v^,  are  solutions  of  the  follow¬ 
ing  system  of  equations  (see,  for  example,  Oran  and  Boris 
11987]), 

(¥)  > 

J 

where,  for  each  species  t,  X,  is  the  mole  fraction,  v*  the 
diffusion  velocity,  and  D.j  the  diffusivity  of  the  species  i 
into  the  species  j. 

These  diffusion  velocities  must  obey  to  the  condition  of 
mass  conservation  such  that 


Y.Y,yi,=0.  (10) 

t 

We  approximate  the  solution  of  the  system  of  equations 
(9)  and  (10)  by  a  gradient  law,  as  proposed  by  Coffee  and 
Heimerl  [1981], 


vrf.  =  D."‘VX. 


1-V. 


(11) 


Then  vve  correct  these  velocities  in  order  to  insure  the  mass 
conservation,  equation  (10), 


Vc  =  and  v,,,  =  v^. -f  v,,  .  (12) 

J 


This  approximation  becomes  rigorously  correct  in  the  binary 
case  if  we  neglect  the  pressure  effect  on  diffusion. 

Numerical  Integration 

The  different  physical  processes  are  solved  separately 
and  their  effects  are  then  coupled  together  by  timestep¬ 
splitting  methods  (Oran  and  Boris  [1987]).  The  convection 
is  solved  using  a  standard  Flux-Corrected  Transport  (FCT) 
algorithm  This  is  a  nonlinear,  monotone  algorithm  that  is 
fourth-order  accurate  in  phase.  The  integration  is  earned 
out  by  a  two-step  predictor-corrector  procedure  with,  suc¬ 
cessively,  a  diffusive  and  antidiffusive  step.  The  first  step 
modifies  the  linear  properties  of  a  high-order  algorithm  by 
adding  diffusion  during  convective  transport  to  prevent  dis¬ 
persive  ripples  from  arising.  The  added  diffusion  is  removed 
in  jm  antidiffusion  step.  The  result  is  that  the  calculations 
maintain  the  high  order  of  accuracy  without  requiring  artifi- 
cirJ  viscosity  to  stabilize  them.  The  physical  diffusion  terms 
are  solved  in  conservative  finite-volume  form  by  second- 
order  centered  algorithms.  An  overall  global  timestep  is 
chosen  by  evaluating  the  individual  stability  criteria  of  each 
type  of  process  in  the  computations  and  then  selecting  the 
minimum  of  these. 


THE  MODEL  PROBLEM 

In  the  one- dimensional  problem,  we  compute  the  evolution 
of  a  mixing  layer  between  two  gases  starting  from  a  step  pro¬ 
file  for  each  variable  in  the  y  direction.  We  do  this  by  solving 
the  full  set  of  equations  (1)  -  (4),  but  assuming  that  there 
are  no  variations  along  the  x  direction.  That  is,  difi/dx  =  0, 
where  ip  represents  p,  p\,  {n,},  and  E.  The  boundtiries 
at  the  bottom  and  the  top  of  the  domain  are  open.  The 


solution  of  this  problem  provides  initial  conditions  for  the 
two-dimensional  shear  layer. 

The  two-dimensional  computational  domain,  shown  in 
Figure  1,  consists  of  a  rectangle  of  length  L  and  height 
H  =  Zr/2.  The  left  and  right  boundaries  are  periodic, 
which  means  that  yi(0,  y)  =  piL,  y),  and  the  bottom  and  top 
boundaries  are  slip  wall  conditions,  pVy  =  0  and  dip/dy  =  0 
where  {p  =  {p,pUt,{n,},E}  at  y  =  0  and  y  =  H.  The  com¬ 
putational  cell  size  is  always  kept  uniform  in  the  x  rmd  y 
directions  and  are  in  the  range  Ax  =  Ay  =  (2.5  —  10)  x  10“® 
m,  so  that  the  timesteps  are  in  the  remge  (2-8)  x  10“^  ps.  A 
typical  computation  described  below  requires  about  10,000 
timesteps. 
wall 
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Figure  1:  Computational  Domain 

Computational  Diagnostics 

A  number  of  different  globad  and  instantaneous  param¬ 
eters  are  used  to  characterize  the  flows: 

1)  The  convective  Mach  number  Me  and  the  convective 
velocity  of  the  coherent  structures  Uc  can  be  approximated 
from  known  properties  of  the  flow  assuming  a  stagnation 
point  in  the  center  of  each  coherent  structure.  This  analysis, 
suggested  by  Papamoshou  and  Roshko  [1986],  leads  to 


Uc 


{aiUj  +  02^7]) 
(oi  -f  02) 


and  Me 


jUi-Ui) 

(oi  -I-  02)  ’ 


(13) 


where  ui  and  02  are  the  speeds  of  sound  for  the  streams  1 
and  2,  respectively. 

2)  The  energy  transfer  for  two-dimensional  turbulence 

can  be  described  by  the  field  of  enstrophy,  w* .  Erstrophy  for 
two-dimensional  turbulence  has  properties  similar  to  vortic- 
ity  for  three-dimensional  turbulence  (Batchelor  (1969]),  that 
is,  there  is  a  cascade  process,  independent  of  the  viscosity,  to 
higher  wavenumbers  where  the  enstrophy  is  dissipated.  !  he 
global  intensity  of  the  turbulent  flow  may  be  characterized 
by  Mu  =  >”’,  where  the  <  >  indicates  an  average 

taken  over  the  computational  domain.  For  an  incompress¬ 
ible,  homogeneous  turbulent  flow.  Mu  is  a  linear  function  of 
time  (Batchelor  [1969]). 

3)  Mixing  efficiency  between  different  gases  can  be  de¬ 
scribed  in  terms  of  mole  fraction,  Jf,,  or  mass  fraction,  Y,. 
For  the  binary  mixture,  we  define  two  global  parruneters, 
Mx  =  4  <  Xi  X2  >  and  My  =  4  <  Fj  Tz  >>  vary 
between  0  and  1.  For  the  limit  of  fully  mixed  materirJ, 
M^  =  1  mid  iV/f  =  YlVyWiiiWi  -f  Wif.  For  the  hydio- 
gen  and  oxygen  mixture  we  are  considering.  My  =  0.22. 
The  parameter  Mvy  =<  VF)/,  VF//,  >  is  related  to  the 
dissipation  of  scalar  energy  in  the  computational  domain 
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and  describes  the  density  of  mixing  interfaces  dev>'!oping  in 
the  domain. 

THE  ONE-DIMENSIONAL  PROBLEM 

One-Dimcnsional  Mixing  Layer 

In  tlie  one-dimensional  problem,  one  stream  is  molecu¬ 
lar  hydrogen  and  the  other  is  molecular  oxygen.  Initially  the 
computation  shows  a  transient  characterized  by  two  acous¬ 
tic  waves  moving  away  from  the  interface  to  the  top  and 
the  bottom  of  the  domain.  .After  that,  the  static  pressure 
returns  to  its  initial  uniform  value  and  a  negative  transverse 
velocity  Vy  is  generated  within  the  developing  mixing  layer. 
Figure  2,  profiles  of  density  and  temperature  for  A/r  =  0  6, 
shows  that  the  motion  is  directed  from  the  heavy  fluid  to¬ 
wards  the  light  fluid.  This  explains  the  evolution  of  p  which 
itself  is  not  directly  affected  by  the  molecular  diffusion  pro¬ 
cess.  The  temperature  reaches  a  maximum  in  the  middle  of 
the  layer  showing  the  transformation  of  kinetic  energy  into 
internal  energj'  by  viscous  dissipation  In  addition,  graphs 
of  these  profiles  as  a  function  of  i;  =  yfy/td  show  that  the 
solution  is  .self-similar  (Vuillermoz  and  Oran  [1991]).  This 
is  a  characteristic  of  flows  such  as  mixing  layers  that  do  not 
have  any  particular  length  scale,  a  feature  previously  noted 
by  Sandham  and  Reynolds  [1989]. 


0.  y{cr-i)  0.25  0.  y(cm)  0.25 


Figure  2:  One-dimensional  Results 
T wo- Diwcnsional  Ini t iaiiza t ion 

The  two-dimensional  configuration  is  Kelvin-Helmholtz  un¬ 
stable.  VVe  use  the  ot>c  uimensional  computation  to  provide 
initial  conduions,  and  then  trigger  the  instability  by  super¬ 
imposing  a  set  of  harmonic  (57  =  2v/\)  and  subharmonic 
(57/2)  pressure  disturbances.  In  the  calculations  presented 
below,  we  have  chosen  the  wavelength  of  the  instability,  A, 
such  that  A/L  =  2,  4,  and  8  and  a  =  0.05. 

THE  TWO-DIMENSIONAL  PROBLEM 

Analysis  of  the  Turbulent  Scales 

The  main  feature  of  a  turbulent  flow  is  the  wide  range  of  its 
energy  spectrum.  The  largest  scales  may  be  characterized 
by  a  length  /  and  a  velocity  U,  and  the  smzdlcst  dissipa¬ 
tive  scales  may  be  characterized  by  a  length  rj  smd  velocity 
u.  If  we  assume  that  there  is  an  equilibrium  between  the 
convection  and  the  dissipation  of  turbulent  energy,  we  can 
compare  the  large  rmd  small  scales.  This  assumption  means 
that  the  characteristic  time  of  the  transport  of  turbulent 
energy  by  the  large  eddies  is  equal  to  the  times  t„  and  of 


its  dissipation  by  viscosity  or  diffusion,  if.  =  ty  =  id,  where 

I  1 

<c  =  TT  <v  =  —  and  =  —  -  (14) 

U  e,  ey 

Here  «,  is  the  dissipation  of  turbulent  kinetic  energy,  k  = 
I  <  U'^  >,  and  fy  is  the  dissipation  of  turbulent  scalar 
energy,  A  <  Y'^  >,  which  may  be  written  as 

6,  =  ^  <  S'S'  >  =  -^  (15) 

and 

€y  =  D<  vrVF'  >  =  -^  ,  (16) 

Vy 

where  yy  is  the  mixing  scale,  S  is  the  tensor  of  deformation 
and  r  =  y/u.  Note  that  the  prime  indicates  fluctuation  of 
the  variable. 

If  we  define  the  Kolmogorov  scale  yr  as  that  scale  where 
the  molecular  viscosity  transforms  the  kinetic  energj’  into 
heat  (that  is,  the  scale  at  which  the  Reynolds  number  is  of 
order  unity.  Ret  —  pq*  ii/p  ~  1),  we  obtain 

j  =  lie- !  ,.  (17) 

where  Re  =  plU /p  is  the  Reynolds  number  of  the  large 
scale 

In  the  same  way,  the  equilibrium  condition  allows  us  to 
evaluate  yy, 

21  =  P,-i  ,  (18) 

where  I\  is  the  Peclet  number  such  that  Pe  =  lU/D  = 
Sc  Re  and  Sc  =  p/pD  is  the  Schmidt  number.  When  Sc  =  1, 
yy  is  the  Taylor  scale. 

In  our  case,  the  large  scales  are  bounded  by  the  width 
of  the  computational  domain  and  their  velocity  scales  with 
the  difference  of  velocities  across  the  shear  layer.  Then,  we 
can  assume  that, 

and  !7  ~  (t/j  -  !7i)  =  Afc(oi  +  uz)  (19) 

This  assumption  allows  us  to  asses  the  small  scales.  Several 

values  computed  for  the  hydrogen-oxygen  mixing  layer  are 
reported  in  Table  1 


Table  1.  Estimations  of  Kolmogorov  and  mixing  scales 


/(inm) 

Me 

Re 

Vk{m) 

yy{w) 

5.0 

0.6 

1.85  X  10^ 

3.1  X  10“® 

3.7  X  10"® 

5.0 

1.2 

3.70  X  10^ 

1.9  X  10-® 

2.6  X  10-’ 

Discussion  and  Analysis  of  Mixing  Regimes 

In  order  to  isolate  emd  examine  the  effects  of  molecular 
diffusion,  we  performed  three  NS-b  calculations  that  were 
the  same  except  for  the  values  of  the  diffusion  coefficients. 
These  computations  were  performed  for  a  system  with  L  = 
1.0  cm,  200  X  100  computational  cells,  and  Ax  =  Ay  = 
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5.0  X  10”^  tn.  In  one  case,  the  molecular  diffusion  is  turned 
off  completely.  In  another,  the  actual  values  of  physical 
diffusion  were  used,  as  in  the  previous  computations.  In  the 
final  case,  we  multiplied  the  physical  values  by  two.  The 
results  of  the  comparison  £u«  presented  in  Figure  3  that 
shows  various  diagnostics  defined  above  as  a  function  of  a 
dimensionless  time  t/<oi  where  <o  =  HIAU. 


(1:  no  diffusion,  2:  1  x  diffusion,  3:  2  x  diffusion) 


The  My  and  Afvy  show  that  there  are  three  stages  in 
the  mixing  procedure.  In  the  initial  growth  stage,  a  lam¬ 
inar  growth  stage  extending  to  about  f/fo  ~  2,  the  large 
structures  grow  as  a  consequence  of  the  initial  perturbation 
on  the  flowfield.  The  large  vortices  roll  up  and  grow  al¬ 
most  independently  of  each  other.  In  the  first  mixing  stage 
extending  to  about  t/to  ~  5,  which  we  call  the  convective- 
mixing  stage,  the  vortices  begin  to  interact  with  each  other 
and  convective  mixing  dominates.  Mixing  occurs  as  these 
structures  merge  and  grow  and  the  interfaces  between  the 
oxygen  and  hydrogen  stretch  emd  deform.  The  generation 
of  stretched  interfaces  corresponds  to  a  sheirp  growth  in  the 
intensity  of  the  scalar  dissipation  A/vy.  Finally,  there  is  the 
stage  that  occurs  when  the  widths  of  the  interfaces  reach  the 
order  of  magnitude  of  rjy  and  they  are  destroyed  by  molec¬ 
ular  diffusion.  The  Afvy  drops  very  quickly,  My  relaxes  to 
its  asymptotic  value,  0.22  in  this  case,  cind  A/„  linearly  in¬ 
creases,  as  predicted  for  homogeneous  turbulence.  The  two 
last  stages  shown  in  the  computation,  the  turbulent  stages, 
have  been  described  in  the  theoretical  analysis  of  Broadwell 
and  Breidenthal  [1982j. 

We  CM  interprete  these  results  by  considering  two  pa¬ 
rameters,  the  mean  length  of  an  interface  in  the  domain, 
and  mean  width  of  a  structure  in  the  domain,  6,,  which  we 
can  estimate  from 

=  4^  and  Afvv-  =  k  (20) 

Otot  Ot 

which  assumes  that  VF)/,  ~  1/5,.  Figure  4  compares  these 
quantities  as  computed  from  the  results  of  the  Figure  3.  The 
quantity  5,  does  not  change  much  during  the  convective- 


mixing  stage  whereas  /,  increases  quickly  and  independently 
of  the  diffusion.  When  the  diffusive-mixing  stage  begins,  the 
turbulent  structures  broaden  in  proportion  to  the  diffusion 
coefficient  and  the  destruction  of  the  turbulent  scales  is  con¬ 
trolled  by  the  amount  of  molecular  diffusion. 


Figure  4;  Width  and  Length  of  Turbulent  Structures 
(1:'  no  diffusion,  2:  1  x  diffusion,  3:  2  x  diffusion) 


Figure  5  shows  instantaneous  contours  of  mass  fraction 
of  hydrogen  during  the  three  regimes  described  above.  We 
note  the  apparent  change  from  a  very  regular  structure  to 
the  extremely  mixed  structure  at  the  end  of  the  computa¬ 
tion.  As  time  evolves,  we  see  the  shear  layer  expanding 
towards  the  lighter  fluid  on  the  bottom,  an  effect  noted  by 
Soteriou  et  al.  [1991]. 

Comparison  between  Ettler  and  NS+  computations 
A  previous  study  (Vuillermoz  and  Oran  [1991])  showed  that 
the  transition  between  the  two  mixing  stages  does  not  de¬ 
pend  on  whether  or  not  we  include  the  viscosity  or  the  dif¬ 
fusion.  Moreover,  this  transition  occurs  at  the  same  di¬ 
mensionless  time,  proving  that  it  is  only  a  fimction  of  the 
large-scale  convection.  This  observation  .  ’so  in  agreement 
with  the  Broeidwell  and  Breidenthal  theory.  They  provided 
an  estimate  of  the  time  needed  for  a  large  eddy  to  break 
up  and  dissipate  at  the  Kolmogorov  scale.  If  the  Reynolds 
number  is  high  enough,  the  first-order  approximation  of  this 
characteristic  time  does  not  depend  on  the  viscosity, 

<*  =  ^x|l  +  Cl(Re-’/“)]  .  (21) 

Figure  5  compares  the  results  of  an  Euler  and  NS+ 
computations  for  the  case  presented  before.  It  shows  typi¬ 
cal  instantaneous  profiles  of  hydrogen  mass  fraction  F)/,  in 
the  initial  growth  stage,  the  convective-mixing  stage,  and 
the  diffusive-mixing  stage.  In  the  first  stage  f/to  ~  1,  the 
Euler  and  NS+  calculations  are  very  similar.  Differences 
begin  to  appear  in  the  next  two  mixing  stages.  During  the 
convective-mixing  regime,  smaller  turbulent  scales  are  gen¬ 
erated  in  the  Euler  solution,  whereas  the  NS4-  solution  looks 
smoother.  In  the  diffusive-mixing  stage,  the  spectrum  of 
turbulent  scales  appears  significantly  broader  for  the  Euler 
calculation.  Figure  6a  shows  My  for  this  case  and  indicates 
that  viscosity  and  diffusion  do  not  have  a  strong  influence 
on  the  average  mixing  during  the  convective  regime.  How¬ 
ever,  we  see  that  the  NS-t-  calculation  reaches  its  final  value 
much  faster  than  the  inviscid  calculation. 

Figure  6b  shows  My  for  a  calculation  with  the  same 
number  of  cells,  200  x  100,  but  for  Ax  half  the  size.  The 
NS-t-  ctJculation  shows  no  clear  transition  from  the  laminar 
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Figure  5:  Instantaneous  contours  of  Yu, 


to  the  turbulent  scale  at  t/ig  ~  2,  nor  does  it  show  the 
overshoot  in  values  that  we  have  been  seeing  at  t/fo  ~  5  at 
the  transition  from  convective  to  diffusive  mixing.  This  can 
be  explained  on  the  basis  of  the  difference  in  the  Re3’nolds 
numbers  of  these  NS+  computations.  For  the  larger  system 
with  Z,  =  1  cm,  .ve  can  estimate  i?e  =  1.8  x  10**  (Table  1), 
and  for  L  —  0.5  cm,  Re  =  0.9  x  10**.  This  difference  in  the 
mixing  process  can  be  interpreted  as  a  Reynolds  number 
transition,  as  exi)laine<l  by  Koochesfahani  and  Dimotakis 
[198GJ. 


Figure  7  shows  the  instantaneous  scalar  energy  dissipa¬ 
tion  VF;/,  dining  the  diffusive-mixing  stage.  There  is 
a  notable  difference  here  in  the  number  and  width  of  inter¬ 
faces  in  the  domain,  indicating  the  inadequacy  of  the  Eu¬ 
ler  solution  This  kind  of  diagnostic  has  been  computed 
from  scalar  measurements  in  incompressible  jets  by  Dahm 
et  al.  [1989],  whose  results  for  liquid  mixing  show  qualitative 
agreement  with  the  computations  for  the  general  shape  of 
the  structures. 

Effect  of  Convective  Mach  Number 

We  have  considered  four  convective  Macli  numbers  for 
which  summaries  of  the  evolution  of  the  global  parameters 
as  a  function  of  dimensionless  time,  t/<„,  are  shown  in  Fig¬ 
ure  8.  Hereto  =  HfAV  =  -f  oj),  so  that  the 

dimensionless  time  is  a  function  of  Me-  For  the  two  lowest 
values  of  Mr.  0.3  and  0.6.  the  mixing  efficiencies  are  very 
close.  As  Me  increases,  there  is  a  delay  in  the  onset  of  the 
convective-mixing  regime,  as  shown  in  My  and  Myy.  This 
can  be  understood  by  noting  that  an  increase  in  Me  changes 
the  amplification  rates  of  the  first  excited  modes.  A  further 
increase  in  Me  results  in  a  decrease  in  the  efficiency  of  mi.:- 


Figurc  Ti  Instantaneous  Scalar  Dissipation 


(  A:  Euler ,-  B:  NS-f  ) 

ing,  as  .shown  for  0  9  and  especially  notable  for  1.2  This 
trend  is  a  well  known  effect  of  compressibility  These  re¬ 
sults  arc  consistent  with  those  obtained  by  Lele  [1989]  and 
Sandham  and  Reynolds  [1989]  who  observed  the  trend  for 
mixing  between  the  gases,  whereas  here  we  are  seeing  it  for 
gases  with  different  molecular  weights.  Figure  9  shows  the 


Figure  8:  Effect  of  Convective  Mach  Number 
(  Me  =  0.3  (1),  0.6  (2),  0.9  (3),  1.2  (4)  ) 
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instantaneous  pressure  and  YH,{i  —  Yh,)  for  the  computa¬ 
tion  with  Me  =  1.2.  The  vortex  layer  is  thin  and  shocks  are 
evident.  At  high  values  of  Me,  the  stnicture  not  only  shows 
the  main  mode,  but  also  the  growth  of  liigh-frequency  sec¬ 
ondary  modes,  as  seen  previously  by  Ragab  and  Wu  [1990], 


Figure  9:  Instantaneous  Field  for  Me  —  1.2 
(  A:  Pressure  ,-  B:  Yh,(1  ~  Yh,)  ) 


DISCUSSION  AND  CONCLUSION 

In  this  paper,  we  examined  the  evolution  to  turbulence  of 
a  two-dimensional  shear  layer  with  molecular  hydrogen  gas 
on  one  side  and  molecular  oxygen  gas  on  the  other.  These 
results  show  that  there  are  three  mixing  regimes: 

1.  The  initially  unstable  laminar  stage  in  which  the  struc¬ 
tures  grow  as  a  consequence  of  the  initial  perturbation, 

2.  The  convective-mixing  regime,  in  which  the  vortices  be¬ 
gin  to  interact  with  each  other  and  mixing  occurs  as 
these  structures  merge  and  grow, 

3.  The  diffusive-mixing  regime  in  which  the  large  struc¬ 
tures  break  down  and  molecular  diffusion  dominates. 
These  regimes  correspond  to  those  described  by  Broad- 

well  and  Breidenthal  (1982).  Our  results  show  that  the  ini¬ 
tial  laminar  stage  is  strongly  affected  by  the  diffusion,  but 
the  transition  to  the  convective  regime  appears  independent 
of  the  viscosity  and  the  diffusion.  We  note  that  the  Euler 
simulations  are  accurate  enough  to  describe  the  dynamics  of 
the  turbulent  flow  during  the  convective- mixing  regime  and 
to  predict  the  turbulent  entrainment.  However,  the  dissipa¬ 
tion  of  the  mixing  scales  during  the  diffusive-mixing  regime 
requires  including  the  molecular  diffusive  processes. 

Finally,  we  have  performed  a  series  of  computations  in 
whicli  the  convective  Mach  number  is  varied  in  the  range 
0.3  to  1.2.  These  computations  show  that  the  onset  of  the 
convective-mixing  regime  is  delayed  as  Me  is  increased.  It 
confirms  that  the  mixing  as  well  as  the  turbulence  is  reduced 
when  the  level  compressibility  increases. 


There  are  several  important  as  yet  unstudied  aspects  of 
the  types  of  flows  that  are  described  above.  One  is  the  ef¬ 
fects  of  chemical  reactions  and  hert  release  on  the  flow  field. 
In  particular,  we  plan  to  study  how  the  relative  sizes  of  the 
cliemica!  time  and  the  mixing  times  can  affect  combustion 
efficiency.  Another  important  aspect  of  the  flows  described 
is  the  effect  of  three  dimensionality.  We  are  currently  inves¬ 
tigating  both  of  these  problems. 
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ABSTRACT 

Supersonic  mixing  layers  develop  instabilities  when  they 
are  confined  between  rigid  pressure  reflecting  boundaries.  A 
direct  numerical  simulation  is  performed  for  two  as  well  as 
three-  dimensional  spatial  calculations  of  non  stationary  re¬ 
active  gas  flows.  Cellular  detonation  is  used  as  a  test  case 
and  simulations  arc  calculated  for  flows  between  rigid  flat 
plates  Chemical  reactions  are  also  considered  in  order  to 
possibly  deal  with  turbulent  combustion  in  high  speed  air¬ 
craft  scramjet  engines 

INTRODUCTION 

Efficiency  of  future  high  speed  aircraft  engines  will  stron¬ 
gly  depend  on  mixing  properties  of  supersonic  reacting  flows 
The  mixing  layer  is  used  as  a  relevant  prototype  of  turbulent 
flow  featuring  basic  mixing  between  fuel  and  oxydant,  for 
instance  in  scramjet  combustion  chambers  (figuie  1).  FVom 
the  mean  shear,  large  coherent  eddy  structures  develop.  The 
most  unstable  modes  tend  to  create  quasi  bi  dimensional 
Kelvin-Helmoltz  eddies  (in  (i,  j/)  plane  of  figure  1).  Due  to 
vorticity  stretching,  turbulence  evolves  towards  full  three  di¬ 
mensionality  through  more  or  less  intricate  spatial  patterns 
as  it  apppears  from  numerous  and  extensive  experimental 
and  numerical  studies  of  incompressible  mixing,  see  for -in¬ 
stance  Comte,  Lesieur  &  Lamballais  (1991),  Comte,  Lcsieur, 
Laroche  &  Normand  (1989).  Because  of  eddy  merging  the 
layer  thickens  with  dramatic  effects  on  scalar  transport  and 
diffusion. 

When  the  two  streams  which  feed  the  shear  layer  are 
made  of  different  species  0  and  F  which  react  one  with  the 
other  according  to  uqO  -H  vpF  -♦  upP,  chemistry  closely 
interacts  with  flow  dynamics;  v,  are  stochoiometric  coeffi¬ 
cients.  Some  of  the  basic  mechanisms  erm  be  conveniently 
studied  by  assuming  a  constant  p  density  and  simple  isother¬ 
mal  reaction  rates,  Chollet  (1990),  Chollet,  Gathmann  & 
Vallcorba  (1990).  Three  dimensionalisation  is  observed  to 
strongly  change  global  reaction  efficiency  high  reaction 
rates  concentrate  in  rather  narrow  regions  along  isosurfaces 
^  =  0  as  the  reriction  gets  faster  (with  larger  values  of 
Damkholer  number  Da),  $  is  a  conserved  scalar.  Such 
constant-p  approximations  are  also  vrJuable  for  practical 
cases  related  to  comparisons  with  experiments,  atmospheric 
pollution  and  reactions  in  liquid  flows,  Chollet  &  Vallcorba 
(1991). 

In  order  to  model  turbulent  combustion,  compressibil¬ 


ity  needs  to  be  fully  taken  into  account  because  of  close 
interactions  between  dynamics,  thermodynamics  and  chem¬ 
istry.  Owing  to  compressibility,  new  features  cein  develop 
(i)  density  p  variations  induced  by  heat  which  Is  reaieased 
by  chemical  reactions;  because  of  space  scattering  and  time 
fluctuations  of  these  heat  sources,  characteristic  length  scales 
associated  to  these  p  variations  extend  on  a  wide  range,  (ii) 
waves  which  can  propagate  at  finite  values  c,  with  shocks  de¬ 
veloping  at  the  edge  from  supercritical  to  subcritical  regimes. 

The  regime,  cither  supersonic  (supercritical)  or  sub¬ 
sonic  (subcritical)  depends  on  Mach  numbers,  ^ 

and  M2  —  Both  velocity  u,(x,t)  in  the  stream  i  and 
sound  speed  c,  evolve  with  time  and  space  ;  heat  reaieased 
from  chemical  reactions  caxi  induce  significant  variations  of 
c,(x,  t).  When  the  layer  develops  in  a  boundless  medium  (fig¬ 
ure  1  a)  no  reference  spatial  coordinate  systems  is  prescribed 
and  the  M,  are  not  relevant  for  layer  stability  analysis.  A 
more  significant  criterion  is  based  on  the  relative  velocity 
tti  -  U2,  the  convective  Mach  number  Me  =  ■  FVom 

instability  theories  and  numerical  simulations  the  Kelvin 
Hemoltz  instability  is  observed  to  be  damped  for  Me  >  0.6, 
inhibiting  layer  thickening,  Greenough,  Riley,  Soestrino,  & 
Eberhardt,  (1989),  Soestrino,  Greenough,  Eberhardt  &  Ri¬ 
ley,  (1989),  Tam  &  Hu  (1989).  Flows  under  current  interest 
are  transonic  as  far  as  Me  is  concerned  even  with  supersonic 
streams  M,  >  1.  Nevertheless,  computation  depends  on  M, 
values,  at  least  when  calculating  spatiad  evolutions,  through 
boundary  conditions:  subsonic  flow  depends  on  both  up¬ 
stream  and  downstream  conditions,  which  can  make  the  sim¬ 
ulation  more  difficult  to  handle. 

In  most  of  real  problems,  from  models  of  scramjets  to 
laboratory  experiments,  flow  regions  are  bounded  by  rigid 
boundaries  which  induce  (i)  reflexion  of  waves  in  a  process 
whicli  is  not  local  in  space,  since  waves  can  travel  along  sig¬ 
nificantly  long  distances  ,  (ii)  zero  velocity  along  the  plate 
and  therefore  the  development  of  a  boundary  layer,  in  the 
close  neighbourhood  of  the  boundary.  The  evolution  of  the 
relative  thickness  St/hol  the  boundary  layer  with  a:  is  a  dom¬ 
inant  feature.  St(x)  growth  is  not  necessarily  monotonous 
because  of  the  pressure  field  p{x,t)  which  evolves  with  time 
and  space,  partly  because  of  waves  pattern.  Therefore  layer 
detachemen'vs  can  occur;  if  Si,  evolutions  are  smooth  enough, 
local  decrease  of  S/,  yields  inversions  of  layer  curvature. 

Pull  simulation  of  turbulent  flows  between  rigid  plates 
would  need  a  very  fine  space  grid  in  the  neighbourhood  of  the 
boundaries  in  order  to  describe  sharp  greidients  for  both  ve¬ 
locity  and  thermal  fields.  Moreover  2D  approximations  can- 
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not  trace  hairpin  structures  or  bursting  events  which  could 
be  dominant  features  for  heat  exchange  and  scalar  transport, 
at  least  in  large  Reynolds  number  flows.  Because  such  full 
simulationss  including  the  boundary  layer  are  beyond  com¬ 
puter  capabilities,  several  levels  of  modelling  are  considered 
here:  (i)  2D  simulations  with  detailed  calculations  of  the 
boundary  layer,  that  is  with  no-slip  condition  on  «  field,  (ii) 
2D  and  3D  simulations  of  flows  with  free-slip  (for  u)  pres¬ 
sure  reflecting  boundaries.  The  latter  case  seems  to  be  a 
rather  drastic  assumption,  since  it  fails  to  model  strong  gra¬ 
dients  regions.  Nevertheless,  by  reflecting  pressure  the  effect 
of  walls  can  be  made  sensitive  even  in  flow  region  far  from 
boundaries. 

Waves  interact  with  mixing  regions  which  are  known 
to  evolve  with  time  through  wrious  turbulence  interactions 
including  merging  of  eddy  structures.  Also  calculations  must 
be  simulations  resolving  explicitely  the  non  stationarity  of 
phenomena. 

In  turbulent  combustion,  dynamics  interact  with  ther¬ 
modynamics  and  chemistry;  nevertheless  characteristic  scales 
of  phenomena  differ.  Chemistry  operates  at  very  small  scales 
Cc,  the  order  of  molecule  size,  whicli  is  much  smaller  than 
?my  scale  explicitely  taken  into  consideration  by  fluid  dy- 
namicists.  Thermodynamics  of  gas  has  characteristic  length 
scales  Cf  the  order  of  mean  free  path  of  molecules.  C^,  Ct 
are  much  smaller  than  Kolmogorov  scales  r;;  then  for  fluid 
dynamicists,  chemistry  and  thermodynamics  can  be  viewed 
as  local  in  space  and  then  modeled  by  algebric  equations. 

.  for  thermodynamics,  the  ideal  gas  equation 
p(x,<)  RTix,t) 

pix,t)  M{x,t)  ^  > 

where  p  and  T  are  pressure  and  temperature  respectively;  p 
and  M  are  the  density  and  the  molar  weight  of  the  gazeous 
mixture.  R  is  the  universal  gas  constant. 

.  the  chemical  reaction  rate  is  computed  according  to  Ar¬ 
rhenius  law  :• 


B,  o  and  the  activation  energy  Ea  are  specific  to  the  chem¬ 
istry  under  consideration.  Fluid  composition  is  handled  through 
mass  fractions  Y,  of  species  i.  Characteristic  properties  of 
the  gazeous  mixture  evolve  in  time  and  space;  any  /,.  for 
instance  c„,  Cp,  . . . ,  is  calculated  as 


3.) 


Figure  1:  High  speed  mixing  layer  with  reactive  species: 
a)  in  an  infinite  medium,  versus  b)  between  rigid  reflecting 
boundaries 


with  total  energy  :■  B  =  evolves  according 

to 


w  9F(U)  aG(U)  BH(U) 
dt  dx  dy  dz  ~ 

with 


(5) 


F(U)  =  (pur,  pul+p,  piiiUj,,  pu^ut, 

(pE  +  p)u^,  pY,u^,  pFi+iu,,  ...) 

and  similar  expressions  for  G  and  H;  as  soon  as  chemical  re¬ 
actions  which  can  build  up  strong  VT  or  VK,  are  considered, 
D  diffusive  terms  need  to  be  accurately  taken  into  consider¬ 
ation.  S  are  computed  from  (2).  Formulation  is  detailed  by 
Gathmann  (1991). 


tl 

f{x,t)  =  Y,f,Y.{x,t)  (3) 

1=1 


SIMULATION  OF  REACTING  GAS  FLOWS 
Equations 

Together  with  equations  (1)  and  (2),  usual  gas  dynamics 
equations  are  written  for  continuity,  momentum  and  enery, 
under  a  conservative  form.  The  vector  U  of  U'lknown  func¬ 
tions 

U(x,<)  =  (p,  pu^,  puy,  pu„  pE,  pYi,  pY.+t,.,.)  (4) 


Computation  domain,  initial  and  boundary  conditions 

Flows  under  consideration  here  must  be  simulated  with 
spatial  evolutions  along  streeimwise  x  direction  because  :•  (i) 
the  inaccuracies  induced  by  temporal  approximations  are  en¬ 
hanced  by  chemistry,  (ii)  the  evolution  of  the  relative  thick¬ 
ness  S(x)/h  needs  to  be  computed  accurately,  (Hi)  realistic 
upstream-  downstream  boundaries  can  be  specified. 

Periodic  streamwise  boundary  conditions  which  are  used 
in  the  so  called  temporrj  approximation  can  be  partly  mis¬ 
leading  even  if  they  allow  to  use  unstability  theories  to  pre¬ 
dict  layer  growth,  Soestrino  et  al  (1989).  In  such  conditions, 
layer  thickening  is  misrepresented,  leading  to  a  poor  predic¬ 
tion  of  entreiimnent  rates,  which  induces  errors  in  scaleir  K, 
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transport  estimations  and  then  in  the  calculation  of  global 
reaction  rates.  This  effect  seems  to  be  emphasized  by  reac¬ 
tions  which  develop  in  braid  regions  generating  high  rates  tb 
values  at  the  border  of  the  layer,  contrary  to  the  low  values 
of  vorticity  or  product  concentration  Yp.  Because  of  bound¬ 
aries  in  y  direction,  accurate  prediction  of  spatial  evolution 
of  S{i)/h  is  needed.  For  free  slip  conditions  wave  evolving 
patterns  strongly  depend  on  S{x)/h.  With  no-slip  condi¬ 
tions,  the  evolution  is  even  more  space  dependent  with  the 
evolutions  of  S{x)/h  and  6i,(x)/h.  Spatial  calculations  can 
be  run  with  various  boundary  conditions  and  then  get  closer 
to  industrial  configurations.  Of  course,  such  spatial  calcula¬ 
tions  require  many  computational  nodes  and  consume  large 
computer  memory  and  CPU  time. 

Numerical  schemes 

The  numerical  method  was  developed  in  order  to  be 
accurate  for  ;■  (i)  advection  and  wave  propagating  terms,  (ii) 
diffusion  terms  (in)  strong  gradients  handling.  Moreover, 
the  numerical  diffusion  must  be  weak  enough  in  order  to 
let  instabilities  and  then  turbulence  develop.  The  numerical 
scheme  is  splitted  into  basic  operators  so  that  solutions  at 
time  n  -f-  2  are  computed  from  solutions  at  time  n  through 

U(n+2)  _  (5) 

C  stands  for  the  hyperbolic  operator  which  is,  itself,  split¬ 
ted  into  £  =  LtLyL,  (£“'  =  L^LyLt)  with  basic  operators 
L,  for  each  spatial  direction  i.  L,  is  built  with  a  Ricmann 
solver,  a  PPM  (parabolic  piecewise  method)  interpolation 

Collela  &  Woodward  (1984),  a  p  discontinuity  detection 
and  treatment,  deals  with  both  diffusive  terms  (molecular 
viscosity  i/  and  species  diffusivities  D,)  and  chemical  sources 
and  is  discretized  through  a  finite  volume  formulation,  lime 
stepping  is  either  explicit  or  semi- implicit  depending  on  the 
values  of  characteristic  chemical  times.  In  order  to  save  com¬ 
puting  effort,,  the  time  step  Af(<)  is  varied  during  the  flow 
evolution  and  chosen  as  the  highest  value  allowed  by  char¬ 
acteristic  times  built  on  advection,  wave  propagation,  chem¬ 
istry.  These  times  evolve  with  (x,  f),  for  instance  both  wave 
speed  c{x,t)  and  chenfistry  depend  on  temperature  T(x,t) 
evolutions.  Details  about  the  simulation  code  are  given  by 
Gathmann  (1991) 

DIRECT  NUMERICAL  SIMULATIONS 
Detonation  as  a  test  case  for  the  numerical  simulation 

The  numerical  code  has  been  used  for  various  flow  con¬ 
figurations  with  or  without  chemical  reactions,  in  subsonic 
or  supersonic  regimes.  The  2D  simulation  of  a  cellular  deto¬ 
nation,  as  in  Schoffel  &  Ebert  (1989)  in  a  premixed  flow  is  a 
test  case  of  special  interest  because  of  (i)  a  two  step  reaction, 
(ii)  strong  thermal  effect,  (Hi)  strong  pressure  gradient,  (iv) 
pressure  reflexion  on  lateral  boundaries. 

Lateral  boundary  conditions  are  still  free  slip  and  reflec¬ 
tive  for  pressure.  Upstream  fluid  is  made  of  premixed  species 
(fresh  gas)  with  a  uniform  velocity  profile.  Downstream  fluid 
is  made  of  burnt  gas  escaping  freely  from  the  computation 
domain.  Recurring  translations  along  x  direction  are  car¬ 


ried  out  in  order  to  keep  the  front  inside  the  computation 
domain.  The  detonation  is  initiated  by  a  strong  pressure  gra¬ 
dient,  just  like  in  the  classical  shock  tube  problem.  In  order 
to  get  realistic  phenomena,  chemistry  is  splitted  into;  step  1 
initiatic.1  with  high  activation  temperature  Ta,  step  2 strong 
heat  release.  On  figure  2,  a  wave  pattern  is  observed  to  re¬ 
flect  on  the  walls,  generating  celluleir  instabilities  with  strong 
pressure  spikes  emerging  from  an  ever  moving  front.  FVom  a 
turbulent  view-point,  this  case  is  of  particular  interest,  since 
behind  the  detonation,  p  discontinuity  develops  along  slip¬ 
streams  Williams  (1988),  creating  shear  and  then  producing 
eddy  structures  at  distinctive  scales  as  observed  on  figure 
3.  Typical  distribution  of  density  is  shown  in  figure  4  with 
discontinuities  along  the  detonation  front  and  slipstreams. 
As  compared  to  similar  studies  Schoffel  &  Ebert  (1989),  our 
treatment  of  the  L,  operator  brings  greater  accuracy  and  the 
capability  of  studying  turbulence  in  the  shear  regions  behind 
the  detonation  front.  Of  course,  such  snapshots  hardly  sug¬ 
gest  the  strong  unsteady  characters  of  both  detonation  front 
and  velocity  shear,  which  are  correctly  represented  by  the 
simulation 

Mixing  layer  between  rigid  boundaries 

2D  simulations  have  been  performed  for  supersonic  mix¬ 
ing  layers  with  varying  boundary  conditions  and  sound  speed 
c,  at  flow  inlet.  The  inflow  velocity  profile  is  based  upon  a 
mean  tanhy  profile  with  a  white  noise  added  in  the  shear 
region.  The  downstream  condition  is  designed  to  act  as  free 
outflow. 


Figure  2;  Pressure  peaks  evolving  in  a  detonation  which 
occurs  between  two  rigid  plane  boundaries,  from  a  two  di¬ 
mensional  numerical  simulation  with  a  two  step  chemicsJ 
reaction. 


23-5-3 


Figure  4:  Density  p{x,t,)  field  behind  the  detonation  front 
from  a  two  dimensional  simulation. 


Figure  5:  Supersonic  mixing  layer  between  rigid  plane  bound¬ 
aries  Cl  =  1/6,  C2  =  1/6  and  convective  Mach  number 
Me  =  3;  two  diir.ensional  direct  simulation.  Density  p  and 
vorticity  u!  at  times  <i  and  <2. 


Results  of  computations  with  convecti^'c  Mach  number 
much  greater  than  the  ciitical  value  considered  in  free  mix¬ 
ing  layer  (ss  0.6)  arc  given  in  figures  5  and  6  for  a  free  slip, 
pressure  reflecting  wall  boundary.  In  figure  5,  sound  speed  c, 
has  the  same  value  on  both  sides  which  cxplruns  the  global 
symmetry  of  fields  These  fields  evolve  continuously  with 
time  and  these  pictures  correspond  to  times  <i  -=  600^  and 
<2  =  800^.  Waves  with  reflexions  on  the  upper  and  lower 
plates  develop  relatively  regular  patterns  on  the  density  field, 
rather  symmetrically  when  Ci  =  C2  (figure  5).  For  ci  ^  C2 
(figure  6),  wave  patterns  are  observed  to  develop  almost  ex¬ 
clusively  in  the  higher  c,  stream.  Vorticity  fields  exhibit 
evidence  of  developing  instabilities,  especially  in  figure  6,  en¬ 
hancing  all  mixing  processes.  An  extensive  comparison  with 
Papamoschou  (1989)  experiments  and  simulations  with  no 
slip  conditions  along  the  walls  is  given  in  Gathmann(1991) 
and  Gathamnn  &  Chollet  (1991).  Convective  speed  of  eddy 
structures  is  observed  to  be  close  to  the  higher  speed  in  any 
configuration,  including  both  supersonic  streams  (as  in  figure 
6).  The  assymetryc  development  of  the  mixing  layer  appears 
to  be  enhanced  by  the  boundary  layer  growth  which  is  more 
significant  in  the  high  Sfieed  side  than  in  the  low  speed  side. 

Three  dimensional  simulations  of  mixing  layers 
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Figure  6:  Supersonic  mixing  layer  between  rigid  plane  bound¬ 
aries  Cl  =  1/3,  C2  =  1/6  and  convective  Mach  number 
Me  =  2;  two  dimensional  direct  simulation.  Density  p  and 
vorticity  to  at  times  <i  and  <2- 


2D  assumptions  are  restrictive  as  :■  (i)  impairing  vortic¬ 
ity  stretching  (source  term  for  to  is  zero),  (ii)  limiting  wave 
propagation  to  x  —  y  plane  then  forbidding  oblique  modes 
which  are  likely  to  develop  in  the  mixing  layer  configuration. 
The  numericsJ  code  in  2D  configurations  can  be  used, 


unchanged,  in  full  three  dimensional  ceJculations.  Prelim¬ 
inary  results  are  given  in  figure  7  with  a  space  resolution 
128  X  32  X  32.  Same  upstream  conditions  are  given  as  in 
the  2D  calculations,  a  tank  mean  velocity  profile  with  white 
noise  superimposed,  free  outflow  is  specified  at  the  down¬ 
stream  boundary.  Periodicity  is  assumed  in  the  spsmwise 
direction,  the  walls  prescribe  free-slip  but  presure  reflective 
conditions.  Differences  between  the  two  cross  sections  of  fig¬ 
ure  7  suggest  three  dimensional  effects.  Just  like  in  previous 
results,  wave  patterns  seem  to  develop,  thanks  to  the  walls; 
oblique  modes  could  possibly  develop 


CONCLUSIONS 

Distinctive  features  of  the  present  work  are  ■■■  (i)  the 
computation  of  spatial  evolutions,  closer  to  real  shear  flows 
than  temporal  approximations  which  fail  to  predict  accurate 
layer  thickening  rates,  (ii)an  explicit  account  of  viscous  and 
diffusive  terms  whose  importance  can  be  enhanced  by  reac¬ 
tive  processes,  (Hi)  a  scheme  which  is  at  lesist  second  order 
accurate  even  in  steep  gradients  regions,  (Jv)  a  natural  build 
up  of  unstable  modes  with  inlet  flow  only  triggered  by  a  ran¬ 
dom  noise  (v)  three  dimensional  as  well  as  two  dimensional 
simulations 

The  demonstrative  case  of  the  two  dimensional  deto¬ 
nation  has  been  used  to  clieck  the  behaviour  of  the  code, 
especially  (ij  the  accuracy  of  the  treatment  of  density  dis¬ 
continuities  and  shocks  as  well  as  smoothei  evolutions,  (ii) 
the  possible  generation  of  flow  structure  from  the  combi¬ 
nation  of  a  two  step  chemical  reactions  emd  compressibility 
effects,  (Hi)  the  generation  of  strong  (turbulent)  vorticity 
regions  behind  schoks  and  alor-^  slipstream  surfaces  (iv)  the 
effect  of  pressure  reflecting  boundaries 

When  confined  between  rigid  plates  the  evolution  of 
high  speed  mixing  layers  strongly  depends  on  wave  reflex¬ 
ion  on  boundaries  even  when  the  wall  layer  is  not  explicitely 
taken  into  account.  When  sound  speeds  c,  depart  one  from 
the  other,  unsymmetric  pattern  favours  mixing  processes. 
Three  dimensional  simulations  are  currently  in  progress  since 
the  growth  of  oblique  modes  could  significantly  change  typi¬ 
cal  flow  patterns.  Other  shear  flow  configurations  have  been 
simulated  with  the  same  numerical  code,  especially  under  ex¬ 
panded  jets,  Gathmann  &  Chollet  (1991).  These  jets  must 
be  computed  with  three  dimensional  codes,  axisymmetric 
ones  could  not  reproduce  the  development  of  azimutal  in¬ 
stabilities.  The  under  expanded  jet  is  characterized  by  very 
strong  pressure  gradients,  like  on  both  sides  of  the  detona¬ 
tion  fronts  or  of  the  schock  waves  in  the  mixing  layer  which 
develops  between  walls.  A  5  step  chemical  reaction  with 
the  explicit  computation  of  mass  fractions  of  7  species  is 
currently  under  implementation  into  this  jet  simulation  in 
order  to  study  NO^  evolutions  behind  aircraft  engines  out¬ 
lets.  Similar  reduced  chemical  schemes  for  fuel-air  combus¬ 
tion  will  be  introduced  in  the  mixing  layer  calculation  in 
ordre  to  contribute  to  scramjet  engine  design. 
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Figure  7:  Three  dimensional  simulation  of  mixing  layer  be¬ 
tween  rigid  planes,  two  cross  sections  of  pressure  field  p(x,  <,) 
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ABSTRACT 

A  model  is  presented  for  a  quantitative  prediction  of  the  transfer 
processes  in  a  turbulent  pipe  flow.  In  this  so-called  Extended 
Random  Surface  Renewal  (ERSR)  model  the  tube  wall  is  assumed 
to  be  covered  by  a  mosaic  of  fluid  elements  of  random  age  and 
lamtnar  flow  with  unsteady  profiles  of  velocity,  temperature,  or 
concentration.  The  distribution  and  the  mean  value  of  the  ages  of 
the  fluid  elements  at  the  tube  wall,  calculated  from  /  and  Re 
with  the  ERSR  model  agree  quantitatively  with  the  experimental 
results  obtained  from  velocity  signals  measured  with  a  L£>A  in 
turbulent  pipe  flow  at  S  IO’  <  fie  <  4310^. 

The  equations  derived  for  the  time-averaged  axial  velocity  profile 
in  the  wall  region,  and  those  for  calculating  heat  and  mast 
transfer  coefficients,  agree  with  correlations  presented  in 
literature.  The  analogy  between  the  transfer  processes  is 
elucidated  by  introducing  a  momentum-transfer  coefficient. 

NOMENCLATURE 

a  thermal  diffusivlty  (a  -  X/pCp) ,  m’  s"’ 
a  averaging  time  In  Eq.(54),  s 

C  Constant  defined  In  Eq.(29),  1 

d  tube  diameter,  m 

0  diffusivlty,  m^  s"' 

/  Fanning  friction  factor,  I 

J(c)  instantaneous  local  flux  at  the  tube  wall 

J($)  local  flux  averaged  over  a  time  S 

J  time-averaged  local  flux 

k  mass-transfer  coefficient,  m  s"' 

momentum-transfer  coefficient,  m  s"' 
fcj  fixed  value  of  k  in  Eq.(54),  1 
Mq  characteristic  burst  frequency,,  Hz 

N  number  of  time  Intervals  measured  beween 

<»  -  Jd9)  and  («  +  Jd9) ,  I 
fij  total  number  of  time  Intervals  measured,  1 

q*(t)  Inst,  local  heat  flux  at  the  tube  wall,,  W  m"* 
q„  time-averaged  local  heat  flux,  W  m"’ 
t  t Imc ,  s 

(g  characteristic  or  mean  age,  s 
T  temperature,  K 

u  instantaneous  local  axial  velocity,  m  s-' 

u  time-averaged  local  axial  velocity,  m  s*' 

U|g  fluid  velocity  in  the  bulk,  m  s*’ 

<u>  place  and  time-averaged  fluid  velocity,  ra  s"’ 

u*  friction  velocity  (u*  -  y(T„/p)),  m  s"' 

y  distance  from  the  tube  wall,  m 

y+  dimensionless  distance  from  the  wall 

(y+  -  yu*/i’) ,  1 

z  dimensionless  variable  (z  -  y/i2/(rt))) ,  I 

Greek  Symbols 

a  heat  transfer  coefficient,  W  ra"*  K"' 
r  gamma  function  (r('</3)  "  0.893),  1 
dc  concentration  difference,  e.g.  mol  ra"* 
d7  teiiipei alure  difference,  K 

d(pu)  momentum  difference  per  unit  of  volume, kg  iii"*  s"’ 
d9  small  part  of  the  time  interval  9,  s 
9  age  or  time  interval  between  successive  bursts,  s 

0  mean  ago  or  mean  value  of  9,  s 

9„xp  measured  value  of  9,,  s 

9+  dimensionless  mean  age  (F"*"  -  u*y(Jgxp/r)) ,  I 
X  thermal  conductivity,  W  m"'  K"' 

r  kinematic  viscosity  (r  -  q/p) ,  m*  s"' 

T„(t)  Instantaneous  shear  stress  locally  exerted  on 
the  wall  by  a  laminar  flowing  fluid  element.  Pa 


Tg,  time-averaged  local  wall-shear  stress,  Pa 
y>(9)  age  distribution,  s"' 

Dimensionless  numbers 


Fa 

Fanning  number 

(fa  -  k^d/r),  1 

Fo 

Fourier  number 

(fo  -  rtg/d*),  1 

Nu 

Nusselt  number 

(.fu  -  ad/X) ,  1 

Pr 

Prandtl  number 

(Pr  -  r/a),  1 

Re 

Reynolds  number 

(Re  -  p<u>d/q) ,  1 

Sc 

Schmidt  number 

(Sc  -  r/D) ,  1 

Sh 

Sherwood  number 

(Sh  -  kd/D) ,  1 

1.  INTRODUCTION 

Accurate  prediction  of  the  exchange  of  momentum,  heat,  and 
mass  between  a  turbulent  fluid  flow  and  an  interface  is  often 
required  for  equipment  design  in  industry. 

in  turbulent  bounded  shear  flows  the  major  part  of  the  resistance 
to  thr  exchange  of  heat  or  mass  between  the  bulk  of  the  fluid 
and  the  interface  is  often  confined  to  the  so-called  'viscous 
sublayer*.  The  classical  theories  consider  the  sublayer  motion  as  a 
steady  mean  flow  upon  which  small  turbulent  fluctuations  are 

imposed.  However,  hydrodynamic  studies  of  many  investigators 
such  as  Kline  et  al.  (1967),  and  Corino  and  Brodkey  (1969) 

indicate  the  existence  of  motions  of  well-ordered  fluid  elements, 
suggesting  that  the  wall  region  in  a  turbulent  fluid  flow  consists 
of  a  mosaic  of  laminar  flowtng  fluid  elements  which  are  renewed 
randomly. 

In  1935  Higbie  pointed  out  that  industrial  contactors  often 

Operate  with  repeated  brief  contacts  between  phases  in  which  the 
contact  times  are  to  short  for  the  steady  state  to  be  achieved. 
Higbie  advanced  a  theory  that  in  e.g.  a  packed  tower  used  for 

gas  absorbtion,  the  liquid  flows  across  each  packing  piece  in 
laminar  flow  and  is  remixed  at  the  positions  of  discontinuity 

between  the  packing  elements.  At  such  a  position  a  fresh  liquid 
surface  is  formed  which,  as  it  moves  along  the  packing  element, 
absorbs  gas  at  a  decreasing  rale  until  it  Is  mixed  at  the  next 
discontinuity.  If  the  flow  of  the  liquid  near  the  gas-liquid 

interface  is  assumed  to  be  plug  flow,  the  mass  transfer  can  be 
calculated  as  a  semi-infinite  diffusion  of  mass  into  a  stagnant 
liquid  during  its  residence  time  on  a  packing  element.  In  this 

case  Higbie  assumed  that  all  liquid  elements  have  equal  contact 
times  or  equal  ages. 

In  turbulent  flowing  liquids  Danckwerts  (1951)  introduced  the 
random  surface-renewal  concept  to  describe  the  mechanism  of 
gas  absorption,  where  mass  transfer  occurs  from  the  gas-liquid 
interface  to  the  bulk  of  the  liquid.  The  basis  of  this  random 

surface-renewal  concept  is  that  liquid  elements  at  the  gas-liquid 
interface  are  exchanged  randomly  in  time  with  eiements  from  the 
bulk  of  the  turbulent  liquid.  For  the  relatively  short  ages  of  these 
liquid  elements  at  the  gas-liquid  interface,  the  elements  are 
assumed  to  be  stagnant  or  plug  flowing,  and  the  transfer  of 
mass  is  calculated  using  the  penetration  theory. 

The  surface-renewal  concept  has  been  applied  to  turbulent  shear 
flows  by  other  authors,  such  as  Hanratty  (1956),  Einstein  and  Li 
(1956),  Pinczewski  and  Sideman  (1974),  Thomas  (1980),  and 
Loughlin  et  al.  (1985).  A  survey  of  surface  renewal  models  was 
published  by  Sideman  and  Pinczewski  (1975). 

1,1  turbulent  ptpe  flow  each  fluid  element  at  the  tube  wall  is 
shear  bounded,  which  results  in  a  laminar  flow  in  the  fluid 
elements  with  a  time-dependent  velocity  gradient  at  the  interface. 
If  this  velocity  gradient  is  not  taken  into  account  and  the  fluid 
elements  are  assumed  to  be  stagnant,  or  plug  flowing,  the 
surface-renewal  theory  applied  to  turbulent  pipe  flow,  predicts 
that  Sh  or  Nu  is  proportional  to  the  square  root  of  Sc  or  Pr. 
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Howevei.  it  is  i  jnd  experimentally  that  Sh  or  Nu  is 
proportional  to  the  1/3  power  of  Sc  or  Pr  for  values  of  5c  >  1 
or  Pr  >  1.  Therefore,  a  suitable  model  for  the  description  of  the 
transfer  processes  in  turbulent  pipe  flow  for  values  of  5c  >  1  or 
Pr  >  I,  can  only  be  obtained  if  at  least  both  a  random  age  and 
a  laminar  flow  with  a  time-dependent  velocity  gradtent  are 
ascribed  to  the  fluid  elements  at  the  tube  wall. 

Fortuin  and  Klijn  (1982)  were  the  first  who  developed  a  RSR 
model  foi  turbulent  pipe  flow  to  describe  momentum  transfer 
from  fluid  elements  of  random  age  and  laminar  flow  with  a 
time-dependent  veloctty  gradtent  to  the  tube  wall.  This  approach 
resulted  in  a  relationship  between  the  mean  age  t^  of  the  fluid 
elements  at  the  tube  wall,  the  friction  factor  /,  and  the  Reynolds 
number  Re.  The  random  distribution  of  the  ages  of  the  fluid 
elements  at  the  tube  wall  has  already  been  derived  from  velocity 
signals  measured  with  a  'aser-Doppler  anemometer  (LDA)  by  Van 
Maanen  and  Fortuin  (1982,  1983).  A  quantitative  agreement 
between  measured  and  calculated  values  of  has  been  obtained 
by  Musschenga  et  ai.  (1990). 

In  the  present  study  the  RSR  model  of  Fortuin  and  Klijn  is 
extended  to  describe  heat  and  mass  transfer  in  turbulent  pipe 
flow.  The  resulting  'Extended  Random  Surface  Renewal*  (ERSR) 
model  IS  described  in  the  present  paper,  and  will  be  used: 

-  to  derive  the  relationship  between  /,  Re,  and  this 
relationship  is  verified  experimentally  using  a  LDA; 

-  to  calculate  the  mean  axial  velocity  profile  in  the  wall  region; 

-  to  derive  equations  for  a  quantitative  prediction  of  heat  and 
mass  transfer  coefficients; 

-  to  elucidate  the  analogy  between  momentum,  heat,  and  mass 
transfer  in  turbulent  pipe  flow. 

2  THE  ERSR  MODEL 

Modelling  of  transfer  phenomena  in  turbulent  pipe  flow  should 
preferably  be  based  on  the  observed  behaviour  of  the  fluid  in  the 
ivall  region.  Hydrodynamic  studies  have  shown  that  a  fluid  in 
turbulent  motion  may  be  considered  as  a  mass  of  fluid  elements 
of  indefinite  shape  and  size,  which  continually  change  their 
conformation  and  position.  The  fluid  elements  intermittently  move 
from  the  bulk  of  the  turbulent  fluid  towards  the  interface  where 
they  replace  other  fluid  elements.  The  phenomenon  of  the  inrush 
and  ejection  of  a  fluid  element  is  called  a  'burst*.  The  fluid 
elements  are  assumed  to  maintain  their  identity  during  t:...'' 
residence  time  at  the  tube  vvall  while  m.imentum  and  heat  or 
mass  are  exchanged  simultaneously  between  the  fluid  elements 
and  the  interface.  The  time  interval  between  two  successive 
bursts,  which  is  much  greeter  than  the  short  time  required  for 
the  renewal  process,  is  considered  as  the  age  of  a  fluid  element 
at  the  tube  wall. 

For  the  mathematical  formulation  of  the  transfer  mechanisms  it  is 
unimportant  whether  the  renewal  of  the  fluid  elements  at  the 
interface  is  caused  by  the  inrushing  high-momtnium  fluid 
elements  or.  as  suggested  by  Einstein  and  Li  (1956),  by  the 
spontaneous  breakdown  of  the  viscous  sublayer  due  to  instabilities. 
In  the  ERSR  model  it  is  assumed  that  during  turbulent  pipe  flow 
the  exchange  of  mom’ntum,  heat,  and  mass  between  the  tube 
wall  and  the  bulk  of  fluid  is  governed  by  the  velocity  profiles 
in  the  fluid  eIc.Te/.ts,  and  the  age  (distribution)  of  the  fluid 
elements  at  the  interface. 

2.1  Velocity  profiles  In  fluid  elements 

In  the  fluid  elements  at  the  tube  wall  plug  flow  may  be  assumed 
in  e.g.  the  description  of  heat  transfer,  if  the  penetration  depth 
of  heat  is  larger  than  the  penetration  depth  of  momentum 
(Pr  <  1).  However,  if  the  penetration  depth  of  heal  is  small 
compared  with  the  penetration  depth  of  momentum  (Pr  >  1), 
laminar  flow  has  to  be  assumed  with  a  velocity  gradient  at  the 
interface. 

2.2  Renewal  of  fluid  elements 

If  it  is  assumed  that  the  chance  of  renewal  of  each  fluid  element 
at  a  fixed  positior,  at  the  tube  wall  is  the  same,  irrespective  of 
its  age  or  position  at  the  lube  wall,  it  can  be  shown 
(Danckwerts,  1951;  Fortuin  and  Klijn,  1982)  that  the  chance 
ip(B)db  to  find  a  fluid  element  with  an  age  between  B  and 
B  *  dB  can  be  obtained  from:' 

:p(B)dB  -  (l/t„)e'®/‘i>  dB  (1) 

In  Eq.  (1)  tg  represents  a  characteristic  value  of  the  age  of  the 
fluid  elements  at  the  tube  wall;  this  value  is  dependent  on  the 
flow  conditions.  The  mean  age  of  the  fluid  elements  at  the 
interface  follows  from: 


e  -  I  B  d(e/(„)  -  (2) 

0 

The  reciprocal  value  of  the  mean  age  is  defined  as  the 
characteristic  burst  frequency  n.. 

2.3  Mean  flue  at  random  surface  renewal 
If  J(t)  represents  an  instantaneous  local  momentum,  heat,  or 
mass  flux  in  a  fluid  element  at  the  interface  of  a  turbulent 
flowing  fluid,  the  value  averaged  during  its  residence  time  at  the 
interface  follows  from: 

B 

j(B)  -  (l/«)f  J(t)dt  (3) 

0 

If  the  fluid  elements  at  that  position  at  the  tube  wall  are 
renewed  randomly  in  time,  the  local  flux,  averaged  over  all 
possible  ages  of  the  fluid  elements  (0  <  B  <  <»),  follows  from:' 


[  B  {  (1/»)|  J(t)dt  )  d(»/t„) 


I  B  d(«/t„) 


0 

Rearrangement  of  Eq.  (4)  results  in: 

d'-(l/to)|  {  I  d(t)dt  }  d(e‘*/‘'>)  (5) 


Partial  integration  of  Eq.  (S)  leads  to: 

1  -  (l/t(,)f  J(B)dB  (6) 

0 

The  result  of  this  integral  is  not  changed  if  B  is  replaced  by  t, 
so  that: 

J  -  (l/t(,)|  J(t)  dt  (7) 

0 

3.  MOMENTUM  TRANSFER 

It  may  be  assumed  that  at  a  constant  Reynolds  number  in  a  fully 
developed  turbulent  fluid  flow  through  a  straight,  smooth  tube, 
the  time-averaged  local  shear  stress  Ty,,  at  an  arbitrary  fixed 
position  at  the  tube  wall  is  equal  to  that  at  each  other  position 
at  the  wall.  In  the  ERSR  model  the  momentui.  transfer  to  the 
tube  wall  is  approximated  by  that  in  a  turbulent  fluid  flow  along 
a  flat  wall.  This  approximation  is  only  valid  if  the  curvature  of 
the  tube  wall  is  negligible,  which  approximately  holds  for 
turbulent  pipe  flow  if  Re  >  10*  (Fortuin  and  Klijn,  1982). 

Upon  its  arrival  at  the  wall,  an  inrushing  fluid  element  gradually 
looses  momentum  as  a  result  of  viscous  interaction  with  the  wall. 
In  this  fluid  element,  which  originally  travelled  with  a  uniform 
bulk  velocity,  a  velocity  profile  starts  to  develop.  The 
development  of  this  velocity  profile,  and  the  unsteady  transfer 
rate  of  momentum  to  the  wall,  can  be  described  by  the  following 
reduced  equation  of  motion: 

9u/9t  -  9*u/9y*  (8) 

This  equation,  for  a  fluid  with  constant  density  and  viscosity,  can 
be  solved  using  the  following  initial  and  boundary  conditions: 

I.C.  t  -  0;  y  >  0;  u  -  0^, 

B.C.  t  >  0;  y  ->  0;  u  -  0,  (9) 

B.C.  f  >  0;  y  -  u  -  U(,. 

The  solution  to  Eq.  (8)  under  the  conditions  of  Eq.  (9)  is: 
u/m,  -  erf...:),  where  z  - 

Using  Eq.  (10)  the  instantaneous  shear  stress  ryy(t)  locally  exerted 
on  the  wall  by  a  fluid  element  is  obtained  from: 
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-  it  ^  (11) 

The  lime-averaged  local  wall-shear  stress  for  randomly 

renewed  fluid  elements  at  the  tube  wall  can  be  derived  from  Eqs 
(7)  and  (11)  by  substituting  t^(I)  for  7(1): 

It  may  be  assumed  that  «(,«<«>  if  f?e  >  10*.  Combining 
Eq.  (12)  with  the  definition  of  the  Fanning  friction  factor: 

/  -  rw/UP<u>’) 
results  in  the  following  equation:' 

1(3^3 1 <''> 

Equation  (14).  first  introduced  by  Fortum  and  Klijn  (1982),  gives 
the  relationship  between  /.,  Re,  and  1^.  Rewriting  Eq.  (14),  and 
using  Ig  =  1/rto  result  in: 

‘o  -  (Vrio)  -  (15) 

In  the  present  paper  Eq.  (15)  will  be  verified  by  results  obtained 
from  velocity  signals  measured  with  a  LDA 

4.  THE  VELOCITY  PROFILE  IN  THE  WALL  REGION 
The  time-averaged  local  axial  velocity  is  obtained  in  a  similar 
way  as  it  has  been  done  for  the  time-averaged  wall-shear  stress. 
As  a  consequence  the  following  equation  holds: 

u  “  <>/fo)|  u(t)dt  (16) 

0 

Substitution  of  Eq.  (10)  and  r,  =  into  Eq.  (16),  and 

taking  into  account  that  il  is  a  function  of  y  only,  it  can  be 
obtained  that. 

0(y)/ub  -1-7;  <»’) 

0 

After  substitution  of  the  solution  to  the  definite  integral  in 
Eq.  (17)  and  using  Eq.  (14),  the  following  velocity  profile  for 
the  wall  region  in  turbulent  pipe  flow  is  obtained: 

ii(y)/Ub  -  •  -  -  1  -  exp(-  ^  |  Re)  (18) 

This  equation  can  be  rewriten  in  the  common,):  used  «'*’  versus 
notation,  resulting  in'- 

U+  _  [  1  -  e-y''A//2)  I  !  (19) 


momentum  and  heat  are  exchanged  by  diffusion  between  the 
interface  and  the  fluid  element.  After  a  certain  residence  time  i 
the  fluid  element  is  replaced  suddenly  by  a  new  fluid  element 
from  the  turbulent  core,  and  again  momentum  and  heat  are 
exchanged  by  diffusion  between  the  new  fluid  element  and  the 
interface.  The  heat  accumulated  in  a  single  fluid  element  is  thus 
conveyed  to  the  :-irbulent  core  during  this  surface  renewal 
process. 

5.1  Heat  transfer  into  fluid  dements  with  laminar  flaw  (Pr>l) 
The  heat  flux  from  the  tube  wall  into  a  laminar  flowing  fluid 
element  encounters  an  approximately  linear  velocity  profile  if  the 
penetration  depth  of  heat  is  small  with  regard  to  that  of 
mo.’nentum  (Pr  >  I).  Upon  its  arrival  at  the  wall,  the  fluid 
element  gradually  decelerates  and  the  velocity  of  the  laminar  flow 
near  the  interface  becomes  smaller.  The  velocity  profile  in  this 
fluid  element  can  be  obtained  from  Eq.  (10).  For  small  values  of 
z  the  relative  velocity  may  be  approximated  by: 

[g]  -  (7^] 

After  its  arrival  at  the  wall  the  velocity  profile  in  the  fluid 
element  is  assumed  to  be  independent  of  the  longitudinal 
coordinate  x.  As  a  consequence  the  velocity  in  the  fluid  element 
is  only  a  function  of  the  distance  y  to  the  wall  and  the  time  l. 
In  this  case  the  heat  transfer  can  be  described  as  a  semi-infinite 
diffusion  of  heat  from  the  interface  into  a  laminar  flowing  fluid 
element  with  a  velocity  gradient  {du/dy)y-^  which  is  only  time 
dependent  and  does  not  change  in  the  direction  of  x.  However, 
the  temperature  gradient  (dTIdy)^-^  changes  in  the  flow 
direction.  Assuming  a  quasi-steady  state,  this  heat  transfer 
problem  is  approximately  governed  by  the  foil'  ving  differential 
equation: 

u  ar/Sx  -  a  a^T/dy*  (22) 

provided  that  heat  conduction  of  the  fluid  in  the  flow  direction  is 
small  compared  with  the  forced  convective  transport  in  this 
direction,  so  that  liquid  metals  are  excluded.  Further  it  is 
assumed  that: 

ar/ax  -  (ar/at)/(ax/at)  »  (i/ub)  ar/at  (23) 

Combination  of  Eqs  (22)  and  (23)  results  in: 

(u/iq,)  ar/at  -  a  a’T/ayt  (24) 

The  initial  and  boundary  conditions  are: 


I.C. 

t  -  0;, 

y  >  0; 

r  -  fb. 

B.C. 

{  >  0; 

y-0; 

T  -  r„. 

B.C. 

t  >  0; 

y 

T  -  Tb. 

After  substitution  of  Eq.  (21)  and  via  =  Pr  into  Eq.  (24),  it  can 
be  shown  that  the  solution  to  Eq.  (24)  under  the  conditions  of 
Eq.  (25)  is: 


From  Eq.  (19)  it  can  be  obuined  that  according  to  the  ERSR 
model  the  velocity  profile  in  the  wall  region  is  slightly  dependent 
on  the  Reynolds  number.  Close  to  the  wall,  however,  the 
calculated  protiles  quantitatively  agree  with  correlations  for  the 
semi-empirical  'universal  velocity  profile'.  It  may  be  noted  that 
for  the  calculation  of  velocity  profiles  with  Eq.  (19)  only  the 
value  of  the  friction  factor  is  needed.  A  correlation  giving 
sufficiently  accurate  values  for  /  for  Newtonian  fluid  flow  through 
straight,  smooth  tubes  is  (Eck,  1973): 

/  -  0. 07725 [  log(Re/7)  ]'"*  (2100  <  Re  <10»)  (20) 

5.  HEAT  TRANSFER 

It  may  be  assumed  that  at  a  consunt  Reynolds  number  in  a  fully 
developed  turbulent  fluid  flow  through  a  straight,  smooth  tube, 
the  time-averaged  local  heat  flux  at  an  arbitrary  fixed 
position  at  the  tube  wall  equal  to  that  at  each  other  position 
at  the  wall  if  the  temperature  difference  between  the  tube  wall 
and  the  fluid  in  the  turbulent  core  has  the  same  value. 

In  the  following  it  will  be  assumed  that  the  tube  wall  has  locally 
a  constant  temperature  T^,  and  that  the  bulk  of  the  fluid  has 
locally  a  constant  temperature  Tj,,  where  T,,  >  Tj,.  When  a 
fluid  element  with  a  uniform  velocity  and  a  temperature  T\y 
comes  from  the  turbulent  core  and  arrives  at  the  wall,  both 


1 

(r„  -  r)/(r„  -  Tt)  -  j  e  ^  d£  (26) 

where:' 

The  instantaneous  local  heat  flux  q^(i)  from  the  interface  into  a 
laminar  flowing  fluid  element  is: 

9w(0  -  -K  i  )  -  CX(Vrb)(Trt)-’/’  Pr’/'  (28) 

V/  y-0 

where: 

(x/6)’^’ 

C -  0.9026  (29) 

r(V3) 

The  time-averaged  local  heat  flux  averaged  over  all  possible 

ages  of  the  fluid  elements  at  the  tube  wall  (0  <  «  <  ®),  can  be 
obtained  from  Eqs  (7)  and  (28): 
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q„  -  C\(T^  -  rb)(.'£„)’’/’  Pr  (30) 

Defining  =  C((T^  -  T),)  and  the  dimensionless  heat-transfer 
coefficient  or  Nusselt  number,  Nu  =  ad/\,  Eq.  (30)  can  be 
rearranged  to: 

Nu  -  Pr'/^  (3t) 

Combining  Eqs  (14)  and  (31)  results  in  the  following  equation  for 
the  Nusselt  number: 

Nu  -  C(f/2)Re  (Pr  >  1)  (32) 

Using  the  following  correlation  given  by  McAdams  (1954)  for 
turbulent  pipe  flow: 

/-  0.046  Pe'°'’  (lO"  <  Re  <  2-105)  (33) 

we  obtain  from  Eqs  (29),  (32),  and  (33):' 

Nu  -  0.021  Pr'^^  (Pr  >  1)  (34) 

Eq.  (34)  is  approximately  equal  to  the  following  well-known 
correlation  presented  by  Colburn  (1933): 

Nu  -  0.023  Re°®°  Pr'^^  (Pr  >  1)  (35) 

5.2  Heat  transfer  tnto  fluid  elements  with  plug  flow  (Pr  <  /) 
The  heat  flux  from  the  tube  wall  into  a  fluid  element  encounters 
approximately  a  fluid  flowing  with  the  bulk  velocity  if  the 
penetration  depth  of  heat  is  large  compared  with  the  penetration 
depth  of  momentum  (Pr  <  1).  The  heat  transfer  may  then  be 
approximated  by  an  unsteady  diffusion  of  heat  into  a  plug  flow. 


This  heat  ransfer  problem  is  approximately  governed  by  Eq.  (24) 
in  which  u  =  U),,  resulting  in;- 

ar/at  -  a  an/Syf  (36) 

The  solution  to  Eq  (36)  under  the  conditions  of  Eq.  (25)  is: 

(T„  -  r)/(T,  -  Tb)  -  erf[  )  (37, 

Conbination  of  Eqs  (28)  and  (37)  .esulls  in:- 

dw'O  -  MT'w  -  rbXxat)*'/’  (38) 

The  value  of  can  be  obtained  using  Eqs  (7)  and  (38): 

-  \(T„  -  Ti,)(at^)''''’  (39) 

Combining  Eqs  (14)  and  (39)  it  may  be  slated  that: 

Nu  -  (f/2)Re  Pr'^’  (Pr  <  1)  (40) 


This  result  is  in  agreement  with  the  fact  that  if  Pr  <  I 
measured  values  of  Nu  fit  better  with  an  equation  in  which  Nu 
is  proportional  to  Pr'^^. 

6.  MASS  TRANSFER 

The  ERSR  model  can  in  a  similar  way  be  applied  to  derive 
equations  for  calculating  mass-transfer  coefficients  in  turbulent 
pipe  flow.  After  introducing  the  dimensionless  mass-transfer 
coefficient  or  Sherwood  number  (Sh  ~  kdID)  and  the  Schmidt 
number  (Sc  =  r/D)  it  can  be  obta-  'd  tha.:- 


Sb  -  C(f/2)Re  Sc'/^ 

(Sc  >  1) 

(4.) 

Sh  -  (f/2)Re  Sc'/’ 

(Sc  <  1) 

(42) 

where  C  is  given  in  Eq.  (29). 

7.  AN  •  XJY  BETWEEN  THE  TRANSFER  PROCESSES 
7.1  IntriMiuctlon 

In  the  foregoing  sections  it  has  been  shown  that  the  transfer  of 
mome.ntum,  heat,  and  mass  in  turbulent  pipe  flow  can  be 
described  in  an  analogous  way  with  the  ERSR  model. 

It  is  well  known  that  the  momentum  flux  to  the  interface,  i.e. 
the  shear  stress  exerted  on  the  interface,  is  described  by  using  a 


relationship  between  the  friction  factor  and  the  Reynolds  number. 
The  heat  and  mass  fluxes  to  or  from  the  interface  however,  are 
described  by  using  transfer  coefficients.  This  difference  in 
approach  is  traditional  in  engineering  practice,  and  probably  due 
to  the  fact  that  originally  transport  phenomena  in  turbulent  flows 
were  studied  by  engineers  of  different  disciplines. 

Colburn  (1933),  and  Chilton  and  Colburn  (1934)  introduced 
correlations  based  on  the  analogy  between  momentum,  heat,  and 
mass  transfer  in  turbulent  pipe  flow.  They  proposed  an  empirical 
analogy  for  Re  >  10^  in  long  smooth  pipes,  which  can  be 
represented  by: 

-  Nu/(Re-Pr'/5)  -  f/2  (43) 

where  |^^  is  the  'i-factor'  for  heat  transfer,  and 

-  Sh/(Re  Sc'/3)  -  f/2  (44) 

where  rj  is  the  'f-factor'  for  mass  transfer.  In  the  next  section 
the  van.  5  of  /j,  ind  calculated  with  the  ERSR  model  will  be 
given.  Further,  ..  will  be  shown  that  the  analogy  between  the 
transfer  processes  in  turbulent  pipe  flow  can  be  elucidated  by 
introducing  a  momentum-transfer  coefficient  k^. 

7.2  The  analogy  according  to  the  ERSR  model 
A  momentum-transfer  coefficient  for  turbulent  pipe  flow  can  be 
defined  by: 

tw  -  fSifP^b  -  PPw) 

where  (p«|,  -  pu^)  is  the  axial  momentum  difference  per  unit  of 
volume  between  the  bulk  of  the  fluid  and  the  fluid  at  the  pipe 
wall.  As  is  zero  it  may  be  stated  that. 

£w  “ 

Combining  Eqs  (12)  and  (46)  gives: 

km  -  -//(rt,)  (47) 

Introducing  a  dimensionless  momentum-traiisfer  number,,  called 
the  Fanning  number  Fa  =  k^dtr,  Eq.  (47)  results  in:- 

Fa  -  k^d/r  -  d//(K;,)  (48) 

The  three  dimensionless  numbers  governing  the  transfer  processes 
in  turbulent  pipe  flow  can  also  be  defined  by 

k  il(pu)  ciAT  kAo 

fa  -  — !!! -  ,,  Nu  -  ,,  and  Sh  -  -  (49) 

rd(pu)/d  '  XAT/d  '  DAc/d 

Eq.  (49)  shows  that  each  of  these  dimensionless  numbers  is  equal 
to  the  ratio  between  the  total  flux  of  momentum,  heat,  or  mass 
due  to  bdh  molecular  diffusion  and  forced  convection  and  the 
flux  of  momentum,  heat,  or  mass  due  to  molecular  diffusion 
only.  From  Eqs  (14),  (32),  (41),  and  (48)  it  is  obtained  that 
according  to  the  ERSR  model  the  transfer  equations  for 
turbulent  pipe  flow  for  values  of  Pr  >  \  or  Sc  >  I  can  be 
written  as:- 


Fa  -  (f/2)Re 

(50) 

Nu  -  C(f/2)Re  Pr'^^ 

(Pr  >  1) 

(51) 

Sh  -  C(f/2)Re  Sc'/’ 

(Sc  >  1) 

(52) 

The  key  to  make  this  set  of  equations  operational  for  the 
calculation  of  transfer  coefficients  is  a  correlation  between  f  and 
Re,  see  e.g.  Eqs  (20)  or  (33). 

It  is  interesting  to  note  that  according  to  the  ERSR  model  the 
factors  and  of  Chilton  and  Colburn  can  be  calculated  too. 
From  Eqs  (43),  (44),  (51),  and  (52),  it  is  obtained  that  for  heat 
and  mass  transfer  in  turbulent  pipe  flow  for  Pr  >  I  or  Sc  >  1 
the  following  equations  hold  (where  C  is  given  in  Eq.  (29)); 

Jh  -  C(//2)  and  -  C(//2)  (53) 

«.  SURFACE-RENEWAL  MEASUREK.  ITS  USING  A  LDA 
According  to  the  ERSR  modei,  the  exchangt  of  momentum,  heat, 
and  mass  between  the  tube  wall  and  the  co.e  in  turbulent  pipe 
flow  is  governed  by  the  distribution  and  the  mean  value  of  the 
ages  of  the  fluiu  elements  at  the  tube  w'li  The  distribution  and 
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the  mean  value  of  these  ages  can  be  derived  from  velocity 
signals  measured  with  a  laser-Doppler  anemometer  during 
turbulent  pipe  flow,  followed  by  a  discrimination  procedure  to 
detect  the  bursts.  The  time  interval  between  two  successive  bursts 
is  considered  as  the  age  of  a  fluid  element  at  the  tube  w^l.  The 
mean  value  of  the  measured  time  intervals  is  indicated  as  dgyp. 

8.1  Experimental  set-up 

The  set-up  consists  of  a  SI  mm  inner  diameter,  smooth  copper 
pipe  with  a  horizontal,  straight  section  of  8.5  m.  There  is 
sufficient  entry  and  exit  length  for  the  turbulent  fluid  flow  to  be 
fully  developed  in  the  test  section.  The  test  section,  situated 
5.5  m  beyond  the  entrance  of  the  straight  pipe,  consists  of  a 
1 .4  m  long  glass  tube  with  an  inner  diameter  of  SI  mm  in 
which  the  velocity  of  light-scattering  particles  in  the  intersection 
volume  of  two  coherent  laser  beams  of  a  laser-Doppler 
anemometer  is  used  to  measure  the  instantaneous  local  axial  fluid 
velocity  Tap  water  is  applied  as  measuring  liquid. 

A  laser-Doppler  anemometer,  operating  in  the  reference  beam 
mode,  was  used.  The  laser-Doppler  anemometer  consists  of  a 
Spectra  Physics  15  mW  He-Ne  laser  (wavelength'  632.8  nm)  and 
quality  optics,  assembled  by  the  Institute  of  Applied  Physics 
TNO-TU  Delft,  The  Netherlands.  In  the  optical  arrangement 
used,  the  angle  between  the  two  laser  beams  was  20.96°,  which 
resulted  in  a  measuring  volume  with  a  length  of  210  pm  and  a 
diameter  of  39  pm  in  air. 

8.2  The  burst  detection  criterion 

The  burst-detection  criterion  of  Blackwelder  and  Kaplan  (1976), 
also  called  the  'VITA  technique'  was  applied  to  the  velocity 
signals  measured  with  tne  LDA.  This  criterion  reacts  on  the 
fluctuating  component  of  the  axial  velocity  signal  crossing  the 
time-averaged  local  axial  velocity  H  in  a  relatively  short  lime. 
This  corresponds  to  sharp  accelerations  or  sharp  decelerations. 
According  to  this  criterion  a  burst  occurs  ifi' 

(u')’  -  [  u'  I 

- -  >  f.,  where  u'  -  u  -  u  (54) 


In  Eq  (54)  -  u  denotes  averaging  over  a  (short)  time  of 

a  seconds  and  -  means  averaging  over  the  enure  signal;  k 

1$  a  dimensionless  constant  In  the  present  study  an  additional 
condition  of  positive  slope  has  been  added,  so  that  only 
accelerations  will  be  counted  as  bursts.  Application  of  this 
criterion  requires  the  specification  of  two  parameters,  i.e ,  the 
a-'eraging  time  a  and  the  dimensionless  threshold  level  k.  A 
detailed  description  of  the  specification  of  these  parameters  has 
been  described  elsewhere  (.Musschenga  et  al.,,  1990). 

9.  RESULTS  AND  DISCUSSION 

Experimental  results  in  the  range  5.010°  <  Re  <  6010°  were 
obtained  at  temperatures  ranging  from  280  K  to  255  K  (the 
temperature  was  constant  during  each  particular  experiment).  The 
distribution  and  the  value  of  were  determined  from  velocity 
signals  measured  at  y*  =  36,  applying  the  detection  criterion 
represented  as  Eq.  (54)  and  an  additional  condition  of  positive 
slope,  using  a  =  (34.8'10'°)'fg  and  k  =  k^  =  1.13. 


Fig  I.  Instantaneous  local  axial  velocities  plotted  against  time, 
measured  at  Re  =  15.0'W^  and  y*  =  36,  showing  two  successive 
bursts  (v  =  I  38-l0~^  m°  s“’). 


9.1  Measured  and  calculated  age  distributions 
In  Fig.  I  an  example  is  given  of  the  signals  representing  the 
instantaneous  local  axial  velocities  measured  at  Re  =  15.0'10°, 
showing  two  successive  bursts.  The  time  interval  between  the 
bursts  is  considered  as  the  age  0  of  a  fluid  element  at  the  tube 
wall.  In  Fig.  2  an  age  distribution  obtained  from  the  LDA 
measurements  at  Re  =  31.3-10°  is  represented  as  a  histogram.  In 
this  figure  the  values  of  N/d«  have  been  plotted  against  the 
residence  time  $.  The  solid  curve  in  Fig.  2  represents  the  age 
distribution  calculated  from  /  and  Re  with  the  ERSR  model.  This 
distribution  is  calculated  with  (Musschenga  et  a/. ,1990): 

N/AS  -  (iV„/t„)e'*/‘o  (55) 

Fig.  2  shows  a  quantitative  agreement  between  the  histogram 
representing  the  measured  age  distribution,  and  the  solid  curve 
representing  the  distribution  calculated  from  /  and  Re  with  the 
E^R  model.  The  results  measured  and  calculated  in  the  range 
5.010°  <  Re  <  43.4  10°  show  a  similar  good  agreement. 


Fig.  2.  Age  distribution  determined  in  a  turbulent  pipe  flow  at 
Re  =  31.3-10^.  The  histogram  represents  the  age  distribution 
measured  with  a  LDA;  the  solid  curve  represents  the  age 
distribution  calculated  from  f  and  Re  with  Eq.  (55)  of  the 
ERSR  model  (r  =  LOS-IO’^  m°  s~':  t^  =  0.291  s: 

a  =  (34.8-IO-3)-t^;  k^  =  1.13;  =  5759;  AS  '=  0.01  s). 

9.2  Comparison  between  and 

In  Fig.  3  the  ratio  (j/^jxp  plotted  versus  Re.  This  figure 
shows  that  for  5.0'I0°  <  Re  <  43.410°  the  values  of  fj 
calculated  from  /  and  Re  with  the  ERSR  model  agree 
quantitatively  with  those  measured  with  the  LDA  in  turbulent  pipe 
flow.  The  measured  values  at  Re  >  43.4 '10°  are  larger 

than  the  calculated  values  This  is  probably  due  to  the 

measured  values  because  at  increasing  Reynolds  numbers  the  ratio 
between  the  length  of  the  LDA  measuring  volume  and  the 
boundary-layer  thickness  increases.  As  a  consequence  the  velocity 
signals  obtained  at  these  larger  Reynolds  numbers  refer  to 
instantaneous  velocities  averaged  over  a  considerable  part  of  the 
boundary  layer. 
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Fig.  3.  The  ratio  measured  in  a  turbulent  pipe  flow  at 

y*  =  36,  is  plotted  against  Re,  where  jt  =  (34.8-10~^)-t  ^  and 
kg  =  1.13.  The  deviation  of  tglS^j^g  from  one  at 
Re  >  43.4-10^  is  discussed  in  Section  9.2. 

From  the  results  represented  in  Section  9  it  may  be  concluded 
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that  both  the  distribution  and  the  mean  vaiue  of  the  ages  of  the 
fluid  elements  at  the  tube  wall,  measured  with  a  LDA,  closely 
agree  with  those  calculated  from  /  and  Re  with  the  ERSR 
model.  The  measured  random  age  distributions  confirm  the 
investigations  of  Van  Maanen  and  Fortuin  (1982,  1983),  and 
verify  Danckwerts'  (1951)  assumptions  concerning  the  random-age 
distribution  of  fluid  elements  at  the  interface  in  a  turbulent  fluid 
flow. 

10.  COMPARISON  WITH  LITERATURE  DATA 

10.1  Mean  age  of  the  fluid  elements  at  the  lube  wall 

.'t  Fig.  4  a  compilation  of  experimental  data  concerning  the 

mean  ages  measured  in  turbulent  pipe  flow  has  been  plotted 

against  Re.  The  crosses  (+)  refer  to  data  presented  by  Meek 

(1972). 


Fig  4.  Comparison  between  our  measured  values  of  (sdltd 
squares)  and  the  S'*'  values  (crosses)  presented  by  Meek  (1972) 
The  solid  line  represents  Eg  (S6)  calculated  with  the  ERSR 
model.  The  dashed  lines  represent  the  dimensionless  mean  ages 
proposed  by  Pinczewskt  and  Stdeman  (1974),  and  Loughitn  et  al 
(1985).  (Parameters  in  Eg.  54:  a  =  (34.8-10~^)-t^;  k^  =  1.13). 

To  compare  our  results  with  these  data,  t*  =  u* is 
plotted  agamsj  Re  in  Fig  4  According  to  the  ERSR  model  the 
quantity  u' j{e^y^Jy)  can  be  represented  by  u’^iJr).  Combining 
Eqs  (13),  (IS),  and  (20)  results  ini' 

9+  -  u*y(t^/r)  -  5.0882  log(Re)  -  4.300  (56) 

From  Eq.  (56)  it  is  obtained  that  according  to  the  ERSR  model 
a  linear  relationship  is  expected  between  the  variables  plotted  in 
Fig.  4.  This  linear  relationship  closely  agrees  with  our 
experimenul  results  in  the  range  S.O-IO^  <  Re  <  43.4-10’. 
Further,,  the  theoretical  solid  line  'agrees'  with  the  'cloud'  of 
experimental  data  presented  in  literature.  The  dashed  lines  in 
Fig.  4  refer  to  values  of  $*  proposed  by  Pmczewski  and  Sideman 
(1974),  _and  Loughlin  el  al.  (1985),  who  assumed  that  the  value 
of  u‘ y(0g^p/y)  is  independent  of  the  Reynolds  number. 
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Fig.  5.  Comparison  belwetn  values  of  Nu  or  Sh  calculated  with 
the  ERSR  model  (solid  lines),  and  experimenttd  values  of  Nu 
and  Sh  (symbols)  presented  in  literature  by  Friend  and  Meitner 
(1958),  Harriott  and  Hamilton  (1965),  and  Mttushina  et  al. 
(1971).  The  dashed  lines  represent  values  of  Nu  calculated  with 
Eg.  (35)  of  Colburn  (1933). 


10.2  Heat  and  mass  transfer  coefficients 
In  Fig.  5  values  of  Nu  or  Sh  calculated  with  the  ERSR  model 
are  compared  with  experimental  values  presented  in  literature.  In 
th's  figure  values  of  Nu  or  Sh  are  plotted  versus  Pr  or  Sc  for 
two  different  values  of  Re.  The  solid  lines  represent  values  of  Nu 
or  Sh  calculated  with  Eqs  (32)  or  (41)  for  Pr  >  \  ot  Sc  >  l, 
and  calculated  with  Eqs  (40)  or  (42)  for  Pr  <  1  or  Sc  <  1.  In 
these  two  cases  Eqs  (20)  and  (29)  were  applied.  The  dashed  lines 
represent  values  of  Nu  calculated  with  Eq.  (35).  From  Fig.  5  it 
can  be  seen  that  the  values  of  Nu  and  Sh  calculated  from  /  and 
Re  with  the  ERSR  model  closely  agree  with  both  the 
experimental  data  and  the  correlation  of  Colburn  (1933). 

11.  CONCLUSIONS 

-  The  time  intervals  between  successive  bursts  in  a  turbulent  pipe 
flow  are  distributed  randomly. 

-  The  mean  age  t,,  of  the  fluid  elements  at  the  tube  wall  can 
be  calculated  from  f  and  Re  with  the  ERSR  model. 

-  The  calculated  time-averaged  axial  velocity  profile  in  the  wall 
region  of  a  turbulent  pipe  flow  closely  agrees  with  correlations 
presented  in  literature. 

-  Heat  and  mass  transfer  equations  for  turbulent  pipe  flow, 
derived  from  the  ERSR  model  closely  agree  with  correlations 
from  literature,  based  on  experimental  data. 

-  The  introduction  of  a  Fanning  number  for  momentum  transfer 
(Fa  =  kj^dlr)  elucidates  the  analogy  between  momentum,  heat, 
and  mass  transfer  in  turbulent  pipe  flow.  The  Fanning  number  is 
comparable  with  the  Nusselt  number  for  heat  transfer  and  the 
Sherwood  number  for  mass  transfer, 

-  The  Chilton  and  Colburn  factors  )(,  for  heat  transfer,  and 
for  mass  transfer  follow  from  the  ERSR  model. 

-  The  relationship  between  the  friction  factor  and  the  Reynoids 
number  is  the  one  and  only  correlation  needed  in  the  ERSR 
model  for  a  quantitative  prediction  of  the  momentum,  heat,  and 
mass  transfer  coefficients. 
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ABSTRACT 

By  numerically  solving  the  turbulent  boundary- 
layer  equations  along  a  hot  vertical  plate  for  air 
and  water  up  to  a  Rayleigh  number  of  10^^,  the 
proper  scalings  and  wall  functions  are  derived. 
Turbulence  is  modelled  by  different  low- 
Reynolds-number  k-e  models.  In  the  outer  layer 
the  length,  velocity  and  temperature  are  scaling 
with  the  height  y,  the  velocity  maximum  v^ax  and 
the  temperature  difference  v^ax/f^Py)  respec¬ 
tively.  In  the  inner  layer  proper  scalings  do  not 
seem  to  exist.  In  particular  the  wall-heat  transfer 
does  not  scale  with  the  commonly  used  Ral'^- 
law. 

INTRODUCTION 

The  proper  scalings,  giving  the  so-called  wall 
functions,  for  turbulent  forced-convection  boun¬ 
dary  layers  are  well-known  and  have  the  typical 
logarithmic  profiles.  On  the  contrary,  the  proper 
scalings  and  wall  functions  for  the  turbulent 
natural-convection  boundary  layer  along  a  hot 
vertical  plate  are  not  well  defined  yet. 

Making  some  physical  assumptions  in  their 
analytical  approach,  George  &  Capp  (1979)  gave  a 
first  proposal  for  the  wall  functions  for  the  tur¬ 
bulent  natural-convection  boundary  layer.  Dif¬ 
ferent  scalings  were  formulated  for  the  inner  layer 
(i.e.  from  the  wall  up  to  the  position  of  the  velo¬ 
city  maximum)  and  for  the  outer  layer  (i.e.  from 
the  position  of  the  velocity  maximum  up  to  the 
outer  edge).  Henkes  &  Hoogendoom  (1990)  stu¬ 
died  the  scalings  by  numerically  solving  the 
boundary-layer  equations  in  the  Boussinesq 
approximation,  using  low-Reynolds-number  k-e 
models  for  the  tuibulence.  A  shortcoming  of  this 
study  was  that  the  calculations  were  only  per¬ 
formed  up  to  ROy  =  10^^  (Ray  is  the  local  Ray¬ 
leigh  number,  in  which  y  is  the  coordinate  along 
the  plate).  At  this  maximum  Rayleigh  number 
transition  effects  were  still  visible  in  the  numerical 
results.  Therefore  the  present  paper  extends  the 
calculations  up  to  Ray  =  \(P'^ .  Fur^ermore  Prandtl 
number  effects  are  studied  here  by  considering 
both  air  and  water.  The  outer-layer  scalings  as 
derived  from  the  calculations  up  to  Ray  =  \0^^ 


indeed  persist  in  the  new  calculations  up  to 
=  wall  functions  in  the  outer  layer  do 
exist.  On  the  contrary,  the  calculations  up  to 
/?£iy  =  10“^  suggest  that  proper  scalings  and  wall 
functions  for  the  inner  layer  do  not  exist. 


MATHEMATICAL  TREATMENT 

The  turbulent  boundary-layer  equations  under  the 

Boussinesq  approximation  read: 


dll  dv  f. 

+  v|^  =  + 

dx  dy 


+  V 


d~\ 

dx^ 


d  -r-, 
Yx^'^ 


dT  dT 

“ax  ay 


£t_ 

Pr  dx^ 


dx 


u'T. 


(1) 


Here  x  is  the  coordinate  perpendicular  to  the  plate, 
and  y  is  the  coordinate  along  the  plate;  («,v)  is  the 
velocity  vector  in  the  direction  (x,y);  T  is  the 
temperature  and  is  the  isothennal  environment 
temperature;  g  is  the  gravitational  acceleration;  p 
is  the  coefficient  of  thermal  expansion;  v  is  the 
kinematic  viscosity  and  Pr  is  the  Prandtl  number. 
The  dimensionless  solution  only  depends  on  x/y, 
Pr  and  the  Rayleigh  number  Ray  (= 
gpATy  Vr/v2,  with  AT  =  r,,-T^). 

As  a  result  of  the  Reynolds  averaging,  the 
Reynolds  stress  -m'v'  and  the  turbulent  heat  flux 
-u'T'  appear  in  the  equations.  These  quantities 
are  represented  by  the  eddy-viscosity  concept: 


-  M  v  =  V, 


dv 

dx 


-  u'T'  = 


Vf  dT 
Of  dx  ' 


(2) 


Here  ar  is  the  turbulent  Prandtl  number  for  the 
temperature  (we  take  07  =  0.9).  The  turbulent 
viscosity  v,  is  modelled  by  a  k-e  model  (k  is  the 
turbulent  kinetic  energy  {k-ui'ui'),  and  e  is  the 
turbulent  energy  dissipation  rate): 


+ 


1l]^ 

Ck  dx 


+  Pk  -  E  +  D 


(3) 
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de  ,  de 
“dx  ''  dy 


dx 


V  + 


dx 


+  (Cel  fl  Pk  -  Ce2  /2  e  )t  ^ 


with  Pk  =  V, 


9v 


3a: 


.  V,  -  Cji  — . 


The  equations  (3)  contain  both  high-Reynolds- 
number  terms  (c^,  Cei,  Ce2.  <7*.  Oe)  and  low- 
Reynolds-number  functions  (/'|i,/i,/2.  ^5,  £).  The 
standard  k-z  model  (taking  /n=/i=/2=l  and 
D=E  =  0)  formally  only  holds  if  the  local 
turbulence-based  Reynolds  number  (Ret=k^lvz) 
is  large.  If  Re,  is  small,  for  example  close  to  a 
fixed  wall,  a  proper  choice  of  the  low-Reynolds- 
number  functions  is  required  to  achieve  the  correct 
damping  of  turbulence.  Many  different  low- 
Reynolds-number  k-z  models  have  been  formu¬ 
lated  in  the  literature. 

The  equations  are  discretized  with  the  finite- 
volume  method.  Because  of  the  parabolic  charac¬ 
ter  of  the  equations,  an  y-marching  numerical 
method  can  be  used  to  solve  the  system. 

The  following  boundary  conditions  are 
prescribed: 

y  =  }’stdrt  •  laminar  v-  and  T-profiles 


Here  vq  =  (gPArv)^^^.  The  calrj.ations  are 
started  at  a  height  corresponding  to  Ray  =  10^.  At 
J’start  the  laminar  similarity  solution  for  the  hot 
vertical  plate  is  prescribed.  Turbulence  is  intro¬ 
duced  at  the  height  ytrans  (corresponding  to 
Ray  =  1.5x10^  for  air  and  1.5x10^°  for  water)  by 
switching  on  the  turbulence  model  and  by 
prescribing  an  amount  of  turbulent  kinetic  energy. 
The  precise  laminar-turbulent  transition  turns  out 
to  largely  depend  on  (i)  the  turbulence  model,  (ii) 
the  numerical  grid  and  (iii)  how  much  and  where 
energy  is  introduced.  Figure  1  shows  the  dimen¬ 
sionless  wall-heat  transfer  (Nusselt  number,  Nuy  = 
-(y/AT)(dT/dx)yv)  as  a  function  of  Roy  for 
decreasing  introduced  energy:  decreasing  the 
energy  delays  the  transition.  If  no  energy  is  intro¬ 
duced,  the  solution  remains  on  the  laminar  branch. 
Fortunately,  once  the  turbulent  branch  is  reached, 
the  solution  for  increasing  Ray  does  not  depend 
on  the  transition  process.  Figure  2  shows  v,  for 
different  k-z  models  (denoted  by  the  names  of 
the  authors  who  formulated  the  specific  low- 
Reynolds-number  k-z  model)  at  Ray  =  10’^.  At 
this  Rayleigh  number  the  transition  is  complete, 
because  low-Reynolds-number  effects  in  the  outer 
layer  are  now  absent:  differences  in  the  profiles 
(scaled  with  v^ax  and  y)  are  totally  due  to  dif¬ 
ferent  choices  for  the  high-Reynolds-number  con¬ 
stants. 


y  =  >’trans  •  perturbation  in  k  and  E, 
e.g.  k  =  0.5  v§  ,  k 


3v 


3a: 

I 

a:  =  0  :  «=v  =  0,  T-Ty,  (4) 

k,  z  specified  by  model 
{k  =  0  e=oo  for  standard  k-z) 
v  =  k  =  z  =  0,  T  =  T„ 


FIGURE  1.  Transition  for  air  with  different 
amounts  of  introduced  energy  (Chien  model, 
100x100  grid). 


ACCURACY 

The  numerical  accuracy  of  the  calculations  was 
verified  by  refining  the  grid  from  25x25  up  to 
400x400  points.  Table  1  shows  the  results  for  air 
at  Ray  =  10’^  with  the  standard  k-z  model.  The 
results  indeed  become  grid-independent  for 
increasing  number  of  grid  points.  For  the  results 
to  be  presented  in  the  sequel  a  100x100  grid  was 
used  up  to  Ray  =  10*^  and  a  200x200  grid  for 
larger  Rayleigh  numbers. 
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FIGURE  2.  Turbulent  viscosity  for  air  at 


Ray  =  10*^ 
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Table  2  compares  the  turbulent  results  with 
different  models  for  air  at  =  and  for 
water  at  /?ay  =  10’^.  Details  of  the  (low- 
Reynolds-number)  k-z  models  were  given  by 
Henkes  &  Hoogendoom  (1989)  and  by  Henkes 
(1990).  The  calculated  maximum  of  the  velocity 
and  the  turbulent  viscosity  is  compared  with  the 
experiments  of  Tsuji  &  Nagano  (1989).  The  wall- 
heat  transfer  is  compared  with  a  value  fitted  to 
different  existing  experiments.  Differences 
between  the  models  are  larger  for  the  wall-heat 


TABLE  1.  Numerical  accuracy  for  air  at 
/?aj,  =  10**  with  standard  k-z  model 


grid 

NUy 

'^mix 

V^.max 

VgPAry 

V 

25x25 

0.1750 

0.3622 

257.3 

50x50 

0.1789 

0.3570 

241.1 

100x100 

0.1806 

0.3549 

233.4 

200x200 

0.1814 

0.3540 

229.7 

400x400 

0.1817 

0.3537 

226.9 

TABLE  2.  Comparison  of  models  for  air  at 

(a)  air 


/?ay  =  10*'  and  for  water  at /?ay  =  10 
(b)  water 


model 

Nlly 

V/,man 

NUy 

'^max 

^  t.VMX 

Ra\'^ 

V^PATy 

V 

Ral''^ 

VgPATy 

V 

expenment 
standard  -  e 

0.119 

0.181 

0.344 

0.355 

120 

233 

0.119 

0.381 

0.243 

544 

To  &  Humphrey 

0.164 

0.346 

210 

0.218 

0.208 

459 

Lam  &  Bremhorst  (Dirichlet) 

0.132 

0.320 

241 

0.088 

0.166 

436 

Lam  &  Bremhorst  (Neumani.) 

0.132 

0.320 

240 

0.088 

0.166 

435 

Chien 

0.138 

0.329 

261 

0.137 

0.184 

509 

Hassid  &  Poreh 

0.161 

0.323 

231 

0.161 

0.184 

461 

Hoffman 

0.083 

0.422 

26 

0.082 

0.218 

60 

Jones  &  Launder 

0.114 

0.335 

175 

0.085 

0.175 

373 

transfer  than  for  the  velocity  maximum.  This  is 
not  surprising  as  the  effect  of  the  low-ReynoIds- 
number  functions  is  strongest  in  the  inner  layer. 
The  low-Reynolds-number  models  of  Lam  & 
Bremhorst,  Chien  and  Jones  &  Launder  perform 
best.  These  models  were  also  found  to  perform 
best  for  the  forced-convection  boundary  layer  in 
the  study  of  Patel  et  al.  (1981).  The  standard 
k-z  model  largely  overpredicts  for  the  wall-heat 
transfer.  None  of  the  models  predict  the  max¬ 
imum  of  the  turbulent  viscosity  in  agreement  with 
the  experiment;  v,^n,ax  foi"  alniost  all  k-z  models 
is  roughly  twice  too  large. 


SCALINGS 

To  find  the  proper  scalings,  the  calculations  with 
the  standard  k-z  model  and  the  low-Reynolds- 
number  models  of  Chien  and  Jones  &  Launder  are 
performed  up  to  Ray  =  10^^.  The  Ray  dependence 
of  a  quantity  (J)  is  written  as  a  Ra^,  with 
Y=(/?ay/(l))[3(t)/9Rfly].  The  infinite-Rayleigh- 
number  limit  of  y,  in  the  case  it  exists,  defines  the 
proper  scaling  for  a  quantity. 

All  the  quantities  in  the  outer  layer  give  a 
constant  y  for  increasing  Rayleigh  number.  For 
example,  figure  3  follows  the  scaled  maximum 
turbulent  kinetic  energy,  i.e.  (2/:max/3)^^^/vmax. 
and  the  scaled  stream  function  at  infinity,  i.e. 


FIGURE  3.  Scaling  of  different  quantities  in  outer  layer;  (a)  max¬ 
imum  of  turbulent  kinetic  energy,  (b)  stream  function  at  outer  edge. 


I 
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FIGURE  4.  Wall  functions  in  outer  layer  (Chien  model);  (a)  velocity,  (b)  temperature. 


M'oo/Cvmax)’)  (Ihe  stream  function  is  defined  by 
9\|//3a:  =  v,  9\|//3y  =  -M,  v|;=0  at  j:  =  0).  It  is  clear 
that  indeed  the  proper  scalings  are  used  in  this  fig¬ 
ure,  because  the  lines  become  horizontal  for 
increasing  Rayleigh  number:  y  and  v^ax  are  the 
proper  length  and  velocity  scale  in  the  outer  layer 
Ohe  figure  only  gives  the  results  up  to  )?ay  =  10*^, 
but  the  lines  remain  horizontal  up  to  at  least 
/?<3j,  =  10^^).  Table  3  summarizes  the  outer-layer 
scalings  for  different  quantities.  Values  of  y  are 
independent  of  the  k~t  model  used.  Differences 
in  the  values  for  the  proportionality  constant  a  are 
small  and  only  due  to  differences  in  the  high- 
Reynolds-number  constants.  There  is  no  differ¬ 
ence  in  the  results  for  air  and  water  (i.e.  there  is 
no  Prandtl  number  effect). 

Because  we  calculate  that  y  and  Vmax  are  the 
proper  length  and  velocity  scale  in  the  outer  layer, 
the  buoyant  term  in  the  boundary-layer  equations 
(1)  is  of  the  same  order  of  magnitude  as  the  other 
terms  if  the  characteristic  temperature  difference  is 
taken  as  v^x/C^Py)-  Tb®  calculated  outer-layer 
scalings  lead  to  the  following  wall  functions  in  the 
outer  layer: 


T-T 

1  ^  oo 

II 

X 

AT 

1  ^max  1 

y 

The  existence  of  these  wall  functions  for  increas¬ 
ing  Rayleigh  number  is  checked  in  figure  4  for  air 
with  the  Chien  model.  These  wall  functions  hold 
irrespective  of  the  Prandtl  number. 

In  contrast  to  the  outer-layer  scalings,  none  of 
the  inner-layer  quantities  give  fully  Ray 
independent  y-values  for  increasing  Rayleigh 
number.  Also  differences  between  the  models  in 
the  inner  layer,  mainly  differences  in  a,  do  not 
disappear.  The  dependence  of  a  on  the  turbulence 
model  is  not  surprising,  because  the  low- 
Reynolds-number  functions  become  active  in  the 
inner  layer.  Figure  5  shows  the  wall-heat  transfer 
{Nuy)  for  air.  y  increases  from  3/8  at  Ray  =  \0^^ 
to  0.435  at  Roy  =  10^^,  showing  that  the  differ¬ 
ence  with  7=1/3,  as  measured  up  to  about 
/?ay  =  5xl0*  ,  becomes  larger  for  increasing 


TABLE  3.  Outer-layer  scalings  (Chien  model). 


quanuty 

laminar 

turbulent 

air 

water 

air  and  water 

-2.11 

-3.61  /ta;'"* 

-0.0702 

2  82 

4.<il  /fa-'"* 

0  0497 

K 

1 

0. 

0. 

0.183 

^  mix 

0.0354 

y 

V|,mix 

0. 

0. 

0.00202 

)’^mix 

^vf.mix 

0.0487 

y 

FIGURE  5.  -dependence  of  wall-heat  transfer. 
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TABLE  4,  /?aj,-dependence  in  inner  layer  (Chien  model), 
(a)  air 


quantity 

laminar 

turbulent 

Ray  =10'^ 

Ray  =  10^ 

NUy 

0.387 

0.0195  Ra°-^ 

0.00819  Ra°*^ 

0.00511  Rar“ 

Cfy 

1.76  Ra;’"* 

0.0948  Ra;®  '*” 

0.0129  Ra;®*°^ 

0.00562  Ra;®°*’‘ 

0.555 

0.734  Ra:®“'‘ 

0.499  Ro:®“‘* 

0.435  Ra:®°‘” 

1.25  Ra;’"* 

6.0237 

0.00680  Ra;°  “” 

0.00503  Ra;°®^*2 

(b)  water 


quantity 

laminar 

turbulent 

NUy 

0.459  Ra\'^ 

0.0211  Ra^’^ 

0.00310  Ro®'^ 

0.00266  Ra®  **^’ 

Cfy 

2.08  Ra;'"* 

0.599  RaJ®“2 

0.00547  Ra;®  ”*’ 

0.00251  Ra;®®*2® 

0.263 

0.351  Ra:®“® 

0.251  Ra:®®'“ 

0.247  Ra:®®‘” 

1.68  Ra;*"* 

0.0696  Ra;®  '®® 

0.00966  Ro;®  "*® 

0.00774  Ra;®  ““ 

Rayleigh  number.  Therefore  the  calculations  sug¬ 
gest  that  the  application  of  the  commonly  known 
wall-heat  transfer  law  Nuy+Raj'^  is  doubtful  for 
Ray>)0^^,  where  no  experiments  are  kiiown  yet. 
Of  course  experiments  in  that  regime  are  needed 
to  give  a  final  answer.  The  scaling  with  the  lam¬ 
inar  velocity  scale  (gPATy)'^^  for  the  velocity 
maximum  in  the  experiments  of  Tsuji  &  Nagano 
(1989)  is  confirmed  by  the  calculations  in  figure 
6.  According  to  table  4,  which  summarizes  the 
Rayleigh-number  dependence  for  different  inner- 
layer  quantities,  only  a  very  small  Ray  depen¬ 
dence  in  Y  persists.  In  this  table  the  wall-shear 
stress  coefficient  c/y  is  defined  by 
2v(3v/3j:)v4,/gpA7y.  Because  y-values  in  the  cal¬ 
culations  remain  /Joy -dependent  even  up  to 


FIGURE  6.  /?ay-dependence  of  velocity  maximum. 


Ray  =  10^^,  perfect  scalings  and  wall  functions  in 
the  inner  layer  do  not  seem  to  exist.  A  best  fit  for 
the  results  up  to  about  Ray  =  10^^  (figure  7)  is 
given  by  the  velocity  profile  v/v^ax 
(•^/Vmax)(3v/9x)w  and  the  temperature  profile 
(T-T^)IAT  vs  ^  (=  xNuyly).  This  velocity  pro¬ 
file  does  not  agree  with  George  &  Capp’s  (1979) 
analytical  wall  function  for  the  velocity  in  the 
inner  layer,  giving  v/(gPA7’v)^'^  vj  The  tem¬ 
perature  profile  does  agree  with  George  &  Capp’s 
wall  function. 

George  &  Capp  proposed  the  following  wall 
functions  for  the  outer  layer,  irrespective  of  the 
Prandtl  number. 


(gpAr8(2r)^'^ 


=  /v 


T-T. 


AT 


(gpAr56r)^^3 

Qt 


(6) 


Here  6  is  the  boundary-layer  thickness  and  Cr  is 
the  velocity  scale  -v(dT/dx)wlPrAT.  The 
boundary-layer  thickness  is  usually  defined  as 
5='|'oo/Vniax:  this  indeed  is  proportional  to  y 
according  to  table  3.  The  proportionality  for  the 
velocities  holds  if 

Nuy  =  C*  Pr^'^  Ra^'^ 


in  which  C*  is  a  constant  (also  independent  of 
Pr).  Comparison  of  the  calculations  for  NUy  and 
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FIGURE  7.  Profiles  in  inner  layer  (Chien  model,  air);  (a)  velocity,  (b)  temperature. 


Vmax  in  inble  4  shows  that  this  relation  indeed 
holds  for  increasing  Rayleigh  number;  the  large- 
Rayleigh-number  calculations  =  with 
the  Chien  model  give  a  Ray  independent,  and  also 
practically  Pr  independent,  value  for  C*,  namely 
0.0506  for  air  and  0.0529  for  water.  Therefore 
George  &  Capp’s  outer-layer  length  scale,  6,  and 
velocity  scale,  (g^AT8Qr)^^^<  are  similar  to  the 
calculated  length  scale,  y,  and  velocity  scale, 
Vniaxi  this  gives  a  full  consistency  between 
George  &  Capp’s  wall  functions  in  the  outer  layer 
and  the  calculated  wall  functions. 

CONCLUSION 

Accurate  solutions  of  the  turbulent  boundary-layer 
equations  along  the  hot  vertical  plate  in  an  isother¬ 
mal  environment  were  obtained  for  air  and  water 
up  to  Ray  =  10^^.  Low-Reynolds-nuraber  modifi¬ 
cations  of  the  standard  model  are  needed  to 
predict  quantities  in  the  inner  layer  (like  the  wall- 
heat  transfer)  reasonably  close  to  the  experiments. 
The  standard  k-e  model  largely  overpredicts  the 
wall-heat  transfer.  The  low-Reynolds-number 
models  of  Lam  &  Bremhorst,  Chien  and  Jones  & 
Launder  give  the  best  prediction  for  the  wall-heat 
transfer.  The  k-e  models  strongly  overpredict 
the  maximum  of  the  turbulent  viscosity  by  about 
100%. 

The  proper  scalings  and  wall  functions  can  be 
derived  from  the  /:-e  solutions  by  examining  the 
Ray  dependence  of  quantities  ^  in  ^-aRaJ. 
Model  differences  mainly  influence  f..c  a  values 
in  the  inner  layer,  whereas  y  is  almost  independent 
of  the  model  used,  y  for  quantities  in  the  inner 
layer  does  not  become  fully  /Ja^-independent.  For 
example  y  for  the  wall-heat  transfer  (Nuy)  for  air 
increases  from  3/8  at  Ray  =  10^^  to  0.435  at 
Ray  =  10^^,  showing  that  the  difference  with 
7=1/3,  as  measured  up  to  about  /?aj,=5xl0**, 
becomes  larger  for  increasing  Rayleigh  number. 
Because  y  remains  /?a^-dependent,  wall  functions 
in  the  inner  layer  do  not  seem  to  exist.  A  best  fit 


for  the  results  up  to  about  /?u!y  =  10^^  is  given  by 
the  velocity  profile  v/v^ax  vj  (x/Vmax)(dv/dx)^ 
and  the  temperature  profile  U  -tJ)I AT  ^  (= 
xNuyly).  This  velocity  profile  does  not  agree 
with  George  &  Capp’s  (1979)  analytical  wall 
function,  but  the  temperature  profile  does  agree. 
Th..  7  values  in  the  outer  layer  become  indepen¬ 
dent  of  Ray  for  Ray  oo,  implying  that  wall 
functions  in  the  outer  layer  exist.  The  proper 
length  scale  is  y  and  the  proper  velocity  scale  is 
Vmax-.  Tht  proper  temperature  scale  is 
Vmax/(gP>’)-  These  outer-layer  scalings  are  con¬ 
sistent  with  George  &  Capp’s  proposal.  Vmax 
itself  approximately  scales  with  the  laminar  velo¬ 
city  scale  (gpATy)*'^ 
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ABSTRACT 

The  budgets  of  turbulent  energy,  Reynolds  shear 
stress,  mean  square  scalar  variance  and  turbulent 
heat  fluxes  have  been  evaluated  in  a  thermally 
driven  boundary  layer  in  air  along  a  vertical  flat 
plate.  In  the  near-wall  region,  the  velocity- 
gradient  correlation  plays  an  important  role  in 
turbulent  energy  production  and  thermal  energy  is 
directly  converted  into  kinetic  energy  through 
this  correlation.-  Consequently,  Reynolds  shear 
stress  and  streamwise  turbulent  heat  flux  near  the 
wall,  which  are  normally  considered  to  have  close 
relations  with  the  energy  production  process, 
behave  differently  from  those  in  the  ordinary  tur¬ 
bulent  boundary  layers.  On  the  other  hand,  the 
energy  transfer  in  the  outer  region  of  the  bound¬ 
ary  layer  becomes  a  process  similar  to  that 
observed  in  the  usual  boundary  layer. 


NOMENCLATURE 

Cp  specific  heat  at  constant  pressure 

E  dissipation  rate  of  mean  flow  energy 
Gr«  Grashof  number,  g/9  (Tw  -  Ta>)x^/v2 
g  acceleration  of  gravity  _ 

k  turbulent  energy,  (iP  +  v^  +  w^)/2 

p  pressure  fluctuation 

qw  wall  heat  flux 

T  mean  fluid  temperature 

t  temperature  fluctuation 

tr  friction  temperature,  q»/pcpUi- 

U,  V  mean  velocities  in  x  and  y  directions 
u,  v,  w  velocity  fluctuations  in  x,  y  and  z 
directions 

ut  friction  velocity,  /t  w/p 

x,  y,  z  streamwise,  normal  and  spanwise  coor¬ 
dinates 

y*  dimensionless  distance  from  wall,  ury/v 

a  thermal  diffusivity 

/9  volumetric  expansion  coefficient,  1/T<» 

£  dissipation  rate  ofk,  eu  +  ev-tcw 

e  u,  e  V,  £  V,  £  t  dissipation  rates  of  u^/2, 
v2/2,  w^/2  and  P/2 

£  uv ,  £^ut,  £  It  dissipation  rates  of  uv,  ul  and 
vt 

V  kinetic  viscosity 

p  density 

Tu  time  scale  of  velocity  field,  k/£ 

Tt  time  scale  of  thermal  field,  (P/2)/£  t 
Tw  wall  shear  stress 

n  time  mean  value 

Subscripts 
w  wall  condition 

00  ambient  condition 

Superscript 

+  dimensionless  quantities  normalized  by  wall 

variables 


INTRODUCTION 

Turbulent  natural  convection  boundary  layer  in 
air  along  a  vertical  plate  is  typical  turbulence 
of  thermally  driven  flow.  The  turbulence  struc¬ 
ture  in  this  boundary  layer  has  been  generally 
considered  not  to  differ  significantly  from  that 
in  forced  convection,  though  the  buoyancy  effect 
is  being  added.  However,  when  investigating  the 
boundary  layer,  some  marked  characteristics  d'f- 
ferent  from  those  in  ordinary  turbulent  boundary 
layers  have  been  found  with  respect  to  the  viscous 
sublayer  structure  and  Reynolds  shear-stress  near 
the  wall  (Tsuji  &  Nagano  1988a,  b).  Also,  no 
coherent  structures  such  as  intermittent  bursts 
and  low-speed  streaks  observed  in  the  near  wall 
region  of  ordinary  wall  shear  flows  were  found  to 
exist  in  this  boundary  layer  (Tsuji,  Nagano  & 
Tagawa  1990). 

The  present  study  aims  to  trace  the  origin  of 
the  structure  peculiar  to  turbulence  driven  by 
buoyancy  force..  We  have  investigated  the  budgets 
of  turbulent  energy,  Reynolds  shear  stress,  mean 
square  scalar  variance  and  turbulent  heat  fluxes 
on  the  basis  of  velocity  and  temperature  measure¬ 
ments  in  the  turbulent  natural  convection  boundary 
layer,  and  have  examined  the  essential  factors 
associated  with  the  formation  of  turbulent  struc¬ 
ture.  The  information  obtained  in  the  present 
study  is  very  important  to  construct  a  turbulence 
model  for  turbulent  buoyant  flows. 


EXPERIMENTAL  APPARATUS  AND  INSTRUMENTATION 

The  apparatus  used  for  the  present  study  is  the 
same  as  that  described  by  Tsuji  and  Nagano 
(1988a).  The  flat  surface  generating  flow  was  a 
copper  plate  4  m  high  and  1  m  wide.  Uniform  sur¬ 
face  temperature  Tv=  60  ”C  was  obtained  by 
electrical  heating.  Ambient  fluid  temperature  T« 
was  about  16  ’C  .  For  the  measurements  of  fluid 
velocity  and  temperature,  two  types  of  probe  were 
used.  One  comprised  a  normal  hot-wire  and  a  cold- 
wire  of  3.1  fl  a  diameter  tungsten,  and  was  mainly 
used  to  measure  streamwise  velocity  and  tempera¬ 
ture.  The  lengths  of  the  wires  were  1.5  mm  (asbv 
/ut)  and  3.5  mm  (i^Mv/ur),  respectively,  and  the 
cold-wire  was  located  2.5  mm  (=:  lOv  /ur)  upstream 
of  the  hot-wire.  The  other  consisted  of  a  cold- 
wire  and  V-shaped  hot-wires  (Tsuji  &  Nagano  1989) 
combined  in  an  X-array,  which  were  constructed  by 
symmetrically  bending  3.1  fl  m  diameter  and  1.5  mm 
long  tungsten  wires  at  the  center.  This  probe  was 
used  to  measure  streamwise  and  normal  (or 
spanwise)  velocities  and  temperature. 


BASIC  TURBULENT  QUANTITIES  IN  VELOCITY  AND  THERMAL 
FIELDS 

The  profiles  of  mean  velocities,  mean  tempera- 
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ture  and  intensities  of  velocity  and  temperature 
fluctuations  in  the  turbulent  boundary  layer, 
which  are  obtained  simuUaneously  with  V-shaped 
hot-wi re/co Id-w ire  arrangement,  are  shown  in  Fig. 
1.  In  evaluating  ut  and  tr,  the  wall  shear  stress 
Tw  and  the  wall  heat  flux  qw  were  obtained  from 
the  ncar-wall  profiles  of  velocity  and  temperature 
(Tsuji  &  Nagano  1988a).  The  results  measured  with 
a  normal  hot-wire  and  a  cold-wire  are  also 
presented  for  comparison.  Excellent  agreement 
between  measurements  obtained  in  different  manner 
for  each  profile  verifies  the  high  reliability  of 
the  present  results.  Mean  velo'ity  U*  becomes 
maximum  at  y*;^  40.  The  distinctive  feature  of 
this  profile  is  that  the  relation  U‘=y*  does  not 
hold  even  at  y*»  1  and  the  logarithmic  velocity 
profile  cannot  be  seen  at  all  (Tsuji  &  Nagano 
1988a).  In  the  f*  profile,  however,  the  relation 
T*=Pry*  holds  for  y*S5,  and  the  logarithmic 
profile  appears  in  the  region  y* >  30  as  in  the 
usual  boundary  layer.  The  maximum  intensity  of 
strearawise  velocity  fluctuation  occurs  at  y*:s; 
250  in  the  outer  layer  (beyond  the  maximum 
velocity  location).  The  intensities  and  /w^ 
are  smaller  than  in  the  entire  flow  zone  and 
become  maximum  at  almost  the  same  location  as 
the  /u^  maximum.  The  intensity  of  temperature 
fluctuation  becomes  maximum  at  y*£s  15  in  the 
inner  layer  (from  the  wall  to  the  maximum  velocity 


Fig.  1  Profiles  of  mean  velocities,  mean  tem¬ 
perature  and  intensities  of  velocity  and 
temperature  fluctuations 


location) . 

The  distributions  of  Reynolds  shear  stress  liv, 
streamwise  turbulent  heat  flux  ut  and  normal  tur¬ 
bulent  heat  flux  vt  obtained  with  the  V-shaped 
hot-wire  probe  are  shown  in  Fig.  2.  In  the 
figure,  the  solid  and  broken  lines  indicate  the 
calculated  values  of  uv  and  vt,  respectively, 
which  are  estimated  from  mean  momentum  and  energy 
equations  with  the  measurements  of  the  streamwise 
variations  in  mean  velocity  and  mean  temperature 
profiles.  Both  measured  uv  and  vT  agree  very  well 
with  the  calculated  values.  Also,  the  streamwise 
turbulent  heat  flux  iTE  measured  simultaneously 
agrees  very  well  with  the  measured  result  obtained 
by  using  the  normal  hot-wire  probe. 

Prom  these  comparisons,  the  present  measure¬ 
ments  for  Reynolds  shear  stress  and  turbulent  heat 
fluxes  are  judged  to  be  sufficiently  reliable. 
The  uv  value  near  the  wall  is  almost  zero  and 
increases  in  the  positive  direction  as  the  maximum 
velocity  location  is  approached.  Consequently,  in 
the  inner  layer  of  the  natural  convection  boundary 
layer,  Reynolds  shear  stress  has  no  relation  with 
the  mean  velocity  gradient.  The  normal  turbulent 
heat  flux  vt  becomes  smaller  than  the  streamwise 
turbulent  heat  flux  uf,  in  most  of  the  boundary 
layer.  The  ^  distribution  corresponds  rather 
well  to  the  measured  result  for  the  usual  boundary 
layer  (Hishida,  Nagano  &  Tagawa  1986).  The 
streamwise  turbulent  heat  flux  ut,  which  takes 
about  zero  near  the  wall,  increases  rapidly  in  the 
positive  direction  near  the  maximum  /t^  location 
and  reaches  maximum  at  the  location  almost  equiv¬ 
alent  to  the  maximum  velocity  location.  Thus,  the 
ul  distribution  is  also  fairly  different  from  that 
in  the  usual  boundary  layer  in  which  ut  takes  a 
negative  value  near  the  wall  in  the  case  of  heated 
flow. 


BUDGETS  OF  TURBULENT  ENERGY,  REYNOLDS  SHEAR 
STRESS,  TEMPERATURE  VARIANCE  AND  TURBULENT  HEAT 
FLUXES 

As  demonstrated  above,  the  natural  convection 
boundary  layer  has  unique  characteristics  in  the 
turbulent  structure,  which  are  rarely  seen  in 
other  turbulent  boundary  layers.  Next,  we  examine 
the  energy  tr^insfer  processes  which  link  the 
velocity  and  '  .rmal  boundary  layers. 

By  using  the  boundary-layer  approximation  for 
the  governing  equations  of  the  velocity  and  ther¬ 
mal  fields  in  thermally  driven  flows  (Monin  & 
Yaglom  1971),  the  transport  equations  for  mean 
flow  and  turbulent  energy  components,  Reynolds 
shear  stress,  temperature  variance  and  turbulent 
heat  fluxes  may  be  written  as  follows;' 
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Fig.  2  Reynolds  shear  stress  and  turbulent  heat 
fluxes 
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In  the  above  set,  the  terms  (a)-  (g)  represent 
advection,  production,  turbulent  diffusion, 
velocity(or  temperature)-pressure  gradient  cor¬ 
relation,  molecular  diffusion,  buoyancy  production 
and  dissipation,  respectively.  The  values  of  each 
term  in  these  equations  are  estimated  by  using 
measured  values  and  their  balances  are  shown  in 
Figs.  3-  5  and  8-  11.  The  budget  of  w^/2  is 
omitted,  because  of  the  difficulty  in  measuring 
the  turbulent  diffusion  term  d  / d  y.  As 
commonly  done,  we  assume  isotropy  of  dissipated 
motion,  we  estimate  dissipation  terms  as  £  u=  e  v 
=  £  w  -  £  /3  and  £  uv  =  £  ut  =  £  vt  =  0.  The  £  value 
is  obtained  by  integrating  the  u  fluctuation 
spectra  multiplied  by  square  wave  number.  The 
velocity-pressure  gradient  correlation, 
temperature-pressure  gradient  correlation  and  dis¬ 
sipation  rate  £  t  were  evaluated  as  the  closing 
terms  in  the  budgets  from  the  measured  values  of 
all  the  other  terms  in  relevant  equations.  To 
prevent  confusion,  less  contributive  terms  are  not 
shown  in  Figs.  3-5  and  8-11. 

Figure  3  presents  the  balance  of  mean  flow 
energy  normalized  by  Mt^/v  .  The  energy  produced 
by  buoyancy,  which  becomes  maximum  at  y'as  10-  15, 
is  transported  to  the  near-wall  region  by 
molecular  diffusion  and  to  the  outer  layer  by  tur¬ 
bulent  diffusion..  Also,  part  of  the  energy  is 
convected  downstream.  In  the  outer  layer,  the 
mean  flow  energy  is  consumed  for  the  production  of 
turbulent  energy  through  deformation  of  the  mean 
motion  by  Reynolds  shear  stress,  -uv(3U/5y),  in 
a  way  similar  to  the  case  in  the  usual  boundary 
layer.  However,  in  the  inner  layer,  the  turbulent 
energy  is  countertransferred  to  the  mean  flow 
through  Reynolds  shear  stress,  which  never  occurs 
in  the  ordinary  turbulent  boundary  layer. 

The  balances  of  the  turbulent  energy  u^/2  and 
\^/2  normalized  by  ur*/v  are  shown  in  Figs.  4  and 
5,  respectively.-  The  buoyancy  production  g/S  ul 
appears  in  the  iF/2  balance.  In  the  outer  layer, 
the  sum  of  production  te.ms  due  to  buoyancy  and 
deformation  of  the  mean  motion  is  balanced  with 
the  sum  of  turbulent  diffusion,  velocity-pressure 
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gradient  correlation  and  dissipation  terns.  It  is 
apparent  that  the  energy  is  transferred  to  the 
other  fluctuating  velocity  components  through  the 
velocity-pressure  gradient,  while  being 
transported  to  the  inner  layer  and  outermost 
region  by  the  turbulent  diffusion.  In  the  near¬ 
wall  region,  however,  the  marked  energy  production 
by  the  velocity-pressure  gradient  correlation 
u( d  p/9  x)  is  observed,  and  is  balanced  with  the 
production  due  to  deformation  of  the  mean  motion, 
molecular  diffusion  and  dissipation.  Con¬ 
sequently,  turbulent  energy  is  countertransferred 
to  mean  flow  through  Reynolds  shear  stress.  Such 
an  energy  transfer  process  hardly  appears  in  the 
ordinary  turbulent  boundary  layer,  because  the 
velocity-pressure  gradient  term  is  generally  con¬ 
sidered  to  play  a  dominant  role  of  energy 
redistribution  provided  that  the  pressure  diffu¬ 
sion  IS  small. 

On  the  other  hand,  there  is  no  buoyancy  produc¬ 
tion  in  the  ^/2  balance.  In  the  outer  layer,  the 
energy  ^/2,  transferred  from  ii^/2  through  the 
velocity-pressure  gradient  correlation,  is  con¬ 
sumed  by  dissipation  and  turbuient  diffusion  as  in 
the  usual  boundary  layer..  However,  a  large  energy 
production  through  the  velocity-pressure  gradient 
correlation  \(d  p/9  y)  is  aiso  seen  in  the  near- 
wall  region.  As  mentioned  above,  because  the 
velocity-pressure  gradient  correlation  u( 9  p/9  x) 
plays  a  role  of  not  a  loss  but  a  gain  of  ^/Z,  the 
production  tirough  v ( 9  p/ 9  y)  is  never  the 
redistribution  from  that.  This  produced  energy  is 
consumed  by  turbulent  diffusion  toward  the  outer 
layer,  molecular  diffusion  toward  the  wa  and 
dissipation. 

The  energy  transfer  process  in  the  thermally 
driven  boundary  layer,  which  differs  remarkably 
from  that  in  the  ordinary  turbulent  boundary 
layer,  is  explained  as  follows.  In  the  thermally 
driven  flow,  the  energy  of  fluid  flow  has  its 
source  in  the  thermal  energy  supplied  from  a 
heated  plate.  The  balance  of  the  thermal  energy 
(including  the  potential  energy)  may  be  expressed 
by  the  following  equation  with  the  boundary- layer 
approximation  (Monin  4  Yaglom  1971)  :• 


u  a_I ,  V  ar  ^  9iT 
%x^''9y^9y  ®9y2 


+  (g/3U(T 

Cp 


Too) 


±  (U  ,  V  +  w  4iJ) 

p  9  X  9  y  9  z 


possible  energy  transfer  process  in  the  outer 
layer.  In  this  region,  the  energy  transfer  can  be 
considered  to  be  a  similar  process  as  seen  in  the 
usual  boundary  layer. 


Fig.  4  Balance  of  turbulent  energy  u^/2 
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Fig.  5  Balance  of  turbulent  energy  ^/2 


In  the  above  equation,  the  terms  enclosed  in  the 
bracket  are  generally  of  very  low  order  and 
usually  neglected  for  the  thermal  energy  budget. 
However,  they  are  very  important  for  investigating 
the  production  and  dissipation  of  mean  flow  and 
turbulent  energies.  Thus,  the  terns  are,  in  fact, 
the  buoyancy  production,  velocity-pressure 
gradient  correlation  and  dissipation  terms  in  Eqs. 
(i)-  (4).  Thermal  energy  is  converted  into 
kinetic  energy  through  these  terms.  Therefore,  it 
is  evident  that  the  velocity-pressure  gradient 
correlation  plays  a  role  of  turbulent  energy 
production  in  the  near-wall  region  where  the  ther¬ 
mal  energy  is  very  high.  Moreover,  it  can  be 
easily  understood  that  the  production  rates  near 
the  wa)  1  for  the  balances  of  ’u^/2  and  '^/Z  become 
nearly  equal,  since  destruction  or  conversion  of 
the  thermal  energy  has  no  directional  preference. 

An  energy  transfer  process  near  the  wall  based 
on  the  above  discussion  is  depicted  in  Fig.  6. 
This  figure  indicates  that  it  is  never  unnatural 
for  the  distributions  of  turbulent  quantities  to 
contrast  markedly  with  those  in  the  ordinary  tur¬ 
bulent  boundary  layer  appearing  near  the  wall  as 
shown  in  Figs.  1  and  2.  Figure  7  illustrates  the 


Fig.  6  Energy  transfer  process  in  near-wall 
region 
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Fig.  7  Energy  transfer  process  in  outer  region 


There  have  been  some  theoretical  studies  using 
turbulence  models  for  the  natural  convection 
boundary  layer  (To  K  Humphrey  1986;  Heiss,  Straub 
4  Catton  1988;  Nagano,  Yin  4  Tsuji  1989;  Henkes  4 
Hoogendoorn  1989,  1990).  Among  these  studies, 
Nagano,  Yin  4  Tsuji  (1989)  proposed  a  model  based 
on  an  assumption  that  a  velocity  fluctuation  is 
composed  of  a  forced-convection  component  and  a 
buoyancy- i n f luenced  component.  This  model 
reflects  to  some  extent  the  above-mentioned  tur¬ 
bulent  characteristics  of  the  thermally  driven 
boundary  layer,  since  some  production  terms  other 
than  the  buoyancy  production  g/S  uT  are  con¬ 
sequently  added  in  the  turbulent  energy  equation. 
For  this  reason,  the  profiles  of  turbulent  quan¬ 
tities  shown  in  Figs.  1  and  2  have  been  well 
predicted  with  this  model. 

The  balance  of  the  Reynolds  shear  stress  nor¬ 
malized  by  ut^/f  is  shown  in  Fig.  8.  The  produc-' 
tion  and  velocity-pressure  gradient  correlation 
are  clearly  the  dominant  terms  through  the  whole 
boundary  layer  region.  In  the  near-wall  region, 
the  turbulent  uiffusion  also  contributes  to  the 
balance.  The  molecular  diffusion  does  not  appear 
at  all,  although  it  contributes  to  the  balance 
near  the  wall  in  the  usual  boundary  layer  (Nagano 
4  Hishida  1985).  The  disappearance  of  the 
molecular  diffusion  results  from  the  fact  that 
Reynolds  shear  stress  becomes  almost  zero  in  the 
near-wall  region  as  shown  in  Fig.  2. 

Figure  9  shows  the  balance  of  half  the  tempera¬ 
ture  variance  t?/2  normalized  by  ur^tr^/v  .-  The 
maximum  production  of  temperature  fluctuations 
occurs  at  y*=^  15,  and  the  intensity  of  temperature 
fluctuation  becomes  maximum  there  as  seen  in  Fig.- 
1.  In  the  inner  layer,  the  produced  temperature 
fluctuations  are  transported  toward  the  wall  by 
turbulent  and  molecular  diffusions.  This  balance 
shows  little  difference  from  that  obtained  in  the 
usual  boundary  layei  (Nagano  4  Hishida  1985; 
Krishnamoorthy  4  Antonia  1987). 

The  balances  of  streamwise  and  normal  heat 
fluxes,  uE  and  normalized  by  ar^tr/v  ,  are 
shown  in  Figs.  10  and  11,  respectively.  The  ul 
balance  presents  great  complexity,  reflecting  the 
peculiar  ut  distribution  as  shown  in  Fig.  2.  In 
the  near-wall  region,  the  production  term  of  ut 
contributes  as  a  large  loss  and  is  balanced  with 
the  other  terms  contributing  as  gains.  On  the 
other  hand,  the  vt  balance  is  mainly  dominated  by 
the  production  and  temperature-pressure  gradient 
correlation.  The  normal  heat  flux  is  transported 
toward  the  wall  by  the  molecular  diffusion  and 
toward  the  outer  layer  by  the  turbulent  diffusion. 


Fig.  10  Balance  of  streamwise  heat  flux  ut 


This  balance  has  a  resemblance  to  that  in  the 
ordinary  turbulent  boundary  layer  (Nagano  4 
Hishida  1985). 
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Fig.  11  Balance  of  normal  heat  flux  vt 
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Fig.,  12  Time  scales  of  velocity  and  temperature 
fluctuations 


TIME  SCALES  OF  VELOCITY  AND  TEMPERATURE  FLUCTUA¬ 
TIONS 

Time  scales  of  velocity  and  te  scrature  fluc¬ 
tuations,  Tu  (=k/e)  and  Tt  (-  .'i^/2)/£t), 
needed  to  construct  a  better  turbulence  model  for 
thermally  driven  flows,  are  presented  in  Fig.  12. 
The  time  scale  T  u  takes  a  profile  corresponding 
with  those  of  the  intensities  ,/u^  and  ,  since 
the  dissipation  rate  of  turbulent  energy  is  es¬ 
timated  to  become  nearly  constant  in  most  of  the 
boundary  layer  as  shown  in  Figs.  4  and  5. 
On  the  other  hand,  the  time  scale  r  t  increases 
monotonously  from  the  near-wall  to  the  outer 
region.  Thus,  the  ratio  T  t/T  u  varies  with  the 
location  in  the  boundary  layer,  whereas  this  ratio 
appears  to  be  fairly  uniform  in  forced  convection, 
i.e.,'  Tt/Tu2i0.5  (Nagano  4  Hishida  1985).  This 
result  indicates  that  the  turbulence  models  mainly 
based  on  the  time  scale  of  velocity  fluctuation 
would  fail  to  make  a  correct  prediction  of  the 
thermal  field  (Nagano,  Yin  4  Tsuji  1989). 


CONCLUDING  REMARKS 

It  has  been  clarified  in  the  present  stuuy  why 
the  energy  transfer  process  near  the  wall  in  the 
the  thermally  driven  turbulent  boundary  layer  dif¬ 
fers  remarkably  fiom  that  observed  in  forced  con¬ 
vection.  In  the  near-wall  region,  the  velocity- 
pressure  gradient  correlation  plays  an  important 
role  of  turbulent  energy  production  and  converts 
a  part  of  thermal  energy  directly  into  the 
turbulent  energy.  Consequently,  the  unique  dis¬ 
tributions  of  Reynolds  shear  stress  and  streamwise 
turbulent  heat  flux  appear  near  the  wall,  which 
are  rarely  seen  in  the  ordinary  boundary  layer. 

The  present  evaluation  of  each  term  in  the 
transport  equations  for  turbulent  energy,  Reynolds 
shear  stress,  temperature  variance  and  turbulent 
heat  fluxes  is  believed  to  be  suitable  for  the 
development  of  new  models  concerning  thermally 
driven  turbulent  flows. 
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ABSTRACT 

This  paper  presents  a  numerical  study  of  developing  flow 

through  a  heated  duct  of  square  cioss-section  rotating  in  an 
orthogonal  mode.  Two  different  turbulence  models  have  been 
employed.  An  effective  viscosity  model  (EVM)  and  an 
algebraic  stress  model  (ASM).  In  both  cases  simplified 

near-wall  models  were  employed  in  which  the  solution  of  the 
t  transport  equation  was  not  carried  out.  At  moderate 
rotational  speeds  the  EVM  heat  transfer  pre.1ictions  are  found 
to  be  in  close  agreement  with  existing  measurements.  At  high 
rotational  rates  rotational  buoyancy  effects  are  shown  to 

become  important.  EVM  predicted  heat  transfer  behaviour 
while  still  reasonable,  begins  to  deviate  from  the  experimental 
one.  The  ASM  model  with  a  simplified  near-wall  extension 
has  been  found  to  be  even  less  appropriate  when  rotational 

buoyancy  is  significant 


1 .  INTRODUCTION 


presented  in  §2  together  with  a  summary  of  the  more 
important  features  of  the  solver.  Comparisons  of  the  predicted 
and  measured  Nusselt  number  variations  along  the  tube  are 
reported  in  §3. 


2.  THE  .MATHEMATICAL  MODEL 
2.1  The  Mean  Field  Eouations 


The  Reynolds  and  continuity  equations  describing  the  motion  of 
turbulent  flow  in  an  arbitrarily  rotating  coordinate  system  may 
be  written 


d  ,  „  ,  dP  dr  raUi  au.i  _ i 

-  -pUjU,)  -  -  -r  ^J]-  pujujj 


2pfipj  tip  Uj  -  p{njXjni  -  njxifij) 


How  is  the  heat-transfer  coefficient  on  the  inside  of  a  tube 
affected  by  the  tube's  rotation  about  an  axis  perpendicular  to 
its  own’  The  question  is  an  important  one  to  address  in 
designing  the  internal  cooling  passages  of  gas  turbine  blades. 
In  the  application  in  question  the  rotation  introduces  two  body 
forces'  that  due  purely  to  rotation  (the  Coriolis  force)  and  that 
associated  with  the  varying  centrifugal  force  over  the  duct's 

cross  section  due  to  the  significant  variations  in  coolant 
density.  Moreover,  these  forces  act  both  in  the  mean 

momentum  equations  and  directly  on  the  turbulent  velocity 
fluctuations.  The  net  outcome  of  these  several  influences  is 
hard  to  foresee,  still  less  to  quantify  The  secondary  mean 
motion  induced  by  Coriolis  forces  may  be  expected  to  increase 
mixing  while  the  Coriolis  forces  acting  on  the  Reynolds  stresses 
will  tend  to  suppress  turbulent  transport  on  the  suction  face 
and  augment  it  on  the  pressure  surface.  Reference  to  data  of 
vertical  flow  in  strongly  heated  (stationarvl  tubes  indicates  that 
for  upflow  (i.e.  motion  in  opposition  to  the  acceleration 

vector),  near-wall  turbulent  transport  is  inhibited,  while  in 
downflow  It  is  augmented  -  the  effect  on  Nusselt  number 

being  the  reverse  of  that  found  in  laminar  flow  [1|.  Just 

what  the  contribution  of  buoyancy  might  be  in  the  presence  of 
the  strong  Coriolis-induced  secondary  motions  found  in  rotating 
tubes  is  open  to  question. 

The  problem  of  predicting  turbulent  flow  in  rotating  ducts  has 
been  a  live  one  for  several  years  since  (at  least  in  the  case  of 
fully  developed  flow)  the  numerical  task  is  not  too  severe. 
There  has,  however,  been  a  dearth  of  experimental  data:'  for 
the  uniform-density  case  just  the  admirable  but  limited 
Ito-Nanbu  [2]  friction-factor  correlation.  In  the  case  of  heat 
transfer,  none  of  the  available  data  seemed  to  have  overcome 
the  problem  of  heat  conduction  effects  in  the  pipe  wall.  This 
situation  has  been  greatly  improved  by  the  recent  data  of 
Wagner  et  al.  [3]  who  for  the  fint  time  provide,  for  the  case 
of  a  square-sectioned  duct,  a  sufficiently  comprehensive  set  of 
data  to  allow  one  to  discern  the  distinct  contributions  of 
buoyant  and  Coriolis  forces  to  the  level  of  Nusselt  number. 
The  pres'n:  paper  has  focused  on  two  test  cases  from  this  last 
study  with  the  purpose  of  determining  how  successful  different 
levels  or  engineering  turbulence  model  are  at  capturing  the 
measured  them.al  tehaviour.  The  models  in  question  are 


(pUj)  -  0  (2) 

The  local  density  p  is  related  to  the  mean  temperature  d 
through 

P  -  PcSo/e  (3) 

and  the  temperature  is  obtained  from  the  energy  equation 


gL  (pUjB)  -  gL  (X  -  pUpr) 


(4) 


3.  THE  TURBULEivCF.  MODEL 

The  turbulence  stresses  have  been  modelled  in  two  different 
ways;  through  an  eddy  viscosity  model  (EVM)  and  through  an 
algebraic  second-moment  (ASM)  closure.  This  modelling 
approach  allows  us  to  investigate  the  influence  exerted  by 
non-isotropic  turbulence  on  mean  flow  and  heat  transfer 
through  rotating  ducts.  Earlier  work  carried  out  by  the 
authors  in  both  rotating  and  stationary  duct  flows  [4,5]  has 
shovm  that  the  flow  equations  need  to  be  solved  for  the  entire 
flow  domain  including  the  viscosity  affected  near-wall  regions. 
In  the  fully  turbulent  region  of  the  flow  both  the  EVM  and 
the  ASM  models  entailed  the  solution  of  transport  equations 
for  the  turbulence  energv  (k)  and  its  viscous  dissipation  rate 
(().  In  this  first  set  of  developing  flow  computations  only  the 

k  transport  equation  was  solved  across  the  wall  sublayer 

regions.  The  near-wall  e  distribution  was  obtained  from  a 
prescribed  near-wall  length  scale. 

k  and  c  transport  equations 

^  {pUjk}  -  d|^  +  pPj^  -  p(  (5) 

gjjj  {pUj(}  -  dj  -I-  C(,  ^  pPk  -  Cjj  P  ^ 

where  P|j,  the  generation  of  turbulence  energy,  contains  mean 
shear  and  buoyant  terms: 
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(20) 


fn  ■■  {13  +  6y*}  exp  (-  0.07y*) 


and 


P 


(8) 


■ftlien  the  EVM  closure  is  adopted,  the  diffusion  rate  of  the 
various  dependent  variables  is  obtained  from  simple  gradient 
diffusion  approximations 


ujuj  -  I  k  6,j  -  .•t  +  ^J}  (10) 


where  y*  -  (21) 

with  y  being  the  distance  from  the  wall  to  the  point  in 
question. 

Within  the  near-wall  region  the  dissipation  rate  and  turbulent 
viscosity  for  the  EVM  are  obtained  from: 


<  -  kVJ/Cj 


(22) 


"t  ~  S  yk  Cjj 


(23) 


up 


ilt  ^ 
(Tg  Sxj 


where  the  turbulent  viscosity  vj  is  obtained  from 


(11)  where 

If  -  2.5y(l  -  exp  (-  0.263y*)  1 
Cj,  -  2.Sy(l  -  exp  (-  0.016y*)  j 


(24) 


>•(  -  cp  k’/t 

In  the  case  of  the  ASM  closure 


(12) 


The  near-wall  dissipation  rate  with  the  ASM  is  also  obtained 
from  equation  (23)  but  with  if  defined  as 


(13) 


_  2  2 

U|Uj  -  j  6ijk  ,(l-c,)(Pij  -  j  Pfc  iij) 

k  €(c,  -  1  +  +  Pk/r) 


I’wV’i 


(Hij  -  5  »k  «ij) 


«(c,-l+rs+P|^/e)  e(c,-l+fs+Pi^/0 


0.06k  +  ^j]exp(-y*/2.67) 

^  <(C,  -  1  +  fj  +  P(^/£) 


(14) 


k  _  3e 

^  -  eg  -  UlUj 

„  _ 3Ui _ auj 

where  P|j  -  -  upk  ^  upk 


iXk  J  -  OXk 

-  2np  [eipq  UqUj  +  «jpq  tiqUjJ 

-  ^  {^k^kflj  -  Hkfik^'j} 


u.p' 


(flkXkfli  -  nk^k’‘i) 


(15) 


(16) 

y^'j  is  the  wall  echo  part  of  the  pressure-strain  correlation 
approximated  via  the  proposal  of  Gibson  and  Launder  [6]. 


The  remaining  terms  in  equation  (14)  have  been  recently 
devised  from  within  the  authors'  group  (7,8)  in  order  to 
produce  a  simple  near-wall  extension  of  the  ASM  model. 
These  low-Re  terms  are  empirical  in  nature  and  have  been 
tuned  to  give  reasonable  accord  with  experiment  for  fully 
developed  flow  in  a  non-rotating  straight  pipe.  They  also  led 
to  marked  improvement  of  the  flow  field  in  flow  through  an 
S-bend  [7],  The  resulting  near-wall  stress  model,  though 
crude  in  nature,  nevertheless  allows  us  to  investigate  the 
influence  of  turbulence  anisotropy  within  the  viscosity-affected 
sublayer  on  three-dimensional  boundary  layers.  Here: 


fs  “  exp  (-  y*/4)  (17) 

fw  -  [1  -  exp  (-  0.12y*)][l  +  exp  (-  0.03y*)]  (18) 

u  r  /tt-!—  3yk - dyk  dyk} 

Hij  “  fH  (“iUfi  (19) 


if  -  2.5y(l  -  exp(-  0.23Sy*)  (25) 

For  fully  developed  flow  in  a  straight  pipe  the  above  model 
generates  a  broadly  correct  shear  stress  variation  across  the 
sublayer.  No  attempt  has  been  made  however  to  satisfy  the 
limit  of  two-component  turbulence. 

The  flow  equations  are  solved  for  a  Cartesian  coordinate 
system  rotating  in  orthogonal  mode.  Figure  1.  The  solution 
domain  covers  a  rectangular  half-section  of  the  square  duct  on 
one  side  of  the  duct  symmetry  plane.  A  three-dimensional 
parabolic  solution  procedure  is  employed.  The  solver,  which 
has  been  described  in  a  number  of  earlier  publications  [4,9],  is 
of  finite-volume  type  with  staggered  locations  for  the  velocity 
and  turbulent  stress  components,  relative  to  the  pressure.  For 
the  discretization  of  the  cross-stream  mean  flow  convection, 
the  non-diffusive  QUICK  scheme  is  employed. 

The  cross-stream  mesh  consisted  of  35  x  67  nodes,  10  of 
which  are  located  within  the  near-wall  1 -equation  region. 
Earlier  work  on  rotating  and  also  stationary  ducts  [5,11]  shows 
that  such  a  cross-stream  mesh  is  sufficiently  Tine  to  reduce 
numerical  errors  to  insignificant  levels.  A  total  of  200  planes 
were  employed  in  the  streamwise  direction  covering  a  duct 
length  of  20  hydraulic  diameters.  The  y*  value  at  the 
interface  between  the  high  and  the  low-Reynolds  number 
regions  was  between  50  and  80, 


4.  PRESENTATION  AND  DISCUSSION  OF 
COMPUTATIONS 

Two  cases  of  developing  flow  through  a  rotating  duct  of  square 
cross-section  have  been  computed,  corresponding  to  inverse 
Rossby  number  values  of  0.12  and  0.24.  In  both  cases  the 
flow  Reynolds  number  was  25000  and  the  flow  direction  is 
away  from  the  axis  of  rotation  (outward  flow).  In  solving  for 
thr  thermal  field  a  uniform  wall  temperature  was  prescribed. 
The  rotational  Rayleigh  numbers,  based  on  the  difference 
between  the  wall  and  Huid  temperatures  at  inlet  are  2.5  x  10^ 
and  10°  for  the  lower  and  higher  rotational  speeds 
respectively  The  experimental  study  of  Wagner  et  al.  [3] 
provides  measurements  of  the  side  averaged  Nusselt  numW 
values  for  these  two  cases. 

The  hydrodynamic  entry  conditions  that  more  closely  resemble 
those  of  the  experimental  study  are  those  corresponding  to 

fully  developed  flow  in  a  stationary  duct.  As  far  as  the 

thermal  field  is  concerned,  the  fluid  enters  the  duct  with 

uniform  temperature.  In  Uie  subsequent  Nusselt  number 

comparisons,  in  order  to  minimize  the  effects  of  any 

inconsistencies  between  the  numerical  and  the  experimental 

entry  conditions,  the  levels  of  the  side  averaged  Nusselt 

number  values  were  normalized  with  those  corresponding  to 

stationary  duct  flow  at  the  same  stage  ^.f  thermal  development. 


24-4-2 


To  distinguish  clearly  between  the  effects  of  Coriolis  and 
buoyancy  forces,  computations  have  also  been  carried  out  with 
p  held  strictly  constant  thus  suppressing  buoyant  influences. 

Figure  2  shows  the  k-r  predictions  of  the  mean  flow 
development  over  the  first  12  hydraulic  diameters  foi  '  lower 
rotational  speed  case.  They  show  that  the  Corio.  iduced 

secondary  flow  gradually  transports  the  high  momentum  fluid 
from  the  centre  of  the  duct  towards  the  pressure  side,  leaving 

slow  moving  fluid  on  the  suction  side  of  the  duct  The 

corresponding  constant  density  flow  predictions  show  no 
significant  differences  indicating  that  at  this  combination  of 

flow  parameters,  rotational  buoyancy  effects  are  of  minor 
importance. 

Figure  3  presents  the  corresponding  mean  flow  plots  for  the 
higher  rotational  speed  case.  Because  of  the  stronger 
secondary  velocity,  the  rate  of  flow  development  is  now  faster 
than  it  was  in  the  case  of  Ro  =  0.12.  The  stronger  Coriolis 
force  also  leads  to  the  development  of  thinner  boundary  layers 
on  the  pressure  side  and  thicker  ones  at  the  suction  side  than 
in  the  previous  case.  Another  important  observation  is  that 
there  are  now  significant  differences  between  the  constant 
density  and  the  buoyant  flow  predictions.  Clearly  at  this 
higher  rotational  speed  case  routionat  buoyancy  effects  play  a 
major  role  in  determining  the  flow  development  and  for 
outward  flow  they  enhance  the  Coriolis  effects. 

Nusselt  number  comparisons  between  the  experimental  data  and 
the  EVM  predictions  are  presented  in  Figure  4.  At  the  lower 
rotational  speed  (Figure  4a)  the  effects  of  rotation  on  mean 
heat  transfer  are  well  captured  by  the  EVM  model.  Exclusion 
of  the  rotational  buoyancy  terms  from  the  flow  equations  does 
lead  to  some  deterioration  in  the  EVM  Nusselt  number 
predictions.  Nevertheless  the  relatively  small  differences 
between  the  constant  density  and  buoyant  flow  predictions 
confirm  that  rotational  buoyancy  effects  are  of  minor 
importance  for  this  case 

The  higher  routional  speed  comparisons  shown  in  Figure  4b 
reveal  a  different  picture.  There  are  now  considerable 
differences  between  the  buoyant  and  non-buoyant  flow 
predictions  over  the  developing  flow  region  but  as  the  flow 
approaches  full  development  these  differences  with  buoyancy 
effects  included  are  substantially  reduced.  Nusselt  number 
predictions  are  reasonably  close  to  the  experimental  data. 
Nevertheless  the  experimental  behaviour  at  Ro  -  .24  is  not 
reproduced  by  the  EVM  model  with  the  same  degree  of 
fidelity  as  that  observed  at  Ro  =  0.12  Along  the  suction  side 
of  the  duct  in  particular,  the  observed  strong  reduction  in  the 
side-averaged  Nusselt  number  levels  is  not  fully  captured. 

The  predicted  development  of  the  local  Nusselt  number  over 
the  first  12  diameters  is  presented  in  Figure  5.  The  local 
distribution  of  Nu  appears  to  be  consistent  with  the  mean  flow 
behaviour  The  deviation  from  symmetry  increases  with 
downstream  distance  and  for  a  given  position  ‘t  increases  with 
routional  speed  Another  noticeable  feature  of  the  local 
distribution  of  Nusselt  number  is  the  strong  variation  that 
develops  along  the  top  side  at  the  higher  routional  speed. 

Figure  6  presents  comparisons  between  the  ASM  Nusselt 
number  predictions  and  the  experimenul  measurements.  The 
ASM  comparisons  are  confined  to  the  case  of  the  higher 
routional  speed.  The  use  of  the  ASM  for  the  case  of  the 
lower  routional  speed  had  similar,  though  weaker,  effects  on 
the  resulting  predictions.  The  non-buoyant  flow  prediction  of 
the  Nusselt  number  development  is  similar  to  the  corresponding 
k-f  prediction.  The  only  noticeable  difference  is  that  the 
ASM  scheme  returns  lower  heat  transfer  levels  along  the 
suction  side.  When  the  buoyancy  effects  are  included  the 
ASM  model  predicts  subsuntially  higher  heat  transfer  levels 
along  the  pressure  side  and  also  along  the  suction  side.  This 
response  of  the  .AS.M  mode!  to  buoyancy  effects  therefore  leads 
to  the  prediction  of  the  correct  heat  transfer  levels  along  the 
pressure  side  of  the  routing  duct  but  also  to  unrealistically 
high  wall  heat  fluxc>  -.lOng  the  suction  side.  It  thus  appears 
that  tlie  use  of  the  present  ASM  model  results  in  unrealistically 
high  turbulence  levels  in  the  vicinity  of  the  suction  surface. 
The  question  arises  whether  the  excessive  levels  of  Nu  result 
from  too  low  levels  of  c  (i.e.  to  too  large  near-wall  length 


scales)  or  from  the  basic  ASM  constitutive  equation.  Since 
virtually  the  same  practice  for  obuining  c  is  adopted  in  both 
the  ASM  and  EVM  schemes,  the  latter  seems  to  be  indicated. 
Accordingly,,  a  further  ASM  computation  was  carried  out  in 
which  the  rotational  buoyancy  terms  were  included  only  in  the 
mean  flow  equations.  The  resulting  compuUtion,  shown  in 
Figure  6,  indicates  that  the  high  heat  transfer  levels  along  the 
duct  suction  side  are  caused  by  the  additional  generation  of 

turbulence  due  to  rotational  buoyancy.  The  fact  that  the 
corresponding  EVM  terms  do  not  have  a  similarly  strong  effect 
suggests  that  the  generalized  gradient-diffusion  hypothesis,  eq 
(11),  which,  in  the  ASM  case  is  employed  to  model  the 
turbulent  heat  fluxes,  is  responsible  for  the  greater  influence  of 
the  buoyant  generation  terms.  The  over-estimate  of  the 

suction-side  turbulence  levels  is  probably  due  to  the  current 
simplified  version  of  the  near-wall  ASM  model  producing  an 
unrealistically  rapid  rise  in  the  near-wall  shear  stresses  which 
in  turn  leads  to  excessively  high  buoyant  generation  rates  of 
turbulence. 

The  ASM  predictions  of  the  development  of  the  mean  flow 

field  are  shown  in  Figure  7.  The  secondary  flow  field  is 
stronger  and  more  complex  than  that  resulting  from  the  EVM 
computations.  In  the  buoyant  flow  computations  the  ASM 
predicts  considerably  thicker  boundary  layers  along  the  pressure 
and  top  sides  than  the  EVM.  Along  the  suction  side,  the 

ASM  model  application  results  in  thinner  boundary  layers. 
The  behaviour  on  the  suction  side  appears  to  be  consistent 
with  the  predicted  Nusselt  number  development. 


5.  CONCLUSIONS 

An  ASM  and  an  EVM  closure  have  been  employed  to  predict 
the  development  of  heated  flow  in  a  straight  duct  rotating  in 
orthogonal  mode.  In  both  closures  only  the  k  transport 

equation  was  solved  within  the  near-wall  sublayer. 
Computations  have  been  obtained  for  values  of  rotational  flow 
parameters  encountered  in  blade-cooling  applications.  The 
EVM  model  predictions  of  the  Nusselt  number  are  in 

reasonable  agreement  with  the  experimental  measurements. 
These  numerical  computations  also  indicate  that  at  high 
rotational  speeds  the  rotational  buoyancy  has  a  substantial 
effect  on  the  flow  development.  When  rotational  buoyancy 
becomes  important  the  EVM  model  fails  to  predict  the  full 

extent  of  the  attenuation  in  heat  transfer  observed  along  the 
duct  suction  side. 

The  replacement  of  the  EVM  by  the  more  'advanced'  ASM 
model  has  however  led  to  the  computation  of  considerably 
higher  (and  thus  even  more  unrealistic),  heat  transfer  levels 

along  the  suction  side.  The  anomalous  behaviour  has  been 
traced  to  the  effective  buoyant  generation  terms  in  the  stress 
budget.  One  possibility  seems  to  be  that,  as  direct  buoyant 
effects  on  the  heat- flux  field  are  not  accounted  for,  eq  (11), 
excessive  levels  of  the  buoyant  source  terms  in  the  uj  uj 
equations  result  Further  efforts  at  unravelling  the  problem 
will  probably  also  require  a  more  comprehensive  treatment  of 
the  Reynolds  stresses  themselves  in  the  viscous  region. 
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ABSTRACT 

An  experimental  study  was  performed  for  a  tur¬ 
bulent  boundary  layer  disturbed  by  an  insertion  of 
the  LEBU  (  Large  Eddy  Break-up  ),  plate.  Skin- 
friction  coefficient,  heat  transfer  coefficient,  and 
averaged  and  fluctuating  components  of  streamwise 
and  cross -stream  velocities  were  measured.  Quadrant 
analysis  was  applied  to  the  measured  fluctuating 
velocity  signals.  Although  the  dissimilarity  be¬ 
tween  the  momentum  transfer  and  heat  transfer  was 
conspicuous  in  a  turbulent  boundary  layer  disturbed 
by  a  cylinder,  it  is  not  so  strong  in  the  present 
type  of  disturbed  boundary  layer.  The  difference 
between  the  two  cases  is  discussed  in  terms  of  the 
results  of  the  applied  quadrant  analysis. 


NOMENCLATURE 
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Skin  Friction  Coefficient  (  =  2t^/pvJ^) 
Specific  Heat  at  Constant  Pressure  of  Fluid 
tJ/kgK) 

Cross-stream  Position  of  a  LEBU  Plate  (ml 
Hole  Size  Parameter 
Indicator  for  Quadrant  Analysis 
Heat  Transfer  Coefficient  (W/m^KJ 
Streamwise  Widtn  of  a  LEBU  Plate  tm) 

Stanton  Number  {  =  h/pCpUg)' 

Mean  Temperature  (K] 

Time  !s) 

Streamwise  Mean  Velocity  (m/sl 
Streamwise  Fluctuating  Velocity  (ro/si 
Turbulent  Shear  Stress  (m^/s^J 
Fractional  Contribution  to  from  the  ith 
Quadrant  of  u-v  Plane  (m^/s^) 

Cross-stream  Fluctuating  Velocity  (m/sl 
Streamwise  Coordinate  Measured  from  the 
Leading  Edge  of  a  LEBU  Plate  (ml 
Cross-stream  Coordinate  Measured  from  the 
Flat  Plate  Surface  (ml 
Boundary  Layer  Thickness  (ml 
Fluid  Density  (kg/m^l 
Shear  Stress  (Pal 


Suffix 

e  :  Free  Stream 

w  :  Wall 

0  :  Undisturbed  boundary  layer 

'  :  Intensity 


cylinder  but  skin  friction  acting  on  the  same  part 
of  flat  plate  is  reduced.  This  dissimilarity  is  not 
a  feature  of  giving  any  convenience  in  the  analysis 
of  turbulent  heat  transfer  but  it  is  interesting 
from  physical  view  point.  It  is  also  important  from 
a  practical  view  point  becuase  it  suggests  a  pos¬ 
sibility  of  improving  the  heat  transfer  performance 
of  heat  ex-changers  while  suppressing  the  increase 
of  pressure  loss  inside  the  heat  exchangers. 
However,  an  increase  of  total  nramentum  loss  is  not 
effectively  suppressed  in  the  case  when  a  cylinder 
is  inserted.  This  is  because  the  form  drag  of  an 
inserted  body  being  an  additional  source  of  momentum 
loss  IS  not  small  for  a  cylinder.  In  order  to  keep 
the  increase  of  total  momentum  loss  at  low  level, 
another  body  having  smaller  form  drag  must  be  intro¬ 
duced  . 

A  Large  Eddy  Break-Up  (LEBU),  plate  is  known  to 
be  effective  in  reducing  the  wall  skin  friction 
(Savill  and  Mumford  (1988),  Nguyen,  Savill  and 
Westphal  (1987))  and  has  small  form  drag.  There¬ 
fore,  Its  introduction  into  a  turbulent  boundary 
layer  should  be  interesting  from  a  view  point  that 
It  can  suppress  a  large  increase  of  total  momentum 
loss.  However,  unfortunately,  there  has  been  no 
heat  transfer  study  for  the  case  when  a  LEBU  plate 
IS  inserted  into  a  turbulent  boundary  layer.  Thus, 
It  IS  worth  to  explore  if  any  dissimilarity  can  be 
generated  by  the  insertion  of  a  LEBU  plate  as  in  the 
case  with  the  insertion  of  cylinder  or  more  simply 
to  see  what  are  the  effects  on  heat  transfer  to  be 
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Figure  1  Schematic  View  of  The  Used  Wind  Tunnel 


INTRODUCTION 

An  insertion  of  cylinder  into  a  flat  plate  tur 
bulent  boundary  layer  is  known  to  generate  an  inter¬ 
esting  feature  of  turbulent  transport  processes, 
i.e.  the  dissimilarity  between  the  momentum  and  heat 
transfer  processes  in  the  boundary  layer  (Kawaguchi, 
Matsumori  and  Suzuki  (1984),  Suzuki,  Suzuki  and  Sato 
(1988),  Suzuki,  Suzuki,  Kikkawa,  Kigawa  and 
Kawaguchi  (1991)).  By  the  insertion  of  cylinder, 
wall  heat  transfer  is  enhanced  in  the  downstream  of 
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Figure  2  Geometry  of  The  Studied  Flow  System, 

Coordinate  System  and  Ceometirc  Parameters 
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caused  by  the  insertion  of  a  LEBU  plate  into  a  tur¬ 
bulent  boundary  layer.  Thus,  this  article  discusses 
the  heat  transfer  data  and  some  related  turbulence 
data  obtained  for  a  flat  plate  turbulent  boundary 
layer  with  an  insertion  of  a  LEBU  plate. 

EXPERIMENTAL  APPARATUS  AND  PROCEDURES 

Experiments  were  performed  in  the  wind  tunnel 
used  by  Suzuki,  Suzuki,  Kikkawa,  Kigawa  and 
Kawaguchi  (1991)  and  its  outline  is  as  follows. 
Figure  1  shows  the  schematic  view  of  thi  wind  tun¬ 
nel  used  in  the  study.  In  order  to  establish  the 
cross-sectional  uniformity  of  tlie  flow  .it  the  lead¬ 
ing  edge  of  the  flat  plate,  boundary  layer  developed 
on  the  floor  of  the  wind  tunnel  was  sucked  into  the 
beneath  of  the  flat  plate  by  an  auxiliary  blower  11. 
Its  flow  rate  v.as  adjusced  with  a  controller  10. 
Mam  stream  velocity  was  kept  at  14m/s  within  an  ac¬ 
curacy  of  one  percent.  Main  stream  turbulence  level 
was  below  one  percent,  too.  Streamwise  non- 
uniformity  of  main  stream  static  pressure  was  mini¬ 
mized  by  adjusting  the  slope  of  the  ceiling  of  the 
wind  tunnel  except  for  an  inevitable  steep  change  in 
the  static  pressure  around  the  inserted  LEBU  plate. 
The  magnitude  of  the  pressure  non-uniformity  at¬ 
tained  was  within  one  percent  of  main  stream  dynamic 
pressure. 

Figure  2  shows  the  schematic  geometry  of  the 
studied  flow  system  together  with  some  geometric 
parameters  and  coordinates  to  be  used  in  the  follow¬ 
ing  discussion.  A  LEBU  plate  made  of  bakelite  was 
mounted  in  a  position  normal  to  the  flow  direction 
and  parallel  to  the  flat  plate  at  a  streamwise  sta¬ 
tion  of  1400niii  downstream  from  the  leading  edge  of 
the  flat  plate,  where  the  thickness  of  approaching 
velocity  boundary  layer  was  about  28mm  when  no  LEBU 
plate  was  inserted.  The  thickness  of  temperature 
boundary  layer  almost  coincided  the  velocity  bound¬ 
ary  layer  thickness  at  that  position.  The  thickness 
of  the  LEBU  plate  was  1mm  but  its  streamwise  width 
was  changed  in  three  steps.  The  space  between  the 
LEBU  plate  and  the  flat  plate  was  also  changed  in 
various  steps.  All  the  cases  for  which  skin  fric¬ 
tion  and  heat  transfer  measurements  were  made  are 
tabulated  in  Table  1 . 

The  surface  of  the  flat  plate  made  of  bakelite 
was  covered  by  thin  stainless-steel  strips  of  50 
micronmeter  thickness,  leaving  the  first  part  (from 
lOmm  to  200mm  downstream  from  the  leading  edge),  un¬ 
covered.  The  first  part  was  covered  by  a  sand  paper 
to  promote  the  laminar-to-turbulent  transition  of 
the  Doundary  layer.-  The  stainless-steel  strips 
glued  on  the  flat  plate  surface  were  heated  at  al¬ 
most  uniform  heat  flux  (about  IkW/m^),  by  passing  an 
alternating  electric  current  through  them.  In  order 
to  measure  the  streamwise  distribution  of  surface 
temperature,  ninety  alumel-chromel  thermocouples  of 
100  micronmeter  diameter  were  attached  to  the  back 
surface  of  the  strip  glued  along  the  center  line  of 
the  flat  plate.  Non-uniformity  of  the  local  wall 
heat  flux  due  to  radiative  and  conductive  heat 
losses  was  taken  into  account  in  the  evaluation  of 
local  Nusselt  number.  Conductive  heat  loss  towards 
the  back  surface  of  the  flat  plate  was  evaluated  by 
making  use  of  one- dimensional  heat  conduction  equa¬ 
tion.  The  heat-transfer-surface  temperature 
measured  with  the  thermocouples  mentioned  above  and 

Table  1  Streamwise  Widths  and  Cross-stream 
Positions  of  LEBU  Plate 

L/5  H/(S 

0.07  0.14  0.25  0.36  0.43  0.50  0.57  0.75  0.86  1.0 
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the  back  surface  temperature  of  the  flat  plate 
measured  with  other  set  of  thermocouples  were  sub¬ 
stituted  into  the  heat  conduction  equation.  For  the 
evaluation  of  radiative  heat  loss,  0.2  was  used  for 
the  emissivity  of  the  stainless-steal  surface. 
Streamwise  distribution  of  local  Nusselt  number  ob¬ 
tained  with  this  method  for  a  normal  flat  plate 
boundary  layer  was  confirmed  tc  agree  well  with  the 
empirical  equation  given  by  Johnson  and  Rubesin 
(1949)  over  a  whole  streamwise  positions  of  -  500mm 
I  X  <  840mm,  if  a  virtual  origin  of  boundary  layer 
development  is  assumed  to  be  a  position  of  163mm 
downstream  from  the  )eading  edge  of  the  flat  plate. 

For  the  measurement  of  skin  friction,  a  Preston 
tube  of  1.2mm  outer  diameter  was  used.  Conversion 
from  the  pressure-difference  reading  of  Preston  tube 
into  the  skin  friction  was  made  by  making  use  of  the 
relationship  proposed  by  Patel  (1965). 

Measurement  of  mean  fluid  temperature  was  addi¬ 
tionally  made  by  traversing  a  thin  thermocouple 
100  micronmeter  diameter  along  y  direction  at 
several  streamwise  stations. 

For  velocity  measurement,  a  hot-wire  anemometry 
was  applied.  Streamwise  and  normal  velocity  com¬ 
ponents,  u  and  V,  were  measured  simultaneously  with 
an  X-wire  probe.  Hot-wire  was  a  tungsten  wire  with 
copper-plated  ends  of  five  micronmeter  in  diameter 
and  of  1  mm  in  length.  The  output  signals  from  the 
anemometers  were  digitized  on  line  at  the  sampling 
rate  of  lOkHz  for  each  signal  and  recorded  over 
about  twenty  seconds  in  a  magnetic  tape  recorder. 
Data  processing  of  the  recorded  signals  were  per¬ 
formed  later  by  replaying  the  tape  with  a  computer 
at  the  Kyoto  University  Data  Processing  Center. 
Through  the  data  processing,  the  intensities  of  two 
fluctuating  velocity  components,  u'  and  v' ,  were 
calculated.  Additionally,  quadrant  analysis  (  Lu 
and  Willmarth  (1973),  Senda,  Horiguchi,  Suzuki  and 
Sato  ,(1981)),  was  applied  to  the  recorded  fluctuating 
velocity  signals. 

Quadrant  analysis  was  devised  in  order  to  see 
which  of  the  four  types  of  elementary  fluid  itiotions 
contribute  majorly  to  the  momentum  transfer  (Lu  and 
Willmarth  (1973)).  Figure  3  shows  the  four  types  of 
elementary  fluid  motions  corresponding  to  e-.  .-i  of 
the  four  quadrants  of  u-v  plane.  At  every  sempiing 
time  of  velocity  signals,  the  set  of  u  and  v  signals 
is  digitized  and  the  signs  and  magnitude  of  the  sig¬ 
nals  are  examined.  Depending  on  the  sings  and  the 
magnitudes  of  the  two  signals,  the  digitized  se'  of 
the  data  is  stored  into  one  of  the  four  quadrants  or 
is  discarded  into  the  hole  shown  in  the  figure.  The 
hole  size  can  be  controlled  by  making  use  of  a  Hole- 
size  parameter  H'.  The  hole  boundary  in  the  u-v 
plane  is  given  by  the  following  relationship: 

|uv|  =  H'u'v'  (1) 

If  the  product  between  the  instantaneous  values  of  u 
and  v  at  a  certain  instant  does  not  exceed  this 
threshold,  that  particular  set  of  u  and  v  data  is 


Figure  3  Four  Types  of  Elemetary  Fluid  Motions 
in  u  -  V  Plane 
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discarded  into  the  hole.  Otherwise,  it  is  stored  in 
one  of  the  four  quadrants  depending  on  the  signs  of 
u  and  V.  Contribution  from  each  quadrant  or  of  each 
elementary  fluid  motion  to  Reynolds  shear  stress  is 
calculated  by  the  following  conditional  sampling: 

<uv>^  =  J  u(t)v(t)Ij^(t,H' )dt  <2), 

where 

r  1:  when  Eq.(l)  is  satisfied 
Ij^(t,H' )'  =  I  O) 

'  0:  otherwise 

and 

1=1:  when  u  >  0  and  v  >  0 

1=2:  when  u  <  0  and  v  >  0 

1=3:  when  u  <  0  and  v  <  0 

1=4:  when  u  >  0  and  v  <  0 


RESULTS  AND  DISCUSSIONS 

The  effect  of  an  insertion  of  LEBU  plate  on  skin 
friction  IS  first  discussed.  Figure  4  shows  some 
examples  of  the  measured  streamwise  distribution  of 
skin  friction  coefficient,  Cj,  for  several  cases  of 
different  values  of  normal  position,  H,  and  of 
streamwise  length,  L,  of  LEBU  plate.  C^q  used  in 
the  normalization  of  C^  is  the  value  of  skin 


Figure  4  Streamwise  Distribution  of  Skin  Friction 
Coefficient 


friction  coefficient  measured  at  the  same  position 
for  a  normal  flat  plate  boundary  layer  without  an 
insertion  of  the  LEBU  plate.  As  already  reported  by 
others  (Nguyen,  Savill  and  Westphal  (1987),  Savill 
and  Mumford  (1988)),  the  value  of  Cj  is  reduced  by 
the  insertion  of  LEBU  plate.  The  shape  of  the  dis¬ 
tribution  of  Cj  varies  clearly  with  the  value  of 
H/  6  but  not  so  much  with  the  value  of  L/  S  except 
for  the  case  of  H/5  =0.07,  where  6  is  the  thick¬ 
ness  of  the  approaching  boundary  layer  at  x  =  0,  the 
insertion  position  of  cylinder.  Increase  of  H/  6  is 
effective  to  widen  the  region  where  skin  friction  is 


Figure  5  Streamwise  Distribution  of  Heat  Transfer 
Coefficient 
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reduced  but  it  leads  to  shallower  depth  of  the  dent 
of  Cj  distribution.  Therefore,  the  introduction  of 
LEBU  plate  is  not  effective  to  reduce  the  wal.’  skin 
friction  at  such  value  of  H/ 6  as  of  0,86  or  larger 
than  that.  When  H/{  =  0.07,  the  minimum  value  of 
Cj  becomes  smaller  with  an  increase  of  L/  5  . 

Heat  transfer  data  will  next  be  discussed. 
Figure  5  shows  the  measured  streamwise  distributions 
of  heat  transfer  coefficient,  h,  obtained  in  the 
three  of  the  four  oases  for  which  the  distribution 
of  Cj  was  demonstrated  in  Figure  4.  In  the  case  of 
H/6  =  0.86,  heat  transfer  data  are  ommitted  because 
the  introduction  of  LEBU  plate  is  not  effective  to 
reduce  the  wall  skin  friction  in  this  case.  The 
value  of  h  is  plotted  in  a  form  normalized  with  its 
counterpart  measured  at  the  same  position  for  a  nor¬ 
mal  flat  plate  boundary  layer,  hg.  Solid  circles 
were  used  for  the  values  of  h  measured  at  the  posi¬ 
tions  underneath  the  inserted  LEBU  plate.  First,  it 
IS  clear  from  this  figure  that  heat  transfer  is  not 
enhanced  by  the  introduction  of  LEBU  plate  into  the 
boundary  layer.  Since  the  shapes  of  the  distribu¬ 
tions  of  h  and  Cj  are  a  little  different  from  each 
other,  a  certain  level  of  dissimilarity  exists  in 
these  cases.  However,  it  is  much  less  conspicuous 
than  the  one  for  a  turbulent  boundary  layer  with  the 
insertion  of  a  cylinder  previously  studied  by 
Suzuki,  Kikkawa,  Kigawa  and  Suzuki  (1989)'. 

In  order  to  see  the  degree  of  the  dissimilarity 
generated  in  the  present  flow,  the  ratio  between  the 


Figure  6  Streamwise  Change  of  Similarity  Parameter 
(Stanton  number/Skin  Friction  Coefficient) 


Stanton  number  and  the  skin  friction  coefficient  is 
plotted  1 '1  Figure  6  for  all  the  cases  for  which  the 
disc.'ibution  of  Cj  was  presented  in  Figure  4.  This 
similarity  parameter  takes  a  value  of  about  1.2  in 
the  normal  flat  pJate  turbulent  boundary  layer  as 
measured  by  Chi  and  Spalding  (1966)  if  the  working 
fluid  IS  air.  When  H/ {  =0.07  or  when  the  LEBU  plate 
IS  mounted  very  close  to  the  flat  plate,  some 
noticeable  level  of  dissimilarity  is  attained  when 
L/  5  =  1.0  and  1.5.  However,  the  level  of  dis¬ 
similarity  IS  low  in  all  other  cases. 

Now,  some  other  data  will  be  presented  and  dis¬ 
cussion  will  be  given  to  the  physical  background  of 
the  difference  found  in  the  above  between  the 
present  case  and  the  previous  case  when  the  cylinder 
was  inserted.  Figure  7  shows  the  cross-stream  dis¬ 
tributions  of  averaged  velocity  and  temperature 
measured  at  x/  6  =  2  for  two  cases  of  H/5  =  0.07  and 
L/  6  =  1.5  and  H/ S  =  0.14  and  L/{  =  0.5.  It  is  ob¬ 
served  that  the  velocity  field  is  disturbed  by  the 
insertion  of  LEBU  plate  but  the  temperature  field  is 
not  seriously  disturbed.  This  difference  between 
the  two  fields  may  not  have  been  generated  if  the 
LEBU  plate  was  heated  and  its  temperature  was  kept 
the  same  as  the  flat  plate  surface  temperature.  The 
effect  of  heating  of  the  inserted  obstacle  was  not 
pronounced  in  the  case  when  the  obstacle  was  a 
cylinder  (Suzuki,  Suzuki  and  Sato  (1988)).  However, 
in  the  present  case,  the  overall  level  of  dis¬ 
similarity  is  rather  low.  Therefore,  the  effect  of 
heating  of  the  immersed  body  is  relatively  stronger 
and  It  probably  cannot  be  ignored.  The  difference 
between  the  degrees  of  the  distortion  appearing  in 
the  velocity  and  temperature  profiles  due  to  the 


(a)  H/  6  =  0.07  and  L/  6  =  1.5 


(b)  H/6  =  0.14  and  L/6  =  0.5 

Figure  7  Cross-stream  Distributions  of  Averaged 
Velocitv  and  Temperature 
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insertion  of  LEBU  plate  is  more  clearly  observed  for 
the  case  when  the  LEBU  plate  is  mounted  closet  to 
the  flat  plate.  This  may  be  related  to  the  fact 
that  the  similarity  parameter  takes  larger  value 
when  H/ 6  =  0.07  than  when  H/6  =  0.14. 


0  10  20  30  40 

y  (mm) 


(a)  Distribution  of  u' 


y  (mm) 

(b)  Distribution  of  v' 


y  (mm) 

(c)  Distribution  of  -uv 

Figure  8  Cross-stream  distributions  of  u',  v'  and 
-uv 


Figures  8  (a)  through  (c)  show  the  cross-stream 
distributions  of  turbulence  quantities  obtained  at 
the  two  streamwise  locations  of  x/6  =  2  and  28.9  for 
a  case  of  H/5  =  0.14  and  L/  5  --  0.5.  Figure  8  (a) 
shows  the  distribution  of  u',  the  intensity  of 
streamwise  velocity  fluctuation.  Figure  8  (b)  the 
distribution  of  v',  the  intensity  of  cross-stream 
velocity  fluctuation,  and  Figure  8  (c)  presents  the 
distribution  of  -uv,  the  Reynolds  shear  stress.  At 
x/6  =  28.9,  It  IS  judged  from  Figures  4  and  5  that 
the  boundary  layer  has  almost  recovered  from  the 
disturbance  given  by  the  LEBU  plate.  Thus,  the 
measured  turbulence  data  at  this  position  may  be 
taken  to  represent  the  ones  for  undisturbed  boundary 
layer.  At  x/6  =2,  a  certain  noticeable  level  of 
the  reductions  both  of  skin  friction  and  heat  trans¬ 
fer  coefficients  are  observed.  However,  at  this 
position,  dissimilarity  between  the  momentum  trans¬ 
fer  and  heat  transfer  is  weak  for  the  case  of  H/5  = 
0.14  and  L/6  =  0.5,  as  noticed  in  Figure  6. 

It  IS  observed  in  Figure  8  (a)'  that  the  level  of 
u'  at  x/  6  =  2  does  not  differ  from  the  one  at  x/ 6  = 
28.9  even  in  the  middle  of  the  wake  and  that  the 
disturbance  generated  by  the  inserted  LEBU  plate  is 
weak.  Similar  feature  is  observed  for  the  distribu¬ 
tions  of  v'  and  -uv  shown  in  Figures  8  (b)  and  (c). 
Pa-ticularly,  at  x/  6  =  2,  turbulence  level  near  the 
wall,  responsible  for  wall  heat  transfer  performance 
jMarurao,  Suzuki  and  Sato  (1985)),  is  reduced  by  the 
insertion  of  the  LEBU  plate.  Thus,  this  reduction 
of  near-wall  turbulence  level  should  have  resulted 
in  the  reduction  of  heat  transfer  coefficient. 


(a).  The  Results  Obtained  at  x/ 6  =  2 


Jb)  The  Results  Obtained  at  x/J  =  28.9 
Figure  9  Cross-stream  Distribution  of  Fractional 
Contribution  From  Each  Quadrant  to  -uv 
0:1=1  (Outward  Interaction) 

Q  :  1  =  2  (Ejection) 
n  :  1  =  3  (Wallward  Interaction) 
0=1=4  (Sweep) 
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Figure  9  shows  the  results  of  the  quadrant 
analysis  applied  to  the  fluctuating  velocity  com¬ 
ponents  measured  in  the  present  flow.  The  magnitude 
of  the  contribution  from  each  quadrant  to  the 
Reynolds  shear  stress  obtained  at  various  normal 
positions  in  two  streamwise  cross-sections  of  x/ 6  = 
2,  close  to  the  LEBU  plate,  and  at  x/6  =  28.9,  where 
the  turbulent  field  has  almost  completely  recovered. 
The  hole  size  parameter  H'  was  set  equal  to  zero  in 
this  study.  In  the  case  of  the  boundary  layer  dis¬ 
turbed  by  a  cylinder  located  near  the  wall,  it  was 
found  by  Kawaguchi,  Matsumori  and  Suzuki  (1984)  and 
by  Suzuki,  Suzuki  and  Sato  '(1988)^  that  the  interac¬ 
tive  fluid  motions  play  an  important  role  in  gener¬ 
ating  the  dissimilarity  between  the  momentum  trans¬ 
fer  and  heat  transfer.  However,  it  is  observed  in 
this  figure  that  the  insertion  of  LEBU  plate  does 
not  alter  the  intensity  of  interactive  fluid  motions 
significantly.  Since  the  magnitudes  of  contribu¬ 
tions  from  ejection  and  sweep  events  are  reduced 
near  the  wall  as  seen  in  Figure  9,  the  relative  mag¬ 
nitudes  of  the  fractional  contributions  from  two 
types  of  interactive  fluid  motions  are  raised. 
These  should  give  the  physical  background  from  a 
view  point  of  turbulence  structure  for  the  weak  dis¬ 
similarity  found  in  the  present  case. 

Now,  weaker  dissimilarity  observed  in  the 
present  case  will  be  discussed  in  comparison  with 
the  stronger  dissimilarity  found  in  the  previous 
case  when  the  boundary  layer  disturbed  by  a 
cylinder.  In  the  case  when  a  cylinder  was  inserted, 
cold  wallward  interaction  was  intensified  most  con¬ 
spicuously  (Suzuki,  Suzuki  and  Sato  (1988)).  This 
type  of  fluid  motion  has  the  negative  streamwise 
velocity  fluctuation  and  negative  cross-stream 
velocity  fluctuation.  The  intensification  of  this 
type  of  fluid  motion  must  have  been  produced  by  the 
lateral  motion  of  the  fluid  lump  or  vortices 
origined  in  the  central  part  of  the  wake  of  the 
cylinder,  where  the  velocity  defect  is  large  in 
average.  For  such  vortices  effectively  to  reach  the 
near-wall  region,  cross-stream  component  of  velocity 
fluctuation  mi.st  be  large  there.  To  have  large 
velocity  defect  and  intensive  v-component  fluctua¬ 
tion  in  the  wake,  the  wake  must  be  thick  to  some  ex¬ 
tent.  It  means  that  the  form  drag  of  the  body  to  be 
immersed  cannot  be  small.  Therefore,  to  reduce  sig¬ 
nificantly  the  increase  of  momentum  loss  while  keep¬ 
ing  the  reasonable  level  of  enhancement  of  heat 
transfer  looks  to  be  very  difficult.  To  achieve 
this,  therefore,  would  require  a  new  challenging 
idea. 


CONCLUDING  RE.MARKS 

Meat  transfer  data  were  obtained  for  the  flat 
plate  turbulent  boundary  layer  disturbed  by  a  LEBU 
plate.  It  was  found  that  the  heat  transfer  coeffi¬ 
cient  was  reduced  by  the  insertion  of  LEBU  plate  as 
well  as  the  skin  friction  coefficient.  Therefore, 
no  significant  dissimilarity  between  the  momentum 
transfer  and  heat  transfer  processes  was  generated. 
This  IS  quite  different  from  the  case  when  the  flat 
plate  turbulent  boundary  layer  was  disturbed  by  an 
insertion  of  cylinder.  The  reduction  of  heat  trans¬ 
fer  coefficient  was  related  to  the  lowered  level  of 
near-wall  turbulence,  which  was  further  related  to 
the  break-up  of  large  scale  coherent  structure  of 
turbulence  in  the  boundary  layer.  The  results  of 
the  applied  quadrant  analysis  of  the  fluctuating 
velocity  signals  were  also  discussed.  In  the  case 
when  the  cylinder  was  inserted,  conspicuous  inter, 
sification  of  interactive  fluid  motions,  especially 
of  wallward  interaction,  was  observed  and  it  was 
suggested  to  be  the  reason  for  the  noticeable  level 
of  dissimilarity  between  the  momentum  and  heat 
transfer  processes.  However,  this  is  not  the  case 
of  the  presently  studied  flow.  No  significant  in¬ 
tensification  of  the  interactive  fluid  motions  was 


observed.  Reduction  of  the  contribution  from  the 
ejection  and  sweep  events  to  the  Reynolds  shear 
stress  leads  to  the  relative  increase  of  the  frac¬ 
tional  contribution  from  the  interactive  fluid  mo¬ 
tions.  This  results  in  the  weak  dissimilarity.  Al¬ 
though  no  distortion  appears  in  the  temperature 
profile  in  the  downstream  of  LEBU  plate,  the 
velocity  profile  is  noticeably  distorted.  Fluid 
lumps  or  vortices  origined  from  the  wake  region 
should  have  lower  streamwise  momentum.  When  the 
wake  is  wider  and  deeper,  such  vortices  are  produced 
more  frequently.  If  such  vortices  are  drove  into  the 
near  wall  region,  the  intensification  of  the 
wallward  interactive  fluid  motion  can  be  achieved. 
However,  to  bring  such  vortices  near  to  the  wall, 
realization  of  intensive  turbulence  field  or,  more 
specifically,  intense  cross-stream  velocity  fluctua¬ 
tion,  would  be  necessary.  It  means  that  the  wake  of 
the  immersed  body  must  be  wide  to  some  extent  or 
that  the  form  drag  of  the  immersed  body  should  not 
be  small.  This  indicates  that  a  certain  level  of 
dissimilarity  can  only  be  attained  at  the  expense  of 
using  a  body  having  larger  form  drag. 
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ABSTRACT 

The  evolution  of  a  heated  round  air  jet  injected  into  a 
cross-flow  from  an  elevated  source  in  the  form  of  a  eircular 
tube  has  been  investigated  experimentally.  It  is  found  that 
a  counter-rotating  pair  of  vortices  is  generated  at  a  down¬ 
stream  locatio  1  corresponding  to  approximately  one  initial 
jet  diameter  from  the  source  and  that  quasi-periodic 
Karman-like  coherent  structures  occur  in  the  wake  of  the 
jet.  Moreover,  the  results  suggest  that  the  vorticity  associ¬ 
ated  with  the  wake  structures  origin, lies  in  the  boundary 
layer  vorticity  within  the  tube. 

NOMENCLATURE 
D  -  initial  jet  diameter,  mm. 

/  -  frequency,  Hz. 

R  -  ratio  of  the  initial  jet  velocity  to  the  cross-flow 
velocity,  dimensionless. 

Sq  -  autospectrum  of  the  fluctuating  temperature  com¬ 
ponent,  °C^s. 
t  -  time,  s. 

T  -  instantaneous  temperature,  °C. 

f  -  mean  temperature,  °C. 

Tq  -  ambient  temperature,  °C. 

0  -  fluctuating  temperature  component,  °C. 

0'  -  root-mean-square  temperature,  °C. 

Pe  -  autocorrelation  of  the  fluctuating  temperature 
component,  dimensionless. 

X  -  time  lag,  ms. 

INTRODUCTION 

The  behaviour  of  a  turbulent  jet  in  a  cross-flow  is  of 
considerable  importance  with  respect  to  technological 
applications  involving  mixing,  the  operation  of  V/STOL 
(vertical  or  short  takeoff  and  landing)  aircraft,  and  the 
dispersion  of  effluent  discharged  into  the  atmosphere  or 
rivers.  Such  a  flow  is  also  intrinsically  interesting, 
inasmuch  as  it  represents  a  complex  turbulent  shear  flow 
whose  detailed  structure  is  not  fully  understood. 

There  have  been  numerous  studies  on  a  round  jet 
injected  perpendicularly  from  a  ground  level  source  into  a 
uniform,  steady  cross-flow  (e.g.,  Keffer  and  Baines,  1963; 
Kamotani  and  Greber,  1972;  Andreopoulos  and  Rodi,1984; 
Broadwell  and  Breidenthal,  1984;  Sherif  and  Fletcher, 
1988;  Erie  and  Roshko,  1989.)  In  contrast,  there  have  been 
very  few  investigations  dealing  with  the  case  of  a  round  jet 
injected  from  an  elevated  source  (such  as  a  chimney  stack) 


into  a  uniform  cross-flow  (e.g.,  Moussa,  Trischka  and 
Eskinazi,  1977). 

With  respect  to  the  ground  level  source,  previous 
results  (e.g.,  see  Eric  and  Roshko,  1989)  have  established 
that,  when  the  ratio  of  the  initial  jet  velocity  to  the  cross- 
flow  velocity  exceeds  about  1.5,  the  near  field  of  the  flow 
involves  distorted  shear-layer  ring  vortices  at  the  periphery 
of  the  bending  jet  and  wake  vortices  aligned  approximately 
with  the  initial  jet  direction.  Moreover,  Eric  and  Roshko 
(1989)  have  shown  that,  upstream  from  the  jet,  a  horseshoe 
vortex  system  is  generated  at  the  ground-level  surface  con¬ 
taining  the  opening  from  which  the  jet  is  discharged.  As 
the  jet  bends  and  moves  downstream,  the  action  of  the  pres¬ 
sure  forces  and  lateral  shear  produced  by  the  cross-flow 
causes  the  initial  circular  shape  of  the  jet  to  change  to  a 
characteristic  kidney-shape,  with  attendant  development  of 
the  pair  of  counter-rotating  vortices  that  are  the  dominant 
large-scale  feature  in  the  far  field  of  the  flow..  (These  vor¬ 
tices,  which  are  attached  to  jet,  are  readily  observed  in 
smokestack-plumes  and  have  been  described  in  detail  by 
Turner,  1960.) 

In  the  case  of  the  elevated  source,  the  detailed  struc¬ 
ture  of  the  flow  is  more  complicated  than  it  is  in  the  case  of 
the  ground-level  source,  in  that  the  former  case  involves  the 
wake  of  the  elevated  source  as  well  as  that  of  the  jet. 

The  present  work  concerns  an  experimental  investiga¬ 
tion  of  the  turbulent  jet-flow  that  results  when  a  heated  cir¬ 
cular  jet  is  injected  perpendicularly  from  an  elevated  source 
into  a  uniform,  steady  cross-flow.  This  investigation  was 
undertaken  in  an  effort  to  gain  further  insight  into  the  struc¬ 
ture  of  this  flow.  Here,  mean  and  root-mean-square  (RMS) 
streamwise  velocities  and  temperatures,  and  autocorrela¬ 
tions  and  autospectra  of  temperature  signals  are  presented. 
(It  may  be  remarked  that,  by  virtue  of  the  heat-mass 
transfer  analogy,  the  temperature  of  a  heated  turbulent  jet  in 
a  cross-flow  is  analogous  to  the  concentration  of  effluent 
within  a  polluted  jet  emitted  into  a  cross-wind,  with 
high/low  temperatures  corresponding  to  high/low  concen¬ 
trations;  accordingly,  the  findings  of  the  present  work  are  of 
relevance  to  problem  of  air  pollution  caused  by  the  continu¬ 
ous  release  of  waste  gases  from  smokestacks.) 

EXPERIMENTAL  DETAILS 

The  experiments  for  this  investigation  were  performed 
in  the  variable-speed  low-turbulence  recirculating  wind  tun¬ 
nel  situated  in  the  UTME  (University  of  Toronto,  Mechani¬ 
cal  Engineering)  Turbulence  Research  Laboratory.,  This 
tunnel  has  a  test  section  3  m  in  length  and  0.91  m  by  1.52  m 
in  cross-section  and  a  speed  range  of  about  1  m/s  to  about 
15  m/s.  The  jet  was  produced  by  means  of  a  smooth  tube 
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approximate!)  0.3  m  in  length  and  50  mm  in  diameter  (D), 
through  which  isothermal  or  heated  air  could  be  discharged 
at  two  different  ( average )  velocities. 

Preliminary  experiments  were  performed  with  the  jet 
unheated. 

The  tube,  which  will,  henceforth,  be  referred  to  as  the 
stack,  was  located  at  the  upstream  end  and  along  the 
centre-li''e  of  the  tunnel  and  orientated  perpendicular  to  the 
streamwise  direction  (i.e.,  the  direction  of  the  wind-tunnel 
flow).  In  the  case  of  the  heated-jet  experiments,  tlie  tem- 
peratuie  at  the  stack-e'it  was  approximately  40  °C  above 
the  ambient  temperature  (Tq)  and  the  velocity  approxi¬ 
mately  13.7  m  /  s,  so  that  the  Reynolds  number  of  the  jet  at 
the  St^Crv  exit  was  about  34,000. 

A  Cartesian  coorainate  system  was  employed,  with  x 
in  the  streamwise  direction,  y  in  the  lateral  or  vertical  direc¬ 
tion  and  z  in  the  spanwise  direction  (perpendicular  to  the 
stack-axis).  The  origin  of  the  coordinate  system  was  taken 
to  be  at  the  tip  and  in  the  centre  of  the  stack. 

Mean  ard  RMS  velocity  measurements  were  obtained 
with  a  DANTEC  55P11  normal  hot-wire  probe,  in  con- 
juiiction  with  a  DANTEC  55M  constant-teinperature- 
ane-  ■'meter  system.  Mean  temperature  measurements  were 
obtained  with  a  rake  of  ten  (10)  type  J  thennocouples  and 
a  Thermo  Electric  ELPH  4  thermocouple-indicator.  Tem¬ 
perature  signals  were  obtained  with  a  DANTEC  55P31 
resistance  t  mometer  (or  cold-wire  probe),  in  conjunction 
with  a  DA.'nTEC  55M  constant-current-anemometer  sys¬ 
tem.  These  signals  were  low-pass  filtered  at  2  kHz  and  digi¬ 
tized  by  means  of  a  12-bit  A/D  converter  attached  to  a 
PDP-11  computer.  The  digitization  rate  was  chosen  to  be 
5000  points  per  second  (to  prevent  aliasing),  and  the  digital 
signals  were  processed  on  a  DEC  MICRO- VAX  worksta¬ 
tion.  The  length  of  each  signal  processed  was  approxi¬ 
mately  36  seconds  (equivalent  to  180,000  points).  Meas 
urements  were  taken  at  various  y/D  locations,  ranging  from 
about  -  2.0  to  10.0,  and  various  x/D  locations,  ranging 
from  about  1,0  to  about  35.0,  for  vahir:  of  the  ratio  of 
initial-jet-velocity  to  cross-wind-velocity  vR)  ranging  from 
about  1.0  to  about  4,0. 

RESULTS  AND  DISCUSSION 
Centreline  Jet  Trajectories 

In  Fig.  1,.  centreline  trajectories  (i.e.,  y/D  versus  x/D 
plots)  based  on  the  present  mean  and  RMS  velocity- 
measurements  for  R  =  2  and  the  centre-line  jet  trajectory 
based  on  mean  velocity-measurements  for  R  =  2  reported 
by  Keffer  and  Baines  (1963)  are  presented.  It  can  be  seen 
that  there  is  general  agreement  among  the  results.  The 
detailed  behaviour  of  the  present  trajectories  and  that  of  the 
Keffer-Baines  trajectory  are  different,  however.  This 
difference  can  be  attributed  to  the  influence  on  the  present 
results  of  the  wake  behind  the  stack. 

Vertical  Centre-Plane  Mean  and  RMS  Velocity  Iso- 
Contours 

Mean  and  RMS  velocity  iso-contour  plots  pertaining  to 
the  vertical  centre-plane  of  the  flow  (z/D  =  0.0)  serve  to 
depict  the  spread  of  the  jet  and  its  interaction  with  the 
cross-flow  and  the  wakes  tehind  the  jet  and  the  stack.  Fig¬ 
ures  2  and  3  show  the  mcxin  and  RMS  velocity  isoemtours 
for  R  -  3.0.  As  can  be  seen,  the  jet  undergoes  a  significant 
initial  rise  within  a  downstream  distance  corresponding  to  a 
few  stack  diameters  before  the  cross-flow  has  enough 


influence  on  it  to  cause  it  to  bend  over.  Its  vertical  momen¬ 
tum,  however,  enables  it  to  continue  to  rise,  relatively 
slowly,  as  it  moves  downsueam.  Moreover,  it  can  be 
inferred  from  Fig.  3  (the  RMS  results)  that,  in  the  near  field 
of  the  flow,  the  interaction  region  below  the  centreline  of 
the  jet,  involving  the  ‘jet-wake’  and  the  ‘stack- wake’,  is 
wide  (in  the  y-direction)  and  diffuse  in  comparison  with  the 
interaction  region  above  the  jet  ceiitreiine,  which  is  rela¬ 
tively  narrow  and  sharp. 


S  Chimnvy 

Fly.  2.  Vertical  centre-plane  mean  velccity 


iso-contours  for  R=3.0. 


Fig.  3.  Vertical  centre-plane  RMS  velocity 
iso-contours  for  R--3.0. 
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Figures  4  and  5  show  the  mean  and  RMS  temperature 
iso-contours  for  R  =  2.3.  These  results  are  entirely  con¬ 
sistent  with  the  velocity  results  (Figs.  2  and  3)  as  regards 
the  jet  rise  and  the  upper  and  lower  interaction  regions 
(above  and  below  the  jet  centreline).  In  addition,  since  tem¬ 
perature  acts  as  a  tracer,  enabling  the  ‘hot’  jet  fluid  to  be 
distinguished  from  the  ‘cold’  fluid  in  the  ‘jet-wa.k:e’  and  in 
the  ‘stack-wake’  below  the  jet,  as  well  as  the  ‘cold’  fluid  in 
the  free-stream  above  the  jet,  the  results  in  Figs.  3  and  4 
serve  to  establish  that,  on  the  average,  the  heated  jet  fluid 
does  noi  penetrate  the  wake  of  the  stack  (the  upper  end  of 
which  is  located  at  y/D  =0.0);  and  they  serve  to  define  not 
only  the  average  centreline  of  the  jet  but  also  its  average 
upper  and  lower  boundaries.  The  configuration  of  tliese 
boundaries  indicates  tha.  the  jet  spreads  relatively  slowly 
with  increasing  x/D. 

Cross-Stream  Mean  Temperature  Iso-Contours 

While  the  previous  vertical  centre-plane  plots  (Figs.  2  - 

5)  allow  the  overall  spread  characteristics  of  a  jet  in  a 
cross-wind  to  be  obtained,  they  do  not  provide  a  picture  of 
the  average  cross-sectional  shape  of  the  jet.  On  the  other 
hand,  mean  temperature  iso-contour  plots  for  a  heated  jet  in 
a  cross-wind  provide  such  a  picture.  Typical  examples  of 
such  plots  are  presented  in  Figs.  6  and  7,  which  pertain  to 
x/D  =  1.0  and  x/D  =  10.0  respectively  and  R  =  2.0.  These 
plots  display  the  expected  features.  To  be  specific,  the  con¬ 
tour  lines  are  more  closely-spaced  in  the  upper  part  than  in 
the  lower  part  of  the  flow,  especially  for  the  near  field  (Fig. 

6) ,  indicating  that  as  one  moves  towards  the  central  region 
of  the  heated  jet  from  the  isothermal  free-stream  region,  a 
rapid  temperature  increase  occurs;  whereas,  as  one  moves 
towards  this  region  from  the  ‘jet-wake’  and  ‘stack-wake’ 
regions,  a  gradual  temperature  increase  occurs.  Moreover, 
the  kidney-shape  of  the  cross-section  of  the  jet,  as  described 
by  Keffer  ’ind  Baines  (1963)  and  others,  is  clearly  evident 
(Fig.  6).  A  comparison  of  the  isothermal-contour  plots 
obtained  at  various  downstream  locations  (e.g..  Figs.  6  and 

7)  establishes  that  the  cross-sectional  shape  of  the  jet 
evolves  from  the  kidney-shape  in  the  ‘near  field’  to  a 
roughly  round  shape  in  the  ‘far  field’.  We  note  that  the 
occurrence  of  the  kidney-shape  at  x/D  =  1 .0  is  cor  sistent 
with  the  findings  of  Fric  and  Roshko  and  indica'  s  that  the 
counter-rotating  pair  of  vortices  referred  to  previously 
begins  to  form  quite  early  in  the  evolution  of  the  flow. 


Mean  and  RMS  Temperature  Profiles 

Mean  and  RMS  temperature  profiles  pertaining  to  the 
vertical  centre-plane  of  the  flow  (  z/D  =  0 )  and  R  =  2.3  are 
presented  in  Figs.  8  and  9.  As  expected,  the  shapes  of  these 
profiles  are  highly  asymmetrical  initially  (for  x/D  <  -  15) 
but  tend  to  become  symmetrical  as  x/D  increases,  with  the 
mean  profiles  attaining  symmetry  by  x/D  «  15,  much  before 
the  RMS  profile  do  so.  The  profile  shapes  in  question  are 
in  confonnity  with  the  fact  that  the  lower  interaction  region 
is  wider  and  more  diffuse  than  is  the  upper  interaction 
region.  Moreover,  it  is  evident  that  the  jet  is  fully  turbulent 
by  x/d  =  3,  there  being  no  ‘flat  regions’  in  the  profiles 
obtained  at  this  location,  and  it  appears  that  the  mean  tem¬ 
perature  field  is  self-similar  at  and  beyond  x/D  -=  15. 

Intermittent  Temperature  Signals 

Figures  1 0  and  1 1  show  typical  segments  of  tempera¬ 
ture  signals  measured  in  upper  and  lower  intermittent 
regions  above  (Fig.  10)  and  below  (Fig.  11)  the  centreline 
oi  the  jet  at  x/D  =  3  for  R  =  2.3  .  It  is  evident  from  these 
signal  segments  that,  as  expected,  the  temperature  levels  in 
the  upper  region  of  the  flow  are  higher  than  those  in  the 
lower  region,  and  the  upper  interface  separating  the  heated 
jet  fluid  and  the  isothermal  free-stream  fluid  is  much 
sharper  than  the  lower  interface  separating  the  jet  fluid  and 
the  wake  fluid. 


Autocorrelation  Functions  and  Auto-Spectra  of  Tem¬ 
perature  Signals 

Autocorrelation  functions  and  auto-spectra  of  the  tem¬ 
perature  signals  obtained  at  x/D  =3  for  R  =  2.3  (segments 
of  which  are  shown  in  Figs.  10  and  11),  are  presented  in 
Figs.  12  -  15.  The  results  pertaining  to  the  lower  intermit¬ 
tent  region  of  the  flow  (Figs.  13  and  15)  reveal  that  it  is 
characterized  by  a  distinct  frequency-centred  activity,  i.e., 
the  quasi-periodic  passage  of  hot  jet  jiuid,  there  being  a 
marked  peak  in  the  autospectrum  at  a  frequency  of  about  50 
Hz  and  a  noticeable  periodic  oscillation  in  the  autocorrela¬ 
tion  function  with  a  period  of  20  ms.  In  contrast,  the  results 
pertaining  to  upper  region  of  the  flow  (Figs.  12  and  14) 
establish  that  no  such  frequency  centred  activity  exists 
there. 

The  frequency-centred  activity  in  the  lower  region  can 
be  ascribed  to  the  presence  of  Karman-like  vortices  in  the 


I'lg.  4.  Vertical  centre-plane  mean  temperature  iso-contours  for  R=2.3. 
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F19.  5.  Vertical  centre-plane  RMS  temperature  iso-contours  for  R=2.3. 


wakr  of  the  jet.  (It  should  be  mentioned  that  the  frequency 
at  which  the  autospectral  peak  in  question  occurs  is  twice 
the  Strouhal  frequency,  0.21 1/o/Z),  based  on  die  stack  diam¬ 
eter,  D  =  50  mm,  and  the  cross-flow  velocity,  Uo=6  m/s.) 

It  is  interesting  to  note  that,  on  the  basis  of  their  exam¬ 
ination  of  a  jet  injected  from  a  ground-level  source  into  a 
cross-flow,  Fric  and  Roshko  (1989)  reached  the  conclusion 
that  the  vorticity  in  the  wake  of  the  jet  originates  in  the 
cross-flow  boundary  layer  upstream  from  the  jet.  Clearly, 
this  conclusion  is  not  supported  by  the  present  results, 
which  imply  that  the  vorticity  in  the  wake  of  the  jet  exam¬ 
ined  here  originates  in  the  boundary  layer  vorticity  within 
the  stack,  i.e  ,  this  jet  ‘does  shed  some  of  its  vorticity’.  We 
note  that  the  boundary  layer  vorticity  within  the  stack  is 
also  the  source  of  the  vorticity  for  the  distorted  shear-layer 
ring  vortices  that  are  formed,  in  the  near  field,  at  the  peri¬ 
phery  of  the  jet. 


z/D 


Fjg.  6.  Cros&'SLream  mean  temperature 

rso-contours  at  x/D=1.0  for  R=2.0. 


An  inspection  of  autocorrelation  and  autospectra 
obtained  at  various  y/D  locations  between  -2.0  and  10.0  and 
various  x/D  locations  between  3  and  35  reveals  that  the 
frequency-centred  activity  (centred  at  50  Hz)  in  the  lower 
region  of  the  flow  becomes  increasingly  randomized  as  x/D 
incrc.ases  and,  as  indicated  by  Figs.  16  and  17,  ceases  to 
exist  at  and  beyond  x/D  =  15.  This  inspection  reveals  as 
well  that  frequency-centred  activity  with  a  characteristic 
frequency  equal  to  the  Strouhal  frequency  of  25  Hz  begins 
to  develop  at  x/D  =  15  in  the  upper  intermittent  region  of 
the  flow.  This  activity,  although  not  as  intense  as  that  in  the 
near  field  of  the  lower  region  (see  Figs.  13  and  15)  is  well- 
established  by  x/D  =  25,  as  is  clearly  evident  from  Figs.  18 
and  19,  and  appeal's  to  persist  (with  much  the  same  inten¬ 
sity)  beyond  x/D  =  35. 
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f'lg.  7.  Cross-stream  mean  temperature 

iso-con tours  at  x/D=10.0  for  R=2.0, 
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It  is  speculated  that  the  far-field  frequency-centred 
activity  in  the  upper  region  of  the  present  flow  is  a  manifes¬ 
tation  of  coherent  structures  resulting  from  quasi-periodic 
coalescing  of  the  heated  distorted  shear-layer  ring  vortices 
at  the  periphery  of  the  bending  jet,  which  are  formed  with  a 
characteristic  frequency  much  greater  than  the  Strouhal  fre¬ 
quency.  Both  the  far-field  ring-vortex  coalescing  (in  the 
upper  region)  and  the  near-field  vortex  shedding  from  the 
hot  jet  (in  the  lower  region)  are  believed  to  be  governed  by 
the  relatively  intense  Karman  vortex  street  generated  by  the 
stack,  via  some  type  of  ‘lock-in’  mechanism.  (It  should  be 
emphasized  that  this  Karman  vortex  street  is  not  detectable 
by  means  of  temperature  signals  because  the  fluid  involved 
is  cold;  however,  it  is  detectable  by  means  of  velocity  sig¬ 
nals.)  Accordingly,  the  frequency  characterizing  the  far- 
field  frequency-centred  activity  in  the  upper  region  of  the 
flow  is  the  same  as  the  Strouhal  frequency  associated  with 
the  Karman  vortex  street;  and  the  frequency  characterizing 
the  near  field  frequency  centred  activity  in  the  lower  region 
is  twice  this  Strouhal  frequency. 
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F19.  11.  Tem(;>erature  signal  at  x/D=3.0 
and  y/[>0.5. 
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Fig,  10,  Temperature  signal  at  x/c>=3.0 
and  y/D=3,9  for  R=2,3, 
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and  y/D=3.9  for  R^-2.3. 


Fig.  15.  Temperature  autospectrum  at  x/[>=3,0 
and  y/D=0.5  for  R=2.3. 


Fig.  16.  Temperature  autocorrelation  function 
at  x/D=15.0  and  y/D=0.8  for  R=2.3. 


Fig.  17.  Temperature  autospectrum  at  x/D=15.0 
and  y/D=0.8  for  R=2.3.’ 


Fig.  18.  Temperature  autocorrelation  function 
at  x/O=25.0  and  y/D=5.4  for  R=2.3. 


Fig.  19.  Temperature  autospectrum  at  x/d=25.0 
and  y/D-5.4  for  R=2.3. 
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Abstract 

A  one-diincnsioiial  scalar  adaptation  of  the  Proper 
Orthogonal  Decomposition  was  applied  to  data  taken 
in  a  lohed  miser  flow  field  The  streamwise  velocity 
data  was  obtained  using  a  rake  of  15  single  compo¬ 
nent  hot-wires  Through  the  application  of  the  Proper 
Orthogonal  Decomposition  the  amount  of  streamwise 
tuihiilent  kinetic  energj  contained  in  thecaiious  proper 
orthogonal  modes  was  examined  for  two  ditferent  down¬ 
stream  locations  The  large  eddy  or  dominant  mode 
was  shown  to  have  a  significant  decrease  in  this  energy 
between  100  and  150  mm  downstream  from  the  lobe 
It  can  he  argued  that  this  decrease  in  energy  repre¬ 
sents  the  break  down  of  the  large  scale  streamwise 
cortical  structure  A  pseudo  flow  visualization  tech¬ 
nique  was  also  emploved  to  help  v  isualize  this  process 

Introduction 

'the  existence  of  large  scale  stiucturcs  in  a  lobed  mixei 
flow  field  was  examined  tliiongh  the  application  of  a  one- 
dimeiisioiial  scalar  Piopci  Oitliogonal  Decomposition  (POD) 
A  lobed  mixer  is  a  device  that  induces  rapid  mixing  through 
the  cnliancemcnt  of  the  sticamwise  vorticity  A  cartoon  rep¬ 
resentation  of  tins  IS  shown  in  figure  1  where  tlie  lobed  mixer 
IS  depicted  as  a  convoluted  flat  plate  mixer  'I'he  existence 
of  large  scale  structure  in  .iie  free  sliear  layer  behind  a  flat 
plate  was  first  repoilcd  by  Diown  and  Roshko(3l.  ronrad[M| 
was  among  the  first  to  report  evidence  of  streamwise  aligned 
vortex  tubes  embedded  in  the  large  scale  structures  found 
by  the  flow  visualizations  of  Uiovvn  and  Roshko  Lni[l7J 
and  references  therein  have  attiibuted  the  foimation  of  the 
three-dimensional  vortex  structure  found  in  free  shear  layers 
to  hydiodynamic-inslahility  inechanisms  In  a  moie  recent 
study  by  Lashcras  and  Meibuigilfij  a  peiiodicly  perturbed 
plate  was  used  to  generate  the  slieai  layer  'I  his  was  done 
in  an  attempt  to  study  the  mechanisms  that  form  the  three- 
dimensional  structure  They  found  that  the  sticamwise  vor- 
licity  could  he  manipulated  by  applvmg  dilFcrent  pertuiba- 
tions  to  the  upstieain  flow  conditions  R  was  also  found, 
for  the  case  of  the  periodicly  pcituihed  flat  plate,  that  the 
counter-rotating  streamwise  voiticai  stiiictiiie.s  were  embed¬ 
ded  in  the  braids  of  coimecting  consecutive  Kaiman  voitices 

In  the  same  time  [lenod  more  applied  sfiidies  were  b(>- 
irig  conducted  on  flow  fielcls  downstreair-  of  lobed  mixers 
Paterson[23]  collected  the  first  detailed  flow  measuiements  in 
this  flow  field  The  study  showed  strong  secondary  flows  along 
with  streamwise  voiticity  with  a  spatial  extent  approximately 
eciui valent  to  the  lobe  height  A  later  study  (v.  Werle  et 
al(29])  showed  the  flow  field  downstream  of  tlic  lobed  mixer 
could  be  broken  up  into  tlirce  distinct  flow  development  re¬ 
gions  In  the  first  region  the  streamwise  vortex  tubes  began 
to  develop,  became  fully  developed  in  the  second  and  dissi- 
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p<ated  III  the  third  Erkcrle  et  al[7]  conducted  a  study,  in  the 
same  facility  used  in  this  vvoik,  using  a  I<aser  Dopplei  Anemo- 
menietei  'i'hey  documented  that  the  three  regions  reported 
by  Welle  et  nl[29]  could  lie  shifted  by  changing  the  velocity 
ratio  across  the  lobes.  It  was  also  deduced  fiom  their  lesults 
that  the  seeds  of  the  large  scale  vortices  originate  from  the 
boundary  layei  of  the  lobed  mixer, 

Lumley(19]  suggested  using  the  POD  technique  to  objec¬ 
tively  identify  coherent  stiuctures  or  "large  eddies"  in  a  tur¬ 
bulent  flow.  The  method  was  fust  applied  to  the  wake  behind 
a  cylinder  by  Payne[2.1]  The  results  of  this  study  showed 
that  the  energy  content  in  the  dominant  eddy  Wtis  not  sig¬ 
nificantly  Larger  than  that  m  subsequent  eddies  Bakewell 
and  Lumley(2]  applied  the  technique  on  measurements  taken 
in  the  nc<ai  wall  region  of  tuibulent  pipe  flow.  These  tesults 
were  more  conclusive  than  the  previous  expeiiment,  showing 
the  dominant  eddy  to  contain  90%  of  the  total  streamwise  tur¬ 
bulent  energy  Moiii[2ri  applied  the  POD  to  data  generated 
by  a  large  eddy  simuhation  of  a  tuibulent  channel  flow  His 
results  showed  that  the  dominant  eddy  contained  up  to  64% 
of  the  turbulent  kinetic  energy  Moin  and  Mosei[22]  applied 
the  POD  to  tuibulent  clwnnel  flow  data  genciated  by  a  direct 
numerical  simulation  In  their  decomposition  the  uoniinant 
eddy  was  found  to  contain  as  much  as  76%  of  the  luibulent 
kinetic  energy  nerzog[13]  utilized  the  POD  techniciucon  hot- 
filin  mcasuremenis  taken  in  the  near  wail  icgioii  of  a  turbulent 
boundary  haycr  The  results  obtained  showed  that  tlie  dom- 
iiuaiit  cigenmodo  cont<ainod  appioximately  60%  of  the  total 
kinetic  energy,  consistent  with  the  results  obt<ained  by  Moin 
I  ,.;i.  (,t  -ifipl  ,irql  ,„,i  „(  ,Uml  „,,rii;«,l 

the  POD  to  the  neai  field  region  of  a  turbulent  axisynimotric 
jet  Their  results  showed  that  the  first  eigenmode  contained 
<ippro>.'mately  10%  jf  the  total  turbulent  kinetic  energy  and 
that  an  accurate  representation  of  the  flow  field  can  be  ob- 
lained  by  using  only  the  first  three  eigenmodes  Sirovich  et 
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al(25]  applied  the  decomposition  technique  to  turbulent  con¬ 
vection  flow  simulations,  for  the  case  of  stiess-frce  bound¬ 
ary  conditions.  For  their  flow  conditions,  the  (list  eigenmode 
contained  43%  of  the  kinetic  energy  with  60%  of  the  energy 
being  represented  by  the  summation  of  the  first  five  inodes. 
Chambers  ot  al[4]  utilized  the  POD  to  examine  Monte  Carlo 
simulations  of  a  randomly  forced  Burgers’  equation  with  zero 
velocity  boundary  conditions.  They  showed  that  the  num¬ 
ber  of  proper  orthogonal  modes  needed  to  reproduce  90%  of 
the  total  energy  increased  with  Reynolds  number.  Delville  et 
al[6]  applied  the  POD  to  the  tuibulent  wake  downstream  of 
a  flat  plate,  using  a  rake  of  21  single  component  hot-wires, 
placed  perpendicular  to  the  plate.  They  found  that  70%  of 
the  mean-square  streamwisc  lelocity  was  recovered  within  the 
first  three  modes.  Glezcr  et  al[12]  developed  an  extension  to 
the  POD  capaljs'  of  dealing  with  flows  in  which  long  term  cor¬ 
relations  measurements  are  not  possible.  This  extended  POD 
was  applied  to  a  time  periodically  forced  plane  mixing  layer 
They  found  that  as  much  as  7S%  of  the  information,  collected 
from  a  rake  of  10  wires  placed  in  a  cross-stream  orientation, 
was  recovered  with  a  3  mode  reconstruction 

In  the  study  discussed  here  multi-point  hot-wire  measure¬ 
ments  were  used  to  obtain  the  one-dimensional  cross-coi relation 
tensor  needed  to  apply  a  one-dirnensional  version  of  the  POD. 
Measurements  were  taken  using  a  2  1  velocity  ratio  across  the 
lobes.  The  evolution  of  the  large  scale  structures  were  evalu¬ 
ated  between  100  and  150  mm  downstream  of  the  iobed  mixer. 
The  evaluation  was  done  by  reconstructing  the  original  veloc¬ 
ity  field  so  that  techniques  such  as  pseudo  flow  visualizations 
could  be  applied  (v  Delville  et  al[3]  and  Ukeiley  et  alj28]). 
The  streamwise  tuibulent  kinetic  energy  content  of  the  large 
scale  structure  along  with  other  tiiibulence  properties  were 
compared  at  100  and  150  mm  downstream  fiom  the  lobe  as 
well, 

Proper  Orthogonal  Decomposition 

In  1967  Lumley[19)  proposed  the  POD  as  an  unbiased  pio- 
cedure  for  identifying  large  scale  structures  in  turbulent  flows 
't  is  based  on  decomposing  the  strongly  inhomogeneous  direc¬ 
tions  in  the  flow  into  orthogonal  modes  using  the  Karhunen- 
boeve  expansion[18].  If  the  candidate  structure,  d>,  is  pro¬ 
jected  onto  the  velocity  ”ector  field,  t<(?, <),  as  slio-  n  below, 
the  result  is  the  structure  with  the  largest  niean-sqi.are  pro¬ 
jection  on  tins  velocity  field, 

|u  =  |ol^.  (1) 

Equation  1  is  assumed  to  be  normalized  by  the  modidiis  of 
4>  since  It  IS  the  degree  of  the  projection  that  is  of  int  .’rest 
and  not  the  amplitude.  Through  the  use  of  calculus  of  varia¬ 
tions.  this  maximization  process  leads  to  the  following  integral 
eigenvalue  problem, 

J  j  J  j  =  (2) 

The  kernel  of  equation  2  is  the  velocity  cross-correlation  ten¬ 
sor,  R,j(x,x',l,i’]  =  u,(x,l)uj{x',t')  Since  this  tensor  ex¬ 
hibits  symmetrical  features  the  solutions  to  tins  problem  are 
governed  by  the  Ililbert-Schrmdt  theory  (v.  Lumley[20]) 

The  POD  reduces  to  the  Harmonic  Decomposition  in  di¬ 
rections  which  are  either  homogeneous,  stationary  or  periodic 
implying  that  Fourier  analysis  should  be  used  in  these  diiec- 
lions 

In  the  lobed  mixer  flow,  the  dowistream  direction  (z)  (see 
figure  2)  IS  assumed  to  be  locally  horn  .geneous  for  a  first  order 
approximation  and  lime  is  stationary.  By  applying  Fourier 
analysis  to  the  cross-correlation  tensor,  the  cross-spectral  ten¬ 
sor  IS  obtained  as  follows, 


J—co 

^„(x,x',y,y',f,ki),  (3) 

where  (^  =  z  —  z'  and  -r  —  t  -  V. 

Using  this  cross-spectral  tensor  ,as  the  kernel,  equation  2 
reduces  to; 

J  %(i,-c',y,y',f,ki}4’l"\j:',y',f.h)dx'dy'  = 

where  the  0’s  are  the  frequency  ana  wavenumber  dependent 
eigenfunc* ions  and  x  and  y  denote  the  remaining  inhomoge¬ 
neous  directions  (see  figure  2)  It  should  be  noted  that  this 
flow  has  two  directions  of  strong  statistical  inhomogeneity. 

As  a  first  step  in  analyzing  this  flow  only  a  one-dimensional 
version  of  the  POD  was  applied.  This  involves  obtaining  the 
one-dimensional  cross-spectral  tensor  in  the  cioss  lobe  diicc- 
tion  (x)  and  then  solving  the  following  integral  eigenvalue 
problem; 

J  <k„(x,i',/)0<’’>(.T',/)dx'  = 

A‘’’>(/)V’l’’>(x,/).  (.5) 

The  process  of  solving  this  eigenvalue  problem  was  carried 
out  at  both  downstream,  locations  separately.  The  eigenmodes 
obtained  from  equation  5  are  ortho-normal  and  can  be  used  to 
reconstruct  the  original  velocity  field  (which  was  decomposed 
through  Fourier  analysis)  in  the  following  manner; 

CO 

“i(x,/)  =  EM/)t/’r'(x./),  (6) 

n=l 

where  the  random  coefficients  a„(/)  are  calculated  by, 

an(f),  =  j  Ui(i,f)4’\"^'(xJ)dx.  (7) 

In  the  previous  equations  Ui  is  the  Fomier  transform  of  the 
streamwise  velocity  component.  The  energy  spectrum  can 
also  be  obtained  from, 

S(x,/)  =  f  (8) 

n=l 

where  are  the  eigcnspcclra 

The  numerical  approximation,  detailed  by  Glauser  et  al(9], 
simply  consists  of  replacing  the  integral  in  equation  5  by 
an  appropriate  quadrature  rule  (in  this  study  a  trapezoidal 
rule)  ^n{x,x',f)  is  then  obtained  from  experimental  mea¬ 
surements  and  utilized  in  equation  5  to  obtain  the  eigenvalues 
and  eigenfunctions  These  eigenfunctions  and  eigenvalues  are 
then  utilized  to  reconstruct  the  original  random  velocity  field 
as  well  as  velocity  spectra. 

Experiment 

The  facility  used  in  this  experiment  was  split  down  the 
center,  by  a  steel  plate,  with  separately  controlled  blowers  on 
either  side.  A  front  view  of  the  test  section  with  the  contours 
of  tne  lobed  mixei  superimposed  on  it  is  shown  in  figure  2 
The  flow  conditions  at  the  inlet  were  documented  by  Eckerle 
et  al(7].  They  found  thai,  the  boundary  layeis  on  the  plate 
were  turbulent  with  an  approximate  1%  turbulence  intensity 
in  the  core  flow  A  rake  of  hot-wires  was  placed  at  v=28  .5 

mrn  (see  figure  3)  for  both  100  and  150  mm  downstream  from 
the  lobe  Figure  3  is  an  expanded  view  of  the  box  marked 
teulmg  area  in  figure  2  The  hot-wire  rake  (v  Ukeiley  ct 
al[27])  consisted  of  15  probes  evenly  spaced  across  a  full  lobe 
width. 
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F'^igure  2  Ftont  View  of  Lohcd  Mixei 


Figure  3  Expanded  View  of  Test  Section 

A  personal  computer  based  data  acquisition  system  was 
employed  to  collect  the  data  It  consisted  of  a  Zenith  2 IS 
computer,  a  MctraByte  DAS-20,  16  channel,  12  bit  A/D  con¬ 
verter  and  four  MetraByte  SSH-4  simultaneous  sample  and 
hold  boards  All  data  was  sampled  at  a  rate  of  3  kHz  with 
low-pass  anti-alitising  filters  set  at  1.4  kHz  for  each  channel 
To  ensure  an  adequate  statistical  sample,  100  blocks  of  256 
samples  were  taken  The  hot-wires  were  cahbiatcd  using  a 
polynomial  scheme  as  detailed  by  (leorgc  et  alfS). 


Results 

Figures  4  and  5  show  the  mean  velocity  plotted  as  a  func¬ 
tion  of  the  distance  across  the  lobe  (x)  at  z=100  and  150  mm 
respectively.  At  z=100  mm,  the  velocity  peaks  around  the 
center  of  the  lobe  By  z=150  mm,  the  average  velocity  begins 
to  level  out,  although  the  profile  is  not  smooth.  These  results, 
although  physically  difficult  to  conceptualize,  are  consistent 
with  LDA  data  taken  in  this  tunnel  Note  that  at  z=I50  mm. 
the  profile  is  much  broader  than  at  z=100  mni,  where  a  much 
steeper  mean  gradient  is  ob.served  This  would  imply  that 
by  z=150  mm,  the  mean  shear  has  been  mixed  out  and  the 
luibuleiice  gains  energy  at  its  expense,  consister.t  w,th  the 
results  of  Eckerle  et  al  [7]  They  showed  that  for  a  velocity 
latio  of  2  1  the  turbulent  kinetic  energy,  averaged  over  x  and 
y,  increased  as  a  function  of  downstream  (z)  distance. 
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Figuie  4.  Mean  Strearnwise  V'elocity  Across  Lobe  y=2S  5, 
z=100  mm 
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Figure  5  Mean  .Strearnwise  Velocity  Acicss  Lobe  v=28.5, 
7=1.50  min 

Figures  6  and  7  show  the  RMS  stieamwise  fluctuating  ve¬ 
locity,  plotted  versus  x  pos'tioii,  for  the  two  downstream  jio- 
sitions.  Values  calculated  from  the  reconstiiiction  of  the  first 
proper  orthogonal  mode  first  three  and  fiist  five  have  been 
superimposed  on  these  figures.  By  comparing  figures  6  and  7 
(i.e.,  z=i00  mm  to  z=1.50  mm)  it  is  seen  thai,  the  stream- 
wise  turbulent  kinetic  energy  in  the  flow  field  is  more  evenly 
distributed  across  the  x  direction  at  150  mm  downstream. 
This  implies  that  as  th.e  flow  progresses  downstream  the  two 
streams  mix  and  this  energy  becomes  fairly  well  distributed 
across  the  whole  region  The  peaks  in  the  RMS  plots  al  z=100 
mm  are  slightly  shifted  to  the  low  speed  side  implying  that 
the  strearnwise  vortex  tubes  have  been  shifted.  When  ex¬ 
amining  the  reconstructed  values  shown  in  figures  6  and  7 
the  first  mode  reconstruction  shows  that  the  most  energetic 
spatial  locations  are  reproduce!*  first,  i  e.,  the  spatial  location 
corresponding  to  wire  10,  x=.027.  It  can  also  be  inferred  from 
these  figure.s  that  salisequent  modes  fill  in  the  other  spatial 
locations  unt’l  the  profile  has  been  reproduced  Note  that  for 
both  downstream  locations  the  first  proper  oithogoiial  mode 
contributes  significantly  to  the  RMS  profiles 
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Figure  6.  Streamvvise  RMS  Velocity  (Original,-  1st  Mode,  1st 
Three  Modes  and  1st  Five  Modes)  y=28  5  tnm,  100  mm 


Figure  7  Streamvvise  RMS  Velocity  (Original,  1st  Mode,  1st 
Ihree  .Modes  and  1st  Five  Modes)  y=28  5  mm,  z=150  min 

Eigenspectra 

Figures  8  and  9  show  the  eigenspectra  for  the  first,  second 
and  third  modes  for  both  z=100  and  150  mm.  The  eigenval¬ 
ues  shown  here  represent  the  contribution  to  the  energy  from 
the  streamvvise  velocity  component  for  each  mode,  integrated 
across  the  lobes  The  dominance  of  the  first  mode  is  apparent 
in  all  of  the  plots.  The  total  streamwise  energy  contained  in 
each  proper  orthogonal  mode  can  be  obtained  by  summing 
over  all  frequencies.  Figure  10  shows  the  total  streamwise 
energy  in  each  proper  orthogonal  eigenmode  plotted  versus 
mode  number.  The  curve  representing  100  mm  downstream 
shows  that  the  contribution  from  the  eigenmodes  decreases 
and  levels  out  after  about  7  modes.  From  this  curve  it  can 
also  be  inferred  that  the  larger  scales,  represented  by  the  first 
few  modes,  contain  the  majority  of  the  energy  at  this  spa¬ 
tial  location.  In  contrast  to  this,  the  curve  representing  150 
mm  downstream,  shows  a  less  steep  gradient  implying  that 
ihe  energy  is  distributed  more  evenly  over  the  scales.  Table  I 
shows  the  percentage  of  energy  contained  in  the  eigenspectral 
modes.  T'he  percentage  of  energy  contained  in  the  dominant 
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Figure  8  Eigenspectra  y=2S.5  mm,  z=100  mm 


Figuie  9;  Eigcn.spectra  y=2S.5  mm,  z=150  mm 


Figure  10:  Conveigence  of  Eigenspectra  Modes  y=;28.o  mm 
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Position 

y,z(mm) 

1st 

mode 

1st  2 
modes 

1st  3 
modes 

1st  4 
modes 

1st  5  j 
modes  | 

28.5,  100 

42 

60 

70 

77 

82  1 

28.5,  150 

34 

51 

GO 

68 

74  1 

Table  1'  Percent  Energy  In  Eigenspectial  Modes 

mode  is  noticeably  largei  at  100  mm  downstream  than  at  150 
mm  downstream.  This  is  consistent  with  the  earlier  sugges¬ 
tion  that  the  energy  is  distributed  over  a  wider  railage  of  scales 
by  150  mm  downstream  of  the  lobed  mixer.  These  results 
would  indicate  that  the  large  scale  featurcs(coherenl  stiur- 
tutes)  have  dissipated  significantly  by  150  mm  downstream, 
which  is  consistent  with  the  results  found  by  Echerle  et  allil. 

TV  SeilfMcnmis  shown  in  figme  1 1  are  plotted  to  exam- 
me  how  their  shapes  change  with  downstieam  position.  These 
eigenfunctions  are  plotted  as  a  function  of  x,  at  a  frequency 
of  700  llz  Tins  frequency  was  chosen  because  it  corresponds 
to  a  natural  shedding  phenomenon  of  tins  particular  lobed 
mixer  as  discussed  by  Ukeiley  et  al(2Sj.  Figure  11  shows  the 
real  part  of  the  eigenfunctions  for  the  fiist  proper  eigenmodc 
at  both  downstieam  positions  The  eigenfunctions  in  this  fig¬ 
ure  e.xhibit  the  same  basic  shape  with  only  slight  magnitude 
differences  at  the  two  downstream  positions.  This  indicates 
that  it  might  be  possible  to  develop  a  scaling  function  which 
could  determine  the  eigenfunctions  at  different  downstream 
locations  while  actiial’y  knowing  them  at  only  one  This  type 
of  scaling  function  could  be  helpful  in  evaluating  the  severity 
of  the  assumption  that  the  streamwise  direction  is  locally  ho¬ 
mogeneous 

Instantaneous  Velocity 

Using  equation  6  and  an  inverse  Fourier  tiansform  loulnie, 
the  iiislaiitaiieous  velocity -time  traces  can  be  reproduced  for 
any  of  the  hot-wire  locations  The  pseudo  (low  visualization 
tetiimque  used  heie  is  a  similar  technique  to  the  one  developed 
by  Tabatabai  et  al[26]  and  Delville  et  al(5l,  and  is  described 
in  more  detail  by  Ukeiley  et  al[28l.  It  is  a  visualization  tech¬ 
nique  that  utilizes  instantaneous  hot-wire  anemometer  data 
to  create  a  graphical  representation  of  velocity  interactions  m 
a  flow  field.  Since  the  velocities  are  sampled  simultaneously, 
each  of  the  hot-wire  measurements  are  at  the  same  instant 
ill  time  To  develop  the  pseudo  flow  visualization  plots  the 
samples  corresponding  to  the  same  time  are  then  plotted  as 
perti’rbation,s  about  a  mean  vertical  line  These  plots  have 
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Figure  12:  Pseudo  Flow  Visualization  Plots  z=100  mm,  a) 
Original  Signal  b)  First  Proper  Oithogonal  Mode  c)  First 
Three  d)  First  Five  E)  First  Seven 
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Figure  IF  Real  Part  of  First  Mode  Eigcnfuntlions  for  z-100 
mm  and  150  mm  at  y=28  5  mm 


Fieurc  13  Pseudo  ITow  Visualization  Plots  z=  b^O  ^m,  a 
Original  Sigaiil  b)  First  Pioper  Oithogonal  Mode  c)  fMrst 
Three  d)  Fiist  Five  e)  First  Seicn 

wire  luimhc.  as  the  alisnssa  aiul  sain,.l<'  lu.mbri  as  the  ordi¬ 
nate  Using  the  mi'an  comeilion  velocity,  the  samp  ingi ate 
and  the  distance  betneeii  piobes,  the  pictuies  aie  scaled  to  an 
approximate  representation  of  that  location  in  the  low  field 
Figures  12  and  13  S'lO"'  Iiseudo  flow  vi,,iializatioii  p  ots 
foi  positions  at  z=100  and  150  mm  respectively  These  plots 
compare  the  or.gmal  .signal  with  a  leronstiuction  using  the 
f.r.st,  propel  oithogonal  mode,  fust  th.ee,  first  five  and  fit 
seven.  This  idcaof  view.ag  dilic.  ■  '  .aopei 
through  a  pseudo  flow  vi.smilizalioii  technique  was  first  ev 
m.cd  by  oWilie  e,  al[0l  From  figme  12  fz^lOO  mm)  .1  is 
elidciit  tliat  the  fir.st  mode  lep.e.seutat.on  has  the  ia.ge  .scale 
features  of  the  sfeamwise  veloiity  field  It  is  also  appaten 
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that  as  nioie  modes  are  used  in  the  reconstruction  process 
more  small  scale  features  are  represented.  The  pseudo  flow  vi¬ 
sualization  plot  using  the  summation  of  the  fiist  seven  modes 
is  almost  identical  to  the  original  signal.  Figure  13  shows  a 
similai  plot  to  figuie  12  at  z=150  mm.  In  the  plot  showing  the 
first  mode  reconstruction  the  large  scale  structures  are  not  as 
evident  as  those  at  z=100  mm,  which  is  consistent  with  ta¬ 
ble  1  and  the  RMS  velocity  analysis.  The  plot  using  the  first 
seven  modes  shows  the  general  trends  of  the  plot  using  the 
original  signals  but  is  not  as  good  of  a  representation  as  it 
was  in  figure  12,  again  consistent  with  table  1  These  results 
suggest  that  the  first  proper  orthogonal  mode  is  representa¬ 
tive  of  the  large  scale  feature  in  the  flow  field.  It  aho  would 
indicate,  as  has  been  speculated,,  that  the  low  dimensional 
models  for  turbulence  based  on  the  POD  are  rapturing  the 
o\oiail  picture  yet  losing  the  fine  detail(v.  A.  bry  et  al[l)  and 
Glauser  et  alfllj). 

Conclusions 

An  initial  investigation  studying  the  evolution  of  large 
scale  structures  in  the  downstream  region  of  the  lobed  mixei 
was  conducted.  Through  the  use  of  a  one-dimensional  scalar 
version  of  the  POD  this  study  has  shown  the  existence  and 
bieakdown  of  these  large  scale  coherent  structures.  The  mean 
and  R.MS  velocities  were  e.camined  and  determined  to  be  con¬ 
sistent  with  the  results  of  Eckel le  et  al[7l. 

The  solution  to  the  eigenvalue  problem  has  shown  a  rapid 
convergence  of  the  eigenmodes  to  the  original  signal.  The 
large  eddy,  defined  by  Lumley  to  be  the  dominant  eigenmode, 
contained  as  much  as  42%  of  the  total  streamwise  kinetic  en¬ 
ergy  It  has  also  been  shown  that  by  the  fifth  mode  82%  of 
this  energy  has  been  represented.  It  was  observed  that  at 
z=100  mm  the  dominant  eigenmode  contained  significantly 
more  energy  than  the  same  eigenmode  at  z=150  mm 

The  RMS  streamwise  fluctuating  velocity  and  eigenfunc¬ 
tion  analysis  showed  tiie  evolution  of  the  flow  between  100  and 
1.50  min  downstream  The  RMS  velocity  profiles  showed  the 
eneigy  becoming  more  evenly  distributed  at  150  mm  as  com¬ 
pared  to  100  mm.  This  implies  that  larger  more  dominant 
scales  break  down  and  thoir  energy  becomes  redistributed 
over  the  flow  field  (shifting  to  more  homogeneous  turbulence). 

I  his  result  seems  consistent  with  tlie  results  of  Eckerle  et  al[7] 
who  showed  the  large  scale  vorticity  breaking  down  between 
100  and  150  mm  The  comparison  of  the  eigenfunctions  for 
the  two  downstream  positions  showed  that  the  general  shape 
did  not  vary  much  This  implies  that  it  may  be  fruitful  to  de¬ 
velop  scaling  functions  that  can  lelate  eigenfunctions  to  dilfer- 
ent  downstieam  positions,  thus  reducing  the  data  collection 
procedure 

Through  the  pseudo  flow  visualization  analysis  it  was  shown 
that  the  original  time  trace  signals  were  adequately  lepro- 
duced  using  a  seven  mode  reconstruction  The  large  scale 
featuies  were  reproduced  using  the  first  mode,  yet  it  took  as 
many  as  seven  modes  to  reproduce  the  smaller  scale  featuies. 
The  large  scale  structures  obtained  using  only  the  fust  mode 
are  clearly  discernible  at  100  mrn  downstieam  while  at  150 
mm  they  are  not  as  apparent. 

Ihe  results  showing  the  rapid  convergence  of  the  eigen- 
spectra  and  the  dominant  fust  mode  suggests  that  it  may 
be  beneficial  to  use  the  POD  m  conjunction  with  the  Navier 
Stokes  equations  lo  deveiop  a  iow  dimensional  dyimmical  sys¬ 
tems  model  for  this  flow  (v  Aubry  et  al[l]  and  Glauser  et 
al[ll!). 
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ABSTRACT 

An  experimental  study  has  been  performed  on  the 
three-dimensional  mixing  process  in  the  turbulent  jet 
which  was  injected  into  a  quiescent  fluid  as  well  as 
into  the  wake  of  the  cylinder  from  a  circular  hole 
made  on  the  circular  cylinder.  Even  in  the  case  of 
an  injection  into  quiescent  fluid,  the  flow  field  ex¬ 
hibits  asymmetrical  spread,  and  secondary  flow.  In 
the  case  of  the  injection  into  the  wake,-  the  asymmet¬ 
rical  spread  becomes  rather  remarkable,  and  the  sec¬ 
ondary  flow  becomes  ever,  stronger  t.ian  with  inj’ection 
into  quiescent  fluid.  Although  the  decay  of  the  rel¬ 
ative  maximum  velocity  in  relation  to  the  wake  dif¬ 
fers  according  to  the  injection  velocity  ratio,  it 
decays  in  proportion  to  about  The  turbuJence 

intensity  of  the  wake  becomes  lower  by  injection  of 
the  jet. 

NOMENCLATURE 

d  Diameter  of  the  injection  hole 
D  Diametei  of  the  circular  cylinder 
Ly,  Lz  Half-value  width  of  y-  and  z-direclion  in 
the  jet  injected  into  a  quiescent  fluid, 

^  respectively 

L  y ,  L  2  Half-value  wid^n  of  y-  and  z-direction  ob¬ 
tained  from  the  relative  velocity  profiles 
in  relation  to  the  wake,  respectively 
R,.  Reynolds  number  =  Uj  d/v 
U,  u  .Mean  and  fluctuating  velocity  in  inc  x-di- 
rcction 

Vu’  .S.MS  value  of  the  fluctuating  velocity 
Uj  Mean  velocity  at  the  exit  of  the  injection 
hole 

Urn  .Maximum  velocity  in  the  jet 
Uo  Reference  main-flow  velocity  at  x  =  -D5  mm 


Fig.  1  Injection  from  a  trailing  edge  of  the  cooling 
of  the  turbine  blade 


U  Mean  velocity  in  the  x-direction  of  the 
wake 

U  c  Mean  velocity  in  the  central  plane  of  the 
wake  (y  =  0) 

U«  Mean  velocity  of  the  uniform  flow 
U  Mean  velocity  relative  to  the  wake  =  U  -  U' 

U  m  Maximum  value  of  U" 

X,  y,  z  Coor.tinate  system  with  its  origin  at  the 
center  of  the  injection  hole 
n  Dimensionless  coordinate  obtained  by  the 
half-value  width 

0.,  V  Density  and  kinematic  viscosity  of  fluid, 
respect ively 

N  Number  of  revolutions  of  the  small  wind¬ 
mill 

INTRODUCTION 

This  report  concerns  the  flow  field  composed  of 
the  ciicular  air  jet  and  the  wake  of  the  circular 
cylinder  set  perpendicular  to  the  uniform  flow  from 
which  the  jet  is  injected.  Like  this  flow,  configu¬ 
rations  appeal  in  cases  of  the  wake  of  a  self-pro¬ 
pelled  body  [1]  and  a  flame  holder  (2).  Very  recent- 
ly ,  Higuchi  and  Kubota  examined  jet  and  axisymmetnc 
wake  inteiaction  including  zero-momentum  case  [3], 
Anothei  important  example  is  the  injection  from  a 
trailing  edge  of  the  film  cooling  of  a  gas  turbine 
blade  as  shown  jn  lig.  1  [4],  since  it  exerts  a  large 
etfect  on  the  efficiency  of  the  gas  turbine.  Many 
studies  on  circular  jets  [5]  and  circular  compound 
jets  injected  into  the  uniform  flow  [6]  have  been 
reported.  However,  a  three-dimensional  mixing  in  a 
circul.jr  jet  injected  into  the  wake  of  a  two-dimen¬ 
sional  circular  cylinder  as  the  present  flow  field, 
one  oi  complex  turbulent  jets,  has  not  been  examined. 

In  this  study,  the  jet  was  injected  from  a  cir¬ 
cular  hole  made  on  the  circular  cylinder  as  shown  in 
Fig.  2,  and  the  jet  was  also  injected  into  a  quies¬ 
cent  fluid  as  well  as  into  the  wake  of  the  cylinder. 
It  will  be  clarified  experimentally  that  the  three- 
dimensional  mixing  process  in  this  turbulent  jet,  the 
mean  flow  properties,  the  features  of  the  secondary 
flow  and  the  turbulence  properties  will  be  discussed. 


D=5mm,  d  =  25mm,,  UoT20nn/s 


Fig.  2  Flow  lj.eld  and  coordinate  system 
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EXPERIMENTAL  APPARATUS  AND  METHOD 


EXPERIMENTAL  RESULTS  AND  DISCUSSION 


The  measuring  cross-section  of  the  wind  tunnel  Mean  flow  and  secondary  flow 
used  in  the  present  experiment  is  a  square  with  a  ~ 

side-length  of  300  mm,  and  the  turbulence  intensity  In  the  jet  field  injected  from  a  circular  hole 
of  the  main  flow  is  about  0.5  %.  The  jet  is  inject-  drilled  on  the  circular  cylinder,  since  even  the  case 
ed  from  the  injection  hole  of  diameter  2.5  ram  which  of  the  injection  into  the  quiescent  fluid  the  secon- 
is  drilled  at  the  center  of  the  span-width  of  the  dary  flow  occurred  as  shown  in  Fig.  9(a)  as  will  be 
circular  cylinder  of  the  outside  diameter  5  mm.  The  explained  later,  there  was  a  slight  asymmetry  in  the 
injection  flow  rate  is  measured  by  a  laminar  flow  me-  mean  velocity  profile. 

ter.  The  ratio  of  the  injection  mean  velocity  to  the  Figures  3  (a)  and  (b)  show  the  mean  velocity 
reference  velocity,  that  is  Uj/Uo,  is  varied  in  the  profiles  in  the  plane  containing  the  jet-axis  in  case 
range  of  1,  2  and  3.  The  corresponding  Reynolds  num-  of  the  injection  into  the  wake.  The  chain  line  in 
ber  Re  is  33CX),  6700,  10000,  respectively.  The  ref-  this  figure  indicates  the  velocity  profile  of  the 
erence  velocity  Uo  is  about  20  m/s.  The  experiment  wake  alone.  Figure  3(a)  indicates  the  velocity  pro¬ 
of  injection  into  the  quiescent  fluid  is  carried  out  files  in  the  y-direction.  In  the  region  at  x/dSUl, 
for  reference  with  the  same  Reynolds  number  as  that  the  wakes  are  deformed  by  the  jet,  and  the  velocity 
of  wake  with  Uj/Uo  =  3.  The  measurements  were  per-  profiles  have  a  shape  as  the  jet  juts  out  into  the 
formed  at  ten  cross  sections  witl)  x/d  =  31.8  to  621.  wake.  The  profile  becomes  similar  downstream  of  this 
The  velocity  measurement  was  made  using  a  hot-wire  section,  but  even  far  downstream,  the  velocity  pro¬ 
anemometer  .  file  of  the  jet  is  not  coincident  with  that  of  the 


(a)  Profiles  in  the  y-direction 


(b)  Profiles  in  the  z-direction 


Fig.  3  Mean  velocity  profiles  in  the  central  cross-section  of  the  jet  (  Uj/Uo  =  3  ) 
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wake.  Figure  3(b)  shows  the  velocity  profiles  in  the 
z-direction. 

Figure  4  gives  the  variations  in  the  x-direction 
of  the  center-line  mean  velocity  of  the  jet  and  the 
wake.  The  center-line  velocity  in  Uj/Uo  =  3  de¬ 
creases  rapidly  until  about  x/d  =  100,  but  that  in 
Uj/Uo  =  2  IS  nearly  constant  within  this  measuring 
range;  also,  that  in  Uj/Uo  =  1  increases  downstream 
like  the  wake.  A  difference  due  to  velocity  ratio  is 
almost  unappreciable  downstream  of  x/d  *  400,  and  the 
velocity  of  tlie  wake  does  not  coincide  with  that  of 
the  uniform  flow  furthermost  downstream. 

Figure  5  shows  the  non-dimensional  profiles  of  a 
relative  velocity  to  the  wake  in  the  y-  and  z-direc- 
tion,  respectively.  The  two-dimensional  [7]  and  the 
circular  [8][9]  compound  jet  indicate  that  the  rela¬ 
tive  velocity  profile  in  relation  to  the  uniform  flow 
has  similarity  at  the  free-developed-flow  region. 
Though  the  present  profiles  are  similar  at  the  cross 
sections  of  x/d  i  31.8,  the  difference  between  the 
profiles  in  y-  and  z-direction  is  clearly  observed. 
The  si.Tiilar  profiles  are  compared  with  a  Gaussian 
profile  [10]  for  the  jec  injected  into  quiescent  flu¬ 
id.  A  solid  line  or  ®  in  this  figure  indicates  the 
Gaussian  profile.  The  present  profiles  in  the  >-di- 
rection  well  coincide  with  Gaussian  profile  except  in 
the  outer  region,  but  the  profiles  in  the  z-direction 


Fig.  4  Variation  of  the  center-line  mean  velocity  of 
the  jet  and  the  wake 


differ  from  the  Gaussian  profile  in  the  central  part 
of  the  jet.  The  comparison  between  the  Gaussian  pro¬ 
file  and  the  relative  similar  profile  in  the  compound 
jetsffl~®  are  shown  in  the  upper  left-side  of  the 
figure.  The  profile  ®  represents  an  experimental 
equation  in  the  two-dimensional  compound  jet  by 
Bradbury  [7],  The  profile  ®  indicates  an  experimen¬ 
tal  result  in  the  circular  compound  jet  by  Tam  and 
Kobashi  [8],  and  the  profile  ®  indicates  its  theoret¬ 
ical  equation  by  Squire  and  Trouncer  [9]. 

Figure  6  shows  the  decay  of  the  relative  maximum 
velocity  to  the  wake.  The  decay  of  the  relative  max¬ 
imum  velocity  in  the  present  jet  cannot  be  expressed 
with  Urn  oc  x"'  as  the  injection  into  the  quiescent 
fluid.  Therefore,  we  inferred  it  to  be  expressed  as 
U"n,  ax'",  and  this  figure  illustrated  by  both-log- 
arithms  for  the  purpose  of  examining  decay  index  n. 
According  to  Rajaratnam  [11],  the  circular  compound 
jet  has  been  classified  as  a  strong  jet  with  U  ni/Ua*' 
]  and  a  weak  jet  with  U"m/U»'«l.  In  the  range  of  the 
present  experiments,  since  the  U  j,/8o>  values  are  0.27 
to  0.02,  according  to  Rajaratnam,  the  present  jet  can 
be  considered  as  the  weak  jet.  Rajaratnam  has  re¬ 
ported  that  It  can  be  expressed  as  U"m  a  x  in  the 
weak  jet.  The  decay  index  of  the  present  result  dif¬ 
fers  due  to  the  velocity  ratio,  and  its  value  nearly 
equals  Rajaratnam 's  index  when  Uj/Uo  =  2. 

Figure  7(a)  shows  the  variations  of  the  half 
value  width  which  was  determined  from  the  relative 
velocity  distribution  to  the  wake.  The  variations  of 
the  half-value  width  in  the  present  jet  cannot  be  ex¬ 
pressed  with  L  a  X  as  the  injection  into  the  quies¬ 
cent  fluid.  Therefore,  we  inferred  that  it  is  ex¬ 
pressed  with  L"  a  x",,  and  this  figure  is  illustrated 
by  both-logarithms  for  the  purpose  of  examine  the  in¬ 
dex  n.  In  the  upstream  regions  near  the  injection 
hole,  L' z  IS  remarkably  larger  than  L  y,  but  these 
values  tend  to  become  equal  in  the  downstream  direc- 


Fig.  6  Variation  of  the  maximum  velocity 
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tion.  Rajaratnam  has  been  reported  that  it  can  be 
expressed  as  L"  ic  x’^^  in  the  weak  jet.  Although  the 
index  n  of  the  present  results  in  L"z  differ  slightly 
due  to  the  velocity  ratio,  its  values  nearly  equal 
Rajaratnam's  index  value.  But  the  difference  due  to 
the  velocity  ratio  does  not  appear  in  L  y ,  and  its 
value  IS  about  twice  that  of  L"z . 

Figure  7(b)  shows  the  comparison  between  the 
half-value  width  in  the  injection  into  the  wake  and 
that  in  the  injection  into  the  quiescent  fluid.  In 
the  upstream  region  with  injection  into  the  quiescent 
fluid,  Lz  IS  slightly  larger  than  Ly,  but  their  val¬ 
ues  tend  to  become  equal  downstream.  With  injection 
into  the  wake,  there  is  a  similar  variation,  but  the 
trend  becomes  more  remarkable  than  with  injection 
into  the  quiescent  fluid.  This  is  because,  in  the 
secondary  flow  which  occurred  upstream  in  the  present 
ji’t,  the  injection  into  the  wake  became  even  stronger 
tlian  the  injection  into  the  quiescent  fluid. 

In  order  elucidate  further  the  three-dimen¬ 
sional  mixing  process  in  the  present  jet,  the  three- 
dimensional  profiles  of  the  mean  velocity  are  shown 
in  Figs.  8  (a)  and  (b).  The  jet  is  jutting  out  from 
the  uniform  flow  at  x/d  =  31.8,  and  the  jet  has  an 
asymmetrical  shape. 

Since  the  secondary  flow  can  be  inferred  from 
the  mean  velocity  profiles  mentioned  above,  to  con¬ 
firm  this,  a  small  windmill  is  used  to  measure  the 
revolution  number  and  its  direction  of  revolution.. 
The  results  at  typical  sections  x/d  =31.8  are  shown 
in  Figs.  9(8)  and  (b). 

Figure  9(a)  shows  the  result  for  the  injection 
into  the  quiescent  fluid.  Broken  lines  indicate  the 
isopleths  of  the  mean  velocity,  and  the  solid  lines 
with  an  arrow  illustrate  the  pattern  of  secondary 
flow,  estimated  by  Che  rotation  of  the  windmill.  Ob¬ 
viously  the  secondary  flow  extends  the  cross-section 
of  the  jet  in  the  z-direction  as  shown  in  this  fig¬ 
ure.  Figure  9(b)  shows  the  result  of  the  injection 
into  the  wake,  and  the  chain  lines  indicate  the  iso- 


(b)  Compariscn  between  the  injection  into  the  wake 
and  the  quiescent  fluid 


pleths  of  the  mean  velocity.  A  secondary  flow  effect 
as  with  injection  into  the  quiescent  fluid  is  also 
recognized  in  this  case,  but  the  revolutions  of  the 
small  windmill  become  considerably  stronger  than 
those  in  the  injection  into  the  quiescent  fluid.. 

As  for  the  origin  of  the  secondary  flow  in  the 
injection  into  the  quiescent  fluid,  we  considered 
that  the  asymmetry  of  the  induced  velocity  is  pro¬ 
duced  by  the  obstruction  of  the  circular  cylinder  to 
the  entrainment  of  the  surrounding  quiescent  fluid 
into  the  jet,  thereby  leading  to  unequal  turbulence 
and  the  formation  of  the  secondary  flow  of  second 
class  of  Prandtl.  The  maximum  revolutions  of  the 
small  windmill  in  the  injection  into  the  wake  becomes 
about  60  times  that  observed  in  the  injection  into 
the  quiescent  fluid.  Such  a  generatio.,  of  the  large 
revolution  component  is  considered  as  due  to  the  an¬ 
other  reason  different  from  that  in  the  injection  in¬ 
to  the  quiescent  fluid.  The  main  difference  in  both 
flows  is  the  Karman  vortex  which  is  generated  from 
the  circular  cylii.der.  Since  a  pair  of  streamwise 
vortices  are  formed  due  to  an  interaction  between  the 
Karman  vortex  and  a  vortex  ring  which  is  generated 
from  the  jet  exit,  it  is  inferred  that  revolutions  of 
the  small  windmill  shown  in  Fig.  9(b)  can  be  produced 

Turbulent  field 


Figures  10(a)  and  (b)  show  the  turbulence  inten¬ 
sity  profiles  on  several  planes  on  the  jet-axis  in 
the  injection  into  the  wake.  The  chain  lines  indi- 


Fig.  7  Variations  of  the  half-value  width 


Fig.  8  Three-dimensional  profiles  of  the  mean 
velocity  (  Uj/Uj  =  3  ) 
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cate  intensity  profiles  of  the  wake.  Figure  10(a) 
shows  the  turbulence  profiles  in  the  y-dircction. 
Remarkably,  the  turbulence  intensities  become  low  by 
injection  of  the  je  Because  the  mean  velocity  pro¬ 
files  vary  as  shown  in  Fig.  3(a)  by  injecting  the  jet, 
It  is  considered  that  SU/ay  in  a  turbulent-energy 
production  term;  -uv  ^U/ay,  which  makes  an  important 
contribution  to  the  turbulent  production  in  the  tur¬ 
bulent  shear  flow  field,  becomes  small  due  to  the  in¬ 
jection.  A  similar  phenomenon  has  been  also  reported 
in  the  experimental  result  of  the  circular  compound 
jet  by  Durao  and  Whitelaw  [6].  Even  far  downstream 
in  the  present  experiment,  the  turbulence  intensity 
profile  of  the  jet  is  not  coincident  with  that  of  the 
wake. 

Figure  10(b)  shows  the  turbulence  intensity  pro¬ 
file  in  the  z-direction.  In  the  downstream  region  at 
x/d  i  81,  the  intensity  profiles  of  the  wake  are 
transformed  to  the  hollow-shape  due  to  the  jet.  But 
in  the  upstream  region  where  x/d  i  A5,  special  pro¬ 
files  appear  which  show  the  distribution  similar  to 
the  one  of  the  jet  as  if  it  is  injected  into  the  qui¬ 
escent  fluid  and  the  effect  of  the  wake  is  weak. 
Thus,  it  is  considered  that  the  intensity  profiles  in 
the  present  jet  are  determined  by  whether  the  inten¬ 
sity  profile  is  dominant  in  the  wake  or  in  the  jet. 
Hence,  the  turbulence  intensity  of  the  jet  dominates 
that  of  the  wake  in  the  upstream  region  at  x/d  i  45, 
whereas  the  intensity  of  the  wake  dominates  that  of 
the  jet  in  the  downstream  region  at  x/d  i  81,  so  in¬ 
tensity  profiles  like  those  mentioned  above  will  be 
formed . 

Figure  11  shows  the  variations  of  turbulence  in¬ 
tensity  in  the  jet  and  the  wake  along  the  jet  center- 
line.  The  variation  of  the  turbulence  intensity  of 
the  jet  in  the  upstream  region  at  x/d  s  150  differs 
according  to  the  velocity  ratio;  thus,  there  is  a 


N  (min'') 

0  10>NS  1 
o  20>NS  10 
0  30>N2  20 
O50>NiJ0 


(a)  Injection  into  the  quiescent  fluid 


similar  variation  with  the  wake  when  Uj/Uo  =  1.  There 
is  a  rather  steep  decrease  when  Uj/Uo  =  3,  and  a  mild 
decrease  and  the  lowest  intensity  when  Uj/Uo  =  2.  It 
is  therefore  considered  that  these  phenomena  depend 
upon  the  relationship  between  the  turbulence  intensi¬ 
ty  of  the  wake  and  the  jet.  Thus,  the  turbulence  in¬ 
tensity  of  the  wake  governs  that  of  the  jet  in  all 
regions  of  the  x-direction  when  Uj/Uo  =  1,  whereas 
the  turbulence  intensity  of  the  jet  is  governing  that 
of  the  wake  in  the  upstream  regions  when  Uj/Uo  =  3. 
Furthermore,  there  is  intermediate  relationship  when 
Uj/Uo  =  2,  because  in  this  case  it  is  considered  that 
the  Intensity  becomes  most  low.  However,  the  differ¬ 
ence  due  to  the  velocity  ratio  in  the  turbulence  in¬ 
tensity  does  not  exist  in  the  downstream  region. 

Figures  12(a)  and  (b)  show  the  three-dimensional 
profiles  of  the  turbulence  intensity.  The  three-di¬ 
mensional  region  with  the  low  turbulence  intensity  of 
the  jet  is  found  in  the  two-dimensional  turbulence 
intensity  profile  of  the  wake. 

In  order  to  examine  the  interference  process  be¬ 
tween  the  Karman  vortex  of  the  circular  cylinder  and 
the  jet,  the  power  spectra  for  the  fluctuating  veloc¬ 
ity  is  measured  in  the  region  from  z/D  =  10  to  -10  at 
the  positions  of  x/D  =  3.6  and  y/D  =  0.4.  The  re¬ 
sults  are  shown  in  Fig.  13.  The  spectral  peak  with 
825Hz  is  found  at  the  locations  of  z/D  i  ±1.6,  and 
the  Strouhal  number  by  using  this  frequency  is  0.21. 
Thus,  the  usual  Karman  vortex  of  the  two-dimensional 
circular  cylinder  exists  at  these  same  locations. 


x/d£318  45  63  81  105  141  261  381  501  621 


N  (mirr') 
o  50  >Ni  1 
o  100>Ni  50 
o  250  >N  2  100 
O  500  >  N  2  250 
O  750  >N  2  500 
O  1000>N2  750 
Oi250>N  21000 


(b)  Injection  into  the  wake 


O  Clockwise  ®  Counter-clockwise 


Fig.  9  Revolution  of  the  windmill  and  the  secondary 
flow  (  x/d  =  31.8  ) 


Fig.  10  Turbulence  intensity  profiles  in  the  central 
cross-section  of  the  jet  (  Uj/Uj  =  3  ) 
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Fig.  11  Variation  of  the  center-line  turbulence 
intensity  of  the  jet  and  the  wake 


i 


(a)  x/d  =  31.8  (b)  x/d  =  141 

Fig.  12  Three-dimensional  profiles  of  the  turbulence  intensity  (  Uj/Uj  =  3  ) 


However,  the  peak  value  is  not  found  in  the  central 
part  of  the  z-direction  z/D  S  iO.8,  thereby,  it  can 
be  said  that  the  Karman  vortex  vanish  due  to  the 
interference  with  jet. 

CONCLUSIONS 

A  jet  which  is  injected  from  a  circular  hole 
drilled  in  the  rear  of  a  circular  cylinder,  even  in 
the  case  of  an  injection  into  quiescent  fluid,  ex¬ 
hibits  an  asymmetrical  spread,  and  a  secondary  flow 
exists.  In  the  case  of  the  injection  into  the  wake, 
the  asymmetrical  spread  becomes  rather  remarkable, 
and  the  secondary  flow  becomes  even  stronger  than 
with  injection  into  quiescent  fluid.  Although  the 
decay  of  the  relative  maximum  velocity  in  relation  to 
the  wake  differs  according  to  the  injection  velocity 
ratio.  It  decays  in  proportion  to  aoout  . 

The  turbulence  intensity  of  the  wake  becomes  low 
by  injecting  the  jet.  In  the  present  flow  field,  the 
turbulence  intensity  profile  depends  upon  the  rela¬ 
tionship  between  the  turbulence  intensity  of  the  jet 
and  that  of  the  wake.  It  was  clarified  from  the  power 
spectra  that  the  Karman  vortex  vanishes  due  to  the 
interference  by  the  jet. 
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ABSTRACT 

The  mixing  of  plane  and  axisymmetrical  round  jets  with  a 
fully  developed  turbulent  velocity  profile  is  studied  theoretically 
and  experimentally.  It  was  observed  that  in  the  k-e  model  the 
e-equation  must  be  modified  if  flow  separation  exists  to  the 
extent  that  mean  velocity  is  retarded.  The  mixing  of  axisym¬ 
metrical  jets  with  a  hexagonal  array  can  also  be  handled  by 
approximating  them  with  a  two-dimensional  axisymmetrical  jet. 
The  importance  of  correct  boundary  conditions,  i.e.  the  profiles 
of  velocity  and  turbulence  energy  at  jet  outlets,  for  mixing  was 
found. 


OMENCLATURE 


b  channel  width 

turbulence-model  constants 
d„,dc  outside  and  equivalent  tube  diameter 

h  channel  wall  thickness 

k  turbulence  kinntic  energy 

ki,ki  experimental  constants  in  self-preserving 

solutions 

r  radial  coordinate 

Tc  equivalent  tube  radius  =  d«/2 

Tu  turbulence  intensity 

u  streamwise  velocity 

mean.velocity  components,  tensor  notation 
u'  turbulent  velocity  components,  tensor  notation 

U]  velocity  defect  U^o  -  « 

Vic  maximum  velocity  defect 

Poo  bulk  mean  velocity 

z,y  cartesian  coordinates 

e  dissipation  rate  of  turbulence  energy 

v'tfi'cff  eddy  and  effective  viscosities 

ak,<^c  turbulence-model  constants 


INTRODUCTION 

The  mixing  of  parallel  jets  is  utilized  often  in  engineering 
applications.  The  origin  of  this  work  lays  alto  in  actual  prac¬ 
tice,  namely  in  the  mixing  problem  of  a  fibre-water  suspension 
in  the  hydraulic  headbox  of  a  papermachine,  where  geometries 
of  Fig.  1  are  used  to  generate  the  desired  flow  and  turbulence 
characteristics.  The  main  facts  affecting  the  paper  quality  are 
the  decay  of  velocity  differences  and  sucL  turbulence  that  fi¬ 
bre  floes  are  broken.  Turbulence  and  velocity  profiles  can  be 
affected  either  by  a  wall  friction  or  a  flow  separation  from  an 
abrupt  expansion  in  a  flow  geometry.  In  addition,  the  spectral 


(a)  Plane  Jets. 


(b)  Axisymmetr^al  jets  with  a  hexagonal  array. 


Fig.  1.  Jet  configurations  and  arrangements. 

distribution  of  turbulence  should  be  such  that  the  movement  of 
fibres  with  the  length  of  1...4  mm  and  the  thickness  equal  to 
20. . .  40  /jw  is  affected  by  turbulence. 

There  does  not  exist  very  much  information  concerning  the 
mixing  of  parallel  jets  in  the  literature,  althoui’h  .iingle  jets 
have  been  extensively  analyzed,  so  that  the  informatioi'  of  pub¬ 
lished  papers  can  be  found  even  in  the  books  (Rajaratnam  1976; 
Schetz  1980).  When  considering  the  situation  in  Fig.  1  the  flow 
behaviour  is  affected  by  turbulence  and  velocity  at  the  channel 
exits.  There  are  some  papers  where  the  effect  of  turbulence  in 
free-boundary  flows,  i.e.  mixing  of  a  single  jet  or  the  recovery 
of  a  wake  has  been  studied  (Patel  &  Chen  1987;  Mohamma- 
dian,  .Saiy  &  Peerles  1976)  but  in  the  case  where  many  jets  are 
coupled  together  the  information  is  thin.  The  effects  of  free- 
stream  turbulence  on  velocity  boundary  layer  and  heat  transfer 
have  also  been  studied  considerably  in  cases  where  the  fluid  flow 
is  past  an  obstacle  or  a  wall  (Simonich  Sc  Bradshaw  1978).  In 
general,  it  has  been  noticed  that  free-stream  turbulence  does 
not  appreciable  affect  the  boundary  layer  near  a  fixed  surface, 
but  if  we  have  a  free  boundary  layer  the  initial  turbulence  level 
of  a  jet  or  a  free-stream  can  have  a  significant  effect  on  ‘he  flow 
behaviour. 

In  this  paper  an  analysis  of  the  mixing  of  multiple  plane  or 
axisymmetrical  jets  is  given  as  mentioned  above.  The  mixing 
process  of  jets  in  Fig.  1  is  affected  by  turbulence  and  velocity 
profiles  of  exhausted  jets,  and  also  by  recirculation.  Flow  re- 
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circulation  exists  in  the  case  of  plane  jets  when  wall  thickness 
separating  jets  is  not  negligible  and  for  axisyinmetrical  jets  with 
a  hexagonal  array  recirculation  is  always  present.  The  research 
procedure  includes  analytical,  numerical  and  experimental  ap¬ 
proaches.  The  effect  of  various  factors,  i.e.  velocity  and  tur¬ 
bulence  profiles  of  exhausted  jets  and  recirculation  on  the  flow 
behaviour  is  shown. 


FORMULATION  OF  THE  PROBLEM  AND  SOLUTION  PRO¬ 
CEDURES 

The  flow  configurations  studied  experimentally  and  theoret¬ 
ically  are  those  in  Fig.  1.  In  the  case  of  mixing  of  plane  jets, 
the  channel  height  is  large  compared  with  the  width  6.  T.ius, 
we  have  a  two-dimensional  problem  which  is  governed  by  ellip¬ 
tic  equations  near  the  channel  outlet,  and  at  a  certain  distance 
from  the  channels  the  flow  field  is  parabolic.  In  Fig.  1(b)  a 
large  number  of  axisymmetric  jets  are  exhausted  from  parallel 
tubes  with  a  hexagonal  arr.'iy.  In  this  case  the  flow  field  is  ev¬ 
erywhere  three-dimensional,  even  if  the  tubes  have  hexagonal 
cross  sections  as  shown  by  a  dotted  line. 


Fig.  2.  Definition  sketch  of  approximated  circular  parallel  jets. 

that  now  r  =  1  in  Eq.  (1).  The  resulting  self-preserved  velocity 
profile  takes  the  form 

«(2,r)  =  f/co[l  -  ■p-cos(25r^)]  (3) 

where  k2  is  again  an  empirical  constant.  The  result  (3)  has  also 
been  derived  earlier  using  another  kind  of  treatment  in  analysing 
the  mixing  of  wakes  (Schlichting  1979).  The  same  kind  of  result 
as  (3)  can  also  be  obtained  if  the  eddy  viscosity  is  proportional 
to  (Eisner  &  Zielinski  1986). 


In  the  case  of  circular  tubes  there  is  always  a  flow  separation 
and  recirculation  near  the  tube  outlet  even  for  very  thin-walled 
tubes.  In  order  to  simplify  the  problem  it  is  assumed  that  the 
flow  field  can  be  handled  as  a  two-dimensional  axisymmetrical 
jet,  the  cross  sectional  area  of  which  is  the  .same  as  a  hexago¬ 
nal  tube  drawn  with  a  dotted  line  has  in  Fig.  1(b).  Thus,  an 
equivalent  tube  diameter  is  equal  to  1.05  times  the  outside 
diameter  d„  of  a  tube  (see  Fig.  2). 

The  mixing  problem  described  above  has  been  tried  to  solve 
theoretically  by  adopting  an  analytical  and  a  numerical  approach 
and  the  validity  of  the  results  has  been  verified  experimentally. 


Analytical  approach 


Equations  of  numerical  modelling 


The  numerical  calculations  of  this  study  have  been  per¬ 
formed  employing  the  eddy  viscosity  concept  and  the  k-e  model. 
However,,  it  was  observed  that  the  standard  k-e  model  was  un¬ 
able  to  predict  flow  behaviour  correctly  when  flow  separation 
exists  after  channel  outlets  resulting  in  recirculating  flow  and  in 
the  retarding  the  mean  velocity.  For  that  reason  the  turbulence 
model  was  modified  according  to  the  suggestions  of  Hanjali£ 
and  Launder  (1980),  so  that  the  transport  equations  of  tur¬ 
bulence  kinetic  energy  and  its  dissipation  rate  are  in  cartesian 
coordinates 
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Let  us  consider  the  mixing  of  parallel  circular  jets  in  Fig.  1(b). 
According  to  two-dimensional  assumptions  made  earlier,  the 
form  of  the  velocity  profile  of  a  mixing  jet  is  that  shown  in 
Fig.  2.  At  a  certain  distance  from  the  jet  inlet  the  velocity  de¬ 
fect  vi{x,r)  =  Ua,  —  u(x,r)  is  small  in  comparison  with  the 
uniform  mean  velocity  tfoc  k  tkat  case  the  momentum  equa¬ 
tion  takes  the  same  form  as  usually  used  in  analysing  wakes 
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Now,  if  it  is  assumed  that  the  eddy  viscosity  is  proportional  to 
the  maximum  velocity  difference  i^i  =  fc«c(x)  («:  is  an  jnspec- 
ified  constant)  a  self-preserved  turbulent  mean  velocity  profile 
of  mixing  axisymmetrical  jets  with  a  hexagonal  array  can  be  de¬ 
rived  using  the  method  of  ref.  (Cebeci  &  Bradshaw  1977).  The 
final  result  not  known  in  the  literature  is  (Karvinen  1991) 


u(x,i')  =  t-'„ll  +  ”^o(3.832-^^)i  (2) 

Afj  *  fe 

where  kj  must  be  determined  experimentally  and  Jo  is  the 
Bessel  function. 


The  mixing  of  plane  jets  far  enough  downttream  from  the 
channel  outlet  in  Fig.  1(a)  can  also  be  solved  as  above  except 
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The  empirical  constant  Ces  takes  the  value  4.44.  In  the  standard 
k-e  model  the  terms  underlined  in  Eq.  (4)  and  (5)  are  missing. 
These  kinds  of  modified  equations  have  also  been  used  in  the 
calculation  of  external  boundary  layers  with  adverse  pressure 
gradients  (Rodi  &  Scheuerer  1986).  Boundary  conditions  for 
the  governing  equations  are  that  gradients  of  u,v,p,k  and  e 
must  be  zero  both  at  the  centerline  of  a  jet  and  also  at  the  sep¬ 
arating  Fne  between  two  jets.  No  wall  functions  were  needed. 
The  set  of  governing  equations  was  solved  using  the  PHOEN- 
ICS  code  (Spalding  1981),  into  which  the  modifications  of  the 
turbulence  model  were  implemented.  The  PHOENICS  code  is 
based  on  the  finite  difference  method  in  which  an  upwind  dif¬ 
ference  scheme  is  adopted  and  the  iteration  is  made  using  the 
SIMPLEST  algorithm. 


When  use  is  made  of  the  finite-difference  method,  it  also 
restricts  the  shape  of  control  volumes.  For  this  reason  also 
in  the  numerical  modelling  of  the  mixing  of  circular  jets  an 
axisymmetrical  assumption  such  as  in  the  analytical  treatment 
above  was  adopted. 
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Experimental  research 


1.50 


Experiments  were  made  using  air  as  a  flowing  fluid.  In  order 
to  get  some  generality  of  results  the  length  of  an  experimental 
set-up  in  Fig.  1  was  about  3  m  in  order  to  reach  fully  developed 
turbulent  velocity  profiles  at  jet  outlets  for  both  geometries.  The 
width  of  a  channel  in  the  case  of  parallel  plane  jets  was  14  mm 
and  walls  with  a  different  thickness  h  was  used  to  study  the 
effect  of  recirculation,  caused  by  flow  separation,  on  the  mixing 
process.  The  test  installation  of  axisymmetrical  jets  consisted  of 
the  package  of  round  tubes  with  the  outside  diameter  da  equal 
to  28.3  mm  and  wall  thickness  1.7  mm. 
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Measurements  of  mean  velocity  and  turbulent  fluctuation 
velocities  were  determined  with  a  standard  constant  tempera¬ 
ture  hotwire  anemometer  (Dantec).  For  measuring  the  stream- 
wise  mean  velocity  and  its  turbulence  a  straigth  single  wire  probe 
was  used.  In  order  to  get  an  idea  about  the  isotropy  of  tur¬ 
bulence  also  other  components  of  turbulence,  in  addition  to 
the  stream-wise  one,  were  measured  by  using  an  X-wire  probe. 
Velocities  used  in  experiments  were  such  that  the  bulk  mean 
velocity  Uoo  after  jet  mixing  varied  from  15  m/s  to  20  m/s. 


RESULTS  AND  DISCUSSION 

The  mixing  problem  could  be  very  easily  solved  if  the  an¬ 
alytical  solutions  shown  above  can  be  used.  However,  it  was 
observed  after  comparing  analytical  solutions  with  the  measure¬ 
ments  that  the  constants  needed  in  equations  were  dependent 
on  the  initial  condition  at  jet  outlets.  Also,  tk:  distance  were 
self-preserving  solutions  are  valid  is  large  and  the  detection  of 
velocity  differences  is  difficult.  Thus,  it  can  be  concluded  that 
analytical  solutions  are  valuable  in  the  respect  that  they  '^ow 
the  decay  of  the  velocity  difference  to  be  proportional  to  x~’ 
from  the  outlets  for  a  certain  geometry. 

In  Fig.  3  the  decay  of  the  profiles  of  mean  velocity  and  tur¬ 
bulence  kinetic  energy  is  shown  for  plane  jets  when  the  thickness 
of  a  channel  wall  is  very  small,  such  that  there  is  no  flow  recir¬ 
culation.  It  can  be  seen  that  the  effect  of  a  turbulence  model 
modification  is  very  small  and  the  standard  k-e  model  predicts 
mean  flow  behaviour  correctly.  The  required  profiles  of  veloc¬ 
ity,  turbulence  kinetic  energy  and  its  dissipation  rate  at  channel 
outlets  were  also  obtained  numerically  by  calculating  fully  de¬ 
veloped  turbulent  profiles  in  a  channel.  The  Reynolds  number 
was  equal  to  35800.  These  were  in  reasonable  agreement  with 
measured  data  in  the  literature  (Hussain  &.  Reynolds  1975).  By 
measuring  different  components  of  turbulence  it  was  observed 
that  streamwise,  lateral  and  transverse  components  have  the 
same  kind  of  shape  and  that  when  the  distance  from  a  channel 
outlet  increased  an  isotropic  condition  was  approached.  Fig.  4 
shows  the  measured  profiles  of  different  turbulence  components. 
In  order  to  evaluate  the  possibility  of  two-equation  turbulence 
models  to  predict  flow  behaviour,  it  is  enough  to  measure  only 
the  streamwise  component  of  turbulence,  of  which  the  kinetic 
energy  of  turbulence  can  be  obtained. 


(a)  Velocity. 


Fig.  3.  Mixing  of  fully  developed  turbulent  plane  jets  with  neg¬ 
ligible  wall  thickness.  - standard  k-£  model,  - - 

modified  model. 


Fig.  4.  Profiles  of  turbulent  components  for  plane  jets  at  dif¬ 
ferent  distance  from  jet  outlet. 


The  results  showing  the  effect  of  flow  separation  on  the 
mixing  of  plane  jets  are  shown  in  Fig.  5.  The  geometry  of 
a  channel  is  the  same  as  in  Fig.  3,  except  that  now  the  wall 
thickness  between  channels  is  4  mm.  The  position  of  a  wall  is 
shown  also  in  the  figure.  The  ratio  of  a  wall  thickness  h  and 
a  channel  width  b  is  equal  to  0.286.  Calculations  have  been 
made  using  three  kinds  of  turbulence  models;  the  standard  k-e 
model,  a  modified  model  according  to  Eq.  (4)  and  (5),  and  a 
third  one,  in  which  only  the  e-equation  is  modified.  Velocity 
fields  of  Fig.  3  and  5  were  computed  on  a  51  (streamwise)  x  18 
(cross-streamwise)  grid. 


It  can  be  seen  that  the  model  in  which  only  the  e-equation 
is  modified  agrees  best  with  measurements.  This  kind  of  result 
was  also  obtained  by  Rodi  and  Scheuerer  (1986)  when  calcu¬ 
lating  boundary  layer  flows  with  an  adverse  pressure  gradient. 
Although  the  flow  of  our  paper  is  quite  different  from  that  of 
Rodi,  it  seems  that  the  same  kind  of  modelling  as  in  the  case  of 
wall  flows  is  also  valid  for  free  shear  flows.  An  interesting  obser¬ 
vation  is  made  if  velocity  profiles  of  Fig.  3  and  5  are  compared. 
It  is  seen  that  at  the  distance  of  x/b  =  6  from  jet  outlets  the 
nonuniformity  of  velocity  is  almost  the  same,  although  at  the 
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(b)  Turbulence  kinetic  energy. 

Fig.  5.  Mixing  of  fully  developed  turbulent  plane  jets  with  flow 

separation.  - k-e  model, - the  k-  and  e-equation 

modified, - only  the  e-equation  modifi' d. 


'de 

(a)  Velocity  profiles  of  mixing  round  jets. 
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(b)  Streamwise  component  of  turbulence. 

Fig.  7.  Comparison  of  measured  velocities  and  turbulence  en¬ 
ergy  between  different  cross-sections  in  the  mixing  of 
round  jets. 


Fig.  6.  Effect  of  kinetic  energy  distribution  at  a  jet  outlet  on 

mixing.  - energy  of  a  fully  developed  channel  flow, 

- uniform  energy  equal  to  the  maximum  value  of 

a  fully  developed  flow. 


jet  outlets  in  Fig.  5,  maximum  velocity  is  much  higher  than  that 
in  Fig.  3.  Thus,  the  flow  separation  creates  a  turbulence  which 
very  effectively  mixes  the  flow  field  and  gradually  eliminates  the 
nonuniformities  of  a  velocity  filed. 

The  last  figure  dealing  with  the  mixing  of  plane  jets  shows 
the  effect  of  turbulence  kinetic  energy  of  jet  outlets  on  the  mix¬ 
ing.  In  Fig.  6  there  are  results  for  two  different  cases.  Solid 
lines  show  the  decay  of  velocity  profile  when  at  a  channel  outlet 
the  profiles  of  velocity,  kinetic  energy  and  its  dissipation  rate 
are  those  of  a  fully  developed  turbulence  channel  flow.  Dot¬ 
ted  lines  show  similar  results,  but  now  it  is  assumed  that  the 
turbulence  kinetic  energy  is  uniform  everywhere  and  equal  to 
the  maximum  value  near  the  wall.  The  dissipation  and  velocity 
profiles  are  those  of  a  fully  developed  channel  flow.  It  can  be 
seen  that  the  turbulence  kinetic  energy  has  a  great  effect  on 
mixing,  and  that  the  latter  is  also  promoted  by  an  increase  in 
turbulence.  In  actual  practice  the  turbulence  kinetic  energy  and 
its  dissipation  rate  cannot  be  changed  freely;  on  the  contrary, 
they  are  coupled  together. 
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in  numerical  modelling  the  mixing  three-dimensional  jets  has 
been  approximated  with  a  two-dimensional  axisymmetrical  jet, 
the  cross-section  of  which  is  the  same  as  that  of  an  actual 
three-dimensional  flow.  In  order  to  verify  the  validity  of  this 
assumption  some  measurements  were  made.  Fig.  7  shows  the 
behaviour  of  the  profiles  of  mean  velocity  and  turbulence  kinetic 
energy  at  the  distances  of  zfdc  equal  to  0.8  and  3.4  from  jet 
outlets.  In  this  figure  profiles  are  chosen  so  as  to  show  the  max¬ 
imum  differences  across  the  flow  field.  It  can  be  seen  that  there 
are  no  essential  differences  in  velocity  and  turbulence  kinetic 
energy  between  the  cross-sections  A-A  and  B-B.  Lines  in  Fig.  7 
are  not  computed  ones  but  they  are  fitted  to  the  measurements 
in  order  to  assist  the  comparison  between  measured  data  in  dif¬ 
ferent  cross-sections.  Thus,  it  can  be  concluded  that  results 
are  not  much  in  error  if  the  mixing  of  axisymmetrical  jets  with 
a  hexagonal  array  is  made  using  a  two-dimensional  approxima¬ 
tion.  This  simplifies  the  numerical  treatment  and  it  is  believed 
that  the  errors  caused  by  turbulence  models  in  three  dimensions 
are  of  the  same  order  as  those  caused  by  the  approximation. 

Finally,  a  comparison  between  measurements  and  numerical 
calculation  using  a  two-dimensional  approximation  is  made  in 
Fig.  8.  It  can  be  seen  that  if  the  standard  k-e  model  is  modified, 
such  that  there  is  a  velocity  gradient  term  in  the  e-equation, 
results  are  in  reasonable  agreement  with  measured  data.  The 
computation  was  made  on  a  51  (streamwise)  x  18  (radial)  grid 
and  the  Reynolds  number  was  26300.  In  Fig.  8  measured  data 
are  taken  from  cross-section  A-A  of  Fig.  7.  We  also  used  the 
modification  of  the  e-  and  k-equations,  but  the  result  was  not 
as  good  as  when  only  the  e-equation  was  modified.  This  is  a 
result  similar  to  that  noticed  in  the  case  of  plane  jets.  Thus  it 
seems  that  the  mixing  of  decelerating  plane  and  axisymmetrical 
jets  for  engineering  purposes  can  be  modelled  by  modifying  the 
e-equation. 
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Fig.  8.  Comparison  of  measured  and  calculated  velocities  for 

the  mixing  of  axisymmetrical  jets.  - the  standard 

k-e  model, - the  e-equation  modified. 


CONCLUSIONS 

On  the  basis  of  theoretical  and  experimental  studies  of  the 
mixing  of  parallel  plane  jets  and  axisymmetrical  jets  with  a 
hexagonal  array  the  following  conclusions  and  observations  can 
be  made. 


1.  The  standard  k-e  model  is  not  capable  of  predicting  flow 
behaviour  if  there  exists  flow  separation  resulting  in  recir¬ 
culating  flow  after  jet  outlets.  This  kind  of  free  shear  layer 
can  be  modelled  correctly  if  the  e-equation  of  the  standard 
model  is  modified  to  take  into  account  the  deceleration  of 
flow. 

2.  Axisymmetrical  jets  with  a  hexagonal  array  can  be  treated 
sufficiently  adequately  in  engineering  applications  by  approx¬ 
imating  a  three-dimensional  flow  with  an  axisymmetrical  jet, 
the  cross-section  of  which  is  the  same  as  that  in  an  actual 
flow  field. 

3.  The  values  and  profiles  of  the  velocity  and  turbulence  kinetic 
energy  of  jet  outlets  greatly  affect  the  mixing  of  jets,  in 
numerical  modelling  it  is  very  import  int  that  these  values 
should  be  correctly  known  and  given. 
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ABSTRACT 

The  effect  of  vortex  generators,  in  the  form  of  smail  tabs  at 
t^-s  nozzle  exit,  on  the  evolution  of  an  axisymmetric  jet  was  Investi¬ 
gated  experimentally,  over  a  jet  Mach  number  range  of  0.34  to 
1.81.  The  effects  of  one,  two  and  four  tabs  were  studied  In 
comparison  with  the  corresponding  case  without  a  tab.  Each  tab 
Introduced  an  "Indentation’  In  the  shear  layer,  apparently  through 
the  action  of  streamwise  vortices  which  appeared  to  be  of  the  "trail¬ 
ing  vortex"  type  originating  from  the  tips  of  the  tab  rather  than  of 
the  "necklace  vortex"  type  originating  from  the  base  of  the  tab.  The 
resultant  effect  of  two  tabs,  placed  at  diametrically  opposite  loca¬ 
tions,  was  to  essentially  bifurcate  the  jet.  The  influence  of  the  tabs 
was  essentially  the  same  at  subsonic  and  supersonic  conditions 
indicating  that  compressibility  has  little  to  do  with  the  effect. 

INTRODUCTION 

Tabs,  or  small  protrusions  in  the  flow  at  the  exit  plane  of  a 
nozzle,  have  long  been  known  to  reduce  screech  noise  from  super¬ 
sonic  lets  (Tanna,  1977).  Bradbury  &  Khadem  (1975),  to  our 
knowledge,  were  the  first  to  make  flow  field  measurements  for  a 
subsonic  jet  under  the  influence  of  tabs  The  tabs  were  found  to 
increase  the  jet  spread  rate  significantly.  Ahuja  &  Brown  (1989) 
recently  conducted  a  series  of  experiments  on  the  effect  of  tabs  on 
supersonic  jets,  and  reached  a  similar  conclusion  in  regards  to  the 
effect  on  the  flow  field.  With  support  from  NASA  Lewis,  the  latter 
investigators  continued  to  study  the  effect  on  rectangular  jets  as 
well  as  on  the  noise  radiated  from  the  jet  (Ahuja  et  al.,  1990).  In 
terms  of  the  plume  reduction  I.e.,  a  faster  spreading  of  the  axisym¬ 
metric  jet,  the  effect  of  the  tabs  was  so  dramatic  that  the  technique 
has  been  at  times  referred  to  as  the  "supermixer"  (E.J.  Rice,  private 
communication)  However,  the  flow  mechanisms,  even  the  basic 
changes  in  the  flow  field  caused  by  the  tabs,  essentially  remained 
unknown. 

The  obvious  technological  significance  of  the  ability  to 
increase  mixing  and  reduce  noise,  even  in  supersonic  jets,  provided 
a  strong  motivation  to  pursue  the  topic  further.  This  led  to  the 
present  investigation.  A  detailed  flow  visualization  experiment  was 
conducted  together  with  quantitative  measurements  of  the  flow 
fie'd.  Even  though  questions  have  remained  unresolved,  the 
results  provided  a  clearer  Insight  Into  the  flow  field  changes  caused 
by  the  tabs.  This  is  what  we  would  like  to  describe  in  this  paper. 
Preliminary  results  of  the  experiment  were  reported  by  Samimy, 
Zaman  &  Reeder  (1991),  Only  key  results  are  discussed  here  due 
to  space  limitation,  a  more  detailed  paper  Is  being  prepared  for 
Journal  submission 

EXPERIMENTAL  FACILITY 

The  experiments  were  carried  out  in  a  small  supersonic  jet 
facility  at  NASA  Lewis  Research  Center.  The  facility  is  schemat¬ 
ically  shown  in  Fig.  1.  A  converging-diverging  nozzle  with  throat 
diameter  of  0.635  cm  and  design  Mach  number  of  1.36  was  used 
I  he  Mach  number  range  covered  was  0.34  to  1.81,  representing 
subsonic  and  over-  and  underexpanded  supersonic  conditions.  The 
flow  visualization  pictures  were  obtained  by  laser  sheet  Illumination 
and  Schlieren  photography.  A  4  W  argon-ion  laser  was  used  for 
both  techniques.  The  laser  sheet  Illumination  was  perfomted  In  the 
supersonic  jets  without  any  seeding.  The  cold  supersonic  jet  core 
caused  natural  moisture  condensation  in  the  mixing  layer  from  the 
entrained  ambient  air.  Thus,  with  this  technique,  the  mixing  layer 
region  was  illuminated. 
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_.___^cn)phone 


End  view 
nozzle  exit  plane 


Figure  1  — Schemabc  of  flow  facility 


A  gated  double-intensified  CCD  camera  was  used  to  record 
successive  images  on  a  video  tape.  Standard  hot-wire  measure¬ 
ments  were  perfomned  for  the  subsonic  jets.  At  a  jet  Mach  number 
of  0.34,  hot-wire  surveys  Indicated  a  flat  mean  velocity  profile  with  a 
"nominally  laminar"  boundary  layer  at  the  nozzle  exit.  The  bound¬ 
ary  layer  state  for  the  supersonic  regime  remains  unknown,  but  is 
also  likely  to  be  "nominally  laminar."  For  the  supersonic  jets,  a 
0.6  mm  (oo)  pitot  tube  was  used  to  measure  total  pressure.  A 
special  1  mm  (od)  static  pressure  probe,  designed  after  Seiner  & 
Norum  (1979),  was  used  to  measure  the  static  pressure  only  on  the 
jet  centerline.  Probe  traverses  and  data  acquisition  were  done 
remotely  under  computer  control. 

RESULTS  AND  DISCUSSION 

The  notations  p,  and  p,  are  used  to  denote  the  stagnation 
pressure  and  the  ambient  pressure,  respectively;  p„  denotes  stag¬ 
nation  pressure  In  the  plenum  chamber.  The  design  Mach  number, 
1  36  corresponded  to  a  pressure  ratio,  p^p„  •  0.3323.  For  any 
given  plenum  pressure  p„,  the  notation  M,  Is  used  to  denote  the 
Mach  number  had  the  flow  expanded  to  ambient  pressure.  In  the 
supersonic  regime,  pressure  ratios  0.3323  <  p^yp^  <  0.661  pro¬ 
duced  overexpanded  Jets  and  p^p„  <  0.3323  produced  under¬ 
expanded  Jets.  Thus,  overexpanded  condition  existed  (or  0.79  <  M, 
<  1.36,  and  the  flow  was  underexpanded  for  M^  >  1.36.  In  the 
range  0.7  <  M,  <  0.79  (0.661  <  p^p^  <  0.72),  a  normal  shock  would 
be  expected  to  occur  In  the  diverging  section  of  the  nozzle.  The 
static  pressure  Is  denoted  by  P,  P,  representing  that  at  the  nozzle 
exit 

Flow  Field  Data 

Figure  2  shows  the  measured  stagnation  pressure  for  eight 
M,  as  indicated.  In  this  and  later  figures,  pairs  of  curves  have 
been  shifted  by  one  major  ordinate  division.  In  order  to  present  the 
data  In  a  concise  manner.  Each  pair  In  Fig.  2  contains  data  for  the 
2-tab  case  and  the  corresponding  no-tab  case.  The  data  have 
been  nomnallzed  by  the  respective  plenum  pressure,  pi„. 

In  the  supersonic  regions  of  the  flow,  the  measured  stag¬ 
nation  pressure,  p^,  corresponds  to  the  stagnation  pressure  behind 
the  standing  bow  shock  In  front  of  the  pitot  probe.  The  oscillations 
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Figure  2  —Centerline  venation  of  stagnation 

pressure  (or  the  eight  M ,  - ,  no  tab, 

. .2'tab  Successive  pairs  of  curves 

are  staggered  by  one  major  ordinate  division 


in  the  data  near  the  jet  exit  are  due  to  the  standing  shock  structure 
Let  us  emphasize  that  due  to  probe  interference  there  Is  measure¬ 
ment  error  and  the  data  in  the  supersonic  regions  should  be  con¬ 
sidered  only  qualitative.  However,  the  data  are  accurate  enough  to 
capture  the  global  features;  for  example,  the  number  of  shocks  and 
their  spacings  are  captured  quite  well  as  indicated  by  comparison 
with  Schlieren  photographs  discussed  later. 

It  is  evdent  fiom  Fig.  2  that  the  effect  of  the  tabs  is  similar 
over  the  entire  M,  range.  Note  that  in  the  supersonic  regime,  the 
shock  structure  is  affected  drastically  by  the  tabs  This  Is  accom¬ 
panied  by  elimination  of  screech  noise  for  which  data  have  been 
presented  by  Samimy,  Zaman  &  Reeder  (1991), 

ill  order  to  calculate  the  local  Mach  number,  one  needs  to 
measuio,  besides  p^,  either  the  static  pressure  before,  P,,  or  the 
static  pressure  after  the  shook,  Pj  In  an  over-  or  underexpanded 
supersonic  jet,  there  is  a  complex  shock/expansion  system  in  the 
flow  itself  and  it  is  not  an  easy  task  to  measure  either  P,  or  Pj. 
The  double-cone  static  pressure  probe,  designed  after  Seiner  & 
Noam  (1979),  was  fabricated  and  used  only  to  measure  P,  on 
the  jet  centerline.  Figure  3  shows  the  P,  distributions  corre¬ 
sponding  to  tho  eight  M,  values  of  Fig.  2.  For  these  data,  essen¬ 
tially  similar  comments  can  be  made  as  done  for  the  pj,  data  of 
Fig.  2  Including  on  the  measurement  accuracy.  Note  that  even  for 
the  subsonic  jet  at  the  lowes*  M,,  the  sfatic  pressure  is  negative 
over  a  long  distance  along  the  centerline,  a  similar  result  was 
reported  by  Hussain  &  Clark  (1977). 

The  P,  and  p,,  data  were  combined  to  calculate  the  local 
Mach  number  variation  along  me  jet  axis.  Data  for  M,*  1.63  are 
shown  in  Fig.  4  comparing  the  1-,  2-  and  4-fab  cases  with  the 
no-tab  case.  Again,  it  Is  clear  that  the  shock/expansion  pattern  is 
drastically  affected  by  the  tabs.  One  also  finds  that  while  just  one 
tab  affects  the  flow  field  drastically,  effects  of  two  and  four  tabs  are 
more  pronounced. 


Figure  3  —Centerline  variation  of  static  pres¬ 
sure  (or  tho  eight  M|  shown  similarly  as  m 
Figure  2. 


Figure  4.— Centerline  variation  of  Mach 
number  for  M,  >1 .63  with  and  without 
labs. 
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0.  8. 


Figure  5  -^enierlino  variation  of  mean 
velocity  for  »  0  34  with  and  without 
tabs 


Data  for  the  centerline  variation  of  the  mean  velocity,  meas- 
ured  with  a  hot-wire  at  M,  -  0.34,  are  presented  in  Fig.  5.  Clearly, 
the  potential  core  of  the  jet  is  reduced  drastically  and  a  siinilar 
inference  is  made,  as  with  Fig.  4,  In  regards  to  the  affect  of  the 
number  of  tabs. 

While  the  data  of  Figs.  4  and  5  show  the  mean  velocity  dis¬ 
tribution  only  along  the  jet  centerline,  detailed  data  on  radial  profiles 
and  tar-field  noise  were  also  obtained  but  are  not  included  here. 
These  data  showed  that  four  tabs  resulted  In  the  most  reduction  of 
the  far-tleW  notee.  However,  although  four  tabs  resulted  in  more 
initial  mixing,  as  evident  from  mass  flux  computed  from  the  radial 
profiles,  the  effect  of  two  tabs  psrsisted  the  farthest  downstream. 
This  also  becomes  evident  from  the  flow  visualization  results. 


Flow  Visualization 

Figure  6  shows  long  exposure  Schlleren  photographs  of  the 
flow  field  for  five  M,  as  indicated.  The  flow  Is  from  left  to  right  and 
the  pictures  were  obtained  using  a  vertical  knife-edge,  visualizing 
the  density  gradients  In  the  streamwlse  direction.  The  flow  fields 
approximately  cover  x/D,  range  of  0  to  13.  The  knife-edge  posi¬ 
tion  was  changed  for  fine  adjustments  from  case  lo  case;  thus,  the 
visual  jet  width  should  not  be  considered  as  a  measure  of  Jet 
spread.  In  Fig.  6(a),  flow  fields  without  any  tab  are  shown.  The 
shock  spacing  liicraasss  with  increasing  M,  In  the  supersonic 
regime.  Note  that  the  shock  spacings,  for  example  at  M;  -  1.81, 
are  found  to  be  the  same  as  observed  In  the  and  P,*  meas¬ 
urements  (Figs.  2  and  3).  About  six  shock  cells  are  observed 
consistently  within  a  x/D,  range  of  0  to  12. 

ftaiH  corresponding  photographs  of  the  flow 

P'®"®  containing  the 

two  tabs.  If  Is  clear  that  the  jet  bifurcates  In  the  plane  per- 
pen^ular  to  the  tabs,  at  all  M,,  In  the  supersonic  regime,  the 

T  ^®'^®  ®'®°  ‘’®®'’  ®'9"''flcantly  reduced  (compare  with 
hig.  6(a)).  When  viewed  perpendicular  to  the  plane  containing  the 
two  tabs,  only  one  part  of  the  bifurcated  Jet  Is  seen  and  thus  the  jet 
spread  appears  Isss,  and  these  data  are  not  shown.  Note  that  the 
effe«  for  the  overexpanded  case  at  M,  -  1.14  (Fig,  6(b))  appears 
less  than  that  at  other  M,-  this  point  is  addressed  In  the  following 
section. 

The  bifurcation  of  the  Jet  observed  in  Fig  6(b)  Is  commen¬ 
surate  with  the  radial  velocity  profiles  obtained  presently  (Samimy 
Zaman  &  Reeder,  1991)  as  well  as  by  Ahuja  &  Brown  (1989)  and' 

s-MnrP'  ®'"  ®*  ®''  presented  a  set  of 

®'’  “'’P^rexpanded  case  that  appeared  the  same 
as  mose  for  me  underexpanded  cases  of  Fig.  6(b).  The  bifurcation 
!J^«®  ®/D^  ®t,I^^®^®°'  Py  dual  moda  helical  acoustic 

wZlu  1^^®^^’  ®  1987),  or  by  simple  lateral 

vibration  of  the  nozzle  Issuing  the  jet  (Andrade,  1941), 

*'®®®'^  ®'^®®*  ''*®*rall4atlon  of  the  mixing  region  was  performed 

our  different  axial  locations  for  the  natural  Jet  at  M, -1.63.  The 

bright  and  Initially  narrow  ring  shows  the  mixing  layer,  which  Is 
growing  with  the  streamwlse  distance  eventually  covering  the  entire 
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experiment  using  laser  sheet  Illumination,  Clemens  &  Mungal 
(1991)  studied  distortions  In  a  plane,  compresslule  mixing  layer, 
produceo  by  shocks  originating  from  the  wind  tunnel  side  wall.  The 
distortions  -eported  had  curious  similarities  with  the  present  case, 
although  it  a  tpeared  that  the  "bulging"  occurred  on  the  lower  speed 
side  of  their  nixing  layer.  Possible  vorticity  dynamics  producing 
the  distortions  .n  the  present  case  are  discussed  in  the  next 
section. 

In  Fig.  7,  while  the  jet  has  regained  the  axisymmetric  shape 
for  the  1-  and  4-tab  cases  by  16D,,  It  has  remained  quite  elongated 
in  the  plane  perpendicular  to  the  tabs  for  the  2-tab  case.  In  fact 
visualization  at  30D,  lor  the  2-tab  case  still  shows  a  very  elongated 
cross  section;  this  Is  shown  in  Fig.  8  for  M,  -  1.81. 

The  Initial  evolution  of  the  mixing  layer  under  the  action  of 
two  tabs  Is  further  shown  in  Fig  9(a)  It  is  clear  that  each  tab 
produces  a  large  distortion  In  the  mixing  layer  which  grows  with 
downstream  dlstar>ce  and  results  In  a  bifurcation  oi  the  jet  by  about 
3D|.  Figure  9(b)  further  documents  the  effect  of  two  tabs  at 
x/D,  “  1.5  for  three  M,.  Within  the  range  covered,  the  effect 
apparently  becomes  more  pronounced  with  increasing  M,.  With 
increasing  M,  the  jet  core  temperature  becomes  lower,  thus,  with 
the  technique  used  tor  the  visualization,  the  mixing  layer  may  be 
expected  to  appear  sharper.  However,  there  is  also  a  diminishing 
etfe  It  of  the  tabs  with  decreasing  M|  as  the  overexpanded  condi- 
tlor  Is  approached.  A  possible  reason  for  this  behavior  is 
addressed  in  the  following  section. 

DISCUSSION  AND  CONCLUDING  REMARKS 


cross  sostion  of  the  Jet,  The  departure  from  axisymmetry  in  these 
pictures  is  mainly  due  to  the  camera  angle.  Corresponding  pictures 
for  the  flow  field  with  1,  2  and  4  tabs  are  shown  in  Figs  7(b)  to  (d), 
respectively.  Again,  the  camera  needed  to  be  adjusted  from  picture 
to  picture  and  thus  the  visual  cross  sections  do  not  represent  the 
Jet  spread. 

The  presence  of  a  tab  significantly  distorts  the  mixing  layer. 
The  effect  is  to  leave  an  "indentation"  or  a  bulge  into  the  high 
speed  side  which  grows  and  persists  far  downstream.  In  a  recent 


An  Inference  that  can  be  made  from  this  investigation  is  that 
compressibility  may  have  little  to  do  with  the  effect  of  the  tabs  The 
data  show  essentially  the  same  effect  all  the  way  from  incompres¬ 


sible  to  highly  underexpanded  supersonic  conditions.  The  tabs, 
however,  do  weaken  the  shock  stnjctu"^  drastically  in  the  super¬ 
sonic  cases,  which  Is  accompanied  by  elimination  of  the  screech 
noise.  But  the  basic  effect  must  originate  from  changes  In  the 
vorticity  distribution  caused  by  the  tabs. 

Perhaps,  the  most  illuminating  results  are  the  laser  sheet 
visualization  pictures  of  Figs.  7  to  9.  The  "indentation"  In  the 
mixing  layer  may  not  be  a  'passive'  wake  of  the  tab.  Similar  flow 
visualization  pictures  (not  shown  here)  in  certain  overexpanded 
cases,  where  the  tabs  were  essentially  Ineffective,  showed  that  the 
wake  from  the  tab  almost  vanished  by  about  two  jet  diameters. 

The  jet  mixing  layer  in  these  cases  appeared  essentially  oblivious 
to  the  presence  of  the  tabs.  In  contrast,  the  flow  field  Is  about  60 
tab  widths  downstream,  at  4D,  In  Fig.  7(c),  yet  the  distortion 
appears  to  bo  growing  and  Influencing  the  entire  jet  cross  section. 
The  distortions  introduced  by  the  tabs  are  also  not  an  artifact  of  the 
visualization  technique.  Radial  profiles  of  Mach  number  confirmed 
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(a)  Streamwise  vortex  pair  from  a  tab 


the  distortions  This  leads  us  to  believe  that  there  must  be  a  signi¬ 
ficant  interaction  between  the  flow  field  over  a  lab  and  the  sheet  of 
azimuthal  vorfcrty  that  emanates  from  the  nozzle  The  following  is 
a  conjecture  in  regards  to  the  vorticity  dynamics 

It  IS  likely  that  a  pair  of  counter-rotating  streamwise  vortices 
are  shed  from  each  tab  as  sketched  in  Fig  10(a).  This  should  be  a 
"stationary"  vortex  and  not  like  "hairpin"  vortices  which  are  shed 
periodically  (Acariar  &  Smith,  1987)  This  is  because  the  photo¬ 
graphs  in  Figs.  7  to  9  are  images  with  a  long  time  exposure  where 
any  periodic  structure  would  be  averaged  out  The  streamwise 
vortices  interact  and  evolve  with  the  azimuthal  sheet  of  vorticity 
issuing  from  the  nozzle.  The  resultant  vorticity  distribution  on  a 
cross-sectional  plane  may  be  expected  to  be  as  In  Figs.  10(b)  and 
(0)  for  one  and  two  tabs,  respectively. 

The  strength  of  the  streamwise  vortices  should  eventually 
decrease  to  leave  only  the  "iiidentations"  on  the  mixing  layer  as 
observed  at  x/D,  -  3  in  Fig  9(a).  Farther  downstream,  the  bifurca¬ 
tion  of  the  jet  may  take  place  in  a  similar  manner  as  suggested  by 
Hussain  arid  Husain  (1909)  through  what  they  called  a  "cut-and- 
connect"  process  In  fact,  these  investigators  observed  a  very 
similar  sequence  of  deformations  leading  to  a  bifurcatic.n  of  a  jet 
originating  from  an  elliptic  nozzle 

The  question  then  arises  as  to  the  origin  of  the  counter¬ 
rotating  vortex  pair  sketched  in  Fig.  10(a)  Such  "stationary"  vortex 
pairs,  formed  over  protuberances  in  boundary  layer  flows,  have 
been  variously  called  a  “horseshoe"  vortex  or  "necklace"  vortex 
(Acariar  &  Smith,  1987;  Bandyopadhyay  &  Watson,  1908).  How¬ 
ever,  a  little  scrutiny  should  Indicate  that  the  vortex  sketched  in 
Fig.  lOfa)  Is  not  the  same.  A  necklace  vortex  is  sketched  In 
Fig.  10(U;,  following  Bandyopadhyay  &  Watson  (1988).  The  sense 
of  rotation  in  this  case  is  contrary  to  what  Is  sketched  in  Fig.  10(a). 
Lin,  Selby  &  Howard  (1991)  recently  Investigated  the  (low  over 
various  vortex  generating  devices  while  studying  their  effect  on 
boundary  layer  separation.  It  is  interesting  that  they  reported  pairs 
of  streamwise  vortices  from  several  of  these  devices  to  be  of  the 
same  sign  as  found  here  for  the  tabs. 

It  Is  posfole  that  the  tab  acts  as  a  "winglet"  and  produces  a 
pair  of  “trailing  ortices."  This  is  sketched  in  Fig.  10(e),  which  Is 
similar  to  the  trailing  vortices  originating  from  the  tips  of  a  wing 
(e.g  ,  Van  Dyke,  1982,  p.  51).  It  should  be  recognized  that  in  order 
for  the  tip  vortices  to  form,  the  wing  should  be  at  an  angle  of  attack 
producing  a  resultant  lift  The  tabs,  however,  are  projected  nor¬ 
mally  into  the  flow.  It  is  plausible  that  the  boundary  layer  upstream 


(d)  'Necklace  vortex'.  (e)  'Trailing  vortex'. 


Figure  10  — Likety  vortiaty  dynamics 


of  the  tab  is  lifted  up  so  that  the  approaching  streamlines  are  at  an 
angle  of  attack  with  respect  to  the  tab  producing  a  resultant  force 
acting  radially  and  away  from  the  jet  axis.  In  such  a  case,  the  pair 

of  counter-rotating  vortices  as  sketched  in  Fig  10(e)  would  be  quite 
reallatlc. 


One  may  further  conjecture  that  the  mechanism  of  stream- 
wise  vortex  generation  from  the  "ramps"  of  Bradbury  &  Khadem 
(1975)  and  from  the  "wishbones"  or  "doublets"  of  Lin,  Selby  & 
Howard  (1991)  are  essentially  the  same  as  described  (or  the  tab.  It 
seems  that  a  triangular  shaped  tab  with  the  base  on  the  nozzle  wall 
may  act  similarly  (Rogers  &  Parekh,  1990)  However,  if  this  Is 
placed  like  a  "delta  wing,"  with  the  apex  leaning  upstream,  it  seems 
that  vortices  of  sign  opposite  to  what  is  sketched  in  Fig  10(e)  will 
be  produced  If  it  is  possible  to  produce  such  a  vortex  pair,  the 
"Indentation"  would  be  outward  into  the  low  speed  side  of  the 
mixing  layer.  It  is  not  completely  clear  if  this  would  really  be  the 
case  and  what  the  resulting  effect  would  be  on  the  jet  evolution 

The  si'ggested  streamwise  vorticity  generation  is  therefore  a 
pressure  driven  and  inviscid  phenomenon  and  not  due  to  wrapping 
of  the  viscous  boundary  layer  around  the  tab.  In  order  for  the  tab 
to  work,  a  favorable  pressure  differential  must  exist  across  the  tab. 

It  was  observed  that  in  the  overexpanded  cases  the  effect  of  the 
tab  was  either  less  or  absent.  In  the  overexpanded  case,  there  Is 
an  adverse  pressure  gradient  within  the  diverging  section  of  the 
nozzle  prior  to  the  exit.  In  severe  cases  of  overexpansion  this 
could  even  result  in  a  boundary  layer  separation.  It  Is,  therefore, 
not  surprising  that  the  tab  does  not  work  in  the  overexpanded  case 
because  the  pressure  differential  across  the  tab  is  either  diminished 
or  adverse. 

Questions  have  remained  in  regard  to  the  optimum  geometry 
of  the  tab.  Further  Investigation  Is  required  to  determine  the 
optimum  height  of  the  tab  relative  to  the  boundary  layer  thickness 
If  the  vorticity  dynamics  are  correct,  as  conjectur^  above,  then  the 
width  of  the  tab  would  also  be  a  critical  dimension  as  that  deter¬ 
mines  the  spacing  of  the  two  counter-rotating  vortices;  this  needs  to 
be  studied  further.  It  also  remains  to  be  demonstrated  if  the  tabs 
will  work  in  jets  with  a  fully  turbulent  exit  boundary  layer  and  a 
highly  disturbed  core  flow  condition,  as  expected  In  a  practical  jet. 
These  Issues  need  to  be  sorted  out  before  the  method  could  be 
understood  clearly  and  applied  successfully  in  practice. 
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ABSTRACT 

A  database  obtained  by  direct  numerical  simulation  of 
turbulent  channel  flow  is  used  for  testing  and  improving 
turbulence  models  and  modelling  assumptions  With 
respect  to  low-Re  k-c  models,  wall  damping  functions  are 
checked.  The  gradient  models  for  the  turbulent  diffusion 
of  kinetic  energy  and  dissipation  are  analysed  Modelling 
of  the  dissipation-rate  terms  in  the  Reynolds-stress 
equations  is  discussed.  Attention  is  given  to  the  possi- 
biiily  of  calculating  certain  turbulence  model  constants 
directly  from  the  simulation  data 

INTRODUCTION 

To  predict  turbulent  flows  for  complex  geometries  turbu- 
ience  models  of  different  categories  (one-,  two-  and  Rey- 
nolds-stress-equafion  models)  are  used  The  subject  of 
turbulence  modelling  has  been  reviewed  quite  often,  e  g. 
by  Rodi  (1980),  Patel  et  al  (1985),  Speziale  (1991)  and, 
with  particular  emphasis  on  aerodynamic  flows,  by 
Rubesin  (1989)  and  Bushnell  (1991)  Improvements  of 
current  models  and  recent  developments  in  turbulence 
modelling  are  discussed  e.g  by  Hanjatic  (1990),  Launder 
(1990),  Rodi  (1988)  and  Rodi  &  Mansour  (1990).  The  sta¬ 
tus  of  an  international  project  on  collaborative  testing  of 
turbulence  models  is  reported  by  Bradshaw  et  al.  (1991). 

Until  recently  turbulence  model  development  has  been 
based  mainly  on  indirect  methods,  i.e.  testing  the  closure 
models  by  comparing  the  computed  results  (or  different 
applications  with  experimental  or  theoretical  data  for  the 
specific  problem.  This  is  because  until  now  there  has 
been  no  way  to  measure  pressure  and  velocity  fluctu¬ 
ations  simultaneously  with  sufficient  spatial  accuracy. 
With  the  advent  of  sufficiently  powerful  supercomputers 
and  highly  accurate  numerical  (mostly  spectral)  methods, 
direct  numerical  simulations  (DNS)  of  inhomogeneous 
turbulent  flows  in  simple  geometries  and  at  moderate 
Reynolds  numbers  have  now  become  possible  (cf  Rey¬ 
nolds  1990).  These  data  bases  can  be  used  to  test  clo¬ 
sure  models  by  direct  comparisons  of  the  closure  formu¬ 
lae  with  the  terms  being  modelled.  The  data  bases  will 
also  provide  guidelines  for  model  developers 

Considerable  work  on  this  subject  has  been  done  at  the 
NASA  Ames  /  Stanford  Center  for  Turbulence  Research 
where  some  of  the  first  direct  numerical  simulation  data¬ 
bases  of  turbulent  flows  were  generated.  These  data¬ 
bases  are  being  evaluated  continually  by  turbulence 
researchers  during  workshops  such  as  reported  by  Hunt 
(1988)  and  Moin  et  al,  (1990).  Mansour  et  al.  (1988)  pub¬ 
lished  one  of  the  first  papers  on  direct  testing  of  turbu¬ 
lence  closure  models  for  w:iii-bounded  flows 

In  the  present  work  a  database  of  fully  developed  turbu¬ 
lent  channel  flow  (generated  by  the  first  author  In  1988) 


has  been  used  for  testing  various  turbulence  models 
and/or  model  assumptions.  Only  a  few  results  are  pre¬ 
sented  here:  a  detailed  report  is  given  by  Gilbert  (1991). 
Similar  results  based  on  an  earlier  simulation  are  pub¬ 
lished  in  Gilbert  &  Kleiser  (1989)  and  have  partly  been 
reported  in  a  paper  by  Rodi  (1988)  In  the  present  paper, 
some  DNS  data  are  presented  and  compared  with  exist¬ 
ing  numerical  and  experimental  data.  The  near-wall 
behaviour  of  the  c^,  ■  /^-coefficient  in  the  eddy-viscosity 
expression  used  in  k-r.  models  is  investigated.  A  critical 
evaluation  concerning  the  modelling  of  diffusion  of  tur¬ 
bulent  kinetic  energy  and  turbulent  dissipation  by  gradi¬ 
ent  assumptions  is  given.  Finally  modelling  of  the  dissi¬ 
pation-rate  terms  in  the  Reynolds-stress  equations 
(Launder  et  al,  1975)  is  discussed 

DIRECT  NUMERICAL  SIMULATION  OF  TURBULENT 
CHANNEL  FLOW 

As  in  our  earlier  simulation  (Gilbert  1988,  Gilbert  & 
Kleiser  1990).  the  turbulent  channel  flow  data  has  been 
obtained  by  starting  a  simulation  with  slightly  disturbed 
laminar  flow  and  continuing  all  the  way  through  the 
transition  process  up  to  developed  turbulence.  The  mass 
(lux  is  kept  fixed  at  all  times  by  imposing  an  appropriate 
instantaneous  pressure  gradient.  The  numerical  resol¬ 
ution  in  the  late  transitional  and  turbulent  stages  is 
N,xN}XN,-  160^x128  gridpoints  in  the  slreamwise 
(Xi),  spanwise  (xj)  and  normal  (xs)  direclions.  Again  we 
employ  a  spanwise  symmetry  condition,  which  arises 
naturally  for  the  transition  problem  and  cuts  the  comput¬ 
ing  time  and  memory  by  a  factor  of  two.  This  does  not 
appear  to  adversely  effect  the  obtained  turbulence  sta¬ 
tistics.  The  turbulent  mean  wall  Reynolds  number  (based 
on  channel  half  width  h,,  wall  shear  velocity  v,  and  kine¬ 
matic  viscosity  v)  is  Re,  ^210,  The  centre-line  Reynolds 
number  is  Roa,  S'  3830.  The  fully  turbulent  flow  is  calcu- 
iated  over  a  time  interval  of  AT'  =  ATv.VviwIOOO  wall 
units.  The  box  lengths  in  the  streamwise  and  spanwise 
directions  are  Lf  s  2360  and  Lj  s  1180  and  are  twice  as 
large  as  in  Gilbert  (1988).  The  sampling  time  interval  of 
our  running  time  average,  which  includes  horizontal 
averaging,  is  Averages  over  horizontal 

planes,  both  channel  halves  and  lime  are  denoted  by 

<•>. 

All  correlations  up  to  third  order  moments  appearing  in 
the  exact  k,  e  and  Reynolds-stress  equations  were  calcu¬ 
lated.  The  overall  agreement  of  the  computed  turbulence 
statistics  with  existing  numerical  and  experimental  data 
at  comparable  Reynolds  numbers  is  good.  Some  dis¬ 
crepancies  occur  in  the  near-wall  region  which  have  also 
been  observed  in  the  turbulent  channel  flow  simulation 
of  Kim  et  al.  (1987)  at  the  somewhat  lower  Reynolds 
number  Re,  =  180.  Our  present  results  are  quite  close  to 
the  Kim  et  al.  data  (Gilbert  1991). 
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In  Fig  1  the  mean  velocity  profile  is  given,  vi/hich  shows 
a  well-developed  viscous  sublayer  and  buffer  region. 
Unlike  in  our  earlier  simulation,  the  logarithmic  part  of 
the  profile  is  now  clearly  visible  The  differences  between 
our  data  and  those  of  Kim  et  al.  are  small  Both  simu¬ 
lations  give  a  log-law  with  an  addit  vo  constant  slightly 
above  that  given  by  Dean  (1978)  In  Fig.  2  the  computed 
root-mean-square  values  of  the  three  velocity  fluctu¬ 
ations  normalised  by  the  local  mean  velocity  <v,>  are 
shown.  Whereas  the  two  sets  of  DNS  data  nearly  col¬ 
lapse,  the  experimental  data  show  considerable  scatter. 
The  results  of  Alfredsson  et  al.  (1988)  for  o,7<v,>  fit  our 
simulation  data  very  well,  whereas  the  recent  results  of 
Niederschulte  et  al  (1990)  clearly  differ 


derived  from  a  (high  Reynolds  number)  second-moment 
closure  of  Gibson  &  Launder  (1978).  This  result  confirms 
the  suggestion  of  Launder  &  Tselepidakis  (1990)  that  the 
rapid  reduction  of  the  Reynolds  stress  -  (iiiUj}  as  the 
wall  is  approached  is  due  to  the  damping  of  (uj)  rather 
than  to  direct  viscous  eifects. 


GRADIENT  DIFFUSION  HYPOTHESES 


A  usual  assumption  in  the  /(-equation  is  the  gradient 
model  for  the  turbulent  diffusion  term 


(1) 


--|-<o,(o,<,,/2+p)>=^ 


1lJl\ 

Ok  ()x^  J 


BUDGETS  OF  TURBULENT  KINETIC  ENERGY  AND  DIS¬ 
SIPATION 

Fig  3a  shows  the  balance  of  the  kinetic  energy  k,  using 
the  usual  notation  (see  Mansour  et  al  1988)  except  for 
the  VISCOUS  dissipation  rate  c  =  c  4  (Here  and 

in  the  later  figures  dala  are  given  in  wall  units.)  Away 
from  the  wall  there  is  an  approximate  balance  between 
the  production  Pj  and  the  dissipation  r.  Closer  to  the  wall 
turbulent  and  viscous  diffusion  tiansport  energy  from  the 
region  of  mam  production  towards  the  wall  and  towards 
the  core  region  of  the  channel  In  the  f-balance,  shown  in 
Fig  3b,  the  turbulent  production  P'  and  dissipation  F,  are 
the  dominant  terms  in  the  core  region  of  the  channel. 
Near  the  wall  the  rate  of  production  by  the  mean  flow 
P,'  -f  P?  increases  and  peaks  at  y‘  5  At  this  position  F, 
reaches  its  minimum  value  Gradient  production  P’  and 
turbulent  diffusion  T,  are  relatively  small  compared  with 
the  other  terms  Nevertheless,  as  will  be  seen  later,  these 
terms  are  important  in  turbulence  modelling  since  they 
balance  the  net  effect  of  all  other  source  and  sink  terms 
(i  e.  the  sum  of  P,'  I  P’  i-  P',  -  F,) 


THE  EDDY  VISCOSITY  RELATION  IN  LOW-RE  k-c  MOD¬ 
ELS 

To  account  for  the  direct  effect  of  molecular  viscosity  on 
the  shear  stress,  low  Reynolds  number  turbulence  mod¬ 
els  use  damping  functions  in  the  Kolmogorov-Prandtl 
expression  for  the  eddy  viscosity,  \>i  =  c„f„k‘lr.  The 
problem  of  evaluating  c^f),  from  various  DNS  data  has 
been  considered  recently  by  Rodi  &  Mansour  (1990) 
They  found  that  c„  depends  both  on  the  type  of  flow 
(channel  or  boundary  layer)  and  on  the  Reynolds  num¬ 
ber  Fig  4  presents  our  DNS  data  and  a  comparison  with 
several  models  and  experimental  dala  In  the  region  of 
approximate  balance  between  production  and  dissipation 
(marked  in  Fig  4a  by  vertical  bars)  attains  a  value  of 
w  0.11,  which  is  higher  than  the  standard  value  of  0.09 
but  is  consistent  with  PJs  «  0  8  being  less  than  one  (Rodi 
&  Mansour  1990)  The  agreement  of  the  /),  distribution 
obtained  from  our  simulation,  with  chosen  as  0  11,  with 
the  averaged  d’s'nbn'ion  deduced  by  Patel  et  al  (1985) 
from  different  experiments  is  very  good  (Fig,  4b).  Two 
functions  from  the  k-i,  models  of  Reynolds  and  of  Lam  & 
Bremhorst  (see  Patel  et  al.  1985)  are  also  included.  Very 
close  to  the  wall  the  obtained  from  our  simulation 
increases  proportional  to  1/y  to  ensure  the  y’-behaviour 
of  the  Reynolds  stress.  None  of  the  k-r,  model  functions 
exhibits  this  behaviour,  and  even  away  from  the  wall 
their  overall  agreement  with  the  simulation  data  is  not 
very  good.  A  surprisingly  good  agreement  over  the 
whole  range  (except  for  the  immediate  vicinity  of  the 
wall)  is  found  with  the  relat’onship  =  2.92<t/|>//< 


To  test  this  assumption,  we  calculate  both  the  exact  term 
(I  h.s.)  and  the  model  term  (r.h  s.)  Since  diffusion  is  very 
smaii  away  from  the  wall  a  more  critical  way  of  testing 
the  model  is  to  compare  the  integrated  terms,  which  are 
shown  in  Fig.  5a.  Over  the  whole  channel  the  two  quan¬ 
tities  are  nearly  proportional  so  that  Ot,  is  approximately 
constant  The  value  calculated  from  our  DNS  data  varies 
from  (T,  =  0  9  at  y*  =  30  to  (t»  =  0.6  near  the  channel  cen¬ 
tre  with  an  average  value  of  k  0.8,  which  is  lower  than 
the  standard  value  of  1.0  Using  a  constant  value  of  onthe 
turbulent  diffusion  in  the  immediate  vicinity  of  the  wall  is 
underpredicted  However,  this  is  of  minor  importance 
because  turbulent  diffusion  is  small  there  compared  to 
the  dissipat'on  and  viscous  diffusion  terms. 

Like  the  diffusion  term  in  the  /(-equation,  turbulent  dif¬ 
fusion  of  dissipation  is  modelled  with  a  gradient 
assumption 


(2) 


Oxl 


duu 


i)r. 

Or  dXr 


dx,  dx. 


■)} 


To  test  this  model  we  again  compare  the  integrated 
terms  which  are  shown  in  Fig  5b  Away  from  the  wall 
(y'  2: 30)  the  proportionality  is  acceptable,  with  a,  varying 
between  1  4  at  y  ‘  =  50  and  1.0  near  the  channel  centre, 
thus  bracketing  the  usual  value  of  a,  =  1  3  Near  the  wall, 
however,  the  model  of  Eq.  (2)  is  completely  wrong  Com¬ 
puting  (7,  from  the  DNS  data  leads  to  negative  values  for 
(7,  there  Again  it  might  be  argued  that  the  diffusion  term 
IS  small  in  the  near-wall  region  compared  with  the  other 
terms  in  the  s-balance  so  that  the  deficiency  of  the  gra¬ 
dient  model  would  not  be  detrimental.  But  this  is  not  true 
for  the  modelled  f,-equation  Since  the  net  effect  of  gen¬ 
eration  and  destruction  is  smaii  compared  with  the  indi¬ 
vidual  terms  it  is  important  to  have  a  good  model  for  the 
"small"  diffusion  term 


DISSIPATION  RATE  TERMS 


Near  walls,  modifications  are  also  necessary  to  the  high- 
Re  versions  of  Reynolds-sfress  equation  models.  Viscos¬ 
ity  enters  the  Reynolds-stress  balance  primarily  through 
the  dissipation  rate  terms  c,i  The  modelling  of  these 
terms  is  based  on  blending  the  nonisofropic  behaviour 
near  the  wall,  approximated  (Rotta  1951)  by 


du,  <^11  f 


with  the  expression  for  sufficiently  high  Reynolds  num¬ 
bers,  where  the  concept  of  local  isotropy  holds 


du,  o 
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The  blended  form  of  the  e,.  model  (cf  Hanjalic  &  Launder 
1976)  reads 

(5)  =  + 

Hanjalic  &  Launder  inferred  that  the  biending  function  f, 
is  a  function  of  the  turbuience  Reynoids  number 
Her  =  k^l{v€)  and  determined  it  by  computer  optimization 
to  be 

Rer 

(6)  =  ■ 

In  a  more  recent  proposal  by  Fu  et  al.  (1987)  f,  itselfs 
depends  on  the  anisotropy  tensor,  using  the  anisotropy 
factor  A 


The  anisotropy  factor  is  defined  by  71  =  1  -  9(/l2  -  /tsj/S 
where  A2  =  a„  •  a,i  and  =  a,,  •  a,),  ■  a,,  are  the  second  and 
third  invariants  of  the  Re>nolds-stress  anisotropy  tensor 
a, I  =  <o,u,>/fc  -  25, JZ  The  value  of  f,  in  Eq.  (6)  changes 
from  unity  to  zero  as  the  Reynolds  number  Rer  varies 
from  zero  to  infinity  This  behaviour  is  also  attained  with 
Eq.  (7)  because  A  is  zero  in  2D  turbulence  (near  walls) 
and  71  =  1  in  isotropic  turbulence 

Fig  6  shows  the  two  f,  functions  Eqs.  (6),  (7)  computed 
from  the  simulation  data  The  difference  between  the  two 
functions  is  quite  big  The  function  Eq  (6)  quickly  decays 
within  the  viscous  sublayer  (y‘  <  10)  to  its  minimal  value 
(which  is  non-zero  because  Rer  is  finite),  whereas  Eq.  (7) 
decays  more  gradually,  and  roughly  linearly,  with  the 
wall  distance  and  reaches  its  minimal  value  at 
y"  w  60  -  80.  The  third  curve  shows  an  attempt  by  Laun¬ 
der  &  Tselepidakis  (1990)  to  use  an  exponential  function 
depending  on  Rer  instead  of  Eq  (6).  This  curve  also 
decays  very  rapidly  The  reason  is  that  Rer  rises  quickly 
(within  y*  ^20)  to  a  value  of  Rer«  180,  which  is  main¬ 
tained  over  most  of  the  channel  (see  Fig.  7)  A  more 
gradual  behaviour  of  f,  -  which  is  needed  as  we  shall 
conclude  —  would  be  achieved  by  using  Rey  =  yjk/v  as 
the  independent  variable. 

A  comparison  of  model  predictions  with  the  DNS  data, 
shown  in  Fig  8,  reveals  the  striking  observation  (made 
already  by  Mansour  el  al.  1988)  that  using  the  wall  model 
Eq.  (3)  of  Rotta  throughout  leads  to  better  agreement 
than  the  blended  model  Eqs.  (5).  (6)  The  blending  func¬ 
tion  of  Hanjalic  &  Launder  restricts  the  influence  of  the 
"wall"-terms  to  the  viscous  sublayer  whereas  the  blend¬ 
ing  function  Eq  (7)  of  Fu  et  al  (1987)  extends  it  up  to  the 
log-law  region.  We  therefore  propose  to  use  the  Hanjalic 
&  Launder  model  but  with  their  f,  function  replaced  by 
that  of  Fu  et  al  (Fu  et  al.  used  their  7,  in  conjunction  with 
a  new  wall  model  which  captures  the  proper  near-wall 
behaviour  of  c,;  but  gives  pooi  results  away  from  the 
wall).  The  results  of  the  "new"  model  are  also  included  in 
Fig  8.  They  are  clearly  superior  to  those  of  the  original 
model  for  e,,  ,  £,2  and  £33  and  still  acceptable  for  £,3 . 


CONCLUSIONS 

Turbulence  data  from  direct  numerical  simulations  has 
been  used  to  compute  the  terms  in  the  budgets  of  the 
turbulent  kinetic  energy,  the  Reynolds  stresses  and  the 
dissipation  rate.  Testing  of  turbulence  closure  models 
has  been  done  by  direct  comparison  of  the  exact  terms 
with  the  model  expressions.  Special  attention  has  been 
given  to  the  possibility  of  calculating  turbulence  model 
constants  directly  from  the  simulation  data  (Gilbert  1991). 


The  coefficient  c„  in  the  eddy  viscosity  expression  is  cal¬ 
culated  from  the  DNS  data  as  0.11  instead  of  the  usually 
applied  value  of  0.09.  A  possible  explanation  is  the 
dependence  of  c,  on  the  ratio  PJe.  which  is  below  1  (about 
0.8)  in  the  log-law  region  where  c„  is  found  to  be  con¬ 
stant.  None  of  the  tested  damping  functions  used  in 
low-Re  k-t  models  shows  acceptable  agreement  with  the 
simulation  data  over  the  whole  near-wall  region.  Some 
functions  rise  too  fast  whereas  others  approach  unity  too 
slowly.  The  turbulent  diffusion  of  turbulent  kinetic  energy 
and  dissipation  is  usually  modelled  via  a  gradient-type 
model.  The  agreement  between  such  a  model  and  the 
DNS  data  in  case  of  the  turbulent  kinetic  energy  is  good 
over  the  whole  the  channel  depth.  The  model  works  well 
also  in  the  case  of  turbulent  dissipation  except  in  the 
immediate  vicinity  of  the  wall. 

In  Reynolds-stress  models  the  dissipation  rate  terms  £,; 
have  to  be  approximated.  Modelling  of  these  terms  is 
based  on  blending  the  non-  isotropic  behaviour  near  the 
wall  (Rotta's  model  f.„  =  <u,u,>£/k)  with  the  expression  for 
local  isotropy  at  high  Reynolds  numbers,  e,^  =  2(5,^£/3. 
Most  models  do  not  work  well  since  the  blending  func¬ 
tions  restrict  the  influence  of  the  wall  term  to  the  viscous 
sublayer.  From  the  simulation  data  it  follows  that  a 
blending  function  decaying  more  gradually  with  the  wall 
distance  leads  to  acceptable  agreement  with  the  DNS 
data  for  all  components.  The  blending  function  of  Fu  et 
al  (1987),  f,  =  1  -  yfA  where  A  is  the  anisotropy  factor, 
does  show  such  gradual  behaviour 
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Fig.  1.  Mean  velocity  profile  in  wall  units 

-  present  DNS, 

-  -  -  DNS  Kim  el  al,  (1987), 

A  Experiment  Eckelmann  (1970), 
- V*  =!  2.44 .  In  y*  +  5.17 


Fig.  3.  Terms  in  Ihe  budget  of  (a)  the  tu  bulent  kinetic  ener¬ 
gy  A  and  (b)  the  dissipation  rale  c 


Fig.  2.  RMS  velocity  fluctuations  In  the  near-wall  region 
normalised  by  the  local  mean  velocity  <v,>. 

Comparison  of  DNS  results  ( - present  work,  -  -  - 

Kim  et  al,  1987)  with  experimental  data:  A  Eckelmann 
(1970),  o  Kreplin  &  Eckelmann  (1979),  □  Alfredsson 
et  al.  (1988),  x  Niederschulte  et  al.  (1990). 


Fig.  A.  Eddy-viscosity  relation  in  low-Re  A-e  models: 

(a)  DNS  data  for  c.  7,  and  R./t, 

(b)  various  damping  functions  /, , 

x:  experimental  data  (curve  fit  by  Patel  et  al.  1985), 
S:  DNS  data  with  c,  =  0,11.  Re:  model  of  Reynolds, 
LB:  model  of  Lam  &  Bremhorst,  2.92  <oJ>/A:  model  of 
Gibson  &  Launder. 
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Abstract :  Direct  simulation  data  for  a  channel  flow  and  a  flat 
plate  boundary  layer  are  used  to  develop  a  new  k-£  model  which 
predicts  the  dissipation,  the  turbulence  kinetic  energy  level  and 
budget  correctly,  in  contract  with  classical  k-e  model  and 
presently  available  Reynolds  stress  models. 

INTRODUCTION 


with 

P(1C)  =  -  u',u  j  Ojj  :  production  term 

T(K)  =  J  [iTiiTju^Jj :  turbulent  transport  term 

D(K)  =  V  Kjj :  viscous  transport  term 

^(K)  =  -  u’,p'_, ;  pressure-velocity  correlation  term 

e  =  V  u'jju'jj  :  "dissipation" 


The  overall  success  of  turbulence  models  is  determined  in 
a  large  measure  by  the  treatment  of  the  vicinity  of  solid  walls.  The 
underlying  assumption  of  the  so-called  wall  function  approach, 
namely  the  universality  of  the  law  of  the  wall  and  the  related 
concept  of  turbulence  in  equilibrium,  severely  restricts  the  range 
of  validity  of  turbulence  models  and  excludes  a  possible  use  in 
cases  with  separation  or  high  skewing  of  velocity  profiles.  For 
such  complex  flow  situations,  the  turbulence  model  must  be 
solved  including  the  viscous  sublayer.  This  in  turn  introduces, 
apart  from  computational  difficulties  due  to  large  grid  aspect 
ratios,  a  modelling  problem  usually  associated  with  the  so-called 
low  Reynolds  number  corrections  ;  weighting  functions  are 
introduced  in  standard  models  and  are  empirically  determined,  at 
best,  on  a  correct  asymptotic  basis,  and  in  such  a  way  that  mean 
velocity  and  fherion  velocity  predictions  agree  with  experiments, 
at  least  for  simple  flows. 

The  recent  availability  of  direct  simulation  channel  flow 
[1][2]  and  flat  plate  bounda^  layer  data  [3]  makes  it  possible  to 
assess  the  most  representative  models  [4][5I[6][7]  which  share 
two  main  common  deficiencies,  (i)  Although  the  mean  velocity 
and  the  Reynolds  shear  stress  are  correctly  predicted,  there  is  a 
systematic  underprediction  of  the  turbulence  kinetic  energy,  (ii) 
Close  to  the  wall,  the  prediction  of  dissipadon  fails  completely. 

Direct  numerical  data  are  used  in  the  following  to  suggest 
a  new  two-zone  K-e  model,  on  the  basis  of  the  mixing  length 
hypothesis.  The  most  important  modificadons  are  the  following : 

(i)  Instead  of  introducing  a  universal  weighting  funedon, 
a  two-zone  mixing  length  model  is  used  with  an  algebraic 
expression,  independent  on  K  and  e,  close  to  the  wall. 

(ii)  A  new  closure  for  turbulent  transport  of  K  is 
introduced. 

(iii)  Turbulence  dissipation,  in  the  inner  zone,  consists  in 
two  parts.  One  part,  independent  on  kinedc  energy  destruedon,  is 

modelled  by  an  algebraic  term.  The  other,  ?,  results  from  K  and 

a  Taylor  scale.  In  the  outer  zone,  e  is  given  by  a  new  transport 
equadon  model. 


1.  THE  MEAN  FLOW  EQUATIONS 

The  Reynolds-averaged  Navier-Stokes  equations  for  an 
incompressible  flow  are 

Ou  =  0  :  ^  +  nriiTjlj  =  -  p-i  Pj  -I-  V  Oj.jj  (1) 

The  turbulence  kinetic  energy  is  also  solved ; 

DK 

TSf  =P(K)- %)+%)+ n(K)-E  (2) 


The  equation  for  e  is  as  follows ; 

IST  ~  ^(E)  *  ^(E)  ^(E)  ^(£)  ■  ^(£)  ®(E)  %)  ■  ^E 


with ; 

P'jj  s  -  2v’u',jU')(j  Sjt  :  mixed  production  term 
P(£)“  “'i.k**'i.mS|an  •  generation  by  the  mean  velocity  gradient 

s  -  2v  u'ku'j  n,  Oi,,un  :  gradient  generation  of  dissipation 

4  -  — 

-  2v  u  i  itU ,  „,u  k  n, :  turbulent  generation  of  dissipation 

T(e)  “  v  lu’j,itU',  ](U’j)j :  turbulent  transport  of  dissipation 
D(j)  =  V  Ejj :  viscous  diffusion  of  dissipation 

rijg)  s  2v  [u',.kP’,kJj  •  pressure  transport  of  dissipadon 

^E  ®  2v2  u'i  iunU'i  :  destruedon  of  dissipation 


The  closure  assumption  for  Reynolds  stresses  is  the  eddy 
viscosity  assumption  (4)  ; 

Tij=-ir;irj  =  -|K5ij  +  VT[Oi,j-^Oj,l  ;  VT  =  C^f^^  (4) 

Far  from  wall  boundaries,  this  closure  appears  correct 
with  C^  =  .09  ;  f^  =  1.  However,  close  to  the  wall,  the  eddy 
viscosity  level  tends  to  be  strongly  overpredicted ;  the  aim  of  f^  is 
to  correct  this  effect.  Possible  choices  for  f,i  have  been  discussed 
in  15]  and  the  most  recent  contributions  [6][7][8][9]  try  to  follow 


the  asymptotic  behavior  tW  ~  y^  when  y,  the  normal  distance 
to  the  wall,  vanishes.  However,  it  appears  hopeless  to  use  direct 
simulation  data  to  improve  further  the  f^  shape.  Fig.l  plots : 


f^  = 


P+2 


U'V 


(widi  C^  =  .09)  with  respect  to  y+ 


for  Spalart's  data  at  Rq  =  300,  670, 1410  and  Kim  et  A1  data  at 
Rh  =  3250, 7890  and  demonstrates  the  lack  of  universality  of  f^. 


2.  THE  MIXING  LENGTH  MODEL 

The  mixing  length  model  considers  a  fluid  particle  A  with 
velocity  0^  which  moves  transversally  to  point  B  (AB  =  I)  where 


0.0-t~  I  I  I  I  I  I  I  I  I  I  I  J  I  I  I  I  ri  I  I  I  T  I  I  |-T-  r  i  I  I  I  I  I  i~|'i 
0  10  20  30  40  50  60  70 


Fig.l.  Lack  of  universality  of  C„  for  several  values  of  R^.  the 
channel  Reynolds  number  and  Rg,  the  flat  plate  Reynolds 
number. 


the  velocity  is  Og.  Then  ; 

-W~(tlB-0A)y  (5) 

where  u  is  the  characteristic  velocity  fluctuation  in  the  direction 


normal  to  the  wall :  A  Taylor  series  gives  ; 


The  first  series  of  terms  accounts  for  the  influence  of  the  mean 


,  30  ,,320  ^ 


velocity,  the  second  senes  accounts  for  the  influence  of  the 
fluctuation.  Subsnmting  (6)  into  (5)  and  truncating  gives  : 


-  u'v'  ~  0  I  where  o  =  (V7’)i/2  (7) 

Direct  simulauon  data  (fig.2)  indicate  that : 

=  .63  fy  where  fy  =  1  -  exp(-  ^  (8) 

fy  is  nothing  else  than  the  so-called  Van  Driest  damping  function, 
with  =  26.5.  The  correct  closure  assumption  needs  therefore 
to  specify  the  length  scale  I  through  ; 


I  = 


-  u  V 


^  § 


(9) 


0.5  i 


0.25- 


0.0 -f-i — I — I — r~i — I — I — I — I — I — ' — I — I — I — I — I — I — I — I — r~T- 
0  10  20  30  40  50  60  70  80  90  100 


implies  :  (i)  that  the  mixing  length  hypothesis  is  valid  close  to  the 
wall,  (ii)  also  I  does  not  scale  with  K^^/e  and  involves  the  Van 
Driest  factor  fy.  In  order  to  explain  this  result,  we  may  consider : 


Fig.3.  Inner  length  scale  (10). - cl,  case  C]  =  0.  +,  present 

model.  Other  curves  are  direct  simulation  data  with  Ry  or  Rg 
indicated. 


£ii  E22  E33 

with  Cy  =  .065  ;  C„  =  .19  ;  C,,  =  .1 1  which  are  compared  with 


I.  Close  to  the  wall,  the  best  agreement  with  direct  simulation  data 
is  provided  by  I,  without  algebraic  correction  (fig  .4), 


confirming  that  VK  is  not  the  correct  characteristic  velocity.  This 
is  because  several  types  of  eddies  exist,  each  of  them  having  their 
own  characteristic  velocity  and  length  scales  in  given  directions. 
We  thus  introduce  the  characteristic  velocity  and  length  vectors  ; 

3  3 


W  =  I  w,e,  ;  l  =  £  I.  e,  (12) 


1=1 


i=l 


Fig.4.  Comparison  of  length  scales  I,,  I*  with  direct 
simulation  data  at  Rg  =  3250. 


I  The  eddy-viscosity  model  becomes : 
j  -  iy-j  =  w,  1,^  tJj,k  +  Uj  Ik  0,,k  (13) 

„g  Close  to  the  wall,  the  characteristic  velocity  is  [v'2  ]*/2ej,  and  the 


Fig.2.  Utility  of  Van  Driest  dair  g  function  (----)  for  the 
representation  of  [77"  /K]'/2  ys.  y+ _ ,  tanh(y+/35). 

It  has  been  demonstrated  that  the  model  C^K^/z/e  fits  direct 
simulation  data  in  the  outer  region,  while  the  damping  function 
approach  I  =  is  not  adequate  in  the  inner  region  where 

a  rather  universal  behavior  of  the  length  scale  is  found  (fig.l). 
For  this  reason,  an  algebraic  model  is  preferred.  We  have  used : 

I,  =  Ky  fy  -H  C]  [1  -  exp(-  ■^)]  ;  C,  =  1 ;  A|  =  9 ;  k  =  .41  (10) 
^1 

While  A'*',  in  fy,  depends  both  on  the  pressure  gradient  and  on  the 
blowing  rate  (  sec  e.g.  [10]),  the  term  inyolving  the  factor  Ci  is 
needed  to  correct  the  slight  underestimation  of  direct  simulation 
data  and  to  account  for  the  asymptotic  behavior  I  »  y  due  to  u  ■» 
y2  when  y  -»  0.  Fig.3  demonstrates  the  improvement  with 
respect  to  the  case  C]  =  0  in  the  zone  y+  s  25.  Equation  (10) 


.  ry'2  13/2 

charactenstic  length  scale  is  * - '■ — ej.  Using  the  following 

E22 

estimations :  [v^]!^  -  fy  VK  ;  i^/K  -  K/e,  we  find  : 

-W  =  CVfy2^^  (14) 

which  is  similar  to  (8)  which  differs  from  (14)  by  a  sublayer 
correction  factor  [1-h4.1ve2/‘*/K3/2].  The  classical  isotropic  model 
is  a  particular  case  of  (1 3)  where  no  eddy  dominates : 

M,  =  VKe,  :  l.  =  C^^e,  (15) 

Therefore ; 

■  W  =  (U.).(l,)k^  -(«2)2(I2)X^  = 

(16) 
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3.  MODELLING  THE  TURBULENT  KINETIC  ENERGY 


'+  — 


(20) 


When  a  two  equation  model  is  used  "nly  two  terms  need 
closure  assumptions  in  the  K  equation,  namely  the  turbulent 
transport  and  the  pressure  velocity  correlation  n(K).  A  first 
gradient  hypothesis  forces  the  turbulent  transport  to  vanish  where 
the  kinetic  energy  peaks,  in  contrast  with  direct  simulation  data. 
For  first  type  flows,  we  have  used  the  following  closure 
assumption : 


Fig.5  demonstrates  the  improved  results  obtained  with  the  model 
(17). 


Figure  5.  Turbulence  transport  model. _ direct  simulation 

data  (channel  flow;  Rh=  3250);  ++++  present  model  (17)  with 

Ok=  -56;  Cki  =  2.8;  —  classical  model . 


4.  MODELLING  THE  DISSIPATION 


The  standard  model  equation  is : 


It  has  already  been  shown  [4]  that  fj  and  fj  account  improperly 
for  wall  effects,  e  behaves  in  a  different  way  in  the  viscous 
sublayer,  in  the  buffer  layer  and  in  the  outer  layer.  Therefore,  a 
description  of  both  regions  with  a  single  equation  appears 

difficult.  Direct  simulation  data  [2]  indicate  that  £  decreases  away 
from  the  wall  to  a  constant  value  at  a  location  where  K  peaks. 
Further  away,  e  decreases  in  a  way  that  is  correctly  described  by 
classical  models.  However  such  models  fail  to  pr^ict  the  decay 
of  e  away  from  the  wall,  even  with  recent  proposals  [61(7]. 

Other  authors  have  demonstrated  the  interest  of  working 
with  f ,  a  regularized  e  which  behaves  like  y^  when  y  0.  For 
instance  [11], 

g=e-2v[^]2 

An  asymptotic  analysis  when  y  -» 0  indicates  that  P(K)~y^;T(K) 

~  :  n(K)  ~  y  ;  £  ~  y7  while  v  K,,i  -  2v  [^jz  ~  y. 

Therefore,  it  is  considered  [12]  that  the  pressure  velocity 
correlation,  which  balances  the  sum  of  the  two  viscous 
contributions,  needs  to  be  modelled.  However,  the  model  [12] 
does  not  seem  satisfactory  for  the  following  reasons,  (i)  Direct 
simulation  data  for  n(K)  lead  to  dispersed  results  for  all  possible 

choices  fw  the  characteristic  velocity  -  U^;  U*  =  [v^^]’^  -•  (ii) 

V  K_ii  and  2v  [^^^  are  both  of  order  1  and  the  accuracy  of  the 

discredzation  must  be  truly  second  order  accurate  in  order  to  do 
not  hide  the  behavior  n(K)  “  Y-  This  may  be  computationally 

difficult  in  complex  cases.  We  therefore  prefer  to  model 
simultaneously : 

e(*)«*2v[^Z-n(K)  (19) 


The  term  £(«,)  is  significant  only  close  to  the  wall  and  it  decreases 
very  quickly  outside  the  viscous  sublayer  because  of  the 
correction  fj  which  may  depend  on  the  pressure  gradient,  on  v 
and  on  the  characteristic  frequencies  of  the  velocity  fluctuations. 
The  values  of  the  constants  are  optimised  with  direct  simulation 
data  (fig.6). 


Fig.6.  Closure  (19)(20)  for  the  dissipation  in  the  inner  region 

(£(«,)  is  non  dimensionalized  with  the  length  and  velocity  scales 

•  * 

vA)^  and  U^). +,  A,  0,  □,  direct  simulation  data. 


We  now  examine  the  model  for  E..  We  consider  the 
following  Taylor  rcales  (21); 


X  depends  on  th.i  Reynolds  number  (fig.7a)  and  is  roughly 
constant  in  the  viscous  sublayer.  Xy  has  a  very  particular  behavior 
while  Xy  and  Xw  shiire  the  same  variation  for  y+  >  1  (fig.7b). 


Fig.7a.  Taylor  Scale  X"^  with  X  =  [vK/e]'/z  non  dimensionalized 
by  vA)x  and  U.,,  as  a  function  of  y\  for  several  direct  simulation 
data. 


Fig.7b.  Taylor  scales  X,  Xu,  Xy,  X,y ,  non  dimensionalized  by 
v/U^  and  U.t,  as  a  function  of  y+ _ ,  X. - -  X,y . 

Xy,  -  —  Xy. 


The  retained  closure  is : 


The  dissipation  generation  term  =  -  2v  S^n, 


is,  like  the  mixed  production  s  -  2v  u'ljU'i;  j  S,it,  of  the  order 

ctl  7 .  where  c  and  t|  are  the  Kolmogoroff  velocity  and  length 

scales,  X.  is  the  Taylor  length  scale,  u  and  I  are  the  energetic 
velocity  and  length  scales.  For  this  reason,  they  arc  classically 
modelled  together. 

^ "  (22) 


=  ^P(K) 


Since  turbulent  and  viscous  transport  ate  lower,  they  can 
be  treated  in  the  usual  way  by  a  first  gradient  hypothesis.  The 
final  model  is : 

^  =  Cel  l-PcK)  +  Ce4^  -  Ct2|-+^t(vA)^)l  (26) 

In  (26)  the  first  term  models  P*e)+p|^£)'  For  y+  >  20,  in  the  log  law 

zone,  transport  and  convection  may  be  neglected  [2j,  thus 
e  e2 

Cel  Ic  P(K)  +  Ce4-r=  -  Ce2 =  0 


This  assumption  is  correct  for  P^^^,  as  indicated  by  fig.8  where 
direct  simulation  data  have  been  digitalized  from  fig.  15  of  [2]. 


(27) 


Coefficients  are  optimized  so  as  to  minimize  the  l.h.s.  of  (27). 
While  Cji  =  1  and  €54  -  .24,  C£2  depends  slightly  on  the 
Reynolds  number,  as  indicated  in  the  following  table ; 


Channel 

Rh=3,250 

1.0 
.24 
3.9 


Channel 

Rh=7,890 

1.0 

.24 

4.5 


Flat  plate 
R9=300 

1.0 

.24 

3.9 


Flat  plate! 
Re=670 

1.0 

.24 

4.5 


Flat  plate 
Re=1410 

1.0 

.24 

4.8 


Figs.  10  show  the  correct  balance  between  generation  and 
destruction  terms. 


T — I — I — I  T 

50  60 


-,  P|i,j  model  (24).  ++++,  direc'  simulation  data. 


.OH 


T-t-T-r-rr 

K) 


I  I  '  I  T'l  1  '  "1  '  n~i~r  I'  I  j  I  I  I  I 

20  30  40  50  60 


While  Pjjj  is  usually  neglected,  P^^j  s  -2v  u',j(U', 

is  usually  predominant  since  it  outweighs  the  destruction  of  0- 
dissipation  y(j)  [2)[131.  Such  terms  are  usually  modelled  together 
e2 

as  -  jj- .  However,  direct  simulation  data  indicate  that, 

although  e^/K  is  the  correct  scale  for  destruction  of  dissipation, 

,  .  ,  L  j  ,  ..„4  .  Fig.  10.  Balance  between  destruction  and  generation  terms 

the  decay  of  e^/K  with  y  does  not  fit  with  that  of  P^^^,  nor  with  ^  p  ^  ^  r,'  .  r.2  . 

that  of  P*  •  Yf.  This  is  because  :  Ir-  “  (cT|  — ]2  - 

Ye»(cTlPl^V»^;P;,»ctl[^3 


-nrn- 

70 


•  P;e."P(VP(e) 


(23a,  b,  c) 


Pj^j  and  Yj.  should  therefore  be  modelled  separately.  While 


Ye  =  C£2]^ 


the  estimation  of  P^^.^  by  : 

isin  agreement  (fig.9)  with  the  order  of  magnitude  (23c). 
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present  model  predicts  correctly  the  mean  velocity 
shear  stress  and  the  turbulent  kinetic  energy. 


as  well  as  the 


It  is  now  necessary  to  apply  the  model  to  more  complex 
conditions,  and  especially  to  cases  where  there  is  a  pressure 
gradient.  This  work  is  presently  undenvay. 
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4.  SYNTHESIS 


To  summarize  the  equations  to  be  solved  in  the  case  of  a 
first  type  flow,  the  model  is  the  following  : 


Ok  W 

vn  ^  a  VTa? 


T5r  =  Celir%)‘'C£4^  -Ce2i^+gjr[(v-f^)^)l 
where  Vy  =  fy  Vic  I  ;  fv  =  l-exp(-^  ;  A+ =  26.5  for ^»0  .05-1 


3.0- 


-0.5  0.0  0.5  10  1.5  2.0 

1  lb.  Turbulence  kinetic  energy 

DISSIPATION  RATE  (CHANNEL  FL0W,RE-D=3250 


I  =min  (I,,  lo)  where  l|  =  Cv  {icy  fy  +  C,  [  1  -  exp(  -  — ^)  ]); 

lo  =  Cu— :k  =  .41;Ci  =  1;A+i=9;Ch  =  .09;Cv  =  .63; 

e 

^.,2  •+  *+2 

/"wLJ  y  y 

^(K)  =  ''t  [57  j  ’  ^ki=  2-8:  ^  =  «’'P  ( -  -5-  •  lo" 

yu* 

y*^  =  ~:  Q,  =  1. ;  C,4=  .24  ;  =  4.5. 

Instead  of  solving  the  E  equation  down  to  the  wall  with  -0.25-j 
the  boundary  condition  E  =  0,  the  following  boundary  condition 
is  used  about  y*  =  20 : 

r.  XX 

^  I  y+=20  “  “Y  ' - 
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1  Ic.  Dissipation  rate 

00  REYNOLD  STRESS  (CHANNEL  FL0W,RE-D=3250) 


MODEL  VALIDATION 
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Results  obtained  with  the  present  model  ate  presented  in 
figs.  11  where  a  comparison  is  performed  with  the  Myong  & 
Kasagi  model.  In  the  model  [6],  it  appears  that  the  weighting 
functions  are  determined  in  such  a  way  that  the  mean  velocity  is 
correct.  K  and  e  ate  however  not  well  predicted.  In  contrast  the 
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Fig.ll.  Channel  Flow  simulation. +,  Direct  simulation  Rp  = 
3250. - ,  present  model.  —  - ,  model  (6|. 


CONCLUSION 

The  adequacy  of  two  equation  models  for  the  description 
of  complex  flow  fields  has  been  subject  to  a  lot  of  controversies 
in  the  past.  A  recent  trend  of  turbulence  modelling  is  to  move 
towards  Reynolds  stress  ■  dels  which  need  a  higher 
computational  effoa  Direct  simulation  data  confirm  the  weakness 

of  the  classical  K-e  model  in  the  wall  region.  However,  these  data 
demonstrate  also  the  validity  of  the  mixing  length  hypothesis  on 
which  the  K-e  model  is  based.  The  classical  K-e  model  is 
defective  because  of  the  low  Reynolds  number  corrections  and 
also  because  of  the  non  isotropic  character  of  the  flow  close  to  the 
wall.  There,  the  knowledge  of  K  and  of  e  does  not  suffice 
anymore  to  estimate  the  characteristic  velocity  and  the  mixing 
length. 


The  turbulent  viscosity  cannot  be  considered  any  lore  as  a 
simple  scalar  field.  Using  the  Prandtl  mixing  length  hypothesis,  it 
has  been  suggested  to  model  Reynolds  stresses  as  the  product  of 
a  characteristic  velocity  vector  o  and  a  mixing  length  vector  I 
having  the  same  direction  which  is  determined  by  the  flow 
structure.  The  modulii  of  o  and  I  can  be  expressed  either  by 
means  of  K  and  e  with  empirical  functions  or  with  algebraic 
functions.  It  is  believed  that  a  generalisation  of  such  a  model  may 
enlarge  the  field  of  application  of  two  equation  models. 


The  second  important  aspect  of  the  work  lies  in  the 
modelling  of  generation  and  destniction  of  dissipation,  namely  by 


c3/2 

the  introduction  of  a  term  €£.4  -p  in  the  model.  This  has  been 

yv 

established  through  an  order  of  magnitude  analysis  and  with  the 
help  of  direct  simulation  data. 


The  last  aspect  to  be  considered  is  the  fact  that  each  layer 
is  described  by  means  of  its  own  characteristics  rather  than 
introducing  weighting  functions  which  do  not  retain  any  physical 
justification.  In  the  outer  zone,  the  flow  field  is  modelled  by  a 
standard  type  K-e  model.  In  the  inner  zone,  the  influence  of  the 
wall  is  important. 

Modifications  of  the  standard  model  are  as  follows ; 

(i)  an  non  isotropic  model  for  Reynolds  stresses. 

(ii)  Characteristic  velocities  are  computed  using  a  Van  Driest 

factor  which  is  a  normalisation  of 

(lii)  The  algebraic  mixing  length  is  used. 

(iv)  The  turbulent  transport  closure  is  modified  by  means  of  a 
second  gradient. 

(v)  Due  to  the  fact  that  the  dissipation  budget  is  not  available,  it  is 
not  possible  to  control  the  complete  set  of  contributions  to  the 
vorticity  budget.  In  the  viscous  sublayer,  the  key  point  is  the 
modelling  of  e  which  controls  the  growth  of  K.  e  has  been  .split 
into  two  parts,  one  is  connected  to  the  destruction  of  dissipation, 
the  other  represents  the  answer  of  the  viscous  sublayer  to  outer 
stirring.  While  the  former  is  taken  proportional  to  K,  the  latter  is 
more  important  and  is  described  by  a  decay  term.  Although  the 
turbulence  viscosity  modelling  is  not  critical  in  the  viscous 
sublayer,  a  correcting  term  is  added  in  the  mixing  length 
expression  to  enforce  the  asymptotic  propeny. 

Some  more  work  is  obviously  needed  to  adapt  the  wall 
model  to  cases  where  a  pressure  gradient  is  present.  The  wall 
model  might  be  also  usefully  appliwl  to  a  Reynolds  sttess  model. 
Also,  more  complex  cases  are  to  be  consider^  in  a  near  future. 


REFERENCES 

1.  KIM,  J ,  MOIN,  P.  &  MOSER.  R.  "Turbulence  statistics  in 
fully  developed  Channel  flows  at  low  Reynolds  number".  Journ. 
Fluid  Mech.,  177,.  133-166  (1987) 

2.  MANSOUR,  N.N.,  KIM,  J.  S'  MOIN,  P,  "Reynolds  stress 

and  Dissipation  rate  budgets  in  a  tuibulent  channel  flow",  Journ. 
Fluid  Mech  ,  15-44  (1988) 

3.  SPALART,  P.R.  (1988)  "Direct  Simulation  of  Turbulent 
Boundary  Layer  up  to  Re  =  1410",  Journ.  Fluid  Mech.,  187, 
61-98(1988) 

4.  PATEL,  V.C.,  RODI,  W.  &  SCHEURER,  G.  "Turoulence 
Models  for  Near  wall  and  Low  Reynolds  Number  Flows  :  A 
review",  AMA  Journ.,  23,  1308-1319  (1985) 

5.  CHEN,  H.C.  &  PATEL,  V.C.  "Practical  Near  wall  turbulence 
models  for  complex  flows  including  separation",  A/AA  Paper  87- 
1300. 

6.  MYONG,.  H  K.  &  KASAGI,  N.,  "A  new  Approach  to  the 
Improvement  of  k-e  Turbulence  model  for  Wall  bounded  Shear 
Flows",  JSME  Int.  Journ.  33,  63-72  (1990) 

7;  SPEZIALE,  C.G.,  ABID,  R.  &  ANDERSON,  E.C.  "A  critical 
Evaluation  of  Two-Equation  Models  for  Near  Wall  Turbulence" 
A/AA  Paper  90-1481 

8.  NAGANO,  Y.  &  TAGAWA,  M.  "An  improved  K-e  model  for 
Boundary  Layer  Flows",  Journ  Fluids  Eng.  112, 33-39  (1990) 

9.  SHIH,  T.H.  "An  improved  K-e  Model  for  Near  Wall 
Turbulence  and  comparison  with  Direct  Numerical  Simulation", 
NASA  TM  103221,  lCOMP-90-16  (1990) 

10  REYNOLDS,  W.C.  "Computation  of  Turbulent  Flows",  Ann. 
Rev.  Fluid  Mech.  8, 183-209  (1976).  Academic  Press. 

1 1.  HANJALIC,  K.  &  LAUNDER,  B.E.  "Contribution  towards 
a  Reynolds-stress  closure  for  Low  Reynolds  number 
Turbulence",  Journ.  Fluid  Mech.,  74,  593-610  (1976) 

12.  SHEH,  T.H.  &  MANSOUR,  N.N.  "Modelling  of  Near  wall 
Turbulence"  NASA  TM-103222,  ICOMP-90-0017  (1990) 

13.  TENNEKES,  H.  &  LUMLEY,  J.L.  "A  First  Course  in 
Turbulence".  Cambridge,  Mass.  MIT  Press  (1972). 


26-2-6 


CIVIII  I  11  .-5  I  ivil'USIUrvi  UIN  ^ 

TURnULENT  SHEAR  FLOWS  26"3 

Technical  University  of  Munich 
September  9-11,  199! 


AN  IMPROVED  FORM  OF  THE  NEAk-WALL  k-£  MODEL 
BASED  ON  NEW  EXPERIMENTAL  DATA 

R.  I  Karlsson  ’  ),,  H.  Tlnoco  )  and  U.  Svenson  ) 

*)  Vattenfall  Utveckling  AB 
S-810  70  ALVKARLEBY,,  Sweden 

)  Department  of  Hydromechanics, 

The  Royal  Institute  of  Technology, 

S-lOO  44  STOCKHOLM.,  Sweden 

)  Department  of  Water  Resources  Engineering 
LuleA  University  of  Technology 
S-951  87  LULEA,,  Sweden 


ABSTRACT 

Experimental  data  from  LDV  measurements  by 
Katlsson  &  Johansson  (1988)  have  been  used  to 
determine  the  eddy-viscoslty  damping  function  f  . 

This  damping  function  behaves  physically  correct 

and  approaches  one  near  y^  -  60  By  using  the  same 
data,  the  function  fj  is  shown  to  be  superfluous. 

The  function  fj  multiplying  the  production  term  in 

the  < -equation  is  obtained  by  also  using  the  data, 
together  with  a  series  analysis  of  the  {-equation. 

The  functions  f^  and  fj  have  been  implemented 

in  the  PROBE  and  PllOENICS  computer  codes,  and  the 
results  obtained  are  in  very  good  agreement  with 
Che  new  experimental  da  .a  and  direct  numerical 
simulation  results 


INTRODUCTION 

Two-equation,  "low  Reynolds  number"  turbulence 
models  generally  use  three  damping  functions  (see 
Patel  et  al . ,  1985,  Mansour  et  al.,  1989)  to 


eddy  viscosity  i/^.,  and  f,  and  fj  for  two  different 

terms  in  the  equation  for  the  rate  of  dissipation 
of  -he  kinetic  energy  of  turbulence,  e.  Also, 

' ytra  terms  may  be  added  both  Co  modify  «  near  the 
-ail  and  to  satisfy  the  corresponding  dissipation 
equation  All  these  functions  are  determined  In  a 
more  or  less  arbitrary  manner,  with  only  general 
asymptotic  behaviour  in  common. 

Mansour  et  al.  (1989)  have  used  data  from 
turbulent  channel  simulation  to  compute  the 
budgets  for  the  Cutoulent  kinetic  energy,  k,  and 
its  dissipation  rate  Through  these  budgets.,  they 
have  shown  that  different  damping  functions  are 
needed  in  order  to  Cake  into  account  the  effect  of 
Che  vicinity  of  the  wall,  and  they  have  made 
estimates  of  the  behaviour  of  these  functions. 

In  Che  present  work,  experimental  data  from  LDV 
measurements  in  the  near-wall  region  of  a 
turbulent  boundary  layer  by  Karlsso"  &  Johansson 
(1988)  and  Johansson  &  Karlsson  (!'’  )  are  used  to 

determine  the  different  damping  fu  cions  in  a 
manner  similar  to  that  indicated  by  Mansour  et  al. 
(1989).  In  this  way,,  it  Is  possible  to  show  that 
the  damping  function  f,  is  superfluous  and 

therefore  f,  «  1  here.  This  study  is  then 
completed  by  a  series  analysis  of  Che  behaviour  of 
(  and  fj  as  functions  of  y  ,  for  y  <  10.  by 


means  of  the  system  for  s;moolic  mathematical 
computation  MAPLE  (Char  et  al.,  1988),  (the 
superscript  -i-  indicates  that  the  variables  have 
been  nondimensionalized  with  the  wall  variables 

u^  -  Jr the  friction  velocity,  and  v ,•  the 

kinematic  viscosity).  Tb“  results  of  the 
Implementation  of  the  model  in  two  different  codes 
show  a  very  good  agreement  with  the  experimental 
data  (Karlsson  &  Johansson,  1988;  Johansson  & 
Karlsson,  1989)  and  the  results  obtained  by  direct 
numerical  simulations,  and  are  presented  in  the 
next  to  last  section  of  this  work.  A  discussion  of 
the  model  and  some  conclusions  are  given  in  the 
last  section. 


THE  DAMPING  FUNCTIONS 

The  function  f^  multiplying  Che  eddy  viscosity 

relation  is  intended  to  model  both  the  viscous  and 
pressure  strain  effects  on  the  shear  stress  (see 
Patel  et  al  ,  1985) ,  and  is  defined  by 


f 


——4.  4. 

UV  ( 


C^(k'^)2(dU'*/dy'^)’' 


(1) 


where  -uv*^  ic  Che  Reynolds  stress,  C  0.09)  an 

empirically  decermined  constant  of  the  two- 
-f  + 

equation  models  and  dU  /dy  is  the  mean  velocity 
gradient  perpendicular  to  the  wall. 

The  proper  behaviour  of  this  eddy-viscosity 
damping  function  near  a  solid  wall  has  been 
studied  by  means  of  Taylor  series  expansions,  and 

since  -uv^  -  (y^)®.  k^  -  (y^)*  and  e*  -»  (- 

and  =  02  according  the  to  the  data 

of  Karlsson  and  Johansson,  1988)  as  y^  -*  0,  it 
follows  that  f  -*  1/y^  near  the  wall,  as  indicated 

fi  '  J 

by  Chapman  &  Kuhn  (1986). 

Using  the  data  of  Karlsson  h  Johansson  (1988) 
and  Johansson  &  Karlsson  (1989),  the  function  f^ 

has  been  computed  for  the  data  points  by  means  of 
expression  (1).  Based  on  the  aforementioned  Taylor 
analysis,  the  following  analytical  expression  to 
fit  the  experimental  data  has  been  obtained 
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f 


1  +  2-^  1  .  2  468y'*' 


e 


•m(y  ) 


(2) 


where  m  -  3.0*10''’  and  n  -  2.9.  The  experimental 
data  and  the  resulting  curve  fit,  equation  (2), 
are  shown  in  Figure  1.  As  expected,  the  new 
damping  function  behaves  physically  correct  and 

approaches  unity  at  about  y^  -  60  (Patel  et  al 

1985).  In  this  way,  one  of  these  empirical  damping 
functions  of  the  model  can  be  determined  directly 
from  experimental  data 

The  mixed  production  term,  P‘,  and  the 
production  by  mean  velocity  gradl'  nt,  Pj ,,  in  the 

{■equation  (see  Mansour  et  al.,,  1989)  are 
collectively  modelled  by  a  term  of  the  same  form 
as  that  of  the  production  of  {,  and  a  damping 
function,  f , ,  IS  usually  introduced  in  this  terra 

to  account  for  near-wall  effects,  I  e., 


Besides,  near  the  wall,  this  term  has  to  balance 
the  viscous  diffusion  term  (see,  e.  g. ,  Patel  et 
al.,  1985),  and  a  Taylor  series  analysis  shows 

that  f,  -  (y^)*  for  y^  -•  0.  Assuming  that  the 

near-wall  effects  for  this  terra  are  limited  to  the 
viscous  sublayer  (Patel  et  al.,  1985),  fj  may  be 

expressed  by  a  function  of  the  form 


where  the  constant  a  may  be  estimated  by  a  Taylor 
series  analysis  together  with  the  measurements  of 
Kailsson  &  Johansson  (1988)  and  Johansson  & 
Karlsson  (1989)  as  sl,own  in  the  next  section. 


BEHAVIOUR  OF  e'^  AND  fj  NEAR  THE  HALL 


pi  +  pi 
i  i 


-  f,[c,^c^f^k'^(duV<iy’')^l. 


Assuming  that  k  modelled  by  Che  k-e  model 
follows  the  experimental  data  of  Karlsson  & 
Johansson  (1988)  and  Johansson  6c  Karlsson 

(1989),,  and  using  a  least  squares  fitting  of  the 

data  for  y^  <  10,  it  is  possible,  through  the  k^ 
equation  for  a  boundary  layer,  to  obtain  the 
+  + 

behaviour  of  c  as  function  of  y  ,  i.  e. 


where  c,^  is  an  empirically  determined  constant  of 
the  model.  The  term  multiplying  f,  in  equation 

(3),  has  been  computed  using  Che  experimental  data 
of  Karlsson  &  Johansson  (1988)  and  Johansson  & 
Karlsson  (1989),  and  is  shown  in  Figure  2.  These 
results  follow,  in  general,  the  same  form  as  those 
of  Mansour  et  al  (1989)  for  PJ  P’  ,,  but  with  a 

higher  maximum  (=;  0.02)  at  approximate  the  same 

value  of  y*  (=  7),  a  difference  which  may  be 
ascribed  the  higher  Reynolds  number  of  the 
experiment.  This  result  strongly  indicates  t'nat 
Che  damping  function  f,  is  not  needed  and 

therefore  f,  ■  1  in  this  work. 

The  term  for  the  turbulent  production  in  the  {- 
equation,  PJ ,  (see  Mansour  et  al.,  1989)  is 

usually  modelled  by  a  terra  proportional  to 

(e^)’/k^  which  tends  to  infinity  near  the  wall.  To 
Cake  into  account  near-wall  effects,  this  tern  is 
modified  by  an  additional  damping  function,  fj. 


/I  .  +/  N  dk  1 

dy  J 


(5) 


where  v 


+ 

t 


Is  given  by 


+ 

■uv 


(du  /uy  ; 


(6) 


—4.  +  4. 

with  -uv  and  (dU  /dy  )  expressed  by  a  least 
squares  fitting  of  the  data  of  Karlsson  & 
Johansson  (1988)  and  Johansson  &  Karlsson  (1989), 
Using  the  system  for  symbolic  mathematical 
computation  MAPLE  (Char  et  al.,,  1988),  Che 
equation  (5)  Is  solved,  and  the  result  Is  shown  In 
Figure  3  together  with  the  experimental  data  for 

{*  of  Karlsson  6c  Johansson  (1988)  and  Johansson  6c 


26-3-2 


Series  solution.  -  Proposed  function  f^. 


Karlsson  (1989)  According  to  these  results, 

has  a  local  maximum  for  y*  ~  1  and  a  local  minimum 

at  y*^  =.  3,  giving  a  dependence  of  as  a  function 

of  with  a  form  which  is  similar  to  that  for  c 
obtained  by  direct  numerical  simulation  of  channel 
flow  (see  Hansour  et  al.,  1989).  As  compared  with 
the  direct  numerical  simulation  results,  the 
present  results  show,  in  general,  a  higher  level 

for  as  well  as  larger  difference  between  the 
local  maximum  and  minimun  which  are  located 
somewhat  closer  to  Che  wall.  A  difference  such  as 

the  higher  level,  which  agrees  well  with  the 
new  experimental  data,  may  be  explained  by  the  low 
Reynolds  number  at  which  Che  direct  numerical 
simulation  results  have  been  obtained  On  the 
other  hand,  the  experimental  data  do  not  clearly 
show  Che  local  minimum  and  maximum  of  the  series 
analysis,  and  this  may  be  duo  to  the  relatively 
large  experimental  uncertainty  in  <  since  it  has 
been  obtained  by  difference,  with  the  pressure- 
velocity  terra  taken  from  Che  direct  numerical 
simulations  by  Spalart  (1988). 


In  a  similar  manner,  and  using  the  <  -equation 
for  a  boundary  layer,  it  is  possible  to 
investigate  the  behaviour  of  the  damping  function 
fj  given  by 


f,  - 


dy 


(1  t  e>^)  i'-; 

dy 


+ 


where  t  corresponds  to  the  expression  obtained  in 
Che  preceedlng  analysis  through  equation  (5).  The 
result  obtained  by  MAPI.F,  is  shown  in  Figure  4 
together  with  expression  (4)  for  f^ ,  with  a  - 

0,020,  which  is  the  value  giving  best  agreement 

with  experiments  for  k^,  and  U^.  It  is  possible 
to  observe  that  Che  results  of  the  series  analysis 

show  a  steeper  Increse  for  y^  greater  that 
approximately  3,  and  chat  It  Increases  beyond  1 

for  y*^  >  9.  This  later  behaviour  Is  probably  due 
to  the  poor  accuracy  of  the  series  ananlysls  near 
the  higher  end  of  Its  Interval  of  validity.  The 

steeper  increase  for  y^  >  3  shown  by  the  series 
analysis,  on  Che  other  hand.  Indicates  that 


additional  terms  higher  than  quadratic  in  y^  are 
needed  for  Che  exponential  function  in  equation 
(4).  But  the  accuracy  of  Che  series  analysis  is 
not  enough  Co  completely  decide  this  issue,  and, 
therefore,  the  simpler  form  given  by  equation  (4) 
has  been  kept  in  the  present  work 


Computed  cuira 


NUMERICAL  RESULTS 


The  new  damping  functions,  f 


and  f  2 ,,  given  by 


equations  (2)  and  (4)  respectively,  have  been 
implemented  both  in  the  PROBE  (Svensson  1986)  and 
PHOENICS  (Ludwig  ec  al.,  1989)  computer  codes,,  and 
results  for  turbulent  channel  flow  have  been 
obtained.  For  simulating  the  channel  flow  with  Re 
-  23  200  investigated  by  Hussain  &  Reynolds 
(1975),  a  total  of  300  computational  cells  have 
been  used  in  the  transversal  airection  (channel 
half-wide)  The  results  obtained  with  both 
programs  are  similar,  but  the  PHOENICS  code  has 
higher  accuracy  and,  therefore,  only  the  results 
obtained  with  this  program  will  be  shown  here. 


The  predicted  values  of  turbulent  kinetic 
energy,  dissipation  and  velocity  profile  shown  in 
Figures  5,  6  and  7,  respectively,  are  in  good 
agreement  with  the  new  experimental  data,  Che 
experiments  of  Hussain  &  Reynolds  (1975)  and  the 
results  obtained  by  direct  numerical  simulations. 
The  difference  between  the  measured  velocity 
profile  and  the  corresponcing  predicted  by  this 
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Figure  6.  Dissipation  rata 

©00  Eip.  Karlsson  Ic  Johansson  (1968),  (boundary  layer) 
•  -  Computed  curva 


Figure  7.  Uean  velocity  profila 

000  £zpL  Karlsson  &  Jobamaon  (1966)(bouodary  layer) 
-  Computed  curve 


model  near  the  center  ol  ctie  channel  rs  due  Co  a 
known  weekness  of  the  standard  high  Reynolds 
number  k-«  model  (see  e.  g.  Nagano  &  Tagawa, 

1990)  As  was  pointed  out  before,  the  differences 
between  Che  measured  data  and  the  predictions  of 
the  model  for  e  are  mainly  due  to  experimental 
uncertainty  and  estimation  of  terms  in  Che  energy 
budget  which  cannot  be  directly  measured  The 
friction  velocity  computed  from  the  model  is 
slightly  higher  than  the  measured  value  of  Hussain 
&  Reynolds  (1975)  Figure  8  shows  the  predicted 
value  of  the  turbulent  shear  stress  together  with 
the  experimental  data  oi  Karlsson  and  Johansson 
(1983) 


DISCUSSION  AND  CONCLUSIONS 

The  method  described  in  the  preceeding  sections 
utilizes  new  experimental  data  together  with  a 
series  analysis  for  studying  the  damping  functions 
and  the  equations  and  variables  involved  and, 
therefore,  eliminates  the  arbitrariness  in 
determining  f  and  fj  as  well  as  the  need  for 

modifying  t  near  the  wall.  It  also  indicates  that 
only  one  damping  function  is  needed  for  the  <- 
equation . 

A  series  analysis  of  the  equation  for  k^  gives 
the  form  of  the  functional  dependence  between 

and  y* ,  if  k^  corresponds  to  a  least  squares  fit 
of  the  experimental  data  of  Karlsson  &  Johansson 
(1988)  and  Johansson  (t  Karlsson  (1989).  By  means 
of  this  result,  the  form  of  the  damping  function 
fj  may  be  determined,  confirming  that  the  near¬ 


7* 


Figure  8  Turbulent  shear  stress  -uv.*' 

000  Experiments^  Karlsson  &  Johanaon  (1968) 
- Computed  curve  (=>7*  •  dU  Vdy*) 


wall  effects  for  Che  term  involved  in  the  t- 
equation  are  limited  to  the  viscous  sublayer.  In 
the  context  of  k-t  modelling,  the  e  profile 
obtained  in  this  study  corresponds  to  that  giving 
the  correct  k  and  U  profiles  in  the  boundary 
layer,  as  the  series  analysis  shows 

It  is  perhaps  of  some  interest  to  point  out 
that  some  functions  other  chan  that  given  by 
expression  (A)  have  been  tested  to  fit  fj .  Some  of 

the  functions  are  as  steep  as  the  series  solution 
for  y^  >  3  and  go  beyond  1  before  they  decrease  to 
unity  at  y'  a  20.  The  results  obtained  for  k'*’,  e* 
and  U^  are  no  better  than  those  obtained  with  fj 
approximated  by  expression  (A). 

The  standard  high  Reynolds  number  k-(  model 
predicts  a  balance  between  turbulent  diffusion  of 
k  and  dissipation  t  in  the  region  near  the  center 
of  the  channel.  As  ■>  consequence,  values  of  k 
larger  than  the  experimental  values  are  predicted 
and  the  velocity  profile  is  lower  than  the 
experimental  one  Naga-'-,  {,  Tagawa  (1990)  have 
solved  this  problem  '  increasing  the  value  of  the 
model  constant  o,  tiom  1.0  to  1  A,  and,  with  that, 

by  decreasing  the  turbulent  diffusion  of  k  towards 
the  center  of  the  channel.  Several  flows  indicate, 
nevertheless,  that  other  transport  mechanisms  for 
k,  opposed  to  that  of  turbulent  diffusion,  may  be 
present,  these  mechanisms  being  not  diffusive  in 
their  character  Therefore,  it  may  be  incorrect  to 
model  their  effects  only  as  a  decrease  in  the 
turbulent  diffusion  of  k  In  the  present  work,  no 
modification  of  the  standard  model  constants  has 
been  done . 
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ABSTRACT 

The  near-wall  balance  of  turbulence  energy  equation 
has  been  reexamined  and  a  new  k-£-v?thraa  equation 
model  IS  proposed  A  model  of  the  pressure  diffusion 
term  IS  introduced.’'  thus  exact  wall-asymptotic  forms 
are  retained  in  all  the  terms  included.  The  model  is 
applied  to  the  fully  developed  channel  flow  and  the 
results  are  compared  with  the  existing  DNS  data.  It 
turns  out  that  the  proposed  model  is  able  to  repro¬ 
duce  the  profiles  of  turbulent  energy  and  the  dissipa¬ 
tion  Especially^  the  negative  gradient  of  the  dissipa¬ 
tion  indicated  by  the  DNS  is  found  to  be  well  repro¬ 
duced  by  inclusion  of  the  pressure  diffusion  close  to 
the  wa  1 1 

NOMENCLATURE 

A  "Flattness  factor".  A=tl  -  (9/8)(Aa  -As  )J 
Aa.Ao  Invariants  of  a,  jl' Az  =a|jaj| ^3=3,  j  a^j^  a|^, 

Sij  Anisotropic  tensor  =(  u |Uj  /k  -(2/3)5 , j) 

D  Diffusion  term 
k  Turbulent  energy 

P  Production  term 

Re*  Reynolds  number  =Lf5/l/ 

Rt  Turbulent  Reynolds  number  =k®/<  ir  E) 

U|  Averaged  velocity  in 

U  Averaged  velocity  in  x  direction 

U|  Fluctuation  velocity  in  x  | 

U/v.w  Fluctuation  velocity  in  x.y.z.  respectively. 

U*  Friction  velocity 

X  Coordinate  in  direction  i;  if  spedified-  i  =  l  is 
along  the  mean  flow.  i=2  normal  to  a  wal  I 

x.y.z  Coordinate  in  direction  of  xi.xz.xa.  respectivly 
X  IS  along  the  mean  f  lowlj  y  normal  to  a  wa.  I 

S  Channel  half  wi  dth 

£  Dissipation 

E  Near-wall  dissipation  Eq  (14) 

£  =£-■£• 

ir  Kinematic  viscosity  of  fluid 

JC  Velocity  pressure-gradient  term  (VPG) 

It  k  Pressure  diffusion  term  in  k-equation 
V  Pressure  diffusion  terra 
<I>.  ^  Pressure-strain  term 

*  Near-wal  I  quantity 
INTRODUCTION 

The  development  of  the  direct  numerical  simulations 
(DNS)  has  revealed  many  interesting  features  relevant 
to  the  turbulence  modeling.  One  is  the  appearance  of  a 
peak  value  of  the  dissipation  £  at  the  wall  (see  Kim. 
Mom  &  Moser  (1987).  hereafter  KMM).  The  gradient  of  £ 
wac  shown  to  be  "negative"  in  the  immediate  vicinity  of 


the  wall.  According  to  common  experimental  results, 
on  the  other  hand,  the  peak  of  £  appeared  away  from 
the  wall.  Almost  all  of  the  existing  turbulence  models 
also  predicted  the  same  trend  At  present,  however, 
the  negative  gradient  of  £  is  widely  accepted.  The 
aim  of  the  present  work  is  to  propose  a  "low  Reynolds 
number"  version  of  turbulence  model  capable  of  repro¬ 
ducing  the  negative  gradient  of  the  near  wall  dissipa¬ 
tion  profi  Is 

An  additional  attempt  in  this  work  is  to  couple  a  low 
Reynolds  number  type  of  the  two-equation  model  with 
an  equation  of  iP.  the  turbulent  energy  component 
normal  to  a  wall  Although  a  two-equation  model  appli¬ 
cable  up  to  a  wall  IS  often  referred  as  "the  low 
Reynolds  number  model",  this  terminology  is  somewhat 
customary.  It  has  already  been  recognized  that  the 
attenuation  function  t  u  incorporated  in  such  type  of 
two-equation  models  are  not  only  due  to  the  low 
^ynolds  number  effect  but  also  due  to  the  damping  of 
IP  close  to  the  wall  ■}  indeed  the  latter  effect  is  even 
the  dominant  one  (Launder  (1986).  hereafter  L86  and 
Kawamura(  1936)). 

The  Taylor  series  expansion  shows  that  the  streamwise 
and  spanwise  turbulence  components  I?  and  V?  vary  as 
y®  and  thus  k  also  as  y=.  while  the  normal  one  i? 
increases  proportional  to  y*.  (L86  or  Mansour.  Kim  & 
Mom  (1988).  hereafter  MKM).  This  is  the  main  reason  why 
a  very  large  empirical  attenuation  is  necessitated  in 
the  accommodation  function  f «  of  the  k  — £  model. 
So.  the  normal  component  t?  must  be  determined  sep¬ 
arately  from  k.  for  the  empirical  function  fu  to  be 
ehmi  nated. 

To  calculate  tP  up  tc  thewall.  a  Reynolds  stress  model 
applicable  to  the  wall  itself  is  required.  This  kind  of 
new  Reynolds  stress  equation  is  currently  being  devel¬ 
oped  by  Launder  and  Tselepidakis  (1990)  (hereafter 
referred  as  LT).  The  rationale  there  is  to  retain  an 
exact  wall  limiting  form  of  each  modeled  terms  as  pos¬ 
sible.  In  the  present  study,  their  equation  for  i?  is 
adopted  and  coupled  with  the  k-£  model  with  some 
necessary  modifications. 

After  completion  of  the  major  part  of  this  work,  the 
present  author  became  aware  of  some  related  works 
published  recently;  i,  e..  works  by  Durbin(1990).  by 
Shih  &  Mansour  (1990)  and  by  Lai  &  So  (1990).  In 
Durbin's  work  the  negavive  gradient  of  the  near  wall 
dissipation  was  reproduced  and  in  the  latter  two  a  new 
term  was  introduced  into  the  turbulence  energy  equa¬ 
tion;  but  all  were  made  in  different  ways  from  the 
present  work.  So.  some  discussions  are  given  on  those 
worxs  in  the  Appendix  A. 
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GOVERNING  EQUATIONS 

A  fully  developed  turbulent  flow  between  two  parallel 
plates  are  assumed. 


ification  of  the  model  proposed  by  Yoshizawa  <1983)/  is 
adopted.  This  is  because  it  can  be  reduced  from  a 
contraction  of  each  normal  components  and  also 
because  it  is  diffusive  in  nature. 


Turbulent  enersy  equation 

With  an  assumption  of  the  fully  developed  flow/  the 
turbulent  energy  equation  is  usually  written  as 

Dk  +  Pk  -  s  =  0  (1) 

These  can  be  modeled  as  [  see  e.s.  L861: 

Dk  (2) 

Pk  =  -uu  (  5U/5y)  (3) 

If  the  near-wall  k  is  expressed  in  terms  of  y  as 


k  =  bk  y®  +  ck  y^  +  (4) 

then  the  diffusion  term  becomes 

Dk=2ubk+6bcky  +  *'**  <5) 

The  production  term  Pk  is  an  order  of  y^  and  thus 
negligible  The  dissipation  £  is  expanded  from  its  def¬ 
inition  as  [L86/  MKM] 

e  =  2l'bk  +  4U  Ck  y  +d£  y2 +•  •  •  •  (6) 

Hence/  Ok  and  £  are  balanced  in  their  leading  terms 
2bbk  v  but  there  remains  an  imbalance  of  21'cky  in 
the  order  of  y.  This  imbalance  is  compensated  by  the 
velocity  pressure-gradient  term/  which  will  be  abbre¬ 
viated  as  VPG  hereafter. The  definition  of  the  VPG  for 
the  i/j  component  of  the  Reynolds  stress  is 
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In  the  Reynolds  stress  equation/  this  term  is  usually 
decomposed  into  the  pressure  diffusion  Vij  and  the 
pressure-strain  correlation  <t>ij 
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In  the  turbulence  energy  equation/  the  VPG  term 
appears  in  the  form  of 


Yoshizawa's  original  proposal  for  the  model  of  the 
pressure  diffusion  of  k  is 


/  kf  5_k_  , 
''  £  (?y 


•-i—  ( ii.®  )  (U) 
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The  first  term  is  regarded  to  be  included  in  the 
turbulent  diffusion,'  only  the  last  one  is  retained.  It 
IS  extended  to  include  the  molecular  diffusivity  as 


<12) 


Finally/  a  model  proposed  here  for  the  near-wall  pres¬ 
sure  diffusion  term  is 


(13) 


where  only  the  molecular  diffusion  is  retained  and  £  is 
replaced  by 


■£  =  2V  (  df  k/  3  y)^ 


(14) 


which  approximates  £  in  the  vicinity  of  a  wall  up  to 
the  order  of  y 


In  spite  of  the  original  proposal  to  use  £/  it  turned 
out  that  with  use  of  £  the  gradient  3e/3y  tended 
to  zero  and  thus  ck  to  0/  which  also  equates  the  k- 
equation  up  to  the  order  of  y  Thus/  £  has  to  be 
replaced  by  E  in  Eq.(l3).  The  numerical  coefficient  of 
0.5  in  Eq(13)  is  a  direct  consequence  of  the  Taylor 
senes  expansion  for  y  -*  0.  The  asterisk  *  denotes 
that  the  term  is  relevant  only  to  the  wall  vicinity  A 
tensorial  expression  for  each  i/j  components  is  given 
in  Append'x  B 

With  use  of  the  modeled  form  of  Eq  (13)/  the  new  turbu¬ 
lence  energy  equation  becomes 

Ok  +  Pk  -  £  +K/(*=  0  (15) 

which  can  be  balanced  up  to  the  order  of  y.  Since  ck  is 
expected  to  bo  negative/  the  contribution  of  is 
positive  in  the  vicinity  of  the  wall  (see  Eq.(  10)). 


Dissipation  equation 


k  -■ 


- Tp  3  - 

■n  =  -  u  -5-^  =  -  5 —  P  u 
II  I  <?x  ,  yx  ,  I 


(9) 


_l_ 

2 

The  last  equality  holds  because  the  last  term  in  Eq.(8) 
tends  to  zero  in  the  turbulent  energy  equation  (i=j) 
Thus,  S  k  in  the  turbulent  energy  equation  can  be 
interpreted  purely  as  the  pressure  diffusion  term  As 
the  wall  IS  approached/  n  k  tends  to  CMKMl 

71 -  21/ Ck  y  (y**0)  (10) 


This  IS  the  term  which  compensates  the  aforementioned 
imbalance  between  Ok  and  £• 


The  pressure  diffusion  is  usually  neglected  or  re¬ 
garded  to  be  contained  in  the  turbulent  diffusion 
term.  As  long  as  the  near-wall  gradient  of  £  is 
concerned/  however/  not  only  the  leading  term  but 
also  the  second  order  one  have  to  be  balanced/  since 
the  gradient  of  £  is  proportional  to  ok  V  •  The 
approach  here  is  to  model  only  the  near-wall  pressure 
diffusion  separately  and  to  still  regard  the  far-wall 
pressure  diffusion  as  contained  in  the  turbulent 
diffusion  term. 


Several  possibilities  exist  to  represent  the  form  of 
Eq.  (10).  After  many  attempts/  an  expression/  a  mod- 


The  dissipation  equation  is  written  as 

De  +  C£t(  £/k)Pk  -  Ce2£  "E/k  +  E  +  TTg*  =  0  (16) 

where  Dg  is  the  diffusion 

De  (.T> 

With  Ce  =0  22  The  penultimate  term  E  is  a  common  in¬ 
gredient  of  the  low-Reynolds-number  £-equation  and 
effective  only  in  the  sublayer. 

E  =2CE3i/i?(k/£)  (52u/5y2)  2  08) 

where  C£3=0  15.  The  s’  in  Eq.  (16)  is  a  kind  of  dissipa¬ 
tion  defined  as  ’e  =  £  -  ■£/  which  coincides  with  £ 
sway  from  the  wal  I  whi  le  it  var ies  as  y^  in  the  vicinity 
of  the  wall.  Thus  the  ratio  'E/k  stays  constant  as  the 
wal  I  IS  approached. 

As  a  counterpart  of  k*/  a  new  term  wg*  is  introduced 
into  the  £  equation.  A  corresponding  form  to  Eq.(l3) 
would  be 

irg*  =-Ce4  (19) 
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This  forn  is  the  same  as  the  one  already  proposed  by 
Launder  (1986)  by  estimating  each  term  appearing  in 
the  exact  transport  equation  of  £. 

Using  the  constancy  of  “e /k  and  l^oPk/ near 
the  wall/  the  above  expression  can  be  approximated  by 

=  -  C£4£'£'/k  (20) 

The  necessity  of  this  term  can  be  verified  by  the  fol¬ 
lowing  discussion/  too.  If  e'  is  expanded  for  small  V/  it 
becomes 

S=  d£'y=  .  (21) 

As  the  wall  is  approached/  the  second  and  the  forth 
terms  of  Eq.(l6)  tend  to  zero/  while  the  first  and  the 
second  terms  become 

D£ -*•  2bd£  and  C£2£  £/k  2i/C£a  d£'  (22) 

respectively.  Since  the  value  of  C  fz  is  specified 
usually  to  be  I  92  from  the  decay  of  isotropic  turbu¬ 
lence/  the  above  two  terms  never  happens  to  cancel 
each  other.;  thus  a  new  term  like  Eqs.(t9)  or  (20)  must 
be  introduced  into  the  near-wall  dissipation  equation. 
When  a  form  of  Eq.  (20)  is  adopted/  the  relation 

C£4  =  CD£  /(?/k)  -  C£2  £]  /s'  (23) 

holds  If  all  the  variables  are  nondimensionalized  with 
ir  and  tl,  examination  of  the  DNS  data  (KMMl  indicates 
that  D£  ~0.02/  e'/^k  ~0.025/  and  £=^~0. 16  at  the 
wall.'  thus  C£4  IS  about  3  at  y=0.  However/  it  decreases 
rapidly  with  increase  of  y.  The  expression  assumed 
here  for  C£4  is  thus  C£4  =  3exp(-IOir A). 

The  coefficient  Get  used  recently  by  Launder  and  his 
coworkers  (LTl  is 

C£2  =  1.92/CHO  9(A2A)'''21  (24) 

The  another  coefficient  C£i  is  usually  assumed  to  be 
constant  <ebede  and  Launder  (1985)  indicated  that  C£i 
has  a  limiting  value  of  2  as  the  wall  is  approached. 
Thus  C£i  IS  assumed  here  as 

C£i  =  0.8  [l  +  1.5oxp(-4  5A''®)]  (25) 

The  rather  small  value  of  0  8  is  assigned  above 
because  otherwise  the  calculated  local  maximum  of  s 
near  the  wall  is  too  large  compared  with  the  ONS  data. 

Equation 

The  v®  equation  adopted  here  is  a  slight  modification 
of  the  Reynolds  stress  equation  by  LT.  It  can  be  ex¬ 
pressed  for  as 

D22  +  P22  +  ll>22  -  £  22  +  ;t22*  =  0  (26) 

As  for  the  diffusion  term  022/  a  common  gradient  type 
diffusion  IS  assumed 

°22  =  ^  t  (‘^+C3^?7)|73  (27) 

with  Cs=0  22.  The  product  on  P22  is  zero  for  the  fully 
developed  channel  flow. 

The  pressure-strain  correlation  $22  is  decomposed 
into  two  parts  as  usual. 

't>22  =  ^22.1  ♦  ^22.2  (28) 

The  return  term  ^22>t  is  expressed  [see  LTl  using  the 
anisotropy  tensor  and  a  wal  I  dumping  function  fi  :■ 

^22,1  =  -Cia22£(l  -  f 4  )  (29) 

with  Ci'f.OAfAa)'^*. 


The  rapid  term  ^  22i2  is  a  modification  of  the  common 
I.P.  model . 

^22.2  =  -C2[P22  -  (2/3)Pk  ICl  -  2Cw  f  w(y)l  (30) 

The  empirical  coefficient  C2  is  here  assumed  to  be  a 
function  of  the  invariant  A;  i.e./  62=0.6  [l-exp(-2  5A)]  ,, 
so  that  Ca  tends  to  zero  as  the  wall  is  approached. 
According  to  LT/  the  empirical  attenuation  functions 
are  assumed  as  fi  (Rt)  =  max(I-Rt/180/  0)  and  fw(y) 

=k  (i?)''“ /(0.8fiy)  with  Cw  =  0.25. 

The  dissipation  £  22  is  the  bridged  form  between  the 
isotropic  dissi  pation  (2/3)  £  and  the  near-wall  limit  of 
£22*  . 

£22  =  (I  -  f £  )(2/3)£  +  f £  £22*  (31) 

According  to  LT/  the  near-wall  dissipation  £22*  can 
be  expressed  as 

£22*  =  4(i?/k)£/[l  +  1.5(i?/k)]  (32) 

The  bridging  function  f£  is  as'umed  to  be  exp(-20A=). 

Since  tPcCy-»  for  y-*0/  the  diffusion  term  D22  ap¬ 
proaches  to  12  y  y®  The  dissipation  Eq.(32)/  however/ 
becomes  only  y®  and  thus  does  not  totally  compen¬ 
sates  the  diffusion.  The  deference  is  contributed  again 
by  the  VPG  T_hus  the  near  wall  VPG  term  22*  is  intro¬ 
duced  in  the  iP  equation/  and  modeled  as. 

?r22*  = -2(i?/k)'E  (33) 

which  tends  to  4P  y®  for  y*0  as  expected.  Without  this 
contribution/  the  limiting  behaviour  of  i?ccy»  cannot 
be  reproduced. 

Although  the  VPG  in  the  turbulence  energy  equation  is 
purely  the  pressure  diffusion/  the  one  in  the  V*  equa¬ 
tion  consists  of  both  the  pressure  diffusion  VaE  and 
the  pressure  strain  il>22.  It  is  known  that  the  contri¬ 
bution  of  the  pressure-strain  term  of  i?  in  the  vicini¬ 
ty  of  tha  wall  is  "splatting"  the  energy  to  the  other 
stress  components.  The  energy  to  be  "splatted"  is  fed 
by  the  pressure  diffusion  effect  'I>22.  This  is  the  the 
energy  which  contributes  the  pressure  diffusion  JTft* 
in  k  equation.  The  situation  is  uepicted  schematically 
m  Fi  g  I. 


ComponenI 

1  1 

22 

33  k 

Pressure 

diffusion 

+ 

0 

□ 

^2? 

0  J'i22--K 

Pressure 

strain 

>  ^33  0 

II 

T777777777. 

777777777777/////////////////// 

VPG 

7722 

TTsI  TTiT 

Fig.  1  Velocity  pressure-gradient  correlation  (VPG) 
in  the  vicinity  of  awall. 

Since  V22  and  <1’22  are  neai  ly  balanced/  it  is  no  need 
to  mode!  tlioeo  two  terras  separately.  The  equation  (33) 
represents  the  combined  contribution  of  these  two 
processes.  Hence/  the  pressure-strain  correlation  ex¬ 
pressed  by  Eqs.  (28)-(30)  should  be  effective  exclusive 
of  the  immediate  vicinity  of  the  wall/  where  their  con¬ 
tribution  is  already  included  in  Eq.  (33).  Indeed/  Eqs. 
(29)  and  (30)  increase  more  gradually  than  Eq.  (33)  with 
increase  of  y.  On  the  other  hand/  the  pressure  diffu¬ 
sion  away  from  the  wall  s  still  assumed  to  be  included 
in  the  turbulent  diffusion  term. 
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Reynolds  stress  representation 

As  for  tl.e  Reynolds  stress  equation/  an  algebraic  ap¬ 
proach  IS  attempted.  In  a  local  equilibrium  region/  a 
gradient  type  formulation  by  Gi bson-Launder  (1978)  is 
known  to  represent  the  Reynolds  stress. 

Later/  Launder  (1986)  indicated  that  this  formula  can 
be  extended  up  to  the  viscous  sublayer  if  the  attenua¬ 
tion  of  the  normal  stress!?  is  well  represented. 

In  the  immedi ate  vicinity  of  the  wall/  however/  Eq  (34) 
tends  to  UVccy®,  while  the  expected  variation  is  Ulf 
Wy3.  In  the  derivation  of  Eq.  (34)/  the  production  term 
IS  assumed  to  be  balanced  with  the  rest  of  the  terms. 
At  the  wall  vicinity/  however/  the  production  is  negli¬ 
gible,  while  the  contribution  of  the  molecular  diffu¬ 
sion  I's  dominant  there. 

The  balance  of  LIU  close  to  the  wall  is  thus 

vj^UU-ei2*  +)ri2*=0  (35) 

where  the  VPG  g  la*  is  again  .-equired  to  ensure  the 
correct  variation  of  UUCCys.  The  Taylor  series  expan¬ 
sion  indicates  [MKMl 

e  12*  =2(117(6/11)  and  )ri2*  =-(l/2)ei2*  (36) 

To  obtain  an  algebraic  expression,  the  diffusion  term 
have  to  be  modeled  somehow.  By  considering  that  the 
diffusion  term  tends  to  Gp  UU/ y®  and  by  introducing 
a  correlation  coefficient  of  Cniw  =  -LIU//" k/" the 
near  wall  Reynolds  stress  can  be  modeled  as 


UU  =  -2Crw^ 


f  kiTi?  k 

y*  e 


(37) 


This  expression  varies  as  y®  for  a  small  y  and  dimin¬ 
ishes  with  inorease  of  y.  Thus  it  can  be  simply  added 
to  Eq.  (34)  resulting 


u  u  f  -  u«  fS-  -2C/,w  .  (38) 


-  .  rn  /.  2Crw/  k  ^  k 


(39) 


where  a  further  approximation  of  (  dV/ dy)  =\I^/v 
IS  introduced  The  adopted  values  of  the  constants  are 
Cn=0  22  and  Crw=0.35 


Anisotropic  tensor 


In  the  context  of  the  present  three  equation  model/ 
one  obtains  k  and  i?/  but  not  V?  and  V?  separately.  To 
obtain  the  anisotropic  tensor  components  and  in¬ 
variants/  the  following  approximation  ismade. 

V?  =  (iP  t  i?)/  2  (40) 

This  approximation  is  widely  known  to  hold  in  the  log- 
low  region  of  the  boundary  layer.  This  assumption 
yields  ass  =  0  and  hence  an  =  -aaa  In  the  viscous  sub¬ 
layer/  the  assumption  of  Eq.  (40)  is  rather  crude;  how¬ 
ever,  the  same  relation  is  retained  also  in  the  viscous 
sublayer  for  the  simplicity. 


NUMERICAL  CALCULATION 

Above  equations  are  discretized  and  solved  numeri¬ 
cally  for  the  fully  developed  channel  flow.  The  fol¬ 
lowing  boundary  conditions  are  imposed.  At  the  chan¬ 
nel  center/  all  the  quantities  are  symmetric;  and  at 
the  wall/  all  bu*  6  is  zero.  The  boundary  condition  for 
the  dissipation  ir  B  =  'S  (y=0) 


Introduction  of  the  pressure  diffusion  term  »  /t* 
causes  some  numerical  instability.  So,  it  has  been 
found  necessary  to  calculate  the  equations  without 
ff**  and  )te*  firstly  and  then  to  introduce  them 
gradual ly. 

In  the  present  dissipation  equation,  the  constancy  of 
"c/V.  IS  utilized  in  the  near  wall  region.  However, 
because  s’  is  the  difference  of  £  and  's'  and  they  are 
equal  UP  to  their  second  order  close  to  the  wall/it  is 
difficult  to  ensure  numerically  the  constancy  of  's/k 
near  the  wall.  To  overcome  the  difficulty,  the  term 
“'s'e/k  IS  decomposed  to  -s" £ /k  +  'E"E'/k;,  then  the 
positive  term  is  regarded  a  source  term  and  the  nega¬ 
tive  term  is  included  in  the  diagonal  element  of  the 
discretized  Laplacian.  As  the  wall  is  approached,  k 
tends  to  zero  and  the  decomposed  two  terms  becomes 
dominant;  thus  £  =  E  is  ensured. 

The  mesh  size  adjacent  to  the  wall  is  Ay^-^O.!  and 
the  mesh  size  is  increased  with  increase  of  the 
distance  from  the  wall,  but  the  maximum  size  was 
limited  to  2  percent  of  the  channel  half  width.  The 
total  mesh  number  is  about  60-70  depending  on  the 
Reynolds  number.  The  calculation  can  be  made  easily 
on  a  small  personal  computer. 

RESULTS 

The  calculated  budget  of  the  turbulent  energy  is  com¬ 
pared  with  the  DNS  data  by  KMM  Figures  2  and  3 


Fig.  2  Budget  of  turbulence  energy.'  Comparison  with 
DNS  data  by  KMM. 


Fig.  3  Budget  of  turbulence  energy:'  Comparison  with 
DNS  data  by  KMM. 
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present  the  budset  of  turbulence  energy  for  Re*  =180 
and  395/  respectively.  Symbols  are  the  results  from 
DNS  and  the  lines  repicsents  those  from  the  present 
calculations.  The  near-wall  negative  gradient  of  £  is 
well  reproduced  by  the  present  results.  The  DNS  data 
indicate  the  wall  value  of  £  increases  with  increase 
of  the  Reynolds  number}  this  tendency  is  well  repre¬ 
sented  also  by  the  present  model. 

The  calculated  dissipation  shows  a  local  minimum  and  a 
maximum  away  form  the  wall.  The  DNS  data  have  a 
similar  tendency  but  it  is  much  less  prominent.  This 
discrepancy  is  able  to  be  removed  by  adjusting  some 
coefficients;  for  example/  decreasing  C£3  and/or  C£i 
are  effective.  Such  adjustment/  however/  deteriorates 
other  features  such  as  the  profiles  of  the  velocity  or 
turbulence  energy/  so  the  present  set  of  the  ci- 
efficients  is  adopted  The  production  rata  Pit  is  a 
little  higher  than  the  DNS  data  for  b^>30. 

The  cakulated  turbulent  energy  k  and  the  normal 
stress  u*  are  shown  ,n  Fig  4.  A  gooo  agreement  with 
the  DNS  data  is  obtained.  Especially  the  peak  value  of 
k  agrees  well  with  the  DNS  data;  such  the  high  value  is 
very  hard  to  be  obtained  with  the  common  k  —  £ 
models.  However/  The  agreement  in  the  profile  of  k 
beyond  the  peak  is  not  satisfactory 

The  velocity  profile  is  compared  with  the  DNS  data  for 
Re*  =395  in  Fig  5  The  calculated  velocity  gradient  is 
somewhat  larger  in  the  log-law  region.  These  discrep¬ 
ancies  in  Pk'/,  k  profile  and  the  velocity  gradient  seem 
to  be  coupled  with  each  other. 


Although  there  still  exist  several  points  to  be  im¬ 
proved/,  the  present  model  reproduces  the  near-wall 


Fig  4  Turbulence  energy  and  t?  •  Comparison  with  DNS 
data  by  KMM. 


behaviour  of  the  variables  including  the  negative 
gradient  of  £  The  energy  budget  in  the  wall  vicinity 
IS  examined  below  in  some  more  detai  I. 

An  enlarged  plot  of  Fig.  2  is  given  in  Fig.  6/  where  the 
sign  of  £  is  reversed.  One  can  notice  that  the  differ¬ 
ence  between  the  diffusion  and  the  dissipation  is 
compensated  by  the  pressure  diffusion  as  expected.  To 
examine  the  effect  of  H  a  calculation  is  made  with 
ft  £*  =0  while  other  models  being  unchanged.  The  wall 
value  of  £  is  decreased  but  the  difference  is  not 
PI  omi nent. 

In  Fig.  7/  both  TT  (t*  and  7t  ^  are  set  to  be  zero.  Then 
the  negative  gradient  of  £  is  no  longer  reproduced 
One  can  thus  conclude  that  the  introduction  of  *'ie 
pressure  diffusion  term  is  essential  for  the 
reproduction  of  the  negative  slope  of  the  dissipation. 
Physically  one  may  interpret  that  the  near-wall  £  is 
increased  to  dissipate  an  additional  turbulence  energy 
fed  by  the  pressure  diffusion. 

The  broken  line  in  Fig.  3  is  the  k  and  i?  profiles  with 
)t*=  £*=0.  The  difference  from  the  solid  lines/  i.e./ 
the  results  with  both  terms/  is  small.  Thus  the 
inclusion  of  these  two  terms  does  not  seem  to  have  so 
large  effect  on  the  turbulence  distribution  away  from 
the  wal I 


CONCLUDING  REMARKS 

Although  there  exist  several  points  to  be  improved/  it 
turns  out  that  the  proposed  model  is  able  to 


Fig.  6  Budget  of  turbulence  energy  close  to  the  wall. 
-  with  SjT*  and  - • -  n  ^  =0. 


Fig  7  Budget  of  turbulence  energy  close  to  the  wal  I 
with  =  >il^  =0. 
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reproduce  the  profiles  of  turbulent  eneray  and  the 
dissipation  m  the  fully  developed  channel  flow  with¬ 
out  introduoino  the  attenuation  function  f  u  of  the 
k  — Emodel.  Especially/  the  negative  gradient  of  the 
dissipation  indicated  by  the  DNS  is  well  reproduced  by 
inclusion  of  the  pressure  diffusion  close  to  the  wall. 
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showed  that  Eq.  (Al)  has  a  solution  of  «~«o/(l+0,09 
i/)*  in  the  vicinity  of  the  wall.  The  solution  indicates 
a  negative  gradient  at  the  wall/  although  its  gradient 
IS  fairly  larger  than  the  DNS  data. 

Shih  and  Mansour  (1990)  pointed  out  the  importance  of 
the  pressure  diffusion  term  m  the  k-equation  close  to 
a  wall  They  proposed  a  model  for  the  pressure 
diffusion  of  k  to  be  propotional  to  the  turbulent  dif¬ 
fusion*  I  e./  to  bk  of  tq.  (4). 

The  proposed  model  is  proportional  to  y  m  the  wall  vi¬ 
cinity*  but  its  coefficient  does  not  seem  to  mathemat¬ 
ically  coincide  with  the  one  obtained  from  Taylor  se¬ 
nes  expansion  i.e.*  Eq.  (10).  Their  results  indicated  a 
slightly  negative  gradient  of  the  near  wall  dissipa¬ 
tion*  although  it  is  not  so  prominent  as  that  of  the 
DNS. 

Lai  and  So  (1990)  also  reexamined  the  near  wal  I  balance 
of  tne  Reynolds  stress  components.  Their  turbulent 
energy  equation  contains  a  new  term  of  -Tp(«/k)  * 
which  IS  negative  m  sign  and  is  proportional  to  y®. 
Thus  the  pressure  diffusion  term  seems  not  to  be 
incorporated  m  their  treatment. 


Appendix  B  A  tensile  representation  of  VPG 
If  the  velocity  fluctuations  are  expanded  in  Taylor 
series*  one  obtains 


2 

u 1=  b,  y  +  Cl y  +• 


U3=  bgy  +  Cgy' 


where  i=2  and  y  denote  the  direction  normal  to  the 
wall.  With  use  of  these  coefficients*  VPG  and  the 
dissipation  m  the  vicinity  of  the  wall  can  be 
represented  as  [MKMl 


Jr,|  =  -4^  b, 


5  -4  k  e,  y 


)(  22  °  'Air  C2  c  2y^  (B4) 
S  f,  =  -2 k  b ,  c  oy  (B5) 


e  ,*  =  2k  b,  b,  +  8k  b  ,c  ,y  £22  '8ko2C2y^  (B6) 

®  33  '  2k  b“^  +  8kF^3y  £,1  =  4k  b)  C2y  (B7) 

Noting  that  £~y“/2k  for  y-*0/  the  VPG's  can  be 
represented  as  follows 
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Appendix  A  Review  of  recent  related  works  ^  general  form  which  satisfys  the  above  asymptotic 

The  dissipation  equation  can  be  expressed  with  the  expresseions  is 

present  notation  as  follows:  v  r)  k  <9  £  * 

0£  +  (Cflf  -  Cro£)/T£  =  0  (AD  '^IJ°“2  ‘■(?X„^£olx„^ 

m  m  (BI2) 

where  t  £  is  interrupted  as  the  time  scale  of  the  2  5k  5£  * 

dissipation  evolution.  Away  from  the  wall*  r  £  is  —  — ;r-  -r —  ( - ^  )  n  n  n  n  3 

usually  assumed  to  be  k/ £  *  which  however  tends  to  ^m  *  ^  m  ' 

zero  as  the  wall  is  approached.  In  the  vicinity  of  the  where  nw  denotes  a  unit  vector  normal  to  the  wall.  As 

wall*  Durbin  (1990)  discussed  that  the  time  scale  described  m  the  text*  the  near  wail  dissipation  £ij* 

cannot  be  less  than  the  Kolmogoroff  time  scale*  thus  has  to  be  replaced  by  £  ij*  “S’  (£ij/£  )  .  An 

he  limited  t£  to  Ct  (k/ £)  application  of  the  above  expressions  to  the  full 

With  use  of  the  Kolmogoroff  time  scale,  Durbin  (1990)  Reynolds  stress  equation  has  not  yet  been  explored. 
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ABSTRACT 

The  heat  flux  and  Reynolds  stress  budgets  are 
presented  for  a  buoyant  plume.  The  terms  involv¬ 
ing  pressure  correlations  are  obtained  as  the  closing 
terms  in  these  budgets.  Despite  certain  measure¬ 
ment  errors,  these  budgets  provide  useful  informa¬ 
tion  about  how  various  phenomena  contribute  to 
the  transport  of  second  moments.  These  experi¬ 
mental  results  are  used  to  assess  the  local  equilib¬ 
rium  assumption  and  to  investigate  why  the  me¬ 
chanical  to  thermal  time  scale  ratio  for  a  buoy¬ 
ant  plume  is  different  than  the  commonly  recom¬ 
mended  value.  Analysis  show  that  this  departure  is 
a  consequence  of  the  local  equilibrium  assumption 
being  not  satisfied  in  the  present  experiment. 

NOMENCLATURE 
g  gravitational  acceleration 
p  fluctuating  pressure 
r,  z  radial  and  vertical  coordinates 
T,  Ui  mean  temperature  and  mean  velocity  compo¬ 
nent 

u,v,w  radial,  azimuthal  and  vertical  fluctuating  ve¬ 
locity  components 

mean  squared  temperature  fluctuations 
0  coefficient  of  thermal  expansion 
0i  buoyancy  vector,  =  (0,0,-^^) 

€,e(  dissipation  rates  of  k  and  t^/2 
u  kinematic  viscosity 
r  thermal  conductivity 

INTRODUCTION 

Past  two  decades  have  seen  a  tremendous  amount 
of  activity  toward  the  second  order  closure  model¬ 
ing  of  turbulence.  Many  (e.g.  Launder  et.  al.  1975, 
Lumley  1978)  share  the  view  that  these  models 
will  become  the  standard  tools  for  the  calculation 
of  engineering  turbulent  flows.  Despite  their  be¬ 
lieved  importance  and  large  quantity  of  work  pub¬ 
lished  about  these  models,  very  little  experimental 
information  is  available  about  the  budgets  of  the 
second  moment  equations.  Part  of  the  problem 
stems  from  our  inability  to  measure  the  pressure 


pressure  correlations  can  be  obtained  as  the  closing 
terms.  This  is  the  closest  we  can  come  to  in  ob¬ 
taining  these  terms  from  experiment,  and  despite 
the  measurement  errors  which  might  be  present  in 
such  balances,  the  resulting  information  will  be  ex¬ 
tremely  useful  for  the  turbulence  modelers.  The 
purpose  of  the  present  paper  is  to  provide  such  bal¬ 
ances  of  the  Reynolds  stress  and  heat  flux  equations 
for  the  buoyant  plume.  The  details  of  the  experi¬ 
ment  are  given  in  Shabbir  (1987)  and  Shabbir  and 
George  (1987,  1990).  The  accuracy  of  the  experi¬ 
ment  was  checked  by  carrying  out  mean  momentum 
and  energy  equation  balances.  The  kinetic  energy 
and  temperature  variance  balances  were  also  car¬ 
ried  out  in  which  the  mechanical  and  thermal  dis¬ 
sipation  rates  were  obtained  as  the  closing  terms. 

In  this  paper  we  will  use  the  data  reported  in 
Shabbir  (1987)  to  carry  out  the  balances  for  the 
heat  flux  and  Reynolds  stress  equations.  We  will 
also  look  at  the  implications  of  these  balances  on 
some  of  the  ideas  used  in  turbulence  modeling,  such 
as  the  assumption  of  local  equilibrium  and  the  ratio 
of  the  mechanical  to  thermal  time  scale. 


RESULTS 
Heat  Flux  Budgets 

The  transport  equation  for  the  vertical  (stream- 
wise)  heat  flux  can  be  written  as 


u^  +  w^ 

or  Oz 


__dT  ~^dT  —dW 

-  uw-T - - ut-T— 

dr  dz  dr 

_ dW  — 


Note  that  the  molecular  term  is  written  in  local 
cartesian  coordinates.  The  balance  of  this  equation 
is  shown  in  figure  1.  Advection  term  is  the  smallest 
in  this  balance  and,  therefore,  contributes  least  to 
the  transport  of  the  heat  flux  wt.  It  is  clear  that 


correlations.  However,  if  everything  else  appearing  in  the  central  core  of  the  flow  (r/z  <  0.04),  the 

in  these  equations  is  known  from  the  experiment,  production  of  this  heat  flux  is  maintained  by  the 
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mean  buoyancy  gradients  and  the  turbulent  buoy¬ 
ancy  force  i.e.  the  source  of  energy  is  the  gravi¬ 
tational  field.  The  shear  production  is  relatively 
small  in  this  region.  Then  there  is  an  interme¬ 
diate  region  where  the  production  from  mean  ve¬ 
locity  and  gravitational  field  are  of  the  same  or¬ 
der.  However,  for  r/z  >0.1  (which  approximately 
corresponds  to  the  plume  half  width),  most  of  the 
production  is  maintained  by  the  mean  velocity  and 
buoyancy  gradients  and  the  turbulent  buoyancy  pro¬ 
duction  is  only  a  small  fraction  of  these  two.  The 
closing  term  in  the  heat  flux  balances  is  labeiicd  as 
n,  and  represents  the  sum  of  the  pressure  correla¬ 
tion  and  the  molecular  destruction  terms  i.e. 


dp 

dxi 


duj  dt 
dxj  dxj 


(2) 


The  molecular  term  in  (2)  is  thought  to  get  weaker 
with  increasing  Reynolds  and  Peclet  numbers,  even¬ 
tually  approaching  a  value  of  zero  in  the  limit  of  lo¬ 
cal  (small  scale)  isotropy.  This  term  was  not  mea¬ 
sured  and,  therefore,  its  magnitude  relative  to  oth¬ 
ers  can  not  be  established.*  However,  in  turbulence 
modeling,  it  is  customary  to  combine  this  term  with 
the  pressure  correlation  term  (Lumley  1978)  and, 
therefore,  from  that  point  of  view  not  knowing  each 
term  separately  does  not  reduce  the  usefulness  of 
these  budgets.  Notice  that  the  shape  of  this  term  is 
very  similar  to  the  shape  of  the  heat  flux  tiJI  and  its 
magnitude  remains  large  throughout  the  flow  field. 

The  equation  for  the  radial  heat  flux  is 


or  az 


Id.—..  d  -^dT 


_ar  ~du 

\dp 


wt 


,d_U_ 

dz 


(3) 


The  balance  of  this  equation  is  shown  in  figure  2. 
Again,  we  note  that  the  advection  term  is  quite 
small  as  compared  to  the  other  dominant  terms  in 
the  equation.  Unlike  the  "wi  heat  flux  balance,  the 
shear  production  is  extremely  small  here.  This  is 
because  the  gradients  of  mean  radial  velocity  are 
much  smaller  than  the  gradients  in  the  mean  ver¬ 
tical  (streamwise)  velocity.  There  is  no  turbulent 
buoyancy  production  in  this  equation  and  all  the 
production  is  due  to  the  mean  buoyancy  gradients. 
We  note  that  the  term  representing  sum  of  the  pres¬ 
sure  correlation  and  the  molecular  destruction 

'  Temperature  and  velocity  derivatives  were  not  mea- 
sured  to  check  if  the  local  isotropy  existed.  The  spectral 
measurements  did  show  a  —5/3  range  but  it  is  not  clear 
that  whether  this  range  was  long  enough  to  insure  local 
isotropy. 


makes  up  a  substantial  part  of  the  budget  and  its 
shape  is  similar  to  the  radial  heat  flux.  We  also 
note  that  this  budget  can  not  be  divided  into  any 
subregions,  where  some  phenomenon  are  more  dom¬ 
inant  than  others,  because  the  relative  magnitude 
of  each  of  the  terms  in  equation  (3)  remains  the 
same  across  the  flow  field. 

Reynolds  Stress  Budgets 

The  transport  equation  for  the  Reynolds  stress, 
within  Bussinesq  approximation,  is 


Uk  (“iwj),*  =  -  -  (uTuT  Uj,k  +  upik  f^i.t) 

-b  liiuji  -f  /?;•«{?  -f  ^(uipj  -f  ujp,i) 

-  2t/uiJuJJ  (4) 

where  the  viscous  diffusion  term  has  been  neglected 
since  it  will  be  small  as  compared  to  the  turbulent 
diffusion. 

For  reasons  of  convenience,  turbulence  modelers 
do  not  model  the  pressure  correlation  term  in  the 
form  as  it  appears  in  the  above  equation  but  re¬ 
write  it  in  a  different  form  by  separating  it  into  a 
deviatoric  and  a  non-deviatoric  part.  Two  ways  of 
doing  this  have  been  suggested  in  the  literature  and 
we  will  look  at  both  of  these  before  deciding  which 
one  to  use  in  the  present  study.  The  traditional 
way  (see  e.g.  Launder  et.  al.  1975)  of  writing  this 
term  is 

-j(uipj  -f  Ujp,i)  =^p(u,j  +  Uj^i)  -  ^p^iSjk 

+  pujSik),k  (5) 

where  the  first  term  on  the  right  hand  side  is  the 
deviatoric  part.  The  second  term  is  the  so  called 
pressure  diffusion  term.  Lumley  (1975)  has  instead 
suggested  the  following  separation 

-(w.P,;  +  «;P,.)  =  -  [^(w.Pj  +  W;P..)  “  (^) 

(PD.lfc^.;]  -  (^)(Pt),*W 

where  the  term  in  the  square  brackets  is  the  de¬ 
viatoric  part  and  the  last  term  on  the  right  hand 
side  is  the  pressure  diffusion  term.  Regardless  of 
which  separation  is  employed  a  correction  or  model 
has  to  be  used  for  the  correlation  pu*.  The  model 
used  here  is  due  to  Lumley  (1978)  and  is  given  by 
puk  =  -?^u*/5.  This  study  indicates  that  the  use 
of  this  model  with  (5)  produces  so  much  pressure 
diffusion  that  it  negates  the  velocity  diffusion  (i.e. 
due  to  UiUjUk).  On  this  basis  it  was  concluded 
to  use  the  separation  given  by  (6)  in  the  present 
study.  Further  details  about  this  issue  are  given  in 
the  appendix. 
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Therefore,  using  (6)  the  equation  for  the  Reynolds 
stress  can  be  re-written  as 


+  UjU*  £^i,jfc)  —  PiUjt  —  PjUit 

2  12. 

-  2ulIiJuJJ  -f  -eSij  I  -  -(6ij  (7) 

where  e  =  e,<.  Note  that,  following  Lumley  (1978), 
the  anisotropic  part  of  the  dissipation  part  has  been 
combined  with  the  pressure  correlation  term.  The 
term  in  the  curly  parenthesis  has  a  zero  trace  and 
will  be  denoted  by  in  the  rest  of  the  paper. 
It  is  this  term  whose  models  have  been  proposed. 
Note  that  the  above  equation  is  exact  since  no  ap¬ 
proximations  have  been  used  so  far.  Now  we  in¬ 
troduce  the  model  for  the  pressure  diffusion  term, 
as  given  above,  and  with  this  approximation  the 
above  equation  becomes 

Uk  iWiJ),k  «  -  [«.«;«*  +  ^ 

-  {uiuk  Uj,k  +  upuk  U{,k) 

_  _  2 

+  /?,«;•<  -t-  l3]U,t  +  (8) 

Note  that  due  to  the  model  for  the  pressure  diffu¬ 
sion  term  this  is  no  longer  an  exact  equation  and 
has  been  used  to  emphasize  this  fact.  It  is  this 
equation  which  will  be  balanced  out  with  the  exper¬ 
imental  data  and  the  term  will  be  obtained  as 
the  closing  term.  It  should  be  reminded  that  in  ad¬ 
dition  to  the  measurement  errors,  any  uncertainty 
in  the  approximation  of  the  pressure  diffusion  will 
also  be  lumped  into  . 

The  equation  for  the  streamwise  Reynolds  stress 
is  given  by 


dw^  dw^ 


1  d  .  - 21  ^  ( - 21 

(ruu/2)  -  —(ww^) 

r  or  oz 


-  2mU^  -  2ti^^  +  2g0i^ 
dr  dz 


2 

r 


(9) 


The  balance  of  this  equation  is  shown  in  figure  3. 
Advection  is  the  smallest  of  all  the  terms.  Diffusion 
term  is  a  gain  near  the  center  of  the  plume  and  a 
loss  in  the  rest  of  the  flow.  Also,  its  magnitude  near 
the  center  is  comparable  to  the  other  dominant 
terms  in  the  balance.  We  note  that  the  buoyancy 
production  is  comparable  to  the  production  due  to 
mean  velocity  gradients  near  the  plume  center  but 


over  the  rest  of  the  flow  field  the  shear  production 
is  much  larger  than  the  buoyancy  production.  It 
is  also  interesting  to  note  that  the  buoyancy  pro¬ 
duction  and  dissipation  rate  approximately  balance 
each  other.  The  closing  term  in  this  balance  is 
and  represents  the  sum  of  the  pressure  correlation 
term  and  the  anisotropic  gMt  of  the  dissipation. 
This  term  is  a  loss  for  the  budget  and  we  note 
that  beyond  r/z  =  0.08  this  term  and  shear  pro¬ 
duction  approximately  balance  each  other. 

The  equation  for  the  radial  component  u*  is  given 

by 


U^-¥W 

dr 


du^ 

dz 


- 

-  $rr  -  |e  (10) 


and  its  balance  is  shown  in  figure  4.  Obviously  the 
advection  of  has  the  same  form  as  the  advection 
of  w'^.  The  production  due  to  velocity  gradients 
is  a  loss  near  the  plume  center  and  is  a  gain  after 
about  rjz  =  0.04.  This  is  because  the  radial  gradi¬ 
ent  of  the  radial  mean  velocity  is  positive  near  the 
plume  center.  The  mechanical  production  term  is 
not  large.  The  diffusion  term  is  a  loss  over  most 
of  the  flow  field  and  becomes  a  gain  toward  the 
outer  edge  of  the  flow  field.  The  sum  of  the  pres¬ 
sure  correlation  term  and  the  anisotropic  part  of 
the  dissipation  rate  is  obtained  a®  the  closing  term 
in  the  budget  and  represents  a  gam  for  u^.  We  fur¬ 
ther  note  that  beyond  rjz  —  0.08  it  approximately 
balances  the  dissipation  rate. 

Finally  we  look  at  the  budget  for  the  shear  stress 
uuJ  as  shown  in  figure  5.  Its  equation  is  given  by 


+  W 


duw 

dz 


1  d , _ ,  d , — . 

w - TT (ruuty)  -  —(wuw) 

r  dr  dz 

__dU  ^dU  ~^dW 
_ 

-uw— — \-gBut-^Tz  (11) 


Both  advection  and  the  turbulent  buoyancy  pro¬ 
duction  are  of  very  small  magnitude  and  over  most 
of  the  flow  field  these  approximately  balance  each 
other..  Neglecting  these  two  terms  would  not  cause 
any  significant  change  in  the  shear  stress  balance. 
We  note  that  the  diffusion  term  is  not  negligible  in 
this  budget.  The  term  is  essentially  balanced 
by  the  difference  between  the  shear  production  and 
diffusion  processes.  The  shape  of  is  obviously 
similar  to  that  of  the  shear  stress  and  its  peak  ap¬ 
proximately  corresponds  to  the  peak  in  the  shear 
production. 
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IMPLICATIONS  ON  MODELING 

Equilibrimn  A??umpti(?n 

The  assumption  of  local  equilibrium  implies  that 
the  evolution  of  the  turbulence  is  slow  enough  to 
ignore  the  effects  of  advection  and  diffusion  (or  that 
these  two  phenomenon  balance  each  other).  For  the 
turbulence  kinetic  energy  it  means  that  the  pro¬ 
duction  and  dissipation  rates  balance  each  other 
whereas  for  the  heat  fluxes  and  individual  Reynolds 
stresses  it  implies  that  the  sum  of  the  production 
and  pressure  correlation  terms  balances  the  respec¬ 
tive  molecular  destruction  terms.  This  idea  forms 
the  basis  of  the  algebraic  stress  models  (see  e.g. 
Hossain  and  Rodi  1982)  and  we  will  use  the  present 
balances  to  assess  the  validity  of  this  assumption. 

From  the  budgets  of  vertical  heat  flux  (figure  1) 
it  is  obvious  that  the  advection  and  diffusion  terms 
are  small  and  ignoring  these  will  have  no  significant 
effect  on  the  heat  flux.  In  the  radial  heat  flux  bud¬ 
get  the  advection  and  diffusion  terms  are  about  9% 
of  the  production  term.  This  may  not  be  a  small 
amount  to  ignore  but  one  can  argue  that  the  neglect 
of  these  two  terms  will  introduce  an  error  which  is 
within  the  other  approximations  used  in  the  alge¬ 
braic  stress  models.  Therefore,  it  seems  that  for  the 
heat  fluxes  the  algebraic  stress  model  can  provide  a 
reasonably  good  approximation  if  not  an  excellent 
one.  However,  success  of  these  models  will  depend 
on  the  accuracy  of  the  closure  expressions  for  the 
pressure  temperature-gradient  correlation. 

The  situation  in  regard  to  the  Reynolds  stresses 
is  not  as  encouraging.  From  their  balances  it  is 
clear  that  the  sum  of  the  advection  cind  diffusion 
terms  in  the  radial  and  shear  stress  components  is 
not  small  as  compared  to  the  other  terms  and  ne¬ 
glecting  these  will  introduce  a  much  bigger  error. 
This  is  specially  true  near  the  plume  center.  So 
we  conclude  that  the  assumption  of  local  equilib¬ 
rium  is  not  a  good  approximation  for  the  Reynolds 
stresses.  This  will  become  more  evident  when  we 
look  at  the  ratio  of  mechanical  to  thermal  time 
scale  next. 

Ratio  of  Mechanic^^to  The_ripal  Time  Scales 

The  time  scales  and  t^/e(  represent  the  eddy 
turn  over  times  for  the  mechanical  and  thermal 
fields  respectively  and  their  ratio  is  widely  used  in 
turbulence  models.  A  universal  value  of  this  would 
un-necessitate  a  transport  equation  for  the  thermal 
dissipation  rate  although  it  is  now  realized  that  this 
ratio  can  widely  vary  from  one  flow  to  another  and 
that  a  better  approach  would  be  to  use  a ,  'ansport 
equation  (see  e.g.  Newmtin  et  al  1981).  Ful]  line  in 
figure  6  shows  that  for.  the  present  experiment  this 
ratio  is  around  3.3  over  most  of  the  flow  field.  This 
value  starts  to  sharply  increase  as  the  outer  edge 
of  the  plume  is  approached.  The  measurement  er¬ 


rors  are  quite  large  at  this  location  and  it  is  not 
clear  whether  this  rise  is  due  to  the  measurement 
errors  alone  or  also  because  the  mechanical  dissipa¬ 
tion  rate  approaches  zero  faster  than  the  thermal 
dissipation  rate.  This  value  is  substantially  differ¬ 
ent  than  the  commonly  used  value  of  2.0  which  was 
recommended  by  Beguier  et.  al.  (1978)  after  anar 
lyzing  several  experiments  on  wall  bounded  (turbu¬ 
lent  flat  plate  boundary  layer,  fully  developed  pipe 
flow)  and  boundary  free  shear  flows  (heated  wake 
and  mixing  layer).  The  dissipation  rates  were  not 
available  for  some  of  these  experiments  and  were 
obtained  bv  invoking  the  local  equilibrium  assump¬ 
tion.  Thi  authors  further  noted  that  the  turbu¬ 
lence  was  found  to  be  in  local  equilibrium  for  near 
wall  flows  and  that  although  this  was  not  true  for 
the  free  shear  flows,  the  production  and  dissipation 
rates  were  still  the  dominant  processes  for  these 
flows.  The  implication  was  that  this  was  the  reason 
the  different  experiments  and  the  different  methods 
used  in  calculating  the  time  scale  ratio  gave  more  or 
less  the  same  result.  In  the  present  experiment  the 
production  and  dissipation  processes  are  certainly 
the  dominant  ones  but  advection  and  transport  are 
large  enough  to  account  for  the  differences  with  the 
study  of  Beguier  et  al.  Therefore,  it  is  concluded 
that  the  reason  the  current  experiment  is  not  in  ac¬ 
cord  with  the  above  mentioned  study  is  that  its  ki¬ 
netic  energy  and  temperature  variance  balances  do 
not  satisfy  the  local  equilibrium  assumption.  This 
can  be  further  illustrated  by  calculating  the  time 
scale  ratio  by  using  the  local  equilibrium  assump¬ 
tion.  With  this  assumption  the  expressions  for  the 
dissipation  rates  for  the  buoyan*  plume  reduce  to 
e  =  -wfuJI/,  j  -  PiUii  and  ft  =  —UitTi  The  result¬ 
ing  time  scale  ratio  is  shown  in  figure  6  as  a  broken 
line  and  interestingly  enough  its  value  is  about  2.0 
over  most  of  the  flow  fie.d. 

It  might  be  of  interest  to  compare  the  present  re¬ 
sults  with  the  homogeneoua  shear  flow  experiment 
of  Tavoularis  and  Corrsin  (198i.).  The  time  scale 
ratio  for  their  experiment  is  about  3.0  which  is  very 
close  to  what  is  found  here  for  the  buoyant  plume. 
Again,  if  local  equilibrium  assumption  is  used,  the 
time  scale  ratio  for  their  experiment  reduces  to  2.0. 
It  should  be  noted  that  the  buoyancy  effects  are  ab¬ 
sent  in  their  experiment  and  that  the  temperature 
behaves  as  a  passive  scalar.  The  similarities  be¬ 
tween  the  time  scale  ratios  for  the  two  experiments 
could  be  due  to  the  fact  that  the  relative  magni¬ 
tudes  of  the  production  and  dissipation  rates  are 
similar  in  these  experiments.  It  should  be  empha¬ 
sized  that  the  purpose  of  this  comparison  is  not  to 
advocate  a  new  universal  value  of  the  time  scale 
ratio. 
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figure  1.  Budget  for  ltd  equation.  Figure  4.  Budget  for  uw  equation. 


Figure  2.  Budget  for  rd  equation. 


Figure  5.  Budget  for  uw  equation. 
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Figure  6.  R.atio  of  mechanical  to  thermal  time  scales. 
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APPENDIX 
Pressure  Diffusion  Term 

Earlier  in  the  paper  the  issue  of  two  different 
separations  of  pressure  correlation  into  a  diffusion 
and  a  deviatoric  term  was  briefly  discussed.  It  was 
pointed  out  that  the  pressure  diffusion  is  overes¬ 
timated  when  the  traditional  separation  of  pres¬ 
sure  correlation  is  used  with  the  pressure  diffusion 
model  of  Lumley  (1978). 

To  illustrate  this  problem  we  will  compare  the 
velocity  diffusion  (i.e.  due  touiujuj)  with  the  pres¬ 
sure  diffusion  arising  due  to  two  different  separa¬ 
tions.  (The  model  for  the  correlation  puk  is  the 
same  in  each  case  and  is  given  by  put  =  -q'^Uk/5). 
Figures  7-9  show _such  a  comparison.  For  the  verti¬ 
cal  component,  w-,  the  two  separations  alter  the 
total  diffusion  only  by  a  .small  amount  and  the 
differences  between  the  two  are  not  very  signifi¬ 
cant.  However,  for  the  radial  component  and 
the  shear  stress  uw  the  results  are  quite  different. 
We  note  that  if  separation  given  by  (6)  is  used,  the 
pressure  diffusion  is  onl^a  small  fraction  of  the  ve¬ 
locity  diffusion  for  the  and  is  zero  for  the  shear 


stress.  On  the  other  hand  if  the  traditional  sep«a- 
tion  given  by  (5)  is  used  ,  then  the  pressure  diffu¬ 
sion  almost  negates  the  velocity  diffusion  resulting 
in  zero  net  diffusion.  It  was  on  this  basis  that  it 
was  concluded  that  if  Lumley’s  model  for  the  pres¬ 
sure  diffusion  is  to  be  used  then  it  should  be  used 
in  combination  with  separation  given  by  (6).  Sim¬ 
ilar  comments  were  made  by  Zeman  (1981)  in  his 
review.  Note  that  this  analysis  does  not  validate  or 
invalidate  the  closure  expression  for  pressure  diffu¬ 
sion.  It  only  shows  with  which  separation  it  should 
be  used.  It  should  also  be  pointed  out  that  many 
researchers  ignore  the  pressure  diffusion  altogether. 
In  such  a  case  the  question  of  which  separation  is 
appropriate  is  academic.  It  also  seems  that  in  a 
flow  like  buoyant  plume  neglect  of  pressure  diffu¬ 
sion  term  may  be  a  reasonable  approximation. 


'/• 


Figure  7.  Comparison  of  modeled  pressure  diffusion 
resulting  from  two  different  seperations  of  pressure- 
correlation. 
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ABSTRACT 

In  the  present  study,  low  Peclet  number  effects  are  studied 
in  modeling  the  pressure-scalar  gradient  correlation  and  dissi¬ 
pation  terms  in  the  transport  equation  of  the  turbulent  scalar 
flux.  With  the  aid  of  direct  numerical  simulation  (DNS)  data 
bases,  it  is  demonstrated  that  both  terms  have  dominant  roles 
in  the  transport  equation  and  should  be  modeled  separately, 
especially  in  low  Peclet  number  flows.  The  anisotropy  of  these 
terms  are  well  aligned  with  that  of  scalar  flux.  These  relations 
we  then  used  in  deriving  a  new  model.  It  is  shown  that  the 
present  model  gives  fairly  accurate  predictions  for  the  scalar 
flux  in  isotropic  turbulence  and  2-D  turbulent  channel  flows  of 
different  Prandtl  number  fluids 
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Taylor  microscale  of  velocity  fluctuation 

Taylor  microscale  of  scalar  fluctuation 
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1.  INTRODUCTION 


NOMENCLATURE 
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;  dimensionless  scalar  flux  vector 
=  uiS/2\/^ 

;  anisotropy  measure  of  Reynolds  stress  tensor 
=  5757/21:  -  (1/3)5,, 

;  dimensionless  dissipation  rate  of  scalar  flux 

=  W(^v/^)  _ 

,  turbulent  kinetic  energy  =  jU|,u* 

;  half  the  scalar  variance  = 

,  fluctuating  pressure 
;  molecular  Prandtl  number  =  vja 
,  ratio  of  energy-dissipating  range  timescale  to 
energy-containing  range  timescale 
,  ratio  of  scalar  timescale  to 

mechanical  timescale  ~  (l:»/cs)/(l:/f) 

;  turbulent  Reynolds  number  =  k'^fve 
;  fluctuating  velocity 
;  mean  velocity 
;  Reynolds  stress  tensor 
,  turbulent  scalar  flux  vector 
;  Cartesian  coordinates 
;  scalar  diffusivity 
;  channel  half  width 
;  dissipation  rate  of  k 
;  dissipation  rate  of  ks 
;  dissipation  rate  of  scalar  flux  vector 


A  mathematical  model  of  turbulent  scalar  transport  is 
needed  for  solving  the  Reynolds-averaged  scalar  equation  and 
hence  it  is  of  great  importance  in  many  engineering  applica¬ 
tions.  So  far,  the  most  common  approach  in  modeling  the  tur¬ 
bulent  scalar  flux  has  relied  on  the  isotropic  turbulent  scalar 
diffusivity  concept.  In  this  approach,  the  turbulent  scalar  flux 
is  related  to  the  mean  scalar  gradient.  In  most  cases,  the 
unknown  turbulent  scalar  diffusivity  is  given  from  the  known 
eddy  viscosity  by  assuming  a  turbulent  Prandtl  or  Schmidt 
number.  More  elaborate  models,  which  express  the  turbu¬ 
lent  scalar  diffusivity  in  terms  of  the  turbulent  kinetic  energy 
k,  the  dissipation  rate  of  turbulence  energy  c,  half  the  scalar 
variance  k)  and  its  dissipation  rate  c«,  have  been  proposed 
by  several  researchers  {e.g.,  Nagano  &  Kim,  1988;  Yoshizawa, 
1988).  In  these  models,  dependence  of  the  turbulent  scalar 
diffusivity  upon  the  time  scale  ratio  (  R  =  [kt/(i)/(k/e)  )  is 
assumed.  However,  the  scalar  flux  is  not  generally  aligned 
with  the  mean  scalar  graulient,  and  this  means  that  the  tur¬ 
bulent  scalar  diffusivity  expression  lacks  in  universality.  An 
alternative  approach  is  to  solve  directly  the  transport  equar 
tions  of  scalar  fluxes.  However,  the  dependence  of  the  terms 
on  the  time  scale  ratio  and  the  molecular  Prandtl  number  is 
still  an  open  question  at  any  closure  level  (see  Launder,  1984). 
This  problem  should  become  particularly  important  when  the 
Prandtl  number  is  far  apart  from  unity. 

Recently,  many  low  Reynolds  number  turbulence  models 
have  been  proposed  as  an  extention  of  the  high  Reynolds  num- 
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bcr  version  (e.g  ,  Myong  &  Kasagi,  1990).  Tliis  is  because 
there  are  many  practical  applications  where  we  have  to  handle 
moderate  Reynolds  number  flows;  the  high  Reynolds  number 
hypothesis  becomes  inadequate.  This  problem  would  be  em¬ 
phasized  in  scalar  flux  modeling.  When  a  scalar  flux  model 
is  to  be  applied  to  a  wide  Peclet  number  range,  the  model’s 
dependence  on  the  three  major  parameters,  t.e.,  Pr,  R  and 
Re,,  must  be  carefully  examined. 

In  this  study,  we  pay  our  attention  to  the  dissipation  rate 
term  and  the  pressure-scalar  gradient  term  in  the  transport 
equation  of  the  scalar  flux  In  the  widely  accepted  turbulence 
modeling,  the  dissipation  rate  is  set  to  be  zero  with  an  as¬ 
sumption  of  local  isotropy.  However,  the  DNS  data  bases  of 
Ohtsubo  et  al  (1991)  and  of  lida  k  Kasagi  (1991)  indicate 
that  this  is  not  the  case  for  low  Peclet  number  flows,  i.e., 
the  dissipation  term  becomes  the  most  dominant  sink  term 
in  the  transport  equation.  Consequently,  a  proper  model  for 
the  dissipation  rate  term  should  be  introduced.  As  for  the 
pressure-scalar  gradient  correlation  term,  an  extention  to  the 
low  Peclet  number  model  should  also  be  necessary  for  both 
rapid  and  slow  terms  Thus,  our  aim  in  this  study  is  to  con¬ 
struct  models  for  the  dissipation  term  and  the  pressure-scalar 
gradient  term  which  are  applicable  to  low  Peclet  number  flows. 
The  models  are  then  tested  by  means  of  the  DNS  data  bases 
of  isotropic  turbulence  (lida  k  Kasagi,  1991)  and  of  fully  de¬ 
veloped  2-D  channel  flows  of  different  Prandtl  number  fluids 
(Ohtsubo  et  al.,  1991;  Kasagi  et  ah,  1991). 

2.  A  MODEL  FOR  THE,  DISSIPATION  RATE 
TERM 


When  the  buoyancy  effect  can  be  neglected,  the  transport 
equation  for  the  scalar  flux  in  a  fluid  of  constant  physical  prop¬ 
erties  is  given  as. 


Du.e 

Dt 


_ dQ  —du,  1  oe 

- +  -P;r- 

dxk  axk  p  ax. 


ae  du, 

“  dxkdxk 


(1) 


Since  the  finest  eddies  contribute  most  to  the  correlation  of 
the  dissipation  rate,  this  process  is  considered  to  be  almost 
isotropic  in  a  high  Peclet  number  flow.  This  assumption  leads 
to  a  model  as  follows: 

=  0  (2) 


Lumley  (1978)  claimed  that  the  departure  from  isotropy 
should  be  absorbed  into  the  pressure-scalar  gradient  correla¬ 
tion  term  <t>,e  However,  as  the  dependence  of  e,»  and  4>,s  on 
the  Peclet  (Reynolds)  number  is  generally  different,  each  term 
should  be  modeled  separately. 

We  define  the  anisotropy  measures  of  the  scalar  flux  vector 
and  its  dissipation  vector,  respectively,  as  follows: 


du,  d6  !  [T  fee 

8x1  dxj  ViJVa 

In  order  to  constitute  an  algebraic  model  for  e,e,  we  express 
e,e  as  a  function  of  dimensionless  parameters,  i  e., 

e,e-f{a,e,Re,,Pr,R,b,,,lI,ni,  ••),  (5) 

where  b,,  is  an  isotropy  measure  of  Reynolds  stress  tensor,  and 
II  and  III  are  its  second  and  third  inavariarits,  respectively. 
As  the  Peclet  number  approaches  zero,  the  range  of  energy 
containing  eddies  overlaps  with  that  of  energy  dissipating  ed¬ 
dies.  Thus,  the  simplest  approximation  for  e,e  may  be  written 


e,e  =  a,e. 


(6) 


Presently,  an  order  estimate  analysis  is  performed  first,  and 
the  complicated  relation  between  e,e  and  a,e  is  not  discussed 
for  simplicity. 

The  above  asymptotic  model  must  be  connected  with  eq. 
(2)  as: 

SiS  =  Oi»  fci  ,  (7) 


where  /<i  is  thought  to  be  a  function  of  the  ratio  of  the 
timescales  of  energy  dissipating  range  and  of  energy  contain¬ 
ing  range  (defined  as  r).  According  to  Tennekes  &  Lumley 
(1972),  the  fine  scale  motions  deviate  from  the  isotropic  state 
due  to  the  effect  of  mean  field  distortion.  This  effect  should  be 
proportional  to  the  timescale  ratio  r,  which  requires  /d  oc  r  at 
high  Peclet  number  flows.  It  is  considered  that  the  timescale 
ratio  r  consists  of  four  independent  timescales,  t.e  ,  mechanical 
and  scalar  timescales  for  both  large  scale  motions  and  dissipa¬ 
tive  motions.  Thus,  r  must  generally  depend  on  Pr,  R  and  Re,; 
a  relevant  timescale  for  the  large  scale  motions  may  be  written 
as  ^  X  /(/{),  while  a  form  x  / ( Pr,  R)  can  be  adopted  as  the 
dissipative  motion  timescale  A  somewhat  intuitive  proposal 
for  the  ratio  r  is  given  as: 


(8) 

Here,  the  smaller  of  the  two  timescales  for  the  large  scale  mo¬ 
tions,  and  the  larger  of  the  two  for  the  di-ssipativc  motions  are 
cho.sen  to  construct  the  r.n!  r.  As  this  ratio  r  varies  from 
infinity  to  zero,  the  value  of  /,j  must  change  from  unity  to 
zero  in  proportion  to  r. 

An  additional  function  is  needed  which  explains  the  ef¬ 
fect  of  the  gap  between  the  spectra  of  temperature-gradient 
fluctuations  and  of  strain-rate  fluctuations.  In  this  process, 
the  dominant  parameter  would  be  the  ratio  between  the  Tay¬ 
lor  microscales  of  velocity  fluctuation  and  of  scalar  fluctuation 
(Tennekes  k  Lumley,  1972),  e.g.,  in  isotropic  turbulence. 


iOvk  I  R  . 

-r  =  ^iTr- 

This  effect  is  taken  into  account  by  introducing  a  function  of 
/,2-  Finally,  the  model  will  take  the  form: 


e.o  =  a,e  f,i(r) 


(10) 
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which  leads  tc 


1  +  Pr  €  — r  /  \  e 


(11) 


3.  A  MODEL  FOR  THE  PRESSUR&SCALAR 
GRADIENT  CORRELATION  TERM 


The  pressure-scalar  gradient  correlation  term  (j>,)  is  usually 
divided  into  two  parts  and  modeled  independently.  The  rapid 
term  <^,S2,  which  includes  the  effect  of  mean  velocity  garadient, 
is  conventionally  represented  as: 

(12) 

Kinematic  constraints  such  as  symmetry  condition  and  trace 
tree  condition,  are  imposed  to  determine  the  functional  form 
of  Bj[.  In  addition  to  these  conditions,  a  realizability  condition 
(Schwarz’s  inequality)  is  also  imposed  in  the  current  model¬ 
ing  procedure  (e  g.,  Shih  et  al.,  1990).  However,  this  proce¬ 
dure  yields  a  very  complicated  expression  including  high-order 
products  of  the  Reynolds  stresses.  The  simplest  and  most 
widely  used  model  is  called  IP(fsotropization  of  Production) 
model,  and  given  as: 

— dU, 

4>m  =  C'2eUk6~ — .  (13) 

OXk 

The  recommended  value  for  the  coefficient  cj*  is  about  0.5  to 
0  55. 

As  for  the  slow  term,  a  commonly  proposed  form  is: 

4>,et  =  -cio^  {u,e  +  .  (14) 

A  proposal,  which  includes  a  term  proportional  to  h,i,dQ/dxic, 
is  made  by  Jones  &  Musonge  (1988).  Also,  some  models  con¬ 
tain  terms  quadratic  in  b,j  (e.g.,  Craft  &  Launder,  1989).  How¬ 
ever,  these  approaches  are  not  ruJopted  in  the  present  work  for 
simplicity.  The  value  of  c,g  is  frequently  assumed  to  be  zero 
as  the  first-order  approximation.  In  that  case,  the  value  of 
is  about  3.0  to  4.0. 

The  dependence  of  the  coefficients  on  the  timescale  ratio  R 
has  been  widely  discussed.  One  of  the  modeling  requirement  is 
the  scalar  transformation  prorperty.  The  original  form  of  the 
scalar  equation  is  linear  in  8,  and  this  means  that  the  modeled 
form  must  represent  this  property  and  that  R  will  not  appear 
in  the  model  equation.  However,  to  achieve  a  good  agreement 
between  the  prediction  and  experimental  data,  Shih  k  Lum- 
ley  (1986)  reported  that  effect  of  R  cannot  be  ignored.  In  this 
section,  both  rapid  and  slow  terms  are  modeled  in  the  same 
procedure  as  in  section  2. 

Here,  a  dimensionless  form  of  the  pressure-scalar  gradient 
correlation  term  <i>,)  is  defined  as: 


Generally,  can  be  written  in  terms  of  dimensionless  pa 
rameters  as: 


In  the  low  Peclet  number  limit,  anisotropy  of  is  considered 
to  be  related  directly  to  a,s  and  7a*»|^.  Then,  the  first-order 
approximations  for  both  slow  part  $,si  and  rapid  part  $,*2  are 
written  as: 

=  -ci^a,«,  (17) 

4>,»2  =  (18) 

€  dXk 

These  relations  further  leads  to  the  dimensional  forms  as: 


j  ci^  \/Re,Pr  e— ^ 


(19) 


j,  C2^  \/Re,Pr — ^dU, 


(20) 


These  models  must  be  linked  with  the  high  Peclet  number 
versions,  eqs.(14)  and  (13),  respectively. 

First,  the  effect  of  the  timescale  ratio  r  must  be  considered. 
If  the  fine  scale  motion  has  no  response  to  the  mean  velocity 
and  scalar  distortions,  the  correlation  coefficient  between  them 
must  decrease  proportionally  to  the  timescale  ratio  r.  Then, 
a  function  /^i(r),  which  describes  this  process,  is  introduced; 


(21) 

The  function  f^\{r)  also  changes  its  value  from  zero  to  unity 
as  r  varies  from  zero  to  infinity. 

Secondly,  if  the  spectra  of  the  fluctuations  are  shifted  apart 
from  each  other,  the  two  fluctuating  variables  can  correlate 
only  weakly.  This  process  will  be  expressed  by  the  parameter 
given  by  eq.(9),  i.e.,  J R/Pr,  and  hence. 


_  c,^  y/Re,Pr  ^ 

'c'Sr  ~  2 


Pr, 


lu,e, 


(23) 


<t>,n  =  - 


C7*  VReiPr 
2  y/R 


f*\{r)!ti 


(24) 


and  /*2  are  chosen  so  as  to  transform  eqs.(23)  and  (24) 
into  eqs.(14)  and  (13)  at  the  high  Peclet  number  limit.  The 
functional  form  of  /^2  is  discussed  in  the  following. 

The  pressure-scalar  gradient  correlation  term  <(>,)  can  be 
written  as  a  sum  of  the  scalar-pressure  gradient  correlation 
term  and  the  pressure  diffusion  term,  i.e., 


1~W 


1^1#  preiiure  Jt//u$$on 


(25) 


In  most  practierd  flows,  the  pressure  diffusion  term  is  small 
compared  to  other  two  terms  and,  therefore,  this  term  is  usu¬ 
ally  ignored  or  considered  to  be  absorbed  into  the  turbulent 
transport  term.  In  that  case,  models  for  both  and 
should  satisfy  the  condition,  i.e., 


<ti,*  « 'P,»- 


(26) 


i,  -r( 


Re,,Pr,  R,  5,2, //,///,■ 


(16) 


Using  the  same  modeling  procedure  as  a  model  for 
can  also  be  obtained,  in  which  appears  as  appeared  in 
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tlie  model  of  ({i,g.  Comparing  the  models  of  (f>,e  and  and 
imposing  the  condition  (26),  we  obtain: 

\I^U2  =  (27) 

In  addition,  the  dependence  of  f^2  on  must  be  the  same 
as  that  of  fg.2  on 


From  eqs.(27)  and  (28),  the  following  function  is  devised  for 


4.  APPLICATION  TO  ISOTROPIC 
TURBULENCE 


In  this  section,  the  present  models  for  (,e  and  <l),e  are  ap¬ 
plied  to  isotropic  turbulence,  which  is  considered  to  be  the 
most  fiindumcntal  test  case  for  the  models  of  e,g  and  of  the 
slow  part  of  4>i«-  Direct  numerical  simulations  of  isotropic 
tubulence  carried  out  by  lida  k  Kasagi  (1991)  are  used  for  the 
test.  In  these  simulations,  scalar  fluctuation  is  also  generated 
with  a  mean  scalar  gradient  imposed  in  one  direction  {X2),  so 
that  there  exists  a  non-zero  component  of  the  scalar  flux  vec¬ 
tor,  u^.  The  initial  turbulent  Reynolds  number  Ret  is  set  to 
be  about  Mo,  which  decreases  monotonously  with  time.  Three 
different  Prandtl  number  fluids  are  assumed,  i.e.,  Pr=0  025, 
0.2  and  0.71. 

The  transport  equation  of  U2S  in  this  flow  is  written  as 
follows: 


0 


du26  -^90 


1  de 

+  - 

P  9X2 


99  du2 


(30) 


The  DNS  budget  data  for  this  equation  are  shown  in  Fig.l.  It 
IS  seen  that  for  any  Prandtl  number  case  the  production  term 
is  almost  in  balance  with  the  sum  of  pressure-scalar  correla¬ 
tion  and  dissipation  terms.  However,  as  the  Prandtl  number 
decreases,  the  dissipation  term  dominates  the  pressure-scalar 
gradient  correlation  term  which  corresponds  to  the  slow  term 
in  the  rnodeEd  0,«.  This  notable  trend  must  be  taken  into  ac¬ 
count  in  order  to  make  the  model  applicable  to  a  wide  Prandtl 
number  range. 

In  the  widely  used  model,  <p,)i  and  €,«  are  to  be  modeled 
together  as  (see  Launder,  1984): 


<P,ei  -  Ci»  =  -ci»-^«i9. 


(31) 


First,  this  model  is  tested  by  substituting  the  DNS  data  into 
both  sides  of  eq.(31).  The  results  are  shov/n  in  Fig.2;  it  is 
evident  that  eq.(31)  cannot  predict  all  the  test  cases.  Hence, 
the  coefficient  Cjj  must  be  a  function  of  Pr,  R  ,Ret  and  so  on. 

Model  equations  (II)  and  (23)  with  (29)  described  in  sec¬ 
tions  2  and  3  are  tested  below.  Since  the  Peclet  number  is 


considerably  low  in  the  present  cases,  the  correlation  coeffi¬ 
cient  must  be  high  enough  to  consider  the  functions  /<i,  f,2 
and  to  be  a  constant  near  unity.  Thus, 


Ai  X  f,2  =  0.7, 

(32) 

'■f^hx=  0.125, 

(33) 

are  chosen  for  the  values  of  the  functions.  Then, 
(23)  arc  rewritten  as: 

eqs.(ll)  and 

(34) 

(35) 

With  the  DNS  data  substituted  into  eqs  (34)  and  (35),  Fig. 3 
is  obtained.  The  present  models  for  e,e  and  give  good 
agreement  with  the  DNS  data. 

Since  the  present  model  test  is  carried  out  at  very  low 
Peclet  number  flows,  it  is  hard  to  deduce  the  functional  ex¬ 
pressions  for  f,i,  f,2  and  More  precise  data  ba.ses,  which 
cover  high  Peclet  number  flows  (including  the  budget  data  of 
scalar  fluxes),  are  necessary  in  order  to  determine  the  model 
functions. 


0  12  3  4  5  6  7 

time 


Figaie  1  Time  development  of  uj9  budget  in  DNS  of  isotropic  turbulence 
with  scalar  transport  (lida  tc.  Kasagi,  1991): 

(a)  Pr=0.71,  (b)  Pt=0.2  and  (c)  Pr=0.025. 

-  -“36,21  -  -(i/-h  or)u3,i»  j, 

- -9u39/31. 
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5.  APPLICATION  TO  2-D 

TURBULENT  CHANNEL  FLOW 

The  present  model  is  now  tested  against  the  DNS  data 
of  a  fully  developed  2-D  channel  flow  of  two  different  Prandtl 
number  fluids  performed  by  Kasagi  et  al.(1991)  and  Ohtsubo 
et  al.(1991).  The  Prandtl  number  is  set  to  be  0.71  and  0.025, 
while  the  Reynolds  number  based  on  the  channel  half  width 
6  and  the  wall  friction  velocity  is  150.  The  coordinates  asi, 
and  X}  are  defined  as  the  streamwise,  wall-normal  and  'jpan- 
wise  directions,  respectively. 

In  this  flow,  the  rapid  term  0,(2  due  to  the  mean  velocity 
gradient  appears  in  the  transport  equation.  However,  as  far 
as  the  simplest  model  eq.(24)  is  adopted,  it  will  only  appear 
in  the  Ujff  equation.  When  the  Peclet  number  is  considerably 
small,  /^2  can  also  be  considered  to  be  a  constant.  In  this 
study. 


,  ^a£/, 

0,(2  =  -0.02"-- 

VR  dxk 


(36) 


is  adopted  as  a  model  for  the  rapid  term.  Then,  this  model 
and  also  eqs.(34)  and  (35)  are  tested  by  means  of  the  DNS 
data.  The  results  for  i  =  1  and  2  are  shown  in  Figs. 4  and 
5,  respectively.  Here,  the  modeled  0,#  is  compared  with  the 
scalar-pressure  gradient  correlation  term  0,«  in  DNS.  This  is 
because  the  modeled  0,*  is  expected  to  mimic  the  whole  pres¬ 
sure  scrammbling  effect  when  the  pressure  diffusion  term  is  not 
modeled.  As  the  effect  of  wall  reflelection  is  not  taken  into  ac¬ 
count,  the  modeled  <j>,g  overpredicts  0](  and  underpredicts  02» 
when  Pr  =  0.71.  Note  that  this  test  case  is  considered  to 
be  rather  severe  for  this  simple  model  which  directly  relates 
the  anisotropy  of  f,(  and  0,»  to  ui9  and  without  intro¬ 

ducing  b,j.  However,  the  tendency  of  each  term  is  predicted 
in  qualitatively  good  agreement  with  the  DNS  data,  i.e.,  e.j 
dominates  0,(  as  the  Prandtl  number  decreases. 


Figure  2  Temporal  change  of  (^2(1  —  in  isotropic  turbulence 
with  scalar  transport: 

(a)  Pr=0.71,  (b)  Pr=-0.2  and  (c)  Pr=0.026. 

- model  (31),  D  DNS. 


time 


Figure  3  Temporal  changes  of  ^2#  and  £2#  in  isotropic  turbulence 
with  scalar  transport: 

(a)  Pr=0.71,  (b)  Pr=0.2  and  (c)  Pr=0.025. 

- model  (34),  .  model  (35), 

O  DNS  data  for  02Si  ^  DNS  data  for  tu- 
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6.  CONCLUSIONS 

Dependence  of  the  models  for  e,e  and  ip,e  on  Fr,  R  and  Ret 
is  studied  in  order  to  construct  a  universal  scalar  flux  model 
which  is  applicable  to  wide  Prandtl  number  fluids.  Order  of 
magnitude  analysis  is  performed  to  derive  the  functional  forms 
of  €,e  and  the  models  at  the  low  Peclet  number  limit  are 


Figure  4  Wall*normal  distributions  of  4’it  nnd  €is  in  a  2-D  channel  Sow: 
(a)  />r=0.71,  (b)'  Pr=0.025. 

——model  (34),  •  model  (35)  +  (36), 

0  DNS  data  for  ttii,  <5  DNS  data  for  ci<. 


Figure  5  Wall-normal  distributions  of  and  tj*  in  a  2-D  channel  flow: 
(a)  Pr-0.71,(b)Fr=0.025. 

- model  (34),  . model  (35)  +  (36), 

O  DNS  data  for  V'M,  ^  DNS  data  for  ej*. 


first  discussed  and  then  bridged  to  the  high  Peclet  number  ex¬ 
pressions  In  the  present  study,  relatively  simple  forms  which 
relate  anisotropy  of  f.s  and  <j>,$  to  and  are  adopted. 

However,  it  is  easy  to  extend  the  present  models  to  more  elab¬ 
orate  forms  which  include  higher-order  products  of  Reynolds 
stresses  and  their  invariants. 

The  present  model  is  applied  to  isotropic  turbulence  of 
three  different  Prandtl  number  fluids  with  a  mean  scalar  gra¬ 
dient  imposed  in  one  direction.  The  models,  in  which  the 
bridging  functions  are  assumed  constant,  give  promising  re¬ 
sults.  Another  test  is  performed  in  a  2-D  channel  flow,  and 
qualitative  agreement  is  achieved. 

Further  precise  data  bases  of  the  budget  of  the  scalar  fluxes 
are  needed  to  determine  the  functions  which  appear  in  the 
model. 
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ABSTRACT 

A  weakly  heated  turbulent  boundary  layer  on  a 
flat  plate  Is  considered.  The  linkage  between 
temperature  fluctuations  0  and  the  contribution  to 
Its  dissipation  rate  from  the  streamwise  gradient  Is 
investigated  through  spectral  analysis  as  well  as 
probability  density  functions.  The  assumption  of 
statistical  independence  Is  examined. 


INTRODUCTION 

As  it  Is  underlined  by  Bilger  (1989)  In  a  recent 
review  paper,  new  results  'Improving  our  understancJng 
of  turbulent  transport  and  mixing  of  scalars.  Including 
the  structure  of  scalar-dissipation  fields'  are  eager!/ 
awaited.  Indeed,  the  mean  value  cj  of  the  scalar 
dissipation  Is  an  Important  quantity  which  Is  featuring  In 
second  order  modelling  of  turbulent  iTows  -either 
through  the  scalar  to  mechanical  time-scale  ratio 
R(=teA)  or  through  soMng  the  ej  transport  equation. 
Stuctying  the  'nstantaneous  scalar  dissipation  and  Its 
link  with  the  scalar  fluctuation  0  gives  Informations 
about  the  Interdependence  of  small  and  large  scales, 
and  experiments  are  all  the  more  necessary  since  even 
direct  numerical  simulations  cannot  presently  resolve 
with  sufficient  occurracy  the  dissipative  scales  except 
for  low  Reynolds  number  flows.  An  other  Interest  In 
investigating  a  passive  scalar  0  and  Its  dissipation  rote 
is  related  to  turbulent  reacting  flow  modds  Involving 
a  conservative  contaminant ;  In  both  premixed  (Bray, 
1980)  and  diffusion  (Bilger,  1980)  flames,  the  overage 
rate  of  creation  or  destruction  of  chemical  species  can 
be  related  to  the  Joint  probability  denislty  function  (JpdO 
of  0  and  Ee .  Furthermore,  In  probability  density  function 
models  of  Inhomogeneous  turbulent  flows  (Pope  and 
Chen,  1990),  a  length  or  time  scale  Is  provided  using 
the  jpdf  of  velocity  and  its  dissipation  rate.  BorghI  and 
Gonzalez  (1986),  In  their  applications  of  Lagronglan 
models  to  turbulent  combustion,  are  also  relating 
important  quantities  such  as  characteristic  time  scales 
to  the  jpdf  of  an  Inert  scalar  and  Its  dissipation. 

Generally  speaking,  even  for  a  passive  scalar, 
little  Information  Is  available  on  the  mean  dissipation  ej, 
very  little  about  the  jpdf  P(0.  Ce).  and  especially  as  far  as 
reacting  flows  are  concerned.  Nevertheless,  thorough 
measurements  of  mean  scalar  dissipation  rates  were 
performed  with  the  cold  wire  technique  by 
Krishnamoorthy  and  Antonia  (1987)  In  a  slightly  heated 
turbulent  boundaiy  layer  -showing  thati;  Is  strongly 
nonisotropic  close  to  the  wall-  and  by  Antonia  and 
Browne  (1986)  In  a  slightly  heated  turbulent  wake 
-pointing  out  that  the  dissipation  Is  larger  than  the 
Isotropic  value  near  the  wake  centreline  and  especially 
near  the  region  of  maximum  production.  Dissipation 


statistics  were  obtained  by  Namozlan  et  al.  (1988)  In 
the  developing  region  of  an  isothermal  methane  jet 
Issuing  Into  still  air  using  Raman  scattering  ;  the 
dissipation  Is  Isotropic  on  the  centreline  but  nonisotropic 
In  the  shear  layer  near  the  jet  exit  where  the  scalar  and 
dissipation  are  found  to  be  highly  correlated.  Such  a 
strong  correlation  Is  In  opposition  to  Bilger's  (1976) 
conjecture  that  0  and  might  be  statistically 
Independent  so  that  iheir  jpdf  can  be  replaced  by  the 
product  of  the  marginal  pdfs.  This  result  seems  also 
different  from  that  obtained  by  Anselmet  and  Antonia 
(1985)  In  a  weakly  heated  turbulent  plane  jet ;  Isojpdf 
contours  between  temperature  and  an  approximallon 
to  Ce  evaluated  from  the  temperature  temporal 
derivative  are  roughly  similar  to  the  contours  of  the 
product  of  the  marginal  pdfs.  Nevertheless,  when  these 
results  are  thoroughly  examined  (Rg.5,  p.1052, 
Anselmet  and  Antonia,  1986),  It  Is  obvious  that  this 
hypothesis  Is  strictly  verified  only  for  y/Lu  «  1  (y,  lateral 
distance  from  the  axis,  Lu,  velocity  half-width)  where 
the  skewness  Sg  of  temperature  fluctuations  Is 
practically  zero  and  the  Intermittency  factor  y  Is  about 
1  (Browne  et  al.,  1984) ;  on  the  axis,  where  Se  -  -0.8  and 
y  *  1,  the  assumption  of  Independence  Is  more 
approximative.  Thus,  one  may  wonder  whether  the 
statistical  Independence  between  0  and  Is  related  to 
the  symmetry  of  temperature  fluctuations.  A  similar 
trend  Is  obsen/ed  In  direct  numerical  simulations  of  the 
turbulent  mixing  of  o  passive  scalar  (Eswaran  and 
Pope,  1988)  where  It  Is  found  that  the  conditional 
scalar  dissipation  <£9/0  »  0o>  (for  a  given  value  0^  of  0) 
Is  strongly  dependent  on  for  small  times 
corresponding  to  a  bimodal  pdf  of  0,  and  becomes 
Independent  of  0o  at  long  times  when  the  0  distribution 
tends  to  a  gausslan. 

In  addition  to  the  scalar  field  dlssymetry,  a 
relevant  feature  may  be  the  Intermittent  character  of 
some  regions  of  the  flow,  so  that  another  question 
arises :  \what  Is  happening  when  Intermittency  is  strong, 
l.e.  y  «  1  7  In  order  to  analyze  a  turbulent  flow  which 
has  both  regions  where  the  skewness  of  scalar 
fluctuations  is  strongly  positive  or  negative  and  regions 
where  the  Intermittency  factor  strongly  departs  from 
unity,  a  weakly  heated  boundary  layer  has  been 
r*udled.  It  Is  worth  recalling  that  Is  made  from  three 
1*.  ms 

£9  «  a  [O0/ax  )2  +  (30/3/ )2  +  00/az  )2] 

where  a  Is  the  thermal  dlffusivlty,  x  the  streamwise 
distance,  y  the  normal  to  the  wall  one  and  z  Is  along 
the  spanwise  direction.  As  preMously  mentioned.  It  Is 
well  established  that  the  contribution  to  the  mean 
dissipation  related  to  the  longitudinal  gradient  can  be 
much  smaller  than  the  two  other  ones,  but  only  a  first 
step  relative  to  the  linkage  between  0  and 
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(eo),^  (=a09/9x)2)  Is  considered  In  this  paper  owing  to 
the  difficultY  of  such  measurements.  This  provides  useful 
Information  to  be  completed  by  other  more  critical 
measurements,  such  as  those  of  £9,  which  are  In 
progress  and  will  be  presented  In  other  papers. 


EXPERIMENTAL  ARRANGEMENT  AND  MEASURING 
METHODS 

Experiments  are  carried  out  In  the  turbulent 
boundary  layer  developed  on  the  working  section  floor 
of  a  low-speed  wind  tunnel  (0.56x0.56  m^).  The  wall  is 
heated  to  a  constant  temperature  relative  to  the 
amblant  temperature  T,  of  lOK  from  the  beginning  of 
the  layer.  At  the  measuring  station,  the  free  stream 
velocity  Is  U,  =  12m/s,  the  boundary  layer  thickness  Is 
8  =  62mm,  the  momentum  thickness  Reynolds  number  Is 
4900,  and  the  friction  velocity  and  temperature  are 
u*  =  0.46m/s  and  e*  ■  0.47K,  respectively.  Temperature 
Is  acting  as  a  passive  scalar :  a  t^lcal  value  of  the  ratio 
Gr/Re2  (where  Gr  Is  the  Grashof  number  g83(ry,-T,)/v2r* 
and  Re  Is  the  Reynolds  number  U,8/v)  Is  1 .4  x  lO'*  for  the 
present  conditions.  The  pressure  gradient  is  slightly 
negative,  the  Clauser  parameter  n  »  (8|/Su*2)dp,/dx 
being  equal  to  -0.019  (the  displacement  thickness  8)  Is 
8.1  mm). 

Temperature  fluctuation  measurements  are 
performed  w/lth  cold  wires  (Pt-10%  Rh)  of  diameter  d 
equal  to  0.63  urn.  These  cold  wires  are  operated  with  In 
house  constant-current  circuits.  The  heating  current  Is 
equal  to  0.2  rnA  such  that  the  velocity  sensitivity  of  the 
wire  Is  practically  negligible  and  the  signal  to  noise  ratio 
Is  large  enough  to  allow  correct  dissipation 
measurements.  The  wire  time  constant  M  Is  very  small 
since  0.63  nm  diamoter  wires  are  used  ;  M  «  30  )ts  for 
y*  =  2.4  (whore  y*  syuVv,.  with  y,  distance  from  the 
wall),  corresponding  to  the  measurement  point  closest 
to  the  wall,  resulting  in  a  cut-off  frequency  of  5  KHz  to 
be  compared  with  the  Kolmogorov  frequency  f^ 
(=U/2nn,  with  ti,  Kolmogorov  length  scale)  which  Is 
about  2.5  KHz.  At  y*  «  180,  In  the  region  where  ft(  is 
maximum,  these  frequencies  are  equal  to  8  KHz  and 
12  KHz  respectively.  For  results  presented  herein  no 
correction  Is  made  to  take  Into  account  the  Influence 
of  M  :  such  a  study  Is  in  progress,  but  It  seems  that  the 
main  problem  Is  related  to  the  spatial  Integration 
resulting  fri^iTi  the  wire  length  (/  -  0.35  mm),  which  Is 
about  4  Ti  close  to  the  wall  (y*  =  2.4)  and  about  3  ti  at 
y*  =  180.  Such  wire  lengths  are  consistent  with  those 
used  by  Krishnamoorthy  and  Antonia  (1987),  I.e.  //ii=4.5 
at  y*  =  180,  and  those  recommended  by  Wyngaard 
(19^)  whose  analysis  shows  a  10  %  attenuation  ofl^ 
with  i/ti  =  3.  This  wire  length  (h  -  10)  is  also  In  agreement 
witti  that  used  by  KlewIckI  and  Falco  (1990),  f*  -7.  (or 
I  rieasurements  of  the  velocity  time  derivative  skewness, 
with  a  momentum  Reynolds  number  equal  to  the 
present  one. 

A  special  study  has  been  performed  concerning 
end-conduction  effects  which  are  resulting  In  an 
attenuation  of  temperature  variance  measurements 
(Parenthoen  et  al.,  1982).  Figure  1  shows  the 
temperature  r.m.s.  070*  profiles  measured  with  the 
Wollaston  wire  usea  herein  (/  -  0.35  mm  ■  600  d)  and 
with  a  fully  etched  wire  of  equal  length,  together  with 
the  reference  curve  obtained  with  a  Wollaston  wire 
(I  m  1600  d)  by  Anselmet  et  al.  (1990),  A  fully  etched 
wire  has  been  considered  since  only  such  wires  can  be 
tractable  for  ce  measurements  with  a  four  sensor  probe; 
about  70  %  weakening  Is  obtained  over  the  boundary 


layer  and  as  much  as  100  %  In  the  wall  vicinity  (y*  s  10), 
In  fact,  temperature  spectra  Fe  determined  with  these 
two  kinds  of  wires  are  practically  Identical  when 
normalized  to  unity  :  this  Is  due  to  the  dumping  of  the 
wire  transfer  function  from  very  low  frequencies  less 
than  one  hertz. 

The  longitudinal  temperature  derivative  has  been 
estimated  using  Taylor's  hypothesis  which  has  been 
validated  both  experimentally  (Krishnamoorthy,  1987) 
and  numerically  (Plomelll  et  al.,  1989).  Figure  2 
compares  profiles  of  the  mean  values  ^5^  determined 
with  a  Wollaston  wire  In  the  present  study  and  by 
l^lshnamoorthy  and  Antonia  (1987).  With  a  fully  etched 
wire,  an  attenuation  similar  to  that  already  discussed 
for  the  temperature  variance  e’2  Is  obtained.  When 
those  values  are  corrected  to  take  Into  account  the 


FIg.l.  Temperature  r.m.s. - Anselmet  et  al.  (1990) 

(Wollaston  wire  l/d  *  1600) ;  present  measurements : 
o  Wollaston  wire.  I/d-  600 ;  +  fully  etched  wire,  //d=  600, 


Flg,2.  Mean  dissipation  rate, - Krishnamoorthy  and 

Antonia  (1987) ;  present  measurements :  0  Wollaston 
wire ;  ■¥  fully  etched  wire ;  *  fully  etched  wire  corrected 
for  temperature  r.m.s.  attenuation. 
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weakening  of  e'2  Indicated  on  figure  1  profiles  are 
practically  Identical  :  this  feature  Is  In  agreement  with 
the  Invariance  of  temperature  spectra  Fg  since  the 
quantity  Is  proportional  to  J  PFgdf,,  where  f  is 

frequency.  Consequently,  scalar  dissipation  timescales 
10  =  measured  with  the  two  kinds  of  wires  are 

almost  the  same  (Fig.  3). 

The  temperature  derivative  has  been  obtained 
with  an  analogue  circuit  providing  a  linear  gain 
variation  up  to  frequencies  larger  than  50  KHz.  The 
signals  from  the  cold  wire  and  from  the  differentiator 
have  been  low-pass  filtered  at  f^  =  lOKHz  before  on-line 
digitalizing  (37.5  KHz/channel).  Thus,  the  Kolmogorov 
frequency  Is  In  the  rqnge  0.25  fc  (at  y*  =  2.4  )  to  1.2  4 
(at  y*'  »  180  where  fx  Is  maximum).  The  high  resolution 
(15  bits)  A/D  converter  Is  connected  to  a 
microcomputer  where  data  (1  M-points  corresponding 
to  about  14s  duration)  are  stored.  Since  this  study 
requires  the  determination  of  instantaneous  dissipation 
(eo)x.  It  Is  important  to  check  that  the  squared 
temperoture  derivative  signal  is  not  noise  contamlned 
In  the  high  frequency  range.  Fig.  4  gives  -  In  log-log 
scales  -  the  spectra  of  0,  de/dt  and  O0/3t)2  close  to  the 
wall  where  measurements  are  most  critical  (the 
distance  y*  =  3  wlii  be  systematicaily  presented  instead 
of  y*  =  2.4  hereafter  because,  at  the  latter  position, 
high  frequency  Interferencies  occur,  but  these 
frequencies  do  not  contribute  to  the  linkage  between  0 
and  (£e)x)  :  the  high  frequency  behaviour  shows  noise 
does  not  significantty  disturb  signals.  It  Is  worth 
mentioning  the  de/dt  spectrum  Is  Identical  with  that 
calculated  from  F9. 


Flg.3.  Temperature  dissipation  timescale. 

- Krishnamoorthy  and  Antonia  (1987) ;  o  Wollaston 

wire -t-  fully  etched  \^re. 


RESULTS  AND  DISCUSSION 

In  order  to  study  the  linkage  between  0  and  (ee)*, 
their  correlation  coefficient  p  has  been  tlrsfty 
determined  (Table  1)  for  various  distances  from  the  wall 
ranging  from  the  sublayer  to  the  intermittent  region. 
Close  to  the  wall,  p  Is  rathei  strongly  negative  whereas 
It  Is  reaching  positive  values  of  the  same  order  of 
magnitude  In  the  outer  part  of  the  boundary  layer 


Flg/4.  Typical  spectra  in  the  wall  vicinity  (y'*’  =  3). 
- 6; . ae/at;--oe/3t)2. 
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Table  1.  Distribution  of  correlation  coetflcient  p  and 
Intermittency  factor  y  In  the  boundary  layer. 


where  the  Intermitlency  factor  y  Is  about  0.3.  In  these 
two  regions,  p  retains  the  same  sign  as  the  temperature 
skewness  factor  which  also  differs  slgnlflcantly  from 
zero.  In  order  to  underline  the  contribution  of  Individual 
frequencies  f  to  p,  co-spectra  E  (such  that  J  Edf  »  p) 
between  0  and  (^x  Qf®  shown  on  figure  5  in  Ihe  form  fE 
vs  f  on  a  logarithmic  scale,  for  typical  distances  from 
the  wall.  For  y*"  =  3  and  y/5  =  0.88,  the  contribution  to  p 
Is  due  to  rather  low  frequencies  of  about  the  same 
magnitude  as  the  macroscale  characteristic  frequency 
(which  Is  close  to  the  frequency  corresponding  to  the 
most  energetic  temperature  fluctuations).  At  positions 
where  p  Is  almost  zero  (such  as  y*  b  95),  the  co¬ 
spectrum  Is  small  whatever  the  frequency ;  this  Is  mainty 
related  to  the  symmetry  of  the  temperature  signal. 

Another  way  to  Investigate  the  Interdependence 
between  0  and  I*  t®  analyse  their  Jpdf.  Rgure  6 
shows  Iso-Jpdf  contours  at  y*"  =  95  are  practically 
Identical  with  Iso-contours  of  the  product  of  the  two 
maiglnol  pdfs  (a  =  0/0'  and  p  »  ((e^  - 
(((Ee)x  -  (^)2)'/2 .  In  fact,  the  observed  Independence 
is  resulting  from  the  balance  between  positive  and 
negative  temperature  fluctuations  which  Is  contributing 
to  an  almost  zero  overall  correlation  coefficient :  Iso¬ 
contours  (not  presented  here)  of  the  quantity  app(a,p), 
such  that  /  apP(a,p)dodp  *  p,  show  that,  for  each 
contribution  (ooO  or  a<0),  the  linkage  significantly  differs 
from  zero.  In  regions  where  temperature  fluctuations 
are  strongly  dissymmetric  (y*"  *  3,  Flg,7,  and  y/8  =  0.88, 
Flg.8),  the  assumption  of  Independence  does  not  hold 
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at  all  -  -  one  was  expecting  from  table  1 . 


From  the  Jpdf  analysis  one  can  also  compute  the 
conditional  scalar  dissipotlon  such  that 
<(Ee)x/0=0o>  = !  pP(«o'P)dp.  In  the  region  where  tempe¬ 
rature  fluctuations  are  almost  symmetrical  (Fig.9.y'‘=95), 


Flg.5.  Cospectra  between  0  and  (co)* ;  -  -  y*  =  3 ; 
—  y*  =  95  ; . y/5  =  0.88. 


-3  0  a  3 


Flg.6.  independence  test  for  the  Jpdf  between  0  and 
(£9)xaty+  =  95(p=0.01) 

a.  0and(ee)xJpdf 

b.  product  of  the  marginal  0  and  (£e)x  pdfs. 

Outer  to  inner  contours  correspond  to  0.001 , 0.01, 0.1 
and  1  respectively. 


Flg.7.lnterdependence  test  for  the  jpdf  between  0  and 
(£o)xaty+  =  3(p  =  -0.28) 

a.  0  and  (ce)xJpdf 

b. Product  of  the  marginal  0  and  pdfs. 

Contours  same  as  fig.  6. 


the  0  pdf  Is  practically  gausslan  and  the  condillonal 
dissipation  Is  almost  equal  to  zero  for  all  Oo  (=  0o/0’) 
values,  resulting  from  the  statistical  Independence 
already  mentioned  at  this  distance  (Cf.  Fig,  6).  It  Is 
worth  mentioning  that  J  =  Oo>  dot,,  should  be 

equal  to  zero  but  this  Integral  Is  somewhat  different 
from  zero  due  to  troncature  errors.  Close  to  the  wall 
(Fig.  10,  y*"  =  3),  the  0  pdf  Is  dissymmetrical  -  owing  to 
the  limit  resulting  from  the  v.all  temperature  -  and 
<(£e)x/0  =  0o>  strongly  depends  on  Qq,  retaining 
relatively  large  negative  values  for  positive 
temperature  fluctuations  and  positive  ones  for  0o 
negative.  These  behaviours  for  both  y*  =  95  and  y+  =  3 
corroborate  results  obtained  by  Eswaran  and  Pope 
(1988)  from  direct  numerical  simulations  of  the  turbulent 
mixing  of  a  passive  scalar.  A  similar  trend  Is  observed  In 
the  Intermittent  region  (Fig  11,  y/5  =  0.88),  but  the 
dissymetric  features  are  opposite  with  respect  to  those 
obtained  close  to  the  wall  and  the  dissymmetries  are 
more  clearly  marked  ;  that  Is  In  agreement  with  the  0 
skewness  factors  Sg  (see  table  1).  However,  for  these 
two  latter  positions,  the  absolute  values  of  correlation 
coefflclents  between  0  and  (eg)*  are  practically  equal. 
On  the  other  hand,  one  can  Imagine  that  the  strong 
Intermittent  nature  of  the  flow  far  away  from  the  wall 
(y/5  *  0,88,  y  =  0.28)  also  plays  an  Important  role  for  the 
linkage  between  the  large  and  small  structures :  the 
probabilistic  analysis  previously  presented  has  been 
applied  again  considering  only  the  turbulent  portions  of 
ttio  signals.  The  correlation  coefficient  p  Is  then  0,21 
Instead  of  0.30:  Intermittency  makes  the  linkage  more 
pronounced  but  Is  not  at  all  the  main  cause  for  that. 
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Fig. 8  Interdependence  test  for  the  Jpd'  between  6  and 
(Eo)*  aty/5  =  0.88(p=0.30) 

a.  eand  (eo)xJpdf 

b.  product  of  the  marginal  e  ard  odfs. 

Contours  same  as  Flg.6. 


Flg.9.Condltlonai  dissipation  and  temperature  pdf  at 
=  95.  _ _ <(e9Vo=ao> ;  —  P(a). 


Fig  12  Interdependence  test  for  the  Jpdf  between  9 
and  (cg),  at  v/5  =  0.88  when  intermittency  is  accounted 
for  (p  =0  21) 
a  9  and  (e^)*  Jpdf 

b.  product  of  the  marginal  9  and  (to)*  pdfs. 

Contours  same  as  Fig.  6. 

CONCLUoON 

The  assumption  of  statistical  Independence 
between  9  and  (ee)x  Is  sound  only  In  regions  where  9 
fluctuations  are  almost  symmetrical.  Close  to  the  wall 
(y*  <  15)  and  In  the  outer  part  (y/8  >  0.4)  the 
interdependence  Is  quite  strong.  It  is  appearing  from 
measurements  In  progress  of  9,  (t^,  (£9)^  and  the  total 
dissipation  that  this  result  would  not  be  Invalided. 
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ABSTRACT 

This  paper  deals  with  "thermals",  in  the  sense  of 
convective  flows  originated  by  the  quick  release  of  a 
fluid  inside  another  one  of  different  density,  the  two 
fluids  being  miscible.  Firstly,  a  theoretical  model  to 
describe  the  motion  is  presented.  The  particular 
feature  of  the  model  is  that  two  zones  with  different 
characteristics  are  considered:  (i)  the  zone  of  flow 
establishment  and  (ii)  the  zone  of  established  flow.. 
Experiments  with  fluids  with  large  density  differences 
were  carried  out  to  test  the  model  and  evaluate 
parameters  such  as  the  spreading  rate,  the  inertial 
coefficient,  the  length  of  the  zone  of  flow 
establishment  and  the  location  of  the  virtual  ori^n. 

1.  INTRODUCTION 

A  thermal  is  deflned  here  as  an  instantaneous 
release  of  buoyancy.  This  is  different  from  a  plume, 
for  instance,  whose  generation  is  due  to  a  continuous 
source  of  buoyancy.  If  the  density  of  the  fluid  is  greater 
than  that  of  the  ambient  we  have  the  so  called  "dense 
thermal".  The  study  of  this  flow  is  of  interest,  for 
example,  for  a  better  understanding  of  the 
mechanisms  involved  in  the  process  of  dumping  sludge 
into  the  sea.  On  the  other  hand,  "light  thermals"  have 
an  upward  motion  and  have  been  of  interest  in  various 
studies,  such  as  cumulous  clouds,  explosions  and 
atmospheric  pollution  '^esides  these  practical  cases, 
thermals  have  been  helpful  for  the  study  of  turbulence 
fundaments. 


However,  it  seems  that  experiments  on  thermals 
are  relatively  scarce  and  some  fundamental  questions 
have  not  received  appropriate  answers  yet.  That  is  the 
case  of  the  spreading  rate,  for  example.  There  are 
doubts  if  we  can  talk  about  an  universal  spreading  rate, 
or  if  it  varies  and,  in  this  case,  which  are  the 
conditioning  parameters.  Other  pertinent  questions 
are  the  geometry  of  the  thermal  and  the  evaluation  of 
the  virtual  mass.  Also  the  effect  of  large  density 
differences  on  thermal  motion  is  still  not  clear,  as 
pointed  out  by  Turner  (1986)  in  a  review  of  the 
entrainment  concept,  where  he  recognizes  that 
"though  for  most  geophysical  purposes  the  Boussinesq 
approximation  gives  adequate  accuracy,  the  problem 
os  mixing  between  fluids  with  large  density  differences 
is  a  fundamental  one,  which  merits  further  attention”. 

In  this  paper  a  theoretical  model  for  the  analysis 
of  this  kind  of  problems  is  presented  first,  and  then 
compared  with  experimental  results. 

2.  THEORY 

Escudier  and  Maxworthy  (1973)  developed  an 
interesting  theory  for  the  thermal  motion  but  they  did 
not  compare  it  with  experimental  results.  Our 
experiments  confirm  their  theory  in  regions  far  from 
the  source,  but  the  agreement  is  poor  in  intermediate 
aud  near  zones.  A  possible  explanation  is  that  they  did 
not  consider  a  zone  of  flow  establishment. 


As  a  matter  of  fact,  we  think  that  two  distinct  zones 
in  the  thermal  motion  should  be  considered.  Within  a 
certain  distance  from  the  source  the  thermal  exhibits 
an  appendix  -  see  top  of  Fig.  1  -  which  becomes  smaller 
and  smaller  until  it  completely  disappears.  The  first 
zone  will  be  called  the  "zone  of  flow  establishment" 
(ZFE)  and  the  second  one  the  "zone  of  established 
now"  (ZEF). 

The  shape  of  the  cloud  is  not  easy  to  qualify 
precisely.  It  is  similar  to  a  caulifiower  but,  as  it  will  be 
seen,  it  is  not  necessary  to  assume  a  particular  shape 
for  the  development  of  the  theory.  So,  let  the  volume 
and  the  surface  area  generically  expressed  by 

volume“K^,b^  (1) 

area~K\b^  (2) 

where  b  represents  the  horizontal  radius  of  the  cloud 
and  and  KaBie  coefficients  which  is  not  necessary 
to  quantify. 

It  seems  plausible  that  a  virtual  mass  should  be 
con-sidered,  at  least  close  to  the  origin,  and  the 
inherent  added  mass  will  be  represented  by: 

Added  mass  “  K ^b^p^)  (3) 

where  Pa  is  the  ambient  density  and  the  inertial 
coefficient. 

Assuming  that  inside  the  thermal  the  density  ( p ) 
and  the  velocity  ( u )  are  uniformly  distributed,  the 
momentum  equation  can  be  written  as 

^[(K,pb^^K^K,p„b^)u]-F  (4) 

where  F  represents  the  buoyancy  force  defined  by 

F-K,ip-pJgb^  (5) 

If  the  ambient  density  is  uniform  the  buoyancy  is 
coinervtd,  hence 

P  -  ^-0-  ^APo-Pa)9bl  (6) 

where  the  index "  o  "  applies  to  t  -  0,  the  instant  when 
the  thermal  is  released. 

By  integrating  (4)  and  taking  into  account  (5),  we 
have 
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K  represents  the  value  of  AT  -  Eq.  (3)  -  in  the  zone 
of  flow  establishment. 

Substituting  [  ^  )  from  (13)  and  integrating  (15)  we 
obtain 

(a, z.)^  +  4(0,2.)^  +  6(0,2.)^  + 

+  4(l+p.)(a.2.)-Y7^^<-  (18) 

This  equation  was  made  dimensionless  by 
introducing  the  scales 


*  \^og) 

*  I 

and  considering  the  relative  values 


z  .  t  u 

2.  -  r-  .  1.  “  r-  .  u.  “  — 
I,  t,  u. 


Taking  into  account  equations  (13),  (6)  and  (7), 
respectively,  the  "radius"  of  the  thermal,  the  dilution 
and  the  velocity  at  a  certain  level  can  be  expressed  as 


b 

b,  -  —  “  1  +  a,z. 

(23) 

r,  Po~Po 

S,  - - -  b. 

(24) 

P--Pa 

t. 

u,  .  - - - - 

(25) 

(1  +  K;„.)b?+A„ 

The  asymptotic  behaviour  of  the  thermal  when 
2  -t  0  can  be  expressed  as  follows: 


l.-[2(l  +  /C*,  +A.)]''"z;'^  ;  b.-l  : 


S.-l  ;  u.- 


22.  y 

+  aJ 


In  ZEF  the  relationship  between  z  and  rcan  also 


be  obtained  by  integrating  (15),  but  now[  ^  )is  defined 

by  (14).  Under  the  condition  /  -  /  ,  for  2  -  z, ,  that 
integration  leads  to 

(a(2.-2..)]^  +  4.1[a(2.-2..)]=’  + 

+  6/l^[a(z.-2..)]*  + 

+  4(/t=’  +  P)[a(2.-2..)]  = 

2a  7  7 


where 

A  -  1  +  a,2,.  and  A. 

The  "radius",  dilution  and  velocity  of  the  thermal 
are  now  defined  by 

b.- A  + a(z.- z,.)  (29) 

(30) 

P-Po 

“‘“(1  +  A:„)b?+A„ 

The  asymptotic  behaviour  when  2  -♦  wis  expressed 
as  follows: 

,  ra"(l +  AC„)1''"  2 

'•“[ - ^ - J  ’■  ' 

S.-(az.y  :  u.-[2a^(l +/f;^)]‘''*2;'  (32) 

It  should  be  noted  that  the  parameter  A ,  b  present 

in  (26)  but  not  in  (32).  This  means  that  density 
differences  give  rise  to  different  behaviours  near  the 
ori^n  but,  in  non-dimensional  coordinates,  all  the 
thermals  should  exhibit  the  same  behaviour  far  from 
the  origin.  Thb  b  very  clear  from  the  experiments. 

3.  EXPERIMENTS 

3.1.  Description 

One  of  the  aims  of  the  experimental  work  was  to 
investigate  the  influence  of  density  on  the  flow 
characteristics,  namely  m  the  case  of  very  high 
densities,  that  could  question  the  Boussinesq 
approximation.  For  that  purpose,  a  tank  with  a  cross 


section  of  0.45x0.45ni2  filled  with  drinking  water  up 
to  the  height  of  0.50m  was  used,  and  small  volumes  of 
denser  solutions  were  released  at  the  surface,  -  see 
Table  1  -  previously  combined  with  potassium 
permanganate  for  visualization. 


Table  1  -  Conditions  of  each  experiment 


Another  point  we  wanted  to  examine  was  the 
influence  of  the  mitial  size  of  the  cloud.  Therefore, 
different  volumes  from  0.3ml  to  5ml  were  used,  and 
it  can  be  anticipated  that  no  different  behaviours  were 
observed.  The  volume  was  measured  with  a  syringe, 
used  to  fill  hemispherical  spoons  of  different  sizes, 
adequate  to  the  samples,  whose  discharge  was  made 
very  carefully,  m  order  to  avoid  initial  velocity. 

On  the  wall  of  the  tank  there  was  a  metric  scale, 
and  the  horizontal  diameter  of  the  cloud,  as  well  as 
the  time  elapsed  after  being  released,  were  measured 
every  5  cm.  Each  experiment  was  repeated  six  to 
twelve  times,  in  order  to  obtain  representative  average 
values. 

3.2.  Experimental  results 

The  results  of  the  experiments  are  shown  in  Figures 
2  and  3.  The  first  one  suggests  that  in  the  zone  where 
the  radius  was  really  measured  (z.  >  10),  a  linear 
development  can  be  accepted,  with  a  spreading  rate 
a  -  0.25,  independent  of  the  density.  The  speed  of 
the  motion  in  its  initial  phase  did  not  permit  direct 
measurements  in  regions  close  to  the  origin,  that  is, 
direct  evaluation  of  a,. 


Anyway,  considering  the  '•hortness  of  the  zone,  this 
could  ^ve  rise  to  appreciable  relative  errors,  hence  an 
indirect  method  based  on  the  kinematic  of  the  flow 
was  used  instead,  as  will  be  indicated  further. 

The  kinematic  aspects  are  shown  in  Fig.  3  and,  as 
a  first  observation,  we  would  say  that  the  asymptotic 
trend  expected  from  Eq.  (32)  is  confirmed.  That 
asymptote  offers,  possibly,  the  most  prac*ical  way  of 
evaluating  AC  *,.Makinga  -  0.25,  it  seems  that  AC  *(  *  0. 
As  a  matter  of  fact,  these  were  the  values  used  to 
compare  Eq.  (27)  -  the  general  solution  for  ZEF  -  with 
the  experimental  results.  On  the  other  hand,  for 
distances  relatively  short  Eq.  (27)  is  quite  sensitive  to 
the  parameters  a,  ,  z,.  and  Km,  ,  related  to  ZFE, 
therefore  the  adjustment  of  this  equation  to  the 
experimental  data  was  the  criterion  adopted  for  the 
selection  of  those  parameters  -  Table  2  -. 


Table  2  -  Selected  parameters 


The  observation  that  the  largest  values  of  a,  are 

associated  with  the  largest  values  of  z,.  is  a  subject 
which  deserves  some  reflection.  It  is  a  situation  only 
understandable  if  there  is  a  "d^calage"  between  the 
straight  lines  that  represent  the  linear  growth  of  the 
cloud,  that  is,  if  the  virtual  sources  are  different,  as 
shown  in  Fig.  4,  from  where  we  deduce 


Fig.  3  allows  the  acceptance  of  this  explanation,  though 
for  values  of  p  oSO  different  as  1063  Kg/m^  and  1458 
Kg/m^  the  "d6calage"  is  so  small  that  can  be  ignored 
for  practical  purposes. 

4.  CONCLUSIONS 

This  paper  reports  a  theoretical  and  experimental 
study  on  the  motion  of  the  thermals.  The  consideration 
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of  a  zone  of  flow  eslablishmcnt  as  a  transition  to  the 
zone  of  established  flow  is  the  main  novelty  of  the 
theoretical  model.  It  was  compared  with  experimental 
data,  with  the  particularity  that  very  heavy  fluids  have 
been  used.  Principal  conclusions: 

(i)  In  the  zone  of  established  flow,  and  independently 
of  the  density,  a  constant  spreading  rate  a  -  0 . 25 
was  found,  as  well  as  AC  ^  0 ,  which  means  that 
the  added  mass  is  irrelevant  in  this  zone.  However, 
the  virtual  origin  seems  to  depend  on  density,  the 
greater  the  density,  the  farther  from  the  real 
origin; 

(ii)  The  length  of  the  zone  of  flow  establishment  is 
relatively  small,  though  increasing  with  density, 
and  a  maximum  value  of  5b „  was  deduced  from 
the  experiments.  In  this  zone  it  seems  plausible 
AC  V,  -  0.5,  which  is  the  representative  value  for 
a  sphere.  The  spreading  rate  a,  was  found  to 
increase  with  density.  As  the  spreading  rate  is 
related  to  the  entrainment  coefficient  a '  by  Eq. 
(10),  it  seems  possible  to  deduce  a '  by  analising 
the  geometry  of  the  cloud.  We  hope  to  do  that  in 
the  future,  as  an  effort  for  better  understanding 
the  relationship  between  entrainment  and 
densimetric  effects. 
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SUMMARY 

In  the  last  decade,  much  effort  has  been  devoted  to  the 
understanding  of  near  wall  turbulence,  both  through  ex¬ 
perimental  and  numerical  observations.  Different  scenar¬ 
ios  have  been  proposed,  but  a  broad  consensus  on  a  basic 
model  for  the  near  wall  events  has  still  not  been  achieved. 
We  present  here  a  simple  numerical  model  for  some  of  the 
events  occurring  during  the  bursting  phenomenon.  In  partic¬ 
ular  we  study  the  behaviour  of  longitudinal  vortices  as  they 
are  brought  near  a  wall  by  an  i-dependent  external  shear, 
which  is  the  near  wall  equivalent  of  a  plane  strain.  We  also 
study  the  effect  of  the  interaction  on  the  local  wall  stress, 
and  we  calculate  the  distributions  of  turbulent  stresses  to 
analyse  the  zones  of  maximum  production  in  the  transversal 
y-z  plane. 

INTRODUCTION 

The  direct  simulation  of  the  channel  flow  by  Kim  tt  al. 
(1987),  using  visualisation  techniques  similar  to  those  in  the 
experiments  of  Kim  et  al.  (1971),  showed  the  existence  of 
streamwise  vortical  structures  near  the  wall,  very  similar  to 
those  observed  in  experiments,  and  with  similar  spacings  and 
lengths.  Their  computational  box  was  2300  x  1500  wall  units 
in  the  streamwise  and  spanwise  directions,  and  contained 
many  structures,  making  it  difficult  to  isolate  the  details  of 
individual  events.  This  is  even  harder  in  experimental  stud¬ 
ies.  To  achieve  a  better  understanding  of  individual  events 
near  the  wall,  Jimdnez  and  Moin  (1991)  introduced  the  use 
of  numerical  simulations  in  “minimal”  channels.  In  that  case 
only  a  few  structures  are  present  in  the  computational  do¬ 
main  and  it  is  easier  to  follow  them  in  time  and  to  study  how 
they  interact  among  themselves  and  with  the  wall.  Because 
of  the  intrinsic  three-dimensional  character  of  the  flow,  it  is 
difflcult  to  obtain  simple  models  for  the  near  wall  region, 
but  both  the  full  channel  and  the  minimal  channel  simu¬ 
lations  show  that  the  structures  are  very  elongated  in  the 
streamwise  direction,  and  that  the  key  event  occurs  when 
they  come  near  the  wall.  Their  interaction  with  the  wall 
induces  a  layer  of  secondary  wall  vorticity  of  opposite  sign, 
which  then  diffuses  and  interacLs  willi  the  primary  structure. 
During  this  interaction  a  very  rapid  growth  of  the  wall  shear 
stress  is  observed. 

A  similar  mechanism  was  observed  by  Robinson  (1991) 
analysing  Spalart’s  (1988)  turbulent  boundary  layer  direct 
simulation.  He  came  to  the  conclusion  that,  in  the  inner 
zone,  single  unpaired  near-wall  quasi-streamwise  vortices  gen¬ 
erate  persistent  low-speed  streaks,  and  that  counter-rotating 
vortex  pairs  are  rare.  The  fact  that  the  whole  structure  is 
elongated  suggests  that  a  quasi  two-dimensional  model  may 
be  built,  in  the  y-z  transverse  plane,  in  which  the  longitudi¬ 


nal  variation  is  represented  only  through  a  variable  forcing 
term  in  the  equations.  This  permits  the  use  of  grids  which 
are  unaffordable  in  a  three-dimensional  simulations,  and  the 
observation  of  small  details  which  would  be  unavailable  oth¬ 
erwise.  On  the  other  hand,  the  longitudinal  variations  of  the 
flow  are  only  represented  in  an  approximate  manner.  As  a 
consequence  we  expect  to  find  correspondence  with  experi¬ 
ments  in  the  development  of  the  small  spatial  scales,  and  for 
short  time  intervals,  but  not  necessarily  for  large  scales  or 
for  long  times. 

Ersoy  and  Walker  (1986)  were  probably  the  first  ones 
to  investigate  numerically  two  dimensional  vortex  motion 
near  a  wall  in  connection  with  the  bursting  phenomenon, 
although  the  basic  model  was  proposed  much  earlier  (Black- 
welder  and  Eckelmann,  1979).  They  considered  the  viscous 
boundary  layer  induced  by  a  pair  of  counter-rotating  point 
vortices  impinging  on  the  wall  at  an  arbitrary  angle,  and 
concluded  that  the  wall  layer  always  separates  and  gener¬ 
ates  a  violent  eruption  as  a  consequence  of  the  pressure 
field  induced  by  the  pair.  They  concluded  moreover  that, 
in  asymmetric  cases,  the  effect  of  vortex  nearest  to  the  wall 
dominates  the  motion.  Their  study  was  done  in  the  context 
of  non-interacting  boundary  layer  theory  and,  as  a  conse¬ 
quence,  the  wail  layer  became  singular  in  a  finite  time. 

The  present  study  tries  to  do  a  more  realistic  simula¬ 
tion  by  using  the  full  two  dimensional  Navier  Stokes  equa¬ 
tions  and  non  singular  vortices,  and  by  using  parameters 
derived  from  direct  numerical  simulations  of  the  boundary 
layer.  The  aim  is  to  study  the  formation  of  compact  longitu¬ 
dinal  cores  from  initially  flat  vorticity  distributions,  to  follow 
the  subsequent  behaviour  of  those  cores,  and  to  quantify  the 
average  (streamwise)  wall  stress  produced  by  them. 

PHYSICAL  MODEL 

We  consider  an  infinite  streamwise  vortex  subject  to  a 
variable  shear  that  increases  linearly  with  the  streamwise 
coordinate,  x.  From  continuity  there  is  a  downwash  towards 
the  wall  which  is  independent  of  x.  This  mean  flow  is  in¬ 
tended  as  a  first  approximation  to  a  sweep  event,  in  which 
a  streamwise  vortex  is  pushed  towards  the  wall,  and  pre¬ 
sumably  initiates  a  new  bursting  cycle.  The  assumption  is 
that  the  spatial  and  temporal  scales  of  the  pressure  gradi¬ 
ent  that  produces  the  sweep  are  large  with  respect  to  those 
of  the  evolution  of  the  vortex.  Under  those  conditions  the 
mean  flow  can  be  assumed  to  be  steady,  and  a  good  model 
is  Hiemenz  flow  (Schlichting,  1987,  p.  87),  which  has  the  ad¬ 
vantage  of  being  itself  a  steady  solution  of  the  Navier-Stokes 
equations.  It  can  be  expressed  in  terms  of  a  dimensionless 
function  if>{y)  as  UH(x,y)  =  ai^'(y),  Vj/(y)  =  -a^{y).  The 
function  <f)[y)  behaves  quadratically  in  y  .near  the  wall,  so 
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that  the  horizontal  velocity  drops  linearly  to  zero  in  that 
region  while  the  normal  velocity  vanishes  quadratically,  as 
in  real  profiles.  Assuming  the  same  x  dependance  for  the 
perturbations  as  for  the  mean  flow,  we  write  the  streamwise 
velocity  perturbation  as  \i(x,y,z)  =  axq(y,z) 

The  equations  for  the  transverse  and  longitudinal  mo¬ 
tion  are  weakly  coupled  through  the  vortex  stretching  term. 
The  transverse  velocity  (v,w),  is  incompressible,  and  can  be 
characterised  by  the  streamwise  vorticity  component  u  = 
dw/dy  -  dv/dz,  and  by  a  stream  function  tl>{y,z).  Prom 
now  on  we  will  use  dimensionless  quantities  normalised  with 
r,  the  circulation  of  the  streamwise  vortex,  and  with  ro,  the 
radius  of  the  vortex,  and  o,  related  to  the  variable  shear. 
The  dimensionless  equation  for  the  longitudinal  vorticity  is 


^  -f  J(w,0)  =  Ru 


+  Re  V’w, 

(1) 


with  Re  =  Vfv ,Rm  =  arj/r  and  collects  the  usual 

convective  terms.  The  first  term  on  the  right  hand  side  rep¬ 
resents  the  effect  of  vortex  stretching  by  the  variable  shear, 
while  the  second  one  represents  advection  of  vorticity  by  the 
resulting  normal  velocity. 

With  the  assumptions  for  the  perturbation  velocities,  to¬ 
gether  with  a  corresponding  one  lor  the  perturbation  pres¬ 
sure,  we  can  also  write  a  transport  equation  for  the  pertur¬ 
bation  streamwise  velocity,  q, 


=  -R^ 


(q^  +  2  <i>'q)  +  (t>(y) 


+0(y)"|^  +  fie  V’q. 


(2) 


This  quantity  behaves  approximately  as  a  passive  scalar 
evolving  under  the  effect  of  viscous  diffusion  and  of  advec¬ 
tion  by  the  {q,  v,  w)  field.  Note  that,  due  to  the  assumption 
of  two  dimensionality,  these  two  equations  are  exact,  except 
for  a  “quasi  linear”  approximation  in  (2)  tnat  dpjdy  =  0. 
We  integrate  them  to  evaluate  how  the  vortex  evolves  under 
its  own  induction,  coupled  to  the  stretching  of  the  variable 
shear,  and  how  the  streamwise  structures  affect  the  longi¬ 
tudinal  velocity  distribution,  including  the  mean  wall  stress 
averaged  over  the  spanwise  direction. 

Note  that  the  limit  Ru  — *  0,  which  is  reached  by  letting 
a  — *  0  and  i  -»  oo,  is  that  of  constant  shear  and  no  strain, 
but  satisfies  formally  the  equations.  We  will  present  later 
some  simulations  in  this  limit  to  separate  the  effects  of  self 
induction  from  those  of  stretching. 

In  our  calculations,  the  equations  are  solved  in  a  rectan¬ 
gular  domain  with  periodic  conditions  in  the  spanwise  direc¬ 
tion.  Free-slip  conditions  are  imposed  at  the  upper  wall  and 
a  very  efficient  discretisation  of  the  wall  vorticity,  described 
in  (Orlandi,  1989),  is  used  at  the  lower,  non-slip  wall.  The 
main  features  of  the  numerical  method  are  described  in  that 
paper.  It  is  a  scheme  with  second  order  time  rmd  space  accu¬ 
racy,  and  with  global  conservation  of  energy,  enstrophy,  and 
vorticity  in  the  inviscid  limit.  The  dimensionless  units  used 
in  the  numerical  calculations  can  be  related  to  the  boundary 
layer  “v/all”  units  by  fixing  the  vortex  radius  and  the  kine¬ 
matic  viscosity.  The  latter  is  defined  as  u*  =  1,  while  the 
former,  for  reasons  given  below,  will  be  taken  as  =  10.  In 
the  following  all  results  will  be  expressed  in  those  wall  units. 

All  the  calculations  are  performed  within  a  domain  of  size 
equal  =  100  in  the  spanwise  direction  and  y*  —  60  nor¬ 
mal  to  the  wall.  This  corresponds  to  the  average  full  spacing 


between  consecutive  sublayer  “streaks”  in  the  spanwise  di¬ 
rection  but  excludes  the  logarithmic  region  in  the  vertical 
one.  All  the  simulations  are  performed  in  a  256  X  256  grid. 

INITIAL  CONDITIONS 

Robinson  (1991),  analysing  Spalart’s  (1988)  turbulent 
boundary  layer  data  base  from  direct  simulations,  computed 
distributions  of  diameters,  strengths  and  wall  distances  for 
the  quasi-streamwise  vortices.  He  found  that  the  radii  have 
a  distribution  with  a  maximum  around  =  5  -  20,  the  wall 
distance,  around  !/■•■  =  10  —  50,  and  the  Reynolds  number, 
Re  =  r/i/  =  60  —  250.  The  value  rj  =  10  chosen  in  our 
computations  is  intended  to  represent  an  average  of  these 
vortices. 

Some  preliminary  computations  using  those  values 
showed  that  the  vorticity  was  rapidly  dissipated.  Since  the 
goal  of  the  study  was  to  investigate  the  vortex  dynamics,  we 
decided  to  increase  the  Reynolds  number  to  allow  for  longer 
lifeiimes,  and  all  the  simulations  presented  here  are  done  us¬ 
ing  T*  =  Re  =  500.  The  discrepancy  is  most  probably  due 
to  the  three  dimensional  effects  that  are  neglected  in  our 
model.  In  a  strictly  two  dimensional  approximation,  like 
ours,  the  vorticity  rotation  terms  u^dUfdy  and  tti,dUldz 
cancel  identically,  and  there  is  no  way  to  regenerate  the 
streamwise  vortices  from  the  transverse  vorticity  in  the  mean 
shear.  As  a  consequence  any  streamwise  vortex  is  eventually 
dissipated.  On  the  contrary,  it  was  shown  in  (Jimenez  and 
Moin,  1991)  that  those  reorientation  terms  play  a  significant 
role  in  the  evolution  of  the  streamwise  vorticity  in  the  real 
boundary  layer. 

The  initial  streamwise  velocity  profile,  Uh,  has  two  ef¬ 
fects.  First,  through  'he  scale  factor  o,  it  generates  the  ex¬ 
ternal  strain  and  the  normal  velocity  field  that  brings  the 
streamwise  vortices  closer  to  the  wall.  Second  it  is  itself 
convected  by  the  transver.,e  velocity  field  and  generates  the 
shear  layers  and  the  wall  stress  that,  although  essentially 
passive  in  our  approximation,  are  such  important  features 
of  real  flows.  Both  effects  can  be  studied  approximately  by 
using  an  initially  linear  profile  near  the  wall,  although  the 
consistency  of  the  equations  forces  us  to  use  a  more  realistic 
model  such  as  the  Hiemenz  flow.  Still,  all  that  is  required  is 
that  dUit  fdy  — *  0  as  y  -♦  oo,  and  the  detailed  profile  is  quite 
irrelevant.  In  particular,  the  vertical  scale  of  the  Hiemenz 
profile  is  arbitrarily,  and  was  adjusted  in  our  simulation  so 
that  (t>'  =  0.9  at  y  =  4.5  (y'*'  =  45),  giving  an  essentially  lin¬ 
ear  profile  over  most  of  the  region  of  interest,  but  levelling 
to  =  1  at  '.he  upper  edge  of  the  computational  domain. 

The  strain  parameter,  o,  was  estimated  from  direct  sim¬ 
ulation  data.  In  those,  the  wall  shear  has  a  spotty  distri¬ 
bution,  in  the  range  dV^  jdy'^  =  0-3,  with  a  streamwise 
length  scale  of  the  order  of  =  50  —  100  (Jimenez  and 
Moin,  1991).  The  corresponding  values  for  the  strain  are, 
0+  =  (d*f/+/dy+5z+)/(d(^7dy+)»  «  0.5  -  2.0.  From  these 
data  the  dimensionless  strain  in  Eqs.(4)  and  (5)  can  be  ap¬ 
proximately  evaluated  as  Ru  =  0.1  -  0.5.  Because  we  are 
interested  in  investigating  tne  effect  of  the  strain,  we  consid¬ 
ered  two  cases;  the  first  one  with  constant  shear,  Ru  =  0, 
and  the  second  one  with  a  strong  strain,  Ru  =  0.243. 

The  choice  of  the  initial  vorticity  distribution  and  loca¬ 
tion  for  the  longitudinal  vortices  influences  in  a  large  mea¬ 
sure  the  evolution  of  the  flow.  Rather  than  introducing  circu¬ 
lar  vortices  ab  initio  we  decided  to  study  whether  they  might 
form  naturally  by  self  induction,  and  we  used  vortices  whose 
initial  shapes  were  very  elongated  in  the  spanwise  direction. 


28-1-2 


40- 


Fig.  1  -  Time  sequence  of  w,  maps  in  the  transverse 
section  of  a  minimal  channel,  moving  with  the 
approximate  convection  velocity  of  the  vortic- 
ity  structures  at  the  wall.  Flow  is  minimal 
channel  from  Ref.[3j.  Time  from  left  to  right 
and  top  to  bottom. 


described  by  the  expression 

oj  --UM  exp  =^-^1  sin  (^ir  ,  x  e  {0,c^)  (3)' 

where  was  adjusted  so  that  I'  =  1,  and  with  ■-  0.75, 

=  10-40,  and  =  7.5.  A  typical  initial  condition  is 
shown  in  Fig.  3. a.  These  vortex  sheets  are  found  often  in 
the  near  wall  region  of  real  boundary  layers  (see  Fig.  l),  and 
it  is  not  immediately  obvious  whether  they  result  from  the 
deformation  of  initially  circular  vortices,  or  whether  they  are 
precursors  to  them.  Our  goal  in  choosing  them  as  initial  con¬ 
ditions  was  to  see  whether  they  would  evolve  spontaneously 
into  circular  cores,  and  how  fast.  In  the  case  of  the  simu¬ 
lations  presented  here,  a  vortex  sheet  with  =  i?«  =  500 
and  Oj  =  20  rolls  up  into  a  compact  core  in  <"*■  w  1,  which 
is  shorter  than  other  relevant  time  scales  in  the  flow. 

RESULTS  AND  DISCUSSION 

We  were  also  interested  in  investigating  whether  our 
quasi-two-dimensional  model  would  predict  the  type  of 
events  depicted  in  Fig.  1,  whose  most  charau:teristic  fea¬ 
ture  is  the  presence  of  intense  compact  vortices  of  one  sign 
and  weaker,  more  diffuse,  vortices  of  the  opposite  sign  which 
seem  strained  by  them  into  thin  sheets.  Approximately  sym¬ 
metric  vortex  pairs  are  conspicuously  absent.  Wc  performed 
several  calculations  with  different  initial  configurations  to 
study  their  evolution. 

With  counterrotating  vortices  of  similar  initial  circula¬ 
tions  and  shapes,  either  with  or  without  external  strain, 
both  vortices  roll  up  in  approximately  half  an  eddy  turnover 
time.  The  final  configuration  is  that  of  Fig.  2,  with  a  vortex 
pair  receding  away  from  the  wall.  Configurations  similar  to 
those  of  Fig.  1  cannot  be  achieved.  The  layers  of  vorticity 
of  opposite  sign  which  are  formed  at  the  wall  play  an  im¬ 
portant  role  in  the  roll-up  process.  They  are  initially  very 
intense,  but  they  later  diffuse  away  from  the  wall  and,  sub¬ 


Fig.  2  -  Contour  plots  of  vorticity  at  U  =  4.8  for  a 
symmetric  initial  condition,  {umaz  =  -52,  Aw 
increment  =  .10,  Re  =  500,  Ru  =  0). 


jected  to  the  shear  of  the  main  vortex,  are  dissipated  quickly. 
When  an  external  strain  is  applied,  the  vortices  are  pushed 
against  the  wall  and  become  more  compact  under  the  effect 
of  the  stretching,  but  the  wall  interacticn  mechanism  does 
not  change  appreciably. 

When  the  two  counterrotating  vortex  sheets  have  the 
same  initial  circulation  magnitude,  but  their  shapes  and  dis¬ 
tances  from  the  wall  are  different,  the  evolution  is  asym¬ 
metric  for  a  while.  An  example  is  given  in  Fig.  3a-c,  in 
which  one  of  the  vortices  is  relatively  compact  and  close  to 
the  wall,  while  the  other  one  is  more  elongated  and  located 


Fig.  3  -  Contour  plots  of  vorticity  with  asymmetric  ini¬ 
tial  conditions.  (Aw  increment  =  .1,  Re  = 
500,  Rn  =  0).  a)  t+  =  0;  b)  t*  =  2.4, 
Wmai  —  .90j  c)  ~  4.8,  W„mx  =  .55. 
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Fif  4  -  Contour  plots  of  streamwise  velocity  corre¬ 
sponding  to  Fig.  3.b.  (A?  increment  =  .025} 


Fig.  5  -  <dUldy^  >  time  history  for  flow  in  Figures 
3-4. 


at  a  greater  distance.  The  small  core  on  the  right,  having 
a  higher  vorticity,  assumes  a  circular  shape  in  a  very  short 
time  and  prevents  for  a  while  the  roll-up  of  the  more  diffuse 
sheet.  The  results  at  f*"  =  2.4  (Fig.  3.b)  is  quite  similar  to 
some  of  the  structures  in  Fig.  1.  The  main  difference  is  the 
behaviour  of  the  secondary  vortex  sheet  at  the  wall,  which 
looks  weaker  in  the  three  dimensional  case.  This  ..heet  tends 
to  protrude  in  between  the  two  members  of  the  vortex  pair, 
shielding  the  diffuse  vortex  and  allowing  it  to  roll  up  even 
in  the  presence  of  the  strong  core.  In  fact,  in  the  two  di¬ 
mensional  case,  in  which  that  secondary  vorticity  is  strong, 
the  two  cores  have  essentially  rolled  up  at  =  4.8  (Fig. 
3.c)  and  the  final  result  is  quite  symmetric,  similar  to  that 
in  figure  2.  Therefore,  a  first  conclusion  of  our  simulation  is 
that  the  single  structures  observed  Robinson  (1991)  have  to 
be  caused  by  very  non-symmetric  events,  e.g.  legs  of  hairpin 
vortices  lying  at  different  distance  from  the  wall,  and  that 
the  vortex  closest  to  the  wall  is  always  dominant. 

It  is  generally  accepted  that  these  longitudinal  structures 
are  responsible  for  the  formation  of  the  low  velocity  streaks 
in  the  wall  region.  Fig.  4  shows  that  this  process  is  caused  by 
the  convection  of  the  streamwise  velocity  field,  U  =  U}f  +  u, 
by  the  longitudinal  vorticity.  In  the  region  of  updraft,  the 
initial  shear  is  convected  away  from  tne  wall,  generating  a 
low  velocity  streak  and  a  detached  layer  of  intense  spanwisc 
shear.  These  are  regions  of  negative  u'  and  positive  o'  (II 
quadrant)  which  generate  negative  u'v'  and  production  of 
turbulent  energy. 


(a) 


z+ 


Fig.  6  -  Normal  stresses  distributions  for  Fig.  3.b. 
a)  /,  b)  v'\  c)  w'\  (A  increment  =  .00125) 

I  eJ  three  dimensional  flows  these  shear  layers  proba¬ 
bly  become  unstable  and  lead  to  the  formation  of  new  longi¬ 
tudinal  vortices  and  of  new  turbulent  cycles,  but  these  effects 
are  absent  in  our  simplified  two  dimensional  model.  To  the 
sides  of  these  low  velocity  regions  the  downwash  pushes  the 
background  shear  towards  the  wall  and  generates  a  high  ve¬ 
locity  streak.  It  is  not  a  priori  clear  whether  the  two  effects 
would  cancel  at  the  wall  and  whether  the  global  effect  would 
be  a  increase  or  a  decrease  in  the  wall  stress  averaged  over 
the  span.  Figure  5  shows  that  the  former  is  the  case  and  that 
the  averaged  wall  stress  increases  by  50%  in  t*  =  5,  which  is 
a  time  scale  comparable  to  that  estimated  for  the  growth  of  a 
burst  in  (Jimenez  and  Moin,  1991).  Since  the  eddy  turnover 
time  can  be  estimated  as  t+  =  (27rrJ')’/r+  «  8,  the  increase 
in  wall  stress  is  very  rapid,  and  occur  in  time  which  are 
short  compared  to  an  eddy  rotation,  although  longer  that 
those  associated  t7  the  formation  of  the  compact  cores. 

Fig.  6  shows  the  spatial  distribution,  in  the  y-z  plane,  of 
the  velocity  perturbations  at  the  particular  moment  in  time 
which  corresponds  to  Fig.  3.b.  These  perturbations  would 
contribute  to  the  turbulent  intensities  u',  v'  w'  in  the  three 
dimensional  boundary  layer,  but  can  only  be  related  directly 
to  them  after  a  randomising  and  averaging  step  that  was  not 
attempted  here.  Still,  the  location  of  the  different  contribu¬ 
tions  is  interesting.  The  fact  that  the  u'  perturbation  that 
defines  the  low  velocity  streak  is  wider  in  the  spanwise  di¬ 
rection,  and  stronger,  away  from  the  wall  than  close  to  it,  is 
well  known  from  experiments.  The  association,  in  the  cen- 
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Fig,  7  -  Contour  plots  of  vorticity  with  strain  at  t'*'  = 
2.4,  (tumai  =  1-30,  Aw  increment  =  .1,  Re  = 
500,  Ru  0.243). 


Fig.  9  -  <  dU/dy„  >  time  history  for  flow  in  Figures 
7-8. 


tre  of  the  streak,  of  o'  >  0  and  u'  <  0,  defines  an  “ejection” 
event,  and  suggests  once  again  that  ejections  are  not  tran¬ 
sient  events  in  the  boundary  layer  but  long  lasting  states 
that  pass  by  the  stationary  probes  used  in  experimental  ob¬ 
servations  (Moin,  1987,  Jimenez  and  Moin,  1991) 

From  this  first  simulation,  without  external  strain,  we  sec 
that  our  simplified  model  reproduces  some  of  the  features  of 
the  bursting  event:  it  is  very  rapid,  it  is  governed  by  the 
presence  of  longitudinal  vortices  located  near  the  wall,  and 
during  the  bursting  event  there  is  a  large  growth  of  the  wall 
stress. 

To  analyse  how  the  external  strain  modifies  the  flow 
structure,  a  simulation  was  run  with  Ru  =  0.243  and  with 
the  same  initial  conditions  as  those  in  the  previous  calcula¬ 
tion.  In  Fig.  7  we  show  the  vorticity  distribution  at  a  time 
comparable  to  that  of  Fig.  3.b.  The  main  difference  is  that 
now  the  whole  structure  is  closer  to  the  wall,  being  convected 
by  the  normal  velocity  created  by  the  strain.  This  is  true 
both  for  the  original  vortex  cores  and  for  the  secondary  vor¬ 
ticity  layers  at  the  wall  Also,  the  general  intensity  of  the 
vorticities  has  increased,  due  to  the  stretching  term.  As  a 
consequence,  ail  the  interactions  arc  stronger  and,  in  partic¬ 
ular,  the  effect  of  the  wall  vortex  sheet  becomes  more  im¬ 
portant  than  before.  The  resulting  shielding  effect  prevents 
the  straining  of  the  left  vortex  by  the  right  one,  and  the  pair 
becomes  more  symmetric,  even  for  the  severely  unsymmet- 
rical  initial  conditions  used  here.  The  end  result  is  that  a 
symmetric  pair  is  always  formed,  which  flies  away  from  the 
wall  even  in  the  presence  of  downwash  created  by  the  strain. 
The  resulting  longitudinal  velocity  distribution  is  sh.own  in 
Fig.  8,  and  also  shows  the  formation  of  a  low  velocity  streak 
surrounded  by  high  velocity  regions. 

Fig.  9  shows  the  growth  of  the  mean  wall  shear,  which 
is  initially  faster  than  in  the  unstrained  case,  but  levels  off 


Fig.  8  -  Contour  plots  of  streamwise  velocity  corre¬ 
sponding  to  Fig.  7.  (Ag  increment  =  .025) 


in  a  shorter  time.  This  levelling  corresponds  to  the  drifting 
of  the  symmetric  pair  away  from  the  wall  under  its  own  in¬ 
duction.  These  characteristics  are  common  to  most  of  the 
simulations  that  were  carried  out  including  a  strain.  Asym¬ 
metric  evolutions  could  only  be  achieved  in  those  cases  un¬ 
der  the  most  extreme  initial  conditions.  Because  the  whole 
boundary  layer  is  contracted  vertically  towards  the  wall  by 
the  strain,  the  general  level  of  the  longitudinal  vorticity  gra¬ 
dients  is  higher,  but  the  structure  of  the  streak  is  the  same 
as  in  the  unstrained  case. 

Robinson  (1991)  found  both  single  vortices  and  counter¬ 
rotating  pairs  in  the  wall  region,  but  he  notes  that  the  proba¬ 
bility  of  the  former  is  larger  than  that  of  the  latter.  The  same 
was  observed  in  the  minimal  channel  by  (Jimdnez  and  Moin, 
1991).  The  present  simulations  suggest  that  events  with 
a  single  vortex  are  associated  to  weak  streamwise  strains 
while  events  with  vortex  pairs  correspond  to  intense  strains. 
At  longer  times  our  quasi-two-dimensional  simulations  al¬ 
ways  tend  to  produce  symmetric  configurations,  but  it  was 
pointed  in  the  introduction  that  the  model  can  not  be  trusted 
in  that  range.  More  interesting  is  the  possible  relation  of  our 
strained  model  to  the  boundary  layer  in  a  positive  pressure 
gradient.  The  results  suggest  that  symmetric  pairs  should 
be  more  common  in  that  case,  but  we  could  not  find  any 
independent  experimenial  evidence  for  or  against  this  pre¬ 
diction. 

CONCLUSIONS 

We  have  seen  that  the  present  simplified  quasi-two-di¬ 
mensional  model  for  the  near  wall  region  of  the  turbulent 
boundary  layer  reproduces  several  of  the  aspects  of  the  burst¬ 
ing  phenomenon,  as  well  as  of  the  structure  of  the  low  veloc¬ 
ity  streaks.  In  particular  it  has  been  shown  that  flat  sheets 
of  streamwise  vorticity  near  the  wall  roll  into  compact  cores, 
and  that  this  process,  which  is  a  prerequisite  for  the  appear¬ 
ance  of  strong  longitudinal  vortices,  is  fast  and  relatively 
inc  pendent  of  the  presence  of  a  longitudinal  strain.  More- 
ove«.  the  roll-up  mechanism  is  essentially  two  dimensional 
(i.n  t  le  y-z  plane)  and  unrelated  to  the  formation  of  hairpins 
by  longitudinal  tilting  of  the  spanwise  vorticity.  While  the 
latter  process  has  been  shown  repeatedly  to  be  important  in 
transition  of  wall  flows  into  turtmlence,  this  new  mechanism 
provides  an  alternative  way  for  the  regeneration  of  turbu¬ 
lent  structures  once  fully  developed  turbulent  flow  has  been 
established.  This  new  mechanism  also  makes  less  surprising 
the  relative  rarity  of  symmetrica!  vortex  pairs  that  has  been 
reported  in  several  recent  investigations  of  the  wall  region. 

On  the  other  hand,  our  simulation ,  show  that  even  very 
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asymmetric  vortex  pairs  would  eventually  roll-up  into  a  more 
or  less  symmetric  configuration,  which  then  lifts  away  from 
the  wall  under  its  own  induction,  and  that  this  tendency 
is  greater  in  the  presence  of  a  positive  strain.  This  sug¬ 
gests  that  symmetric  hairpins  should  be  more  common  ui  the 
outer  region  of  the  boundary  layer  than  near  the  wall,  and 
that  the  same  should  be  true  in  layers  subject  to  a  favourable 
pressure  gradient.  While  there  is  some  experimental  support 
for  the  first  trend,  we  know  of  no  experimental  or  numerical 
evidence  relating  to  the  second. 

The  effect  of  the  longitudinal  vortices  on  the  average 
streamwise  shear  also  reproduces  well  the  general  structure 
of  the  longitudinal  streaks  found  in  the  wall  region.  While  it 
has  been  clear  for  some  time  that  low  speed  streaks  are  as¬ 
sociated  with  the  advection  of  slow  fluid  away  from  the  wall 
by  the  vertical  velocities  induced  by  the  longitudinal  vor¬ 
tices,  we  believe  that  this  is  the  first  time  that  it  has  been 
shown  quantitatively  that  the  net  effect  of  this  transport  is 
to  increase  the  avtraged  wall  stress.  In  other  words,  that 
the  transport  of  high  speed  fluid  towards  the  wall  is  more 
important  than  that  of  low  speed  fluid  away  from  it.  The 
generation  of  a  high  average  wall  shear  is,  of  course,  one  of 
the  most  characteristic  properties  of  the  turbulent  boundary 
layer,  and  one  of  its  most  technologically  interesting  ones. 

On  the  other  hand,  most  of  the  three  dimensional  effects 
are  absent  from  our  model,  and  the  main  consequence  is  that 
our  turbulence  will  not  self  sustain.  The  Reynolds  number 
that  we  had  to  use  for  our  vortices  to  survi  >  <,  lor  a  reasonable 
time  were  at  least  twice  larger  than  those  observed  in  direct 
numerical  simulations.  We  believe  that,  even  if  the  pr&sent 
model  does  give  interesting  indications  of  the  behaviour  of 
bursting  structure  for  short  times,  their  long  time  behaviour, 
and  their  genesis,  depends  on  the  correct  understanding  of 
the  three  dimensional  effects. 
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ABSTRACT 

Tlie  coherent  structures  within  the  near  region  of  the 
plane  turbulent  wake  generated  by  a  porous  body  are  inves¬ 
tigated  by  means  of  hot-wire  anemometry  and  digital  data 
analysis.  The  results  serve  to  establish  that  the  coherent 
structures  in  question  are  generally  similar  to  those  within 
the  near  region  of  the  plane  turbulent  wake  generated  by  a 
solid  body,  such  as  a  vertical  flat  plate,  being  essentially 
two-dimensional  vortices,  with  dominant  spanwise  vorti- 
city,  that  occur  in  a  quasi-periodic  fashion.  There  are,  how¬ 
ever,  fundamental  differences  between  the  coherent  struc¬ 
tures  within  the  two  types  of  wakes.  To  be  specific,  the 
relative  contributions  of  these  structures  to  the  total  Rey¬ 
nolds  stresses  are  definitely  not  the  same.  Moreover,  the 
porous-body  wake  structures  are  more  diffuse  than  are  the 
solid-body  wake  structures  and,  unlike  the  latter,  do  not 
appear  to  be  inter-connected  via  ‘ribs’. 

NOMENCLATURE 
/  -  frequency,  Hz, 

L  -  length  of  the  wake  generator  in  the  z  direction,  m. 
Su  -  autospectrum  of  the  fluctuating  streamwise 
velocity  component, 

5„  -  autospectrum  of  the  fluctuating  lateral  velocity 

component, 

5av  -  co-spectrum  of  the  fluctuating  streamwise  and 
lateral  velocity  components,  . 

T  -  time  period,  r. 

t  -  time,  s. 

U,V  -  streamwise  and  lateral  velocities  in  the  xand  y 
directions  respectively,  mr"'  . 

H.v  '  fluctuating  streamwise  ^nd  later?]  Velocity  conipo- 
nents  w'i~^  . 

x,y,z  -  streamwise,  lateral  and  spanwise  coordinate  direc¬ 
tions,  mm. 

ij)  -  phase  angle,  deg. 

(0,  -  spanwise  vorticity,  s"'  , 

INTRODUCTION 

Recent  studies  (e.g.,  Zucherman,  1988;  Louchez, 
Kawall  and  Keffer,  1987;  Wygnanski,  Champagne  and 
Marasli,  1986)  have  indicated  that  the  detailed  behaviour  of 
a  two-dimensional  turbulent  wake  flow,  based  on  its  meas¬ 
ured  statistical  properties,  is  strongly  dependent,  both  in  the 


early  stages  of  its  evolution  and  in  its  eventual  self¬ 
preserving  state,  upon  the  type  of  body  generating  th-- 
wake.  Moreover,  it  is  now  generally  accepted  that  coherent 
structures  play  a  central  role  in  the  dynamics  of  a  turbulent 
flow.  To  be  specific,  these  organized  motions  contribute, 
along  with  the  random  turbulent  field  in  which  they  are 
embedded,  to  the  statistical  properties  of  the  flow  (e.g,, 
Kiya  and  Matsumura,  1988;  Hussain,  1986).  This  suggests 
that  different  types  of  wake  generators,  give  rise  to  coherent 
structures  that  differ  significantly  in  their  detailed  charac¬ 
teristics,  such  as,  shape,  size,  orientation,  circulation 
strength,  etc.,  although  their  general  effects  on  flow- 
behaviour  are  similar.  If  such  differences  exist,  then  they 
should  manifest  themselves  in  terms  of  the  relative  contri¬ 
butions  of  the  organized  motion  and  the  random  motion  to 
the  statistical  properties  of  wakes  produced  by  different 
types  of  bodies.  As  well,  the  detailed  spectral  composition 
of  the  turbulent  field  is  likely  to  depend  upon  the  type  of 
wake  generator  involved. 

The  presetit  work  concerns  an  experimental  investiga¬ 
tion  of  the  near  region  of  the  plane  turbulent  wake  gen¬ 
erated  by  a  porous  body,  viz,,  a  vertical  mesh-strip.  The 
main  objective  of  the  work  is  to  try  to  establish  whether  or 
not  the  "near- wake"  coherent  structures  in  a  porous-body 
wake  differ  significantly  from  those  in  a  similar  solid-body 
wake.  To  this  end,  certain  structural  features  of  the  present 
flow  are  compared  to  those  of  the  (solid-body)  wake  gen¬ 
erated  by  a  vertical  flat  plate,  reported  by  Kiya  and 
Matsumura  (1988).  The  signal-analysis  technique  of  the 
latter,  which  is  based  on  the  triple-decomposition  method 
(Reynolds  and  Hussain,!  972)  is  employed  here  to  separate 
the  contributions  to  the  statistical  properties  of  the  flow  due 
to  the  coherent  structures  and  those  due  to  the  random  tur¬ 
bulent  field. 

EXPERIMENTAL  DETAILS 

The  experiments  for  this  investigation  were  performed 
in  the  variable-speed  low-turbulence  recirculating  wind 
tunnel  situated  in  the  UTME  (University  of  Toronto, 
Mechanical  Engineering)  Turbulence  Research  Laboratory. 
This  tunnel  has  a  test  section  4  m  in  length  and  0.91  m  by 
1.2  m  in  cross-section  and  a  speed  range  of  about  1  m/s  to 
about  15  m/s.  The  wake  was  generated  by  means  of  a 
mesh-strip  with  a  solidity  of  about  60%,  mounted  horizon¬ 
tally  at  the  beginning  of  the  test  section.  The  width  (W)  of 
the  wake  generator  was  1 8  mm  and  its  length  (L)  was  about 
0.91  m,  so  that  the  aspect  ratio  (L/W)  was  about  50.  A 


free-stream  velocity  ({/„)  of  9.8  in/s  was  used,  so  that  the 
Reynolds  numbe'  based  on  W  was  about  1 1,000. 

A  Cartesian  coordinate  system  was  employed,  with  x 
in  the  streamwise  direction,  y  iti  the  lateral  or  vertical 
direction  and  z  in  the  spanwise  direction  (  parallel  to  the 
axis  of  the  wake-generator).  The  origin  of  the  coordinate 
system  was  taken  to  be  in  the  centre  of  the  wake-generator. 

Two  streamwise  (U)  velocity  signals  and  two  lateral 
(V)  velocity  signals  were  measured  simultaneously  at  vari¬ 
ous  positions  in  the  flow  by  means  of  two  DANTEC  45° 
X-wire  probes,  in  conjunction  with  four  DANTtC  55M 
constant-temperature-anemometer  systems.  These  signa's 
were  low-pass  filtered  at  5  kHz  and  digitized  by  means  of  a 
12-bit  A/D  converter  attached  to  a  PDP-11  computer.  The 
digitization  rate  was  chosen  to  be  12,500  points  per  second 
(to  prevent  aliasing),  and  the  digital  signals  were  processed 
on  a  DEC  MICRO-VAX  workstation.  The  length  of  each 
signal  processed  was  approximately  28  seconds. 

The  foui  velocity  signals  were  measured  in  the  vertical 
centre-plane  of  the  flow  (z  =  0)  at  a  streamwise  location 
corresponding  to  x/W  =  24.  One  X-wire  probe  was  kept 
fixed  near  the  centre  of  the  \  a.  e  (y  =  0)  while  the  other 
probe  was  moved  laterally  aero.,-  the  wake  in  increments  of 
approximately  0.1  W  between  y/W  =  -2.4  and  y/W  =  +2.1. 
(Both  of  these  y/W  locations  were  in  the  free-stream.) 

Streamwise  velocity  (u)  autospectra,  measured  by 
means  of  a  normal  hot-wire  probe,  established  tha'  for  x/W 
locations  between  about  10  and  about  40,  a  minant 
quasi-periodic  motion  occurred  in  the  flow,  sign..ying  that 
large-scale  coherent  (i.e.,  vortical)  structures  were  present 
in  the  near  region  of  the  wake  ( -  10  <  x/W  <  -  40 ).  More¬ 
over,  these  spectra  showed  that  the  quasi-periodic  motion 
was  most  pronounced  at  x/W  =  24.  Accordingly,  the 
simultaneous  measurements  of  the  two  U  signals  and  two 
V  signals  were  taken  at  the  later  x/W  location.  A  typical 
lateral  velocity  (v)  autospectrum  ch  ained  at  x/W  =  24  and 
y/W  =  0.1  is  presented  in  Fig.  1,  where  a  distinct  peak  is 
clearly  evident  at  a  frequency  (/i)  of  about  100  Hz.  This 
frequency  is  analogous  to  the  Karman  vortex  shedding  fre¬ 
quency  in  the  case  of  a  solid-body  wake. 


f  (Hz) 

Fig.  1.  Lateral  velcx:ity  autospectrm 
at  x/W=24  and  y/W=0.1. 


Each  V  signal  measured  by  the  fixed  X-wire  probe 
was  (digitally)  band-pass  filtered,  with  the  centre-frequency 
of  the  filter  set  at  of  fo.  The  filtered  V  signal  (v,,)  was  used 
to  condition  each  pair  of  U  and  V  signals  measured  by  the 
movable  probe  so  that  these  signals  could  be  decomposed 
into  overall  time-averaged  components,  U  and  V,  coherent 
components,  u  and  v,  associated  with  the  organized  (vorti¬ 
cal)  motion  and  random  or  incoherent  components,  u'  and 
v',  associated  with  ti'se  \andom  turbulent  motion. 

A  typical  v<,  signal  is  presented  in  Fig.  2.  As  can  be 
seen,  this  signal  has  a  distinct  periodicity  ( with  a  period  Tp 
=  l//o  ),  but  it  is  also  significantly  randomly-modulated. 
We  note  that  the  conditioning  signal  (v^)  obtained  by  Kiya 
and  Matsumura  (1988),  in  the  case  of  a  solid-body  wake, 
was  not  randomly-modulated  to  any  significant  extent.  The 
implication  here  is  that  the  large-scale  vortical  structures 
within  the  present  porous-body  wake  exhibit  much  greater 
dispersion  ( with  respect  to  size,  shape,  orientation,  circula¬ 
tion  strength,  etc.)  than  do  those  within  the  solid-body 
wake  examined  by  Kiya  and  Matsumura. 


Fig.  2.  Band-pass-filtered  lateral  velocity  signal. 
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With  the  U  and  V  signals  decomposed,  appropriate 
averages,  based  on  the  overall  fluctuating  components  u  = 
ii+u',  V  =  v+v'  and  uv,  the  coherent  components, «,  v  and  uv, 
and  the  incoherent  components,  v'  and  «'v',  were  deter¬ 
mined.  These  statistics  enable  the  contributions  to  the  sta¬ 
tistical  properties  of  the  flow  due  to  the  organized  motion 
and  those  due  to  the  random  turbulent  motion  to  be 
obtained. 

Isocontours  or  phase-averaged  patterns  of  various 
quantities  were  also  determined  and  plotted  in  terms  of 
yAV  versus  the  phase  angle  ()),  which  is  given  by  ({i  =  360 
t/To,  where  t  is  time  and  To  =  \  I  fg. 

The  phase-averaging  was  accomplished  as  follows 
(Kiya  and  Matsumura,  1988):  consecutive  instants  ri  and  fa 
=  fi  ±Tg  were  detennined  such  that  the  conditioning  sig¬ 
nal,  Vo,  satisfied  the  conditions  Vo  =  0  and  dvgfdt  >  0  at  f  i, 
the  f2  -  fi  intervals  were  aligned  and  then  averaging  was 
performed.  The  number  of  realizations  used  in  the  phase¬ 
averaging  process  was  approximately  2,800,  a  value 
sufficiently  large  to  enable  stable  phase-averaged  patterns 
to  be  obtained. 

In  addition,  spectral  analysis  of  the  u  and  v  signals  was 
performed,  which  yielded  m  &  v  auto-spectra,  uv  co-spectra, 
uv  quadrature  spectra  and  uv  coherence  functions. 

RESULTS  AND  DISCUSSION 

An  isocontour  plot  of  the  phase-averaged  spanwise 
vorticity  (o),  =  dv/dx  ■  dii/dy),  obtained  with  the  aid  of 
Taylor’s  hypothesis,  is  presented  in  Fig.  3.  It  is  evident 
from  this  figure  that  there  are  large-scale  coherent  struc¬ 
tures  present  within  the  porous-body  wake  at  x/W  =  24. 
These  structures  are  vortices  possessing  a  dominant  span- 
wise  vorticity  (cOj);  also,  they  occur  in  a  quasi-periodic 
fashion,  with  a  period  Tg  =  Mfg,  and  alternately  on  either 
side  of  the  horizontal  centre  plane  of  the  flow,  with  their 
vorticity  concentrated  near  this  plane  at  approximately  y/W 
=  ±  0.5.  Isocontour  plots  of  the  phase-averaged  streamwise 
and  lateral  velocities  (u  and  v)  are  presented  in  Fig.  4  and  5 
respectively.  As  expected,  these  figures  show  that  (a)  the 
centres  of  the  u  isocontours  are  located  on  either  side  of 
centre-plane  of  the  flow  in  the  vicinity  of  y/W  =  ±  1.0, 


while  the  centres  of  the  v  isocontours  are  located  in  the 
vicinity  of  y/W  =  0.0,  and  (b)  the  spacing  between  the  cen¬ 
tres  is  essentially  constant,  corresponding  to  To/2.  At  this 
streamwise  location  (x/W  =  24),  the  present  porous-body 
wake  is  thus  qualitatively  similar  to  a  plane  solid-body 
wake  in  the  early  stages  of  its  evolution  (e.g.,  Kiya  and 
Matsumura,  1988).  It  should  be  emphasized,  however,  that 
there  is  no  evidence  of  large-scale  coherent  structures  in 
the  present  flow  prior  to  x/W  =  10.  In  contrast,  in  the  case 
of  a  solid-body  wake,  "Karman"  vortices  (with  dominant 
spanwise  vorticity)  occur  almost  immediately  downsusam 
of  the  wake-generator,  i  e.,  by  x/W  =  2  (Zucherman,  1988). 
This  difference  between  a  solid-body  wake  and  the  present 
porous-body  wake  stems  from  the  fact  that  the  coherent 
structures  in  the  latter  flow  are  the  product  of  the  formatio  i 
and  evolution  of  two  shear  layers  at  the  upper  and  lower 
edges  of  the  wake-generator  (i.e.,  the  mesh-strip)  which  do 
not  roll-up  until  x/W  =  10.  Another  difference  between  the 
two  "wake  types"  is  that,  in  the  near  region  of  the  porous- 
body  wake  (x/W  <  ~  10),  before  the  large-scale  vortices  are 
completely  formed,  the  central  core  of  the  flow  is  similar  to 
a  homogeneous  turbulent  flow,  containing  turbulent  fluid 
with  a  relatively  wide  range  of  scales  of  motion;  whereas, 
the  central  core  of  the  near  region  of  a  solid-body  wake 
contains  essentially  unstable  laminar  (vortical)  fluid. 


Fig.  4.  Phase-averaged  streamwise  velcx:ity 
ISO- contours. 


Fig.  5.  Phase-averaged  lateral  velocity 
iso-contours. 
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Moreover,  the  fluid  constituting  ihe  c  •'herent  structures  in 
the  porous-body  wake  is  a  mixtunj  of  laminar  fluid  and 
fine-scale  turbulent  fluid,  since,  as  the  two  aforementioned 
laminar  shear  layers  develop,  they  entrain  both  turbulent 
fluid  from  the  core  of  the  wake  and  potential  fluid  from  the 
free-stream.  On  the  other  hand,  the  fluid  constituting  the 
coherent  structures  in  a  solid-body  wake  is,  by  comparison, 
essentially  laminar  fluid  only.  The  detailed  characteristics 
of  the  (near-region)  coherent  structures  within  a  porous- 
body  wake  can  therefore  be  expected  to  be  considerably 
different  from  those  of  the  (near-region)  coherent  structures 
within  a  solid-body  wake.  The  results  presented  below 
serve  to  establish  this  difference. 

Lateral  (y)  distributions  of  the  streamwise  and  the 
lateral  mean-square  velocities  and  the  Reynolds  shear 
stresses  due  to  the  coherent  motions  and  the  random  tur¬ 
bulent  motions  (Fig.  6(a)  and  (b).  Fig.  7(a)  and  (b).  Fig. 
8(a)  and  (b))  indicate  that  the  relative  contributions  to  the 
overall  statistical  properties  of  the  flow  from  the  two  types 
of  motions  are  substantially  different  with  respect  to  the 
present  porous-body  wake  and  the  solid-body  wake  exam¬ 
ined  by  Kiya  and  Matsumura  (1988).  To  be  specific,  for 
the  present  porous-body  wake,  the  ratio  of  the  maximum 
value  of  (coherent)  to  the  value  of  u'^  (random)  at  the 
corresponding  y/W  location  is  about  0.4,  whereas,  for  the 
solid-body  wake  examined  by  Kiya  and  Matsumura  (1988), 
this  ratio  is  about  0.2.  Also,  for  the  present  wake,  the  ratio 
of  the  maximum  value  of  to  the  value  of  v'^  at  the 
corresponding  yAV  location  is  about  3.3,  whereas,  for  the 
solid-body  wake,  this  ratio  is  about  1.4.  And,  for  the 
present  wake,  the  ratio  of  the  maximum  value  of  tiv  to  the 
value  of  uV  at  the  corresponding  y/^'  location  is  about  2.0, 
whereas,  for  the  solid-body  wake,  this  ratio  is  about  0.2. 

Furthei  evidence  of  the  difference  between  the  near¬ 
region  coherent  structuies  within  the  present  porous-body 
wake  and  those  within  a  solid-body  wake  is  provided  by 
Figs.  9,10,1 1  and  12,  which  show  the  uv  co-spectrum,  the  «' 
autospectrum,  the  v'  autospectrum  and  the  u'v'  co-spectrum 
respectively  pertaining  to  yAV  =  0.6,  where  the  magnitude 
of  the  overall  Reynolds  shear  stress  («v  )  is  close  to  its 


y/W 


Fxg.  7.  Lateral  distributions  of  lateral 
mean-square  velocities: 

(a)  due  to  coherent  motion, 

(b)  due  to  randart  nrction. 


maximum  value.  (Tlie  «'  and  v'  signals  on  which  the  spectra 
in  Figs.  10-12  are  based  were  obtained  via  digital  band¬ 
pass  filtering  of  the  corresponding  u  and  v  signals,  with  the 
band-pass  filter  centred  at  approximately  /q.)  As  can  be 
seen  from  Fig.  9,  the  Fourier  components  that  contribute  to 


Fig.  6.  Lateral  distributions  of  streamwise 
mean-square  velocities: 

(a)  due  to  coherent  motion, 

(b)  due  to  randem  motion. 


Fig.  8.  Lateral  distributions  of  Reynolds 
shear  stresses: 

(a)  due  to  coherent  motion, 

(b)  due  to  randan  motion. 
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Fig.  9.  Streaniwise  and  lateral  velocity 

co-spectrum  at  xA^=24  and  yA^=0.6. 

the  coherent  motion  are  confined  to  a  relatively  narrow 
band  of  frequencies  centred  at  /o  =  100  Hz.  On  the  other 
hand,  it  is  evident  from  Figs.  10-12  that  the  Fourier  com¬ 
ponents  contributing  to  the  random  motion  are  spread  over 
a  wide  band  of  frequencies  extending  from  0  Hz  to  the  cut¬ 
off  frequency  of  5000  Hz  used  in  the  present  work  and  that 
there  is  no  frequency  centred  activity  below  /q.  In  contrast, 
in  the  case  of  the  solid  body  wake  examined  by  Kiya  and 
Matsumura  (1988),  the  uV  co-spectrum  displays  a  distinct 
frequency-centred  activity  in  the  vicinity  of  /qII.  As  well, 
these  authors  established  that  the  Fourier  components  asso¬ 
ciated  with  the  latter  frequency  make  the  major  contnbu- 
tion  to  uV  (the  random  Reynolds  shear  stress)  and  that 
there  is  little  contribution  from  Fourier  components  associ¬ 
ated  with  frequencies  greater  than  fo-  From  this,  they 
inferred  that  the  coherent  structures  within  the  near  region 
of  their  solid-body  wake  are  physically  inter-connected  via 
‘ribs’  which  are  themselves  organized  structures  arranged 
in  the  spanwise  direction,  with  dominant  vorticity  perpen¬ 
dicular  to  the  dominant  spanwise  vorticity  of  the  main 
structures.  The  present  results  serve  to  show  that  there  are 
no  dominant  Fourier  components  contributing  to  u'v'  in  the 
case  of  the  porous-body  wake.  Thus,  it  can  be  concluded 
that  the  near-region  coherent  structures  of  this  flow  are  not 
inter-connected  via  ‘ribs’. 


Fig.  10.  Random  streamwise  velocity 

.autospectrum  at  x/W=24  and  yA^O.6. 


Fig.  11.  Randan  lateral  velocity  auLospectrum 
at  x/W=24  and  yA?=0.6. 


Fig.  12.,  Random  streamwise  and  lateral  velocity 
co-sf3ectrum  at  x/W=24  and  yA^=0.6. 
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ABSTRACT 

The  quasi-coherent  mrbulence  structures  have  been 
studied  using  an  experimental  data  base  of  a  fully-developed 
two-dimensional  turbulent  channel  flow.  The  data  base  was 
obtained  by  Nishino  &  Kasagi  (1989)  using  the  three- 
dimensional  particle  tracking  velocimeter  (3-D  PTV).  The 
stochastic  estimation  proposed  by  Adrian  (1975)  is  used  to 
approximate  the  flow  patterns  that  most  contribute  to  the 
Reynolds  stress  generation.  The  two  flow  patterns  being 
estimated  reveal  the  streamwise  vortical  structures,  which  arc 
respectively  associated  with  the  ejection  and  the  sweep.  They 
are  inclined  to  the  wall  at  10°  with  spanwisc  and  streamwise 
extent  of  about  50v/u,  and  300v/u,,  respectively.  Analysis  of 
vorticity  fields  reveals  that  typical  hairpin-like  vortex  lines  are 
seldom  created  near  the  wall.  Based  on  these  results,  a 
conceptual  model  of  the  vortical  structures  is  proposed. 

NOMENCLATURE 


H 

:  channel  width 

k 

;  estimation  coefficients 

;  length  scales  in  the  x-  and  z-  directions 

P(4>,  6) 

joint  probability  density  function  of  41  and  6 

Re, 

:  Reynolds  number  •  u,H/v 

Re, 

:  Reynolds  number  ■  u,H/2v 

R,,,  Rw,  R\w( 

.  Two-point  correlation  functions 

u',  v',  w' 

:  velocity  fluctuations  in  the  x-,  y-  and  z- 
directions 

Uc 

:  center-line  velocity 

u. 

:  friction  velocity 

X.  y,  z 

:  streamwise,  wall-normal  and  spanwi.sc 
directions 

V 

:  kinematic  viscosity 

:  mean  vorticity  in  the  z-direction 

(I),',  Wj',  0),' 

:  vorticity  fluctuations  in  the  x-,  y-  and  z- 
dircctions 

((1,  0 

;■  angles  of  velocity  vector 

(  )nni 

:  root-mcan-squarc  value 

(') 

;  conditionally  averaged  value 

<  > 

:  ensemble-averaged  value 

INTRODUCTION 

The  quasi-coherent  structures  in  turbulent  wall  shear 
flows  have  been  studied  by  many  researchers  over  the  past  three 
decades,  and  various  types  of  the  structures  have  been  reported 
(see,  e.g.,  Kline  and  Robinson,  1990).  Using  the  direct 
numerical  simulation  (DNS)  data  base,  Robinson  et  al.  (1990) 
extensively  studied  interrelation  among  various  instantaneous 
turbulence  stmetures  perceived  in  a  simulated  turbulent 
boundary  layer.  Since  those  structures  show  very  large 
variation  in  their  size  and  strength  between  realizations, 
ensemble  averaging  is  necessary  to  capture  their  common  and 
universal  characteristics  that  are  essential  to  the  better 
understanding  of  their  role  on  the  turbulence  mechanism. 


The  stochastic  estimation  devised  by  Adrian  (1975, 
1978)  is  advantageous  for  obtaining  averaged  features  of  the 
mrbulence  structures.  Unlike  the  conditional  sampling 
techniques  such  as  the  four-quadrant  and  VITA  analyses,  this 
technique  is  based  on  unconditional  statistics,  i.e.,  correlation 
functions  of  fluctuating  quantities  of  interest.  This  property 
makes  the  technique  very  attractive  in  providing  well- 
converged  results  from  relatively  small  number  of  data.  In 
addition,  direct  linkage  between  the  estimated  flow  patterns  and 
the  correlation  functions  allows  objective  interpretation  of  the 
role  of  the  mrbulence  structures.  Despite  these  advantages, 
however,  it  has  rarely  been  applied  to  the  experimental  data  of 
mrbulent  shear  flows;  a  few  exceptions  arc  studies  by  Adrian  et 
al.  (1987a),  Guezennee  and  Choi  (1988)  and  Guezennec  (1989). 
This  is  because  it  requires  full  information  on  the  two-point 
correlation  functions  which  are  hard  to  measure  with  the 
conventional  vclocimeters.  Hence,  the  stochastic  estimation  has 
mostly  been  applied  to  the  analysis  of  the  DNS  data  base,  e.g., 
Adrian  et  al.  (1987b),  Moin  et  al.  (1987)  and  Adrian  &  Moin 
(1988).  These  studies  have  revealed  in  detail  important 
characteristics  of  the  turbulence  stmetures,  most  of  which, 
however,  have  not  been  confirmed  experimentally.  One  of  the 
objectives  of  the  present  study  is  to  provide  an  experimental 
evidence  that  can  be  compared  with  those  DNS  results. 

The  authors  have  developed  a  three-dimensional  particle 
tracking  velocimeter  (3-D  PTV)  that  can  measure  an 
instantaneous  distribution  of  all  the  three  velocity  components 
in  a  measuring  volume.  Details  on  this  technique  can  be  found 
in  Nishino  et  al.  (1989),  Sata  et  al.  (1989)  and  Kasagi  & 
Nishino  (1990).  Using  this  velocimeter,  Nishino  &  Kasagi 
(1989)  measured  a  fully-dcv„loped  two-dimensional  turbulent 
channel  flow;  the  flow  conditions  are  compiled  in  Table  1. 
The  measuring  volume  was  40x40x40  mm^  (200x200x200 
v’/u,’),  which  covers  the  region  from  the  wall  to  the  channel 
center.  An  average  of  140  instantaneous  vectors  were 
simultaneously  measured  at  random  positions  in  the  measuring 
volume,  and  a  total  of  32,000  3-D  vector  distributions  were 
obtained.  The  data  base  was  qualified  in  Nishino  &  Kasagi 
(1989)  through  detailed  comparison  with  the  previous 
experimental  and  DNS  data.  In  the  present  study,  this  data  base 
was  further  analyzed  to  investigate  the  quasi-coherent 
turbulence  stmetures. 

Table  1.  Basic  Flow  Conditions 


H  =  80  mm,  v  =  0.831x10'''  mVs,  u,,  =  78.0  mm/s, 
iq  =  4.27  mm/s,  Re,,  =  7510,  Re,  =  205. 


I 

+ 


28-3-1 


LINEAR  STOCHASTIC  ESTIMATION 

The  linear  stochastic  estimation  is  briefly  described 
below;  readers  should  refer  to  Adrian  (1975,  1978)  for  full 
information.  This  technique  approximates  a  conditionally 
averaged  velocity  field,  il',(x+r),  as  a  linear  combination  of 
given  conditions,  u'j(x),  as  follows: 

u',(x+r)  =  I^(x,r)u',(x),  i  =  1, 2,  3,  (1) 

where  repeated  subscripts  are  summed.  As  the  velocity 
conditions,  the  present  analysis  uses  three  fluctuating  velocity 
components  at  a  prescribed  position  in  the  flow  field,  i.c.,  (u', 
v',  w')  at  y*=14.5.  Li,(x,r)  are  determined  so  that  the  mean 
square  error  between  the  estimated  velocity  field  and  the 
instantaneous  realization  is  minimized, 

<  {u',(x+r)  -  Li,(x,r)u',(x)}^  >  =  minimum.  (2) 

This  equation  is  formally  solved  for  L^(x,r)  as  follows; 

Li,(x,r)  =  <u',(x)u'k(x)>-'<u',(x+r)u'i(x)>,  (3) 

where  <u'j(x)u'^(x)>  are  the  one-point,  second-order 
correlations  and  <u',(x+r)uyx)>  are  the  two-point,  second- 
order  spatial  correlation  functions.  It  is  obvious  that  u',(x+r) 
represents  the  most  probable  velocity  field  in  a  sense  of  the 
least  square  error  under  the  given  conditions.  This  feature  of 
the  estimation  is  exploited  in  order  to  approximate  flow  patterns 
that  most  contribute  to  the  Reynolds  stress  generation. 

Full  components  of  the  two-point,  second-  order  spatial 
correlation  functions  are  calculated  from  the  data  base  in  the 
region  of  -150sx*sl50,  Osy'slSO  and  -150sz*sl50.  Examples 
of  the  streamwise  and  spanwise  correlation  coefficients  are 
shown  in  Fig.  1.  These  results  are  in  reasonable  agreement 
with  the  DNS  data  reported  by  Kuroda  (1990,  Re,=150);  some 
scatter  is  due  to  an  insufficient  sample  size.  These  correlation 
functions  and  the  one-point  correlations  previously  reported  in 


Figure  1 .  Streamwise  and  spanwise  correlation  coefficients 
calculated  from  the  3-D  PTV  data  base. 


Nishino  &  Kasagi  (1989)  arc  used  to  solve  Eq.  (3)  for  L^(x,r). 

The  velocity  conditions  (u'(x),  v’(x),  w'(x))  are 
determined  by  taking  r  ,tagc  of  linearity  of  the  linear 
stochastic  estimation.  As  described  by  Moin  et  al.  (1987),  the 
estimated  velocity  field  does  not  alter  its  pattern  with  the 
proportional  changes  in  the  intensity  of  the  velocity  conditions. 
For  example,  the  conditions  of  (u'(x),  v'(x),  w’(x))  and  (*u'(x), 
/tv'(x),  Aw'(x))  produce  exactly  the  same  flow  patterns  with 
difference  only  in  their  strength  by  a  factor  of  k.  The 
proportional  change  preserves  the  direction  of  the  velocity 
vector,  thus  a  joint  probability  density  function  (PDF)  of  three- 
dimensional  velocity  angles  is  investigated  as  below. 

The  two  velocity  angles,  (()  and  0,  are  defined  as  shown 
in  Fig.  2.  With  this  definition,  each  quadrant  of  the  <t)-0  plane, 
shown  in  Fig.  3,  corresponds  to  that  of  the  u'-v'  plane  used  in 
the  four-quadrant  analysis.  In  both  cases,  the  first  to  fourth 
quadrants  respectively  represent  the  outward  interaction,  the 

V' 


Figure  2.  Definition  of  two  vector  angles,  (ji  and  0. 


-nil  (j)  n/2 


Figure  3.  Contour  maps  at  y*=14.5:  (a)  PDF  of  three- 
dimensional  vector  angles,  P(i>,  0),  (b)  probability  weighted 
Reynolds  shear  stress,  -u'v'P((i),  0). 
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ejection,  inward  interaction  and  the  sweep.  The  joint  PDF  of  (j) 
and  0,  P((ti,  0),  is  defined  as  follows; 

Pr{(t)«l>s(t)+d(t),  0<0s0+d0}=P((t>,  0)sin0d())d0.  (4) 

The  contour  map  of  P((t),  0)  at  y*=14.5  is  shown  in  Fig.  4(a). 
With  this  PDF,  the  probability-weighted  Reynolds  stress, 
-u'v'P((|),  0),  is  calculated:  its  contour  map  is  given  in  Fig.  3(b). 
It  exhibits  two  sharp  peaks  in  the  second  (ejection)  and  the 
fourth  (sweep)  quadrants;  the  dominant  Reynolds  stress 
generation  occurs  in  these  particular  vector  directions  The 
peak  locations  are  ((|),  0)=(-9O°,7°)  for  the  ejection  and 
(90°,  -9°)  for  the  sweep  with  uncertainty  of  ±2°.  Both  peaks 
locate  at  |<t>|=90°,  indicating  that  the  spawise  velocity 


Figure  4.  Velocity  field  estimated  for  the  ejection 
conditions:  (a)  cross-flow  plane  at  several  streamwise  locations 
(looking  downstream),  (b)  x-y  plane  at  z*=2,  (c)  x-z  plane  at 
y*=14.5. 


component  has  a  negligible  influence  on  the  Reynolds  stress 
generation.  Moin  ct  al.  (1987)  used  the  velocity  conditions 
determined  from  the  probability-weighted  joint  PDF  of  u'  and 
v',  i.c.,  -u'v'P(u',  v'),  by  assuming  w-0.  The  present  result 
supports  their  assumption  and  is  consistent  with  their  values:  for 
the  ejection  and  the  sweep,  0=4.8°  and  -4.5°  at  y*=12.06,  and 
8.4°  and  -7.3°  at  y’=19.22  in  their  analysis.  The  velocity 
conditions  corresponding  to  these  peaks  arc  given  in  the  present 
stochastic  estimation.  As  for  the  intensity  of  the  conditions,  the 
rms  value  of  u'  at  y*=14.5,  i.c.,  2.7u„  is  used  as  a  representative 
velocity  scale.  Thus,  the  velocity  conditions  are  given  as 
follows; 

ejection  conditions:  u'*=-2.7,  v'*=  0.33,  w'*=  0, 

sweep  conditions:  u'*=  2.7,  v'*=-0.43,  w'*=  0. 

RESULTS  AND  DISCUSSION 

Figure  4  shows  the  velocity  field  estimated  under  the 
ejection  conditions  given  at  (x*.  y*,  z*)=  (0,  14.5,  0).  A  pair  of 
counter-rotating  streamwise  vortical  structures,  between  which 
intense  ejection  of  low-speed  fluid  is  observed,  arc  clearly 
recognized  in  Fig.  4(a).  This  flow  pattern  is  highly  similar  to 
that  of  Moin  ct  al.  (1987).  Since  the  given  conditions  arc  those 
having  the  highest  value  of  -u'v'P(i)),  0),  the  vortical  stmetures 
shown  here  most  contribute  to  the  generation  of  the  Reynolds 
shear  stress.  It  is  noted  that  their  spanwise  symmetry  has 
unavoidably  arisen  from  statistical  averaging;  some  caution  is 
therefore  needed  when  they  arc  compared  to  an  instantaneous 
flow  pattern.  The  vortical  structures  arc  inclined  to  the  wall  at 
a  shallow  angle  of  about  10°,  and  their  centers  arc  located  at 
y*~30  in  the  plane  of  x*=2.5.  The  spanwise  separation  of  the 
centers  is  roughly  50v/u,,  which  is  consistent  with  the  sublayer 
streak  spacing  (X.*=100).  To  the  contrary,  their  streamwise 
length  seems  to  be  much  smaller  than  that  of  the  streaks;  the 
vortical  motions  considerably  attenuate  even  at  x*=±110  while 
the  streaks  frequently  extend  over  lOOOv/u,  as  reported  by 
Iritani  ct.  al.  (1985).  As  shown  in  Fig.  4(a),  the  diameter  of  the 
vortical  structures  slightly  increases  as  going  downstream. 
Figures.  4(b)  and  4(c)  show  that  the  low  speed  region  spreads 
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from  the  wall  to  the  outer  layer  (y*-100)  and  is  elongated  in  the 
streamwise  direction. 

The  velocity  field  estimated  under  the  sweep  conditions 
is  shown  in  Fig.  5.  A  pair  of  streamwise  vortical  structures  are 
reconstructed  again  as  the  second  representative  flow  pattern 
responsible  for  the  Reynolds  stress  generation.  Between  them, 
wailward  impingement  of  high-speed  fluid  is  observed.  Except 
for  the  direction  of  rotation,  their  structural  features  are  similar 
to  those  estimated  for  the  ejection  condition. 

It  is  worth  emphasizing  that  Figs.  4{b)  and  5(b)  do  not 
show  the  internal  shear  layer  (ISL)  that  is  detected  by  the  VITA 
and  VISA  techniques  (see,  e.g.,  Johansson  et.  al.,  1987, 1988). 
Using  the  stochastic  estimation,  Adrian  et  al.  (1987b) 
approximated  the  ISL  by  specifying  two  sets  of  the  conditions 


Figure  5.  Velocity  field  estimated  for  the  sweep  conditions: 
(a)  cross-flow  plane  at  several  streamwise  positions  (looking 
downstream),  (b)  x-y  plane  at  z*=2,  (c)  x-z  plane  at  y*=14.5. 


given  at  two  separate  positions.  The  reconstructed  flow  pattern 
demonstrate  the  existence  of  two  pairs  of  vortical  structures 
aligning  in  the  streamwise  direction  and  interacting  with  each 
other.  This  result  is  consistent  with  the  previous  study  of  Kim 
(1985),  who  revealed  that  a  pair  of  ejection-associated  vortices 
are  followed  from  upstream  by  a  pair  of  sweep-associated  ones. 
Judging  from  these  and  present  evidence,  it  is  concluded  that 
the  ISL  is  a  result  of  the  interaction  of  the  two  (pairs  of) 
vortical  structures  such  as  those  shown  in  Figs.  4  and  5. 

Relationship  between  the  vortical  stmctures  and  the 
vorticity  fields  is  investigated.  To  do  this,  the  estimated 
velocity  fields  were  smoothly  interpolated  using  5th-order  B- 
spline  functions,  then  spatial  derivatives  of  velocity  fluctuations, 
du,'/dX|,  are  calculated.  It  is  verified  that  the  spline  functions 
caphire  the  velocity  field  reasonably  well  and  they  can  resolve 
primary  vorticity  fields  associated  with  the  large  vortical 
motions.  Figures  6  and  7  respectively  show  vortex  lines  of  the 
total  vorticity,  for  the  ejection  and  sweep  conditions, 

where  Q,  is  calculated  from  the  slope  of  the  mean  velocity 
distribution  and  each  vortex  line  starts  at  (y*,  z*)=(20,  100). 
The  vortex  lines  are  elongated  almost  straight  in  the  spanwise 
direction  with  negligible  deformation;  it  reflects  the  fact  that  Q, 
is  much  larger  than  co,'  and  od,'  calculated  here. 

Since  the  deformation  is  afrected  by  the  ratio  of  o>,'  and 
the  intensity  of  tOi'  for  the  ejection  vortices  is  tentatively 
raised  by  a  factor  of  four.  Note  that  this  increase  is  equivalent 
to  giving  the  four  times  stronger  conditions  to  the  estimation  of 
the  velocity  field,  thus  approximating  very  strong  vortical 
motions.  In  Fig.  8,  hairpin-like  vortex  lines  can  be  recognized 
while  the  deformation  is  still  insufficient  so  as  to  create  the 
typical  hairpin  shape.  The  distortion  is  caused  by  the  outward 
or  inward  fluid  movement  associated  with  the  vortical  motions. 
This  result  clearly  demonstrates  that  the  typical  hairpin-like 
deformation  repotted  in  the  literature  seldom  occurs  to  the 
vortex  lines  originating  in  the  near  wall  region.  The  hairpin- 
like  deformation  of  the  vortex  lines  do  not  necessarily  mean  the 
hairpin  vortices,  rather  it  can  be  created  by  the  streamwise 
vortical  structures  shown  in  Figs  4  and  5.  For  comparison,  the 
vortex  lines  starting  at  (y*,  z*)=(50,  100)  are  represented  in  Fig. 
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9;  the  typical  haiipin-like  vortex  lines  are  formed. 

The  above  discussion  leads  to  a  question  on  the 
hypothesis  that  the  streamwise  vortical  structures  originate  from 
the  roll-up  of  the  spanwisc  vorticity  at  the  wall  For  reference, 
the  rms  values  of  to,'  for  the  ejection  vortices  are  calculated  by 
taking  an  average  over  -100sx*sl00and  -100sz*sl00at  each 
distance  from  the  wall.  They  arc  shown  in  Fig.  10  along  with 
the  DNS  data  of  Kuroda  (1990).  The  present  values  are 
considerably  lower  than  the  DNS  data  as  expected  from  the 
common  feature  of  turbulence  that  major  vorticity  fluctuations 
is  accompanied  with  the  small  scale  motions;  .however  general 
similarities  in  the  profiles  suggest  that  analogous  streamwise 
vortical  structures  with  smaller  scale  are  the  major  contributor 
to  the  vorticity  fluctuations.  It  is  noted  that  multiplication  of  ro,' 
by  a  factor  of  four  would  increase  the  present  values  to  those 
comparable  to  the  DNS  data.  These  results  demonstrate  that  the 
streamwise  vortical  structures  cannot  be  captured  solely  by  an 
analysis  based  on  the  vortex  lines. 

Finally,  a  conceptual  model  of  the  streamwise  vortical 
stmetures  are  presented  in  Fig.  11  along  with  the  topological 
relation  with  the  vortex  lines.  A  separate  study  of  Nishino 
(1989)  shows  that  these  vortical  stmetures  move  straight 
downstream  with  a  convention  velocity  of  10-13u,.  General 
features  of  the  present  model  are  similar  to  those  presented  by 
Nagib  &  Guezennec  (1986)  whereas  there  is  a  notable 
difference;  i.e.,  their  model  has  much  larger  streamwise  and 
spanwise  extent  (//~1300v/u„  /,*-50Ov/uJ  than  the  present  one 
(//-300V/U,,  //-SOvAO. 

In  a  simulated  turbulent  boundary  layer,  Robinson  et  ai. 
(1990)  reported  the  existence  of  hook-shaped  vortical  structures 
which  consist  of  'head',  'neck'  and  'teg'  identified  as  low 
pressure  regions.  They  also  reported  that  the  instantaneous  flow 
fields  frequently  exhibit  simultaneous  occurrence  of  both 
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Figure  7.  Vortex  lines  for  the  sweep  conditions:  lines  start 
at  (y*,  2*)=(20,  100). 


Figure  8.  Vortex  lines  for  the  ejection  conditions;  vorticity 
fluctuations  are  multiplied  by  a  factor  of  4  and  lines  start  at 
(y*,  z*)=(20,  100). 
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Figure  9.  Vortex  lines  for  the  ejeaion  conditions:  vorticity 
fluctuations  are  multiplied  by  a  factor  of  4  and  lines  start  at 
(y*.  z’)=(50,  100). 
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ejection  and  sweep,  suggesting  that  a  single  vortical  stnictun;, 
probably  'leg',  is  responsible  for  both  of  them.  These  results  are 
not  conflrmed  by  the  present  study  which  shows  that  (1)  neither 
'head'  nor  'neck'  is  found,  and  (2)  the  ejection  and  the  sweep  are 
respectively  generated  by  the  two  vortical  motions  as  shown  in 
Figs.  4  and  5.  It  is  noted  that  separate  estimation  of  Nishino 
(1989)  under  the  conditions  given  further  away  from  the  wall, 
y*=61  and  102,  provide  results  very  consistent  with  the  present 
ones,  thus  the  disagreement  cannot  be  accounted  for  by  the 
influence  of  the  distance  from  the  wall.  Contrary  t^  die 
findings  of  Robinson  et  al.,  the  recent  analysis  of  a  DNS  data 
base  of  a  turbulent  channel  flow  revealed  rather  infrequent 
occurrence  of  the  hook-shaped  vortical  structures  in  the 
instantaneous  flow  fields  (Tomita  et  al.,  1991).  As  manifested 
by  this  conflict,  objective  and  statistical  analysis  on  the 
instantaneous  turbulence  structures  concerning  frequency  of 
their  occurrence,  size  and  strength,  and  contribution  to  the 
mrbulence  mechanism  is  quite  important  to  clarify  the  above 
discrepancies.  Although  some  details  might  be  smoothed  out  by 
the  averaging  procedure,  the  present  model,  being  based  on  the 
unconditional  statistics,  should  reflect  essential  features  of  the 
Reynolds  stress  generating  structures  in  the  turbulent  channel 
flow. 

CONCLUSIONS 

The  quasi-coherent  turbulence  structures  have  been 
investigated  using  an  experimental  velocity  data  base  of  a  fully- 
developed  two-dimensional  hirbulent  channel  flow.  The  flow 
pattern  that  most  contribute  to  the  generation  of  the  Reynolds 
shear  stress  are  approximated  by  the  linear  stochastic  e.^timation. 
Two  pairs  of  tlie  streamwise  vortical  structures  are  shown  to 
exist,  each  of  which  is  respectively  associated  with  the  ejection 
and  the  sweep.  Their  structural  features  as  well  as  their 
relationship  with  the  streaks  and  the  internal  shear  layer  are 
examined.  Detailed  analysis  of  the  vorticity  fields  has  revealed 
that  the  typical  hairpin-like  deformation  of  the  vortex  lines 
seldom  occurs  in  the  near  wall  region,  and  that  the  hairpin-like 
vortex  lines  do  not  necessarily  mean  the  hairpin  vortex,  rather 
they  are  created  by  the  streamwise  vortical  structure.  Based  on 
these  findings,  a  conceptual  model  of  the  streamwise  vortical 
structures  is  proposed  and  its  characteristics  are  discussed  in 
conjunction  with  the  previous  findings. 
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abstract 

Vector  fields  of  continuous  dynamical  systems, 
or  at  least  of  equivalent  systems,  can  be 
reconstructed  from  numerical  scalar  time  series. 
Methods  have  been  previously  exemplified  for  the 
RPssler  equations.  This  paper  is  devoted  to  the  case 
of  the  Lorenz  system. 

I  -  INTRODUCTION 

Applied  scientists  are  increasingly  interested 
by  dissipative  nonlinear  dynamical  systems.  One  of 
the  good  news  is  that  some  complex  phenomena 
produced  by  partial  derivative  equations  (like 
Navier-Stokes  equations)  may  be  in  some  cases 
understood  in  low-dimensional  phase  spaces  as  the 
consequence  of  deterministic  chaos.  Furthermore, 
metric  and  dynamical  invariants  characterizing  the 
(possibly  strange)  attractors  underlying  the  process 
may  be  recovered  by  analyzing  time  records  of  a 
single  experimental  scalar  variable  (an  example  is 
provided  in  Ref  1  in  which  more  than  60  pioneering 
references  are  quoted).  However,  in  agreement  with 
Casdagli^,  we  may  feel  disappointed  and  must  remark 
that  the  calculated  invariants  are  of  limited 
practical  interest.  For  instance,  after  having 
obtained  a  generalized  (fractal)  dimension  spectrum, 
the  question  becomes  :  what  is  to  be  done  now  ? 
Actually,  the  applied  scientist  might  be  most 
Interested  if,  beside  the  evaluation  of  invariants, 
the  available  numerical  scalar  time  series  would 
automatically  allow  for  the  construction  of 
phenomenological  models,  i.e.  for  the  reconstruction 
of  vector  fields.  Refs  3-4  addressed  this  issue  in 
the  exemplifying  simple  case  of  Rdssler  equations. 
Our  final  motivation  is  the  study  of  noisy 
experimental  systems.  Next  item  on  our  agenda  was  to 
carry  out  a  similar  study  for  another  paradigm,  the 
Lorenz  system,  to  which  this  paper  is  devoted. 

II  -  FORMULATION  AJJQ  CLASSIFICATION  OF  EQUIVALENT 
VECTOR  FIELDS 

II.l  -  M  ORIGINAL  SYSTEM  (OSl 

The  OS  is  the  Lorenz  system  reading  : 


<7(y-x) 

(1) 

Rx-y-xz 

(2) 

-bz-fxy 

(3) 

with  (7-10,  R-28,  b-8/3  for  which  the  asymptotic 
motion  settles  down  on  to  a  chaotic  attractor*. 

II. 2  -  STANDARD  SYSTEMS  M  TRANSFORMATIONS 

OS  with  coordinates  (x,y,z)  may  be  given  a 
standard  form  with  coordinates  (x,Y,Z)  : 

X  -  Y  (4) 

Y  -  Z  (5) 

Z  -  F(x,Y,Z)  (6) 

From  (l)-(3),  the  standard  function  F  may  be 
writtBn  I 

Z  -"ax+CY+DZ+Fx*+Gx^Y+|[BY-i-EZ  ]  (7) 

When  constants  A,...,G  are  given  their  exact 
values  (Table  I),  we  obtain  the  so-called  Standard 
Exact  System  (SES).  We  then  define  the  Direct 
Standard  Transformation  (DST)  : 


constant 

exact  value 

reconstructed 

va  t  ues 

A 

ba  (R-1  )  «  720 

719.  999  131  704 

e 

a  ♦  1  »  11 

10.  999  984  392 

c 

-b  ((T*1 )  ■  29.(3) 

-  29.  333  174  525 

D 

.(b+a+1)  «  -13.(6) 

-  13.  666  652  039 

E 

1 

0.  999  997  892 

F 

■0  ■  -10 

-  9.  999  985  331 

G 

- 1 

-  1.  000  002  238 

Table  I  Exact  and  Reconstructed  values  of 
Reconstruction  Constants. 


X  -  X,  Y  -  a(y-x)  (8) 

Z  -  aI(R+o)x-(o-i-l)y-xz]  (9) 
and  the  Inverse  Standard  Transformation  (1ST)  : 

X  -  X,  y  -  X  +  Y/(7  (10) 

z  -  (R-1)  -  [(o+1)Y+Z]/((7x)  (11) 

We  note  that  there  exists  a  set  |x-x^»C 

Lebesgue  measure  0  for  which  the  1ST  is  not 

invertible  (Rel  11)  and  for  which  the  Z-component  of 
the  vector  field  (Rel  7)  is  seemingly  singular.  We 

may  actually  show  that  there  exists  a  limit  of  Z 
when  X  ->  x^  (we  state  that  (7)  is  only 

pseudo-singular)  but  that,  due  to  the  lack  of 

invertibility,  Z(x,Y,Z)  cannot  be  expressed  for  x  » 

X  . 

C 

The  vector  field  reconstruction  will  later 
become  a  fitting  problem  leading  to  the  numerical 
evaluations  of  constants  A,...,G.  Standard  systems 
with  reoonstruction  constants  A,...,G  being  given 
their  reconstructed  values  are  called  Standard 
Reconstructed  Systems  (SRS). 

II. 3  -  )Ny.ER?E  .?IAMP.ARG  RECONSTRUCTED 
(ISRS) 

ISRS's  can  be  studied  only  when  the  OS  is 
known.  They  are  defined  and  obtained  by  starting 
from  SRS's,  using  the  DST  to  recover  original 
coordinates  (x,y,z)  and  reporting  all  numerical 
errors  associated  with  reconstructions  on  the  first 
component  of  the  vector  field,  i.e.  Reis  (2),  (3) 
are  satisfied  by  ISRS's.  The  ISRS  associated  with 
the  SRS  of  Rel  (7)  is  found  to  be  given  by  : 

X  « - ? - fa^(B-Ea)(x-y)*  -  E(7^(y-x)  (y+xz) 

xa(R+<7-z)'- 


T  a(C-D<7+ERa)x  (y-x)  +  Ax^  +  a(l+a+D)  (Rx^-xy-x^z) 


-  box^z  +  (F-G(7)x*  +  (7(G+l)xVj  (12) 

Rel  (12)  exhibits  a  set  of  singularity  of 
Lebesgue  measure  0.  However,  when  the  reconstruction 
constants  A,...,G  are  given  their  exact  values. 
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ISRS's  become  an  Inverse  Standard  Exact  System 
(ISES)  which  simply  identifies  with  the  OS  owning  no 
singularity.  Therefore,  for  a  high  quality 
reconstruction,  the  amount  of  parasitic  singularity 
is  very  small. 

II. 4  -  INVERSE  liQH  STANDARD  SY§.I£MS.  (INSS) 

The  interest  of  using  ISRS's  when  the  OS  is 
known  is  to  provide  direct  convincing  validations  of 
the  reconstruction  techniques  because  comparisons 
can  be  carried  out  against  the  OS  itself.  When  the 
OS  is  unknown,  ISRS's  cannot  be  used.  However, 
starting  from  standard  systems  with  coordinates 
(x,Y,Z),  we  may  introduce  Inverse  Non  Standard 
Systems  (INSS)  with  coordinates  (x',y',z')  f 
(x,y,z).  When  the  OS  is  known,  SES's  become  Inverse 
Non  Standard  Exact  Systems  (INSES).  When  it  is 
unknown,  SRS's  become  Inverse  Non  Standard 
Reconstructed  Systems  (INSRS).  The  number  of  INSS's 
being  infinite,  choices  must  be  motivated.  Here,  the 
motivation  comes  from  the  fact  that  there  is  some 
disadvantage  with  standard  systems  because 
singularities  will  in  practice  require  a  special 
so-called  intervention  procedure  to  integrate  the 
differential  equations  (Section  III-2).  We  then 
decide  to  examine  INSS's  in  which  such  terms  would 
disappear  or  at  least  would  become  small  enough  to 
avoid  the  need  of  any  special  integration  procedure. 
A  formal  algorithm  has  been  designed  in  Ref  4  to 
achieve  this  aim.  Main  steps  are  recalled  below  and 
are  applied  to  the  SRS  of  Rel  (7). 

In  Rel  (7),  the  bracket  term  [BY+EZ]  of  the 
pseudo-singular  term  must  be  linear,  which  is  here 
indeed  the  case.  Our  INSS's  will  use  coordinates 
(x,|J,d).  Variable  ^  is  defined  from  the 
pseudo-singular  term  as  :• 


d  .  .  K' 


(13) 


Kx 

introducing  two  free  constants  K  and  K'.  Also,  for 


the  sake  of  simplicity,  we  may  decide  that  x  =•  Y  is 
given  by  a  linear  equation  ; 


x  =  Y  =  K^x  +  y  +  y  (14) 

After  some  algebraic  manipulations,  preferably 
with  the  aid  of  symbolic  computations,  we  may  then 
establish  a  class  of  INSS's  taking  the  form  : 


X  «  F,  (x,i6,d,K^,K|j,K^)  (15) 


(x,)>,0,K,K',K__,K^,K^_(R))  (16) 

d  =  Fj  (x,*>,^,K,K',K_^,K^,K^,(R})  (17) 

in  which  (15)  identifies  with  (14),  and  (16),  (17) 
are  not  given  for  the  sake  of  conciseness.  In  these 
relations,  (R)  designates  the  set  of  reconstruction 
constants.  Relations  (16),  (17)  still  contain  a  set 
of  singularities  of  Lebesgue  measure  0.  However, 
when  the  reconstruction  constants  (R)  are  given 
their  exact  values,  INSS's  become  INSES's  in  which 
all  singularities  disappear.  Therefore,  for  high 
quality  reconstructions,  we  obtain  a  class  of 
INSRS's  in  which  the  parasitic  amount  of  singularity 
is  small  enougn  to  avoid  any  special  procedure 
during  the  integration  process.  Therefore,  our  aim 
is  fulfilled. 


Among  the  INSES's,  the  OS  is  recovered  with  : 
K-  -0,  K'  -R-l,  -0,  K^-a,  K^.O  (18) 


As  an  example,  a  particular  attention  will  be 
paid  to  the  INSRS  defined  by  the  following  free 
constant  values  : 

K  -  K'  -  0  1 


K-K^.K^-l  I 
This  INSRS  is  then  found  to 


(19) 
be  : 


X  -  ^  (20) 


^  «  -FA  -EFx'  -  [  -  +  ECx]  [^+^]  -  ^  [EO+ej 

+  ^  X  -  5^  Iec  -  5  (ED+B)  +  (F-1)  4  (21) 

E  X  t-  E  J 


^  -  EA  +  EFx^  +  EGx(W)  +  ^  (ED+B) 

E 

+  !^  |eC  -  5  (ED+B)  +  (E-1)  (22) 


With  exact  values  of  the  reconstruction 
constants,  this  INSRS  becomes  the  following  INSES  ; 

X  ■  IJ  +  0  (23) 

■  -bo(R-l)+x(d+ox)+(i5+^)(x-a-l)+b^  (24) 

0  “  bo(R-l)-x(^+l6+ox)-b^  (25) 


II.  5  -  SQUEEZED  SYSTEMS 

After  integration,  we  find  that  standard 
systems  lead  to  attractors  exhibiting  a  great 
disparity  of  coordinate  scales  (Ax  =»  40,  AY  =  300, 
AZ  =  6000).  Although  the  disparity  is  less 
significant  for  INSS's,  it  still  exists  (Ax  =  40,  Ai& 
=  A^  »  500).  These  disparities  lead  to 
underestimation  difficulties  when  evaluating 
generalized  dimensions  spectra  (Section  IV).  These 
difficulties  are  solved  or  at  least  considerably 
reduced  by  coordinate  rescaling.  We  then  introduce 
squeezed  SFS's  (SSES)  and  squeezed  SRS's  (SSRS)  with 
coordinates  (x,A,A)  by  squeezing  sES's  and  SRS's 
respectively,  according  to  ; 

A  =  Y/6.5,  A  -  Z/150  (26) 

Similarly,  we  introduce  squeezed  INSES  (SINSES) 
and  squeezed  INSRS  (SINSRS)  with  coordinates  (x,ir,r) 
by  squeezing  the  INSES  and  the  INSRS  respectively, 
according  to  : 

K  »  ^/18,  r  =  ^/13  (27) 

III  -  RECONSTRUCTION  AND  QUALITATIVE  VALIDATIONS 

III. l  -  RECONSTRUCTION  TECHNIQUE  fiNfi  CONSTANTS 
All  dynamical  systems  in  this  paper  are 

integrated  by  using  a  fourth-order  Runge-Kutta 
algorithm  with  a  time  step  At  (except  standard 
systems  which  will  require  two  different  time  steps 
St  and  St').  In  particular,  integrating  the  OS,  we 

obtain  a  time  series  |xj  which  is  assumed  to  be  all 

our  knowledge  concerning  the  system  and  which  is 
treated  as  an  experimental  numerical  scalar  time 
series.  By  using  an  accurate  enough  finite 
difference  scheme^,  we  may  determine  vectorial  time 

series  |x|,Y|,Z|,zJ  from  scalar  time  series  |xj. 

We  are  then  left  with  a  function  fitting  problem  to 
determine  the  standard  function  F  of  Rel  (6),  We 
used  the  same  procedure  than  in  Ref  3,  starting  with 
a  ratio  of  polynomial  expansions,  identifying  on 
objective  grounds  the  constants  which  are  equal  to  0 
in  these  expansions  and,  dismissing  these  constants, 
we  obtain  F  under  the  form  of  Rel  (7),  This  relation 
may  be  rewritten  as  : 

Ax^+BY^CxY+DxZ+EYZ+FxSGx^  -  xZ  (28) 
containing  7  constants.  When  7  quadruplets 
{x,,Yj,Z|,zJ  are  sampled,  we  obtain  a  linear  set  of 

equations  to  be  solved  to  evaluate  the 
reconstruction  constants.  For  the  sake  of  accuracy, 
it  is  actually  better  to  solve  N^  sets  and  to  carry 

out  averages.  The  procedure  is  again  the  same  is  in 
Ref  3,  including  the  use  of  a  discrimination  scheme. 
The  research  of  the  best  results  (in  the  sense 
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defined  in  Ref  3)  is  carried  out  by  optimizing  over 
the  number  of  quadruplets  sampled  by  pseudo-period 
=  0.73,  the  Runge-Kutta  time  step  St  and  the 

number  of  sets  N  .  The  final  reconstructed  values  of 

S 

the  reconstruction  constants  are  given  in  Table  I. 
III. 2  -  QUALITATIVE  VALIDATIONS 
They  rely  on  visual  comparisons  between 
graphical  displays  of  exact  and  reconstructed 
attractors.  Ail  graphical  displays  presented  in  this 
section  correspond  to  an  integration  of  the  systems 
during  100  pseudo-periods  T^  with  about  10^  points 

sampled  per  T^,  and  a  single  integration  time  step 

5t  =  10'^  (except  when  stated  otherwise  for  standard 
systems),  with  initial  conditions  taken  on  the 
attractors  after  transient  killing.. 

Fig  1  shows  the  OS  in  which  we  recognize  the 
celebrated  Lorenz  butterfly.  The  ISRS  (becoming  an 
ISES  identifying  with  the  OS  for  perfect 

reconstruction)  with  the  x  of  Rel  (12)  and 
reconstruction  constant  values  taken  from  Table  I, 
is  shown  in  Fig  2.  The  comparison  between  Figs  1  and 
2  is  very  good  indeed. 

The  SES  may  be  obtained  by  integrating  the  OS 
and  applying  the  DST  to  each  sampled  point.  This 
procedure  is  trivial  because  no  singularity  appears 
in  the  OS  nor  in  the  OST,  confirming  the 
pseudo-singular  character  of  the  SES-vector  field. 
We  then  obtain  l.he  bow-tie  attractor  displayed  in 
Fig  3.  We  note  the  ar.nounced  disparity  of  scales  Ax, 
AY,  AZ. 

SES,  and  more  generally,  SES's  and  SRS's, 
squeezed  or  not,  may  be  obtained  by  integrating  the 
corresponding  vector  fields.  A  special  so-called 
intervention  procedure  is  there  required  due  to  the 

existence  of  a  critical  set  |x»x^»o|.  Although  this 

critical  set  is  of  Lebesgue  measure  0,  i.e  the 
probability  of  landing  on  this  set  during  a  discrete 
integration  procedure  is  0,  there  is  -  numerical 
unsafe  domain  surrounding  x^  in  which  numerical 

errors  cumulate  leading  possibly  to  the  ejection  of 
the  computed  trajectory  outside  of  the  attractors. 
The  intervention  procedure  is  described  in  Ref  4.  It 
uses  two  time  steps  it  and  it\  the  second  one  being 
activated  in  a  domain  surrounding  x  ,  detects 

inaccuraci^  and  corrects  them.  A  SES  with 
it'  ’  3.10  and  the  corresponding  SRS  are  displayed 
in  Figs  4  and  5  respectively.  Corresponding  squeezed 
systems  look  rather  identical  but  for  the  rescaling 
of  coordinates.  Figs  3-5  compare  very  favourably 
(note  that  identities  between  figures  should  not  be 
expected  due  to  sensitivity  to  initial  conditions). 

The  INSES  of  Reis  (23) -(25)  and  the 
corresponding  INSRS  of  Reis  (20)-(22)  are  displayed 
in  Figs  6  and  7,  comparing  again  very  favourably. 
Corresponding  squeezed  systems  again  look  rather 
identical  but  for  the  rescaling  of  scales. 

IV  -  QUANTITATIVE  VALIDATIONS 

They  rely  on  comparisons  between  generalized 
(fractal)  dimensions  D^  of  exact  and  corresponding 

reconstructed  systems.  Computations  are  carried  out 
by  using  a  fixed-radius  approach.  Details  concerning 
definitions,  notations,  algorithms,  and  extensive 
literature  quotations  are  available  from  Refs  1  and 

3.  Complementary  discussions  are  available  from  Ref 

4.  In  all  cases,  we  use  a  resolution  (N,m)  »  (10*, 
2000)  in  which  N  is  the  number  of  sampled  vectors 
and  m  the  number  of  central  vectors  used  to  average 
local  correlation  moments.  About  70  vectors  are 
sampled  per  T^^.  Vectors  are  defined  in  the  phase 

space  of  the  considered  system  (r’j,  i.e.  without 
any  attractor  reconstruction  in  ic.  Local  slopes 
D^(r|)  are  evaluated  at  45  rj-locations  separated  by 

equal  logarithmic  intervals  in  a  range  (r  ,r).  D 's 

1  2  q 
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Fig.  1.  Original  System  (OS). 


o 

*Ai 


Fig.  2.  Inverse  Standard  Reconstructed 
System  (ISRS). 


o 


Fig.  3.  Standard  Exact  System  (SES)  by 
applying  the  DST  to  the  OS. 

are  afterward  obtained  by  averaging  local  slopes  in 
a  r-scaling  domain  (r  ,  ,r  ),  for  which  D  (r) 

exhibits  a  plateau  within  a  certain  accuracy.  The 
standard  mean  deviation  of  the  local  slope  values 

in  the  r-scaling  domain  provides  a  criterion 
reflecting  the  quality  of  the  plateau.  It  is 
well-known  that  the  choice  of  the  r-scaling  domain 
lacks  of  objectivity  and  that  this  feature  is 
actually  one  of  the  shortcomings  of  the  algorithm. 
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Fig.  4.  SES  by  integrating  the  vector  field 
with  an  intervention  procedure. 


Fig.  5.  Standard  Reconstructed  System  (SRS) 
by  integrating  the  vector  field 
with  an  intervention  procedure. 

0 


'-o  ".Vx 

Fig.  6.  Inverse  Non  Standard  Exact  System 
(INSES). 

Furthermore,  the  range  (r  ,  ,r  )  generally  depends 

ntn  (MIX 

on  q,  Therefore,  we  should  ideally  present  soecific 
data  expressing  r,  (q),  r  (q),  not  given  to  avoid 

data  proliferation.  We  however  mention  that  our 
results  are  rather  insensitu'  to  reasonable 
modifications  of  the  r-scaling  dema  ns..  Furthermore, 
instead  af  being  interested  with  exact  values  of 
D  's,  we  are  more  concerned  with  comparisons  between 
<1 


o 


Inverse  Non  Standard  Reconstructed 
System  (INSRS). 


0^'s.  Good  comparisons  provide  reconstruction 

validations,  even  if  the  0  -values  themselves  are 

a 

biased.  Therefore,  exact  and  reconstructed  systems 
of  the  same  kind  are  studied  with  the  same  ranges 
(r  ,r  ).  More  generally,  computations  and 

fnio  iMX 

interpretation  of  run  data  are  carried  out  under  the 
same  specifications.  Table  II  provides  D  -values  and 

Table  III  values  of  a  /D  in  X  for  q  6  [1,50].  Data 

0  q 

concerning  q  <  1  nave  been  evaluated  but  are  omitted 
to  simplify  the  discussion  {they  would  not  modify 
our  conclusions).  The  reason  for  dismissing  these 
data  in  this  paper  is  that  D 's,  q  <  1,  probe  parts 

of  the  attractor  where  the  measure  is  the  most 
rarefied,  leading  to  poor  statistics  and  inaccurate 
evaluations.  Tables  contain  6  columns  corresponding 
to  the  following  systems  (for  convenience,  we  shall 
refer  to  the  ith  column  by  the  label  Ci)  : 

Cl.  OS,  Reis  (l)-(3),  coordinates  (x,y,z),  Fig 

1., 

C2.  ISRS,  Reis  (12) ,  (2) ,  (3) ,  coo.di"=«tes 
{x,y,z).  Fig  2. 

C3.  SSES,  coordinates  (x,A,A),  obtained  by 

squeezing  with  Rel  (26)  the  SES  of  Fig  4. 

C4.  SSRS,  coordinates  (x,A,A),  obtained  by 

squeezing  with  Rel  (26)  the  SRS  of  Fiq  5. 


q 

Cl 

C2 

C3 

C4 

C5 

C6 

1 

2.050 

2.049 

2.056 

2.034 

2.131 

2.081 

2 

2 .071 

2.070 

2.032 

2,027 

2.053 

2.059 

5 

2.  130 

2.130 

1  .743 

1  .773 

2.088 

2.C97 

10 

2.170 

2.173 

1  .583 

1.622 

2.118 

2.122 

30 

2.189 

2  .190 

1 .481 

1.514 

2 .132 

2.123 

50 

2.181 

2.186 

1  .461 

1.489 

2.129 

2.112 

Table  II  Generalized  dimensions  D  . 

<i 


q 

Cl 

C2 

C3 

C4 

C5 

C6 

1 

0.3 

0.2 

0.4 

0.7 

2 

4 

2 

0.4 

0.2 

0.6 

0.5 

0.4 

0.5 

5 

0.9 

0.6 

1 

0.7 

0.9 

0.9 

1  V 

0 . 7 

0.7 

? 

2 

1 

1  2 

30 

1 

1 

3 

3 

2 

3 

50 

0.9 

2 

3 

3 

2 

2 

Table  III  Criterion  o /O  (%)  of  plai.eau 

0  q 

quality. 
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C5.  SINSES,  coordinates  (x.it.r),  obtained  by 

squeezing  with  Rel  (27)  the  INSES  of  Fig  6. 

C6.  SINSRS,  coordinates  (x,7t,r),  obtained  by 

squeezing  with  Rel  (27)  the  INSRS  of  Fig  7. 

Among  the  D  's,  only  the  information  dimension 

is  invariant  under  reasonable  changes  of 

coordinates  according  to  Ott  et  al*.  Relying  on  the 
fact  that  all  our  systems  share  the  same  variable  x, 
we  heuristically  comment  in  Ref  4  that  the 
invariance  property  is  expected  here  to  hold 
whatever  q.  We  shall  now  comment  relative 
differences  i%  between  exact  and  reconstructed 

r 

systems  in  Table  II.  We  shall  claim  that  our  results 
are  satisfactory  if  these  e^'s  are  smaller  than  the 

0  /D  's  of  Table  II!.  We  comment  in  Ref  4  that  such 

a  q 

a  crittt  Ion  might  lead  to  optimistic  statements  and 
we  also  provide  a  more  sophisticated  and  more  severe 
way  to  address  the  issue.  This  more  sophisticated 
method  canno'.  be  used  here  for  lack  of  room. 
However,  it  would  lead  to  the  same  conclusions  than 
the  ones  given  below. 

The  comparison  between  the  OS  (Cl)  and  the  ISRS 
(C2)  is  nearly  perfect,  agreeing  always  up  to  the 
fourth  digit.  The  worst  relative  difference  %  is 

0.2  %  for  q  =  50  which  does  not  exceed  the  best 
(o/D)  in  Cl  and  C2  cf  Table  III.  Comparisons 

0  q 

between  C3  (SSES)  and  C4  (SSRS)  are  not  so  good. 
However,  the  c^'s  are  1,-  0.25,  1.7,  2.5,  2.2,  1.9  % 

for  q  from  1  to  50  respectively  which  are  smaller 
than  the  (o/D  ys  in  C3  and  C4  (for  q  =  2,  30,  50) 

0  Q 

or  not  significantly  much  bigger  for  the  other  q's. 
The  comparison  C3/C4  is  therefore  found  to  be 
satisfactory.  Comparing  with  the  OS  and  ISRS,  we 
however  remark  that  D^'s  are  significantly 

underestimated  for  q  >  5.  For  nonsqueezed  systems, 
the  underestimations  appeared  for  all  q's.  Squeezing 
therefore  improves  the  situation  but  does  not  fully 
solve  the  problem.  This  problem  may  be  solved  by 
more  general  transformations  than  simple  squeezing, 
a  trivial  example  being  provided  by  the 

transformations  transforming  SSES's  and  SSRS's  to  OS 
and  ISRS  respectively.  Underestimations  are  indeed  a 
classical  problem  of  the  algorithm,  depending  on  the 
structure  of  the  attractor.  It  might  be  reduced  by 
increasing  the  resolution  (N,m)  but  this  could  lead 
to  unaffordable  run:.  We  however  remark  that  the 
existence  of  underestimations  does  not  prevent  us  to 
compare  0^-values  in  "o  far  as  these 

underestimations  simultaneously  appear  for  the  SSES 
of  C3  and  the  SSRS  of  C4.  Finally,  for  the 

comparison  C5/C6  between  SINSES  and  SINSRS,.  relative 
differences  are  always  much  smaller  than 

(Oo/0q)'s  in  C5,  C6  of  Table  III  except  for  q  «  I 
when  -■  2.3  %  which  however  does  not  poorly 


compare  with  the  2  %  in  C5  and  the  4  %  in  C6,  Table 
III.  We  inereforo  conclude  that  our  quantitative 
validations  are  very  satisfactory.  A  final  comme' t 
is  that  underestimations  did  appear  for  INSES  and 
INSRS  and  that,  as  evidenced  by  the  results,  they 
are  washed  out  by  squeezing. 

V  -  CONCLUSION 

Techniques  previously  used  for  vector  field 
reconstructions  in  the  case  of  Rossler  equations 
have  been  successfully  applied  to  the  case  of  the 
Lorenz  system.  Our  final  aim  is  the  application  of 
vector  field  reconstructions  to  the  case  of  noisy 
experimental  systems.  In  this  conclusion,  we  stress 
out  that  two  main  steps  are  still  required  to  reach 
this  aim.  The  first  one  concert. s  the  standard 


function  fitting  problem.  Much  more  general 
expansions  as  the  ones  we  used  are  necessary.  A 


systematic  study  will  be  devoted  to  this  step, 
taking  the  example  of  an  attractor  produced  bv  a 


simple  model  of  thermal  lens  oscillations’.  Due  to 
the  existence  of  a  sharp  cut-off  term  in  the  vector 
field,  this  example  will  provide  an  acid  test.  The 
second  step  concerns  the  issue  of  noise  removal 
and/or  smoothing.  We  have  little  doubt  that  these 
two  problems  will  eventually  find  adequate 
solutions,  then  providing  the  applied  scientist  with 
a  new  tool  of  interest  for  experimental  data 
modelling. 
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Abstract 

Our  goal  here  is  to  provide  a  better  understanding  of  the 
role  of  large-scale  coherent  structures  (CS)  and  their  interactions 
with  incoherent  turbulence.  We  first  study  the  core  dynamics  of 
an  axisymmetrio  but  variable-diameter  laminar  vortex  and  the 
coupling  of  the  axial  flow  with  meridional  flow;  we  then  study 
the  interaction  of  the  vortex  with  superimposed  fine-scale  3D 
turbulence.  Using  complex  helical  wave  decomposition  we  gain 
some  insight  into  the  organization  of  the  fine-scale  turbulence  as 
well  as  raise  some  questions  regarding  the  concept  of  local 
isotropy. 

1.  Introduction 


2.  The  governing  equations  for  an  axisymmetric  vortex 

Let  (u,v,w)  be  the  velocities  along  the  cylindrical 
coordinates  (r,0,z).  Let  the  z-axis  be  the  axis  of  the 
axisymmetric  vortex,  and  let  6  increase  in  the  direction  of  the 
swirl;  see  Fig.  1.  The  equations  are  made  dimensionless  by 
introducing  characteristic  time  and  length  scales,  which  are 
derived  from  the  circulation  F  and  angular  impulse  M'*  per  unit 
length.  The  cylindrical  symmetry  implies  that  the  pressure 
gradient  in  in  the  momentum  equation  vanishes  and  that  v  does 
not  appear  in  the  continuity  equation.  For  the  meridional  flow 
(i.e.in  the  (r,  z)-planes,  see  Fig.  1), 


Vortex/vorticity  dynamics  is  an  attractive  mathematical 
tool  for  interpreting  the  role  of  CS  in  turbulent  shear  flows;  e.g. 
Bridges  et  al  ( 1990).  Studies  of  idealized  vortical  structures  are 
therefore  unavoidable  for  first  obtaining  fundamental 
understanding  before  more  complex  practical  situations  can  be 
addressed. 

The  principal  issue  here  is  the  dynamics  of  an 
axisymmetric  vortical  structure  with  and  without  superimposed 
small-scale  3D  mrbulence  in  an  incompressible,  viscous,  constant 
property  fluid.  We  have  two  main  objectives.  First  is  to 
understand  the  core  dynamics  of  an  axisymmetric  viscous  vortex 
with  significant  self-induced  axial  How.  A  poor  understanding  of 
the  core  dynamics  in  a  3D  vortex  r>  one  of  the  principal  obstacles 
in  laminar  vortex  dynamics.  The  eason  is  that  the  motion  of  the 
axis  of  a  curved  vortex  is  very  sensitive  to  changes  in  the  vortex 
core,  hence  the  importance  of  the  core  dynamics.  Due  to  such 
difficulties  the  problem  is  often  evaded.  For  example,  many 
theoretical  studies  of  organized  structures  in  turbulent  flows 
(such  as  hairpins  in  boundary  layers  and  homogeneous  shear 
flows)  have  modeled  such  structures  as  being  of  uniform  core 
diameter  and  have  presumed  that  a  nonuniform  core  has 
negligible  effect  on  the  flow  evolution.  Second  is  to  understand 
the  effect  that  background  turbulence  has  on  the  dynamics  of  a 
vortex,  as  well  as  how  the  turbulence  itself  is  changed  as  a  result 
of  interaction  with  the  vortex.  Thus  this  study  can  be  viewed  as 
that  of  coupling  between  CS  and  fine  scales-one  of  the  most 
interesting  but  least  understood  facets  of  turbulence,  Hussain 
(1983).  If  there  were  a  wiae  scale  separation  between  CS  and 
fine  scales  in  turbulence,  then  conventional  wi.,dom  would 
suggest  that  the  coupling  between  the  largely  disparate  scales  is 
weak;  in  fact,  this  is  the  cornerstone  of  Kolmogorov's  theory  and 
of  the  local  isotropy  hypothesis.  But  we  have  long  insisted  that 
the  large  and  fine  scales  are  intimately  coupled  and  thus  local 
isotropy  is  unlikely,  Hussain  (1984).  Here,  we  directly  focus  on 
this  coupling  by  studying  the  interaction  between  a  well  defined, 
simple,  yet  dynamically  evolving,  large-scale  vortical  structure 
with  fine-scale  3D  turbulence.  The  geometry  chosen  (an 
axysymmetric  vonex)  .seems  to  be  the  simplest,  free  from  effects 
of  self-induction  and  of  other  nearby  structures,  to  address  the 
phenomenon  and  can  indeed  be  viewed  as  a  segment  of  typical 
large-scale  CS  in  practical  turbulent  shear  flows  such  as  mixing 
layers,  jets,  wakes,  etc. 

The  laminar  cases  exhibit  helical  vortex  lines,  thus 
sparking  a  renewed  interest  in  helicity  concepts,  Moffat  (1969). 
We  discuss  a  number  of  tools  for  analyzing  the  flow's  helical 
structures.  Included  are  the  helicity  integral,  the  helicity  densities 
and  the  so-called  complex  helical  wave  decomposition,  Lesieur 
(1990),  based  on  the  expansion  of  the  velocity  field  into 
eigenfunctions  of  the  curl  operator,  Moses  (1971).  The  turbulent 
cases  consist  of  the  above  laminar  vortex  superimpo.sed  with 
uniform  isotropic  homogeneous  random  velocity  fluctuations. 


(1)  u  =  jr^. 


so  that  the  azimuthal  vorticity  component  becomes. 


(2) 


a>8  =  7 


JL  ^'1' 

r2  "St 


1  ^ 
r  dr2 


It  is  well  known,  e.g.  Batchelor  (1967),  p.544)  that  ^  "5 
rv  IS  corvected  with  an  inviscid  axisymmeuHc  flow;  we  therefore 
express  equauon  (2.2)  in  terms  of 

Dt  ■  Re  [ar2  ’  r  ^  9z2j 

where  D/Dt  =  d/dt  -i-  ud/dr  +  wd/dz  in  the  time  derivative 
following  a  particle  in  the  meridional  flow. 

Also,  for  an  inviscid  axisymmetric  flow  without  swirl  Ti  h 
coe/r  is  convected  with  the  flow.  Thus, 


Dt  ,4^  +  Re 


3  dti  d^Ti 
dr2  r  P  9z2 


Note  that  the  coupling  between  swirl  and  meridional  flow  is 
expressed  through  a  single  term.  In  the  absence  of  viscosity,  ^  is 
transported  with  the  meridional  flow.  However,  ^  significantly 
influences  the  transport  of  t|  =■.  cos/r,  and  thereby  also  the 
meridional  flow.  The  coupling  term  (r^  d^^/dz)  in  (4)  is  most 
significant  in  the  vortex  core  center  where  ^2  Js  usually 
proportional  to  r^  .  Outside  the  vortex  core  where  ^2  =  r2/47r2^ 
the  effect  is  small  0(r4),  and  the  term  vanishes  identically  in  the 
potential  flow  outside  an  inviscid  vortex. 

3.  Numerical  Method  and  Initial  Conditions 

We  use  a  3D  spccffal  method  with  periodic  boundary 
conditions  to  simulate  the  flows.  Although  this  method  is  not 
efficient  for  axisymmetric  flows,  it  has  the  ad  antage  that  the 
flow  may  be  given  non-axisymmetric  3D  perturbations,  such  as 
fine-grain  turbulence,  without  changing  the  numerical  method. 
Furthermore,  the  complex  helical  wave  decomposition,  which  is 
a  central  part  of  our  analysis,  is  most  easily  performed  using 
Cartesian  coordinates  and  Fourier  transforms. 

In  all  our  cases-laminar  as  well  as  turbulent-the  initial 
vortex  is  the  same.  We  concentrate  this  paper  on  a  single 
Reynolds  number,  Re=665.2.  The  vortex  initially  has  a 
sinusoidal  axial  vanation  of  the  core  size,  and  the  axial  vorticity 
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profile  is  the  same  everywhere  along  the  axis,  when  scaled  with 
the  core  size.  The  radial  vorticity  component  is  determined  such 
that  the  vorticity  field  is  divergence  free.  No  axial  flow  is  present 
initially  as  the  azimuthal  vorticity  component  is  set  to  zero.  The 
initial  turbulent  background  is  isotropic  homogeneous  and 
consists  only  of  scales  represented  by  wavenumbers  in  a  certain 
interval,  i.e.  fee  [ki,kh].  Within  this  interval,  the  phases  are 
random  with  a  uniform  probability  distribution,  while  the 
amplitudes  are  random  with  a  probability  distribution  P  times 
a  normalization  factor,  which  serves  to  give  the  turbulent  velocity 
field  a  specified  rms-vrlue  u'lms-  Thus  the  turbulent  background 
IS  herewith  specified  by  ki,  kh  and  u'mis- 

4.Analysis  of  the  Axisymmetric  ca.ses 

An  overall  impression  of  the  vortex's  evolution  is 
provided  by  Fig.2,  which  shows  a  few  characteristic  vortex  lines 
at  selected  times.  Due  to  the  axisymmetry  it  is  sufficient  to 
consider  vortex  lines  starting  from  a  single  radial  rake.  In  all 
panels  of  Fig.2,  the  vortex  lines  are  drawn  siarting  from  a  radial 
rake  at  the  same  axial  position  (z=0)  We  reemphasize  that  vortex 
lines  are  almost  never  material  lines  in  a  viscous  fluid,  and 
therefore  no  explicit  time  history  is  implied  between  the  panels  in 
Fig.2.  The  vortex  line  geometry  at  each  instant  merely  indicates 
the  instantaneous  dynamics. 

At  t=0,  all  vortex  lines  lie  in  meridional  planes 
(G=constant)  and  therefore  momentanly  have  no  torsion  (Fig.2a). 
However,  the  vortex  lines  gain  torsion  immediately,  because  of 

axial  variations  in  the  swirling  motion  around  the  axis;  0  =  dO/dt 
=  v/r  is  large  where  the  core  size  .  -  small,  and  vice  versa  as 
indicated  in  Fig  1  Near  z  =  ?72  the  vortex  lines  rotate  slower 

around  tlie  z-axis  than  near  z=0  and  2L  Consequently,  the  vonex 
lines  start  twisting  between  z=0  and  z=l'(Fig.  2b).  Vortex  lines 
close  to  the  axis  tend  to  twist  more  than  lines  at  larger  radii, 

because  6  is  in  general  largest  at  the  axis.  Note  that  the  oblique 
view,  because  of  the  symmetry,  gives  two  different  views  of  the 
same  coiled  structure.  The  helical  twists  propagate  tow  ards  z=£ 
Meanwhile  the  vortex  core  expands  near  z=0  (2/)  .and  contracts 
near  z=C  The  onset  of  uncoiling  is  clear  in  Fig.  2e,  which  shows 
a  reversal  in  the  helical  twist  of  the  innermost  vortex  near  z=0  and 
z=2L  At  this  instant  me  reversed  coiling  has  not  yet  affected  the 
outermost  vonex  line,  but  later  (Fig.  2g)  the  helical  twist  of  all 
vortexlines  has  reversed. 

The  coiling  and  uncoiling  of  the  vortex  lines  continue,  but 
dampen  with  time  and  thus  the  axial  flow  and  the  core  dynamics 
die  out.  Figure  2f  shows  essentially  a  rectilinear  vortex,  except 
that  close  to  the  axis  some  axial  dynamics,  though  weak,  still 
persists.  While  Fig.2  gives  a  qualitative  perception  of  the  overall 
evolution  of  the  vortical  field  and  graphically  demonstrates  the 
presence  of  the  helical  structures  and  their  axial  propagation,  it 
fails,  however,  to  pioperly  reflect  other  essential  aspects,  such  as 
the  evolution  of  the  vortex  core  size,  the  enstrophy,  the  stretching 
and  comprt'sion  of  vortex  lines,  as  well  as  the  coupling  between 
azimuthal  and  meridional  flows  Nor  does  it  provide  quantitative 
measures  of  the  various  dynamical  properties  during  the 
evolution  of  the  process 

'ITie  vigor  of  the  core  dynamics  is  clearly  rellected  in  1  ig. 
3,  which  s.iows  the  evolution  of  the  vorticity  magnitude.  The 
vorticity  transport  seen  in  Fig.  3  appears  to  take  place  in  the  form 
of  '  wave  packets",  because  mass  and  vorticity  ffansports  are  in 
opposite  directions.  This  is  possible  because  of  the  ensf'ophy 
pr^uction  P(,),  which  allows  variations  in  vorticity  magniiude  to 
propagate  along  vortex  lines. 

We  now  focus  on  the  kinematic  relation  between  the 
enstrophy  production  and  the  inviscid  meridional  flow.  For  this 
purpose  we  consider  the  instantaneous  meridional  stream 

function  \g,  defined  in  (1),  as  given.  Equation  (3)  shows  that, 
the  circulation  along  any  circular  material  circuit  of  the  form  (r,z) 
=  (rm(0.  Zm(0)  is  constant  in  the  absence  of  viscosity.  The 
axisymmetry  guarantees  that  such  a  material  circuit  remains 
circular,  as  it  is  displaced  by  the  meridional  flow.  This  is  of 
crucial  importance  for  understanding  the  nature  of  both  vorticity 
transport  and  enstrophy  production.  Most  of  the  vorticity  is  in  the 


axial  component  coz  whose  inviscid  evolution  is  uniquely 
determined  by  the  motion  of  circular  material  circuits. 
Moreover, the  axial  vorticity  component  also  gives  by  far  the 
largest  contribution  to  the  enstrophy  production  P^).  This  is 
because  Pqj  is  only  appreciable  near  the  axis  of  the  vortex,  and 

there  0)^  **  ^he  only  non- vanishing  vorticity  component. 
Therefore  the  enstrophy  production  is  largely  determined  by  the 
motion  of  circular  material  circuits.  Their  motion  is  determine  by 
the  meridional  flow;  hence  the  importance  of  meridional  stream 
function  vp. 

5.  Helical  wave  decomposition 

For  a  detailed  study  of  helical  structures  we  decompose 
the  flow  field  into  "complex  helical  waves".  Following  Lesieur 
(1990)  it  is  possible  to  construct  Pvo  vectors  a(k)  and  hOO  which 
together  wi^  k  form  an  orthonormal  basis  such  that  the  "complex 
helical  waves"  defined  as 

(5a)  Y'^(k,20  =  (bCk'' -  ia(k))  exp(ik  •  x), 

(5b)  Y“(k,x)  s  (l2(k)  +  ia(k))  exp(ik  •  x), 

are  eigenfunctions  of  the  curl  operator  corresponding  to  the 
eigenvalues  ±lkl  *  0.  These  eigenfunctions  are  orthogonal  with 
respect  to  an  inner  product. 

Moreover,  the  linearly  independent  eigenfunctions  of  curl 
operator  may  be  selected  so  as  to  form  a  complete  set  and  the 
eigenvalues  are  real,  Moses  (1971).  The  complex  helical  waves 
span  a  subspace  of  vector  functions.  Note  that  a  potenual  vector 
field  is  an  eigenfunction  of  the  curl  operator  corresponding  to  the 
eigenvalue  0.  Thus  the  velocity  field,  which  is  divergence 
free,can  be  expressed  in  terms  of  complex  helical  waves  and  the 
gradient  of  a  harmonic  potential : 

(6)  i!(x,i)  =  Ur  +  Pl  +  ^4' 

Here  Ur  is  the  projection  of  p,  onto  the  vectorspace 
spanned  by  all  eigenfunctions  corresponding  to  positive 
eigenvu'ues  (+IJiO  of  the  curl  operator.  We  call  this  the  right- 
handed  component  of  p  the  projection  of  u  onto  the 
vectorspace  spanned  by  all  eigenfunctions  corresponding  to 
negative  eigenvalues  (-Ikl)  of  the  curl  operator.  We  call  this  the 
left-  handed  component  of  u.  '^if)  is  the  projection  of  p  onto  the 
null  space  of  the  curl  operator.  Since  p  is  divergence  free  we  have 
Viji  =  0.  Assuming  that  the  potential  part  of  the  flow  is  constant  at 
infinity  we  have  that  V(|)  is  a  constant  vector  field  (due  to  the 
maximum  principle  for  harmonic  functions)  and  can  be  removed 
by  choosing  an  appropriate  inertial  frame.  For  the  vorticity  field 
we  have  a  similar  decomposition  where  it  is  assumed  that  the 
fluid  is  not  rotating  at  i„finity  Since  the  Fourier  transforms  of 
real  vector  fields  huve  conjugate  symmetry,  the  right  and  left- 
handed  projections  are  real  in  physical  space. 

The  cascade  is  inhibited  when  (fpR+PiL)  ^ 
together  with  its  first  spatial  derivatives  are  small  in  some  region. 
We  shall  now  analyze  this  condition  when  the  flow  at  a  given 
instant  is  composed  of  just  two  eigenmodes  of  the  curl  operator 
(i.e.  superposition  of  two  Beltrami  flows), 

(7)  ja,  =  V  X  p,  =  A,iU] 

(8)  122  =  V  X  U2  =  XqMz  ■ 

The  Lamb  vector  then  takes  the  form 

(9)  (Ui  +  P2)  X  (pJi  + 122)  =  CA2  -  ^l)  P2  X  Ill- 

Recall  that  the  eigenvalues  are  real  -  positive  for  right- 
handed  and  negative  for  left-handed  flow  fields.  Thus  if  pi  and 
U2  have  equal  parity  (both  right  handed  or  both  left  handed)  then 

1^2  -  Xjl  =11X2!  -  iXj  II,  whereas  if  Pi  and  U2  have  opposite  parity, 
then  1X2  -  X|l  =  IIX2I  +  IX ill.  This  difference  is  particularly 

interesting  when  IX2I  »  IX2I,  an  important  case  as  the  dominant 
conrtibution  to  the  cascade  is  known  to  originate  from  roughly 
equal  .scales.  In  that  case  the  contribution  to  the  cascade  from 
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interaction  of  eigenmodes  with  equal  parity  is  small,  while  the 
contribution  from  the  intei  action  of  eigenmodes  with  opposite 

parity  may  be  large.  While  the  diffusion  operator  A  conserves 
parity  ,  vorticity  of  one  parity  can,  through  nonlinear  self¬ 
interaction  generate  opposite  parity.  If  a  fully  polarized  structure 
(la  =  or  IB  =  in  an  inviscid  flow  generates  vortic'‘.y  of  the 

opposite  parity,  then  the  numerical  values  of  i  bir  •  d  V 

and  J  jBl  ■  Ml  increase.  This  analysis  suggests  that 

vortical  structures  of  strong  left  or  nght-handed  polarization  are 
persistent  or  "coherent"  features  of  the  flow. 

5.2  Helical  decomposition  applied  to  the  laminar  vortex 

The  spatial  distributions  of  the  polarized  components  are 
not  stationary  but  move  in  opposite  directions.  As  the  polanzed 
components  separate  spatially  becomes  dominant  in  some 

regions,  !Bl  in  others.The  helical  twists  on  the  vortex  lines  (Fig. 
2)  are  the  results  of  one  polarized  component  being  locally 
dominant.  Where  iBjj  dominates  the  local  twist  is  right-handed, 
and  visa  versa.  As  seen  in  Fig.  4  the  motion  of  the  polanzed 
distnbutions  is  quite  simple,  namely  the  right-handed  distribution 
moves  to  the  left,  while  the  left-handed  moves  to  the  right.  Thus 
the  helical  decomposition  gives  the  unique  separation  of  wave- 
packets  moving  in  opposite  directions  on  the  vortex-a  striking 
result  in  light  of  the  nonlinearity  of  the  governing  equations.  In 
fact,  this  separation  can  not  be  obtained  in  the  general  case  by  any 
other  technique. 

6.  CS  and  small-scale  organization 

Fig.  5  shows  contours  of  Ififl  for  the  same  flow  with 
superimposed  fine-scaie  turbulence.  The  first  thing  we  notice 
about  the  vorticity  magnitude  is  that  it  decreases  dramatically  in 
the  early  pan  of  the  simulation.  In  fact,  the  incoherent  vonicity 
contributes  so  much  to  the  initial  vorticity  amplitude  Ijal  that  the 
coherent  structure  is  indiscernible  in  a  contour  plot  (Fig.  5a).  We 
emphasize  that  the  large  initial  incoherent  excitation  level  is 
somewhat  of  an  unavoidable  constraint,  forced  by  computational 
limitations  Namely,  our  insistence  on  a  direct  simulation  rather 
than  a  large  eddy  simulation  requires  that  the  smallest  scales  are 
strongly  damped  by  viscous  effects.  Hence  the  vorticity 
amplitude  of  the  small  scales  must  be  initially  high  for  them  to 
survive  long  enough  to  produce  appreciable  vorticity  amplitudes 
during  the  organization 

At  significantly  higher  Re  (say  10  -100  times  higher)  a 
much  lower  initial  incoherent  excitation  level  (10  -  100  times 
lower)  can  be  expected  to  ultimately  produce  similar  incoherent 
vorticity  scales  and  amplitudes.  While  the  scales  of  the 
incoherent  vorticity  grow  uniformly  with  time  everywhere  in  the 
computational  domain,  it  is  only  near  the  coherent  structure  that 
the  incoherent  vorticity  magnitude  remain  appreciable,(Figs.  5b- 
e).  The  incoherent  vorticity  magnitude  has  saturated  at  about 
10%  of  the  coherent  vorticity  at  the  end  of  the  simulation. 
However,  for  other  simulations  the  saturation  level  is  different 
and  depends  on  the  initial  excitation  level. 

The  3D-isovorticity  plots  (not  shown)  reveal  that  the 
incoherent  vortical  structures  swirl  azimuthally  around  the 
coherent  structure.  In  fact,  we  recognize  obvious  similanties 
with  >he  growth  of  the  boundary  layer  on  an  impulsively  rotated 
rod.  A  cross  section  (Fig.  6)  normal  to  the  axis  of  the  coherent 
structure  thus  gives  an  entirely  different  picture  than  does  Fig.  5, 
namely  that  of  2D-like  spiral  filaments.  From  Fig.6  alone  one 
could  mistake  the  incoherent  vorticity  near  the  vortex  for  sheet¬ 
like  structures 

It  is  clear  that  the  small-scale  organization  process 
consists  of  three  phases.  The  first  phase  is  an  alignment  of  the 
incoherent  vorticity  in  the  azimuthal  direction  by  the  shearing  of 
swirling  motion  of  the  vortex.  This  phase  is  characterized  by  very 
strong  dissipation  (not  shown)  at  the  Re  we  consider.  The  shear 
generated  by  the  vortex  results  in  an  alignment  of  the  small  scale 
vorticity  and  thus  breaks  the  initial  local  isotropy  of  the 
incoherent  vorticity;  compare  the  cross  sections  shown  in  Figs.  5 
and  6.  The  alignment  also  imposes  2D-like  constraints  on  the 
incoherent  vorticity  by  giving  it  a  preferred  orientation,  namely. 


in  the  azimuthal  direction.  The  shear  provides  a  continuous 
stretching  in  the  azimuthal  direction,  thus  attempting  to  sustain 
the  aligned  structures,  which  can  therefore  disappear  only 
through  local  annihilation  of  antiparallel  vorticity.  The  second 
phase  consists  of  amalgamations  by  transport  along  the  vortex  or 
by  pairing.  The  third  phase  involves  the  excitation  of  bending 
waves  of  the  vortices.  This  phase  can  only  occur  when  the 
smaller  scales  have  become  large  enough;  we  call  this  the 
feedback  phase.  We  emphasize  that  the  distinction  between  the 
three  phases,  alignment, amalgamation  and  feedback  is  fuzzy.  We 
can  not  exactly  tell  when  one  phase  ends  and  another  begins;  in 
fact  one  phase  may  begin  before  the  previous  one  ends. 

7.  Conjecnire  about  local  anisotropy  and  conclusions 

In  the  traditional  turbulence  theory  the  assumption  of  local 
isotropy  is  generally  invoked  for  scales  in  the  inertial  subrange; 
that  is,  there  is  no  preferred  direction  of  the  vorticity  associated 
with  scales  which  are  both  much  larger  than  the  Komolgorov 
scale  and  much  smaller  than  the  energy  containing  integral  scale. 
Consequently,  in  the  limit  of  Re->o»  anisotropy  is  only 
associated  with  the  large  scales  of  the  flow.  Note  that  the 
assumption  of  local  isotropy  does  not  imply  that  there  are  no 
structures  in  the  inertial  subrange,  nor  does  it  imply  anything 
about  the  shape  of  such  structures.  What  it  does  imply,  however, 
is  that  the  onentation  of  small  scale  structures  is  statistically 
random.  Local  isetropy  is  indeed  a  strong  assumption,  which, 
however,  is  very  convenient  for  calculating  the  transfer  of  energy 
between  different  scales.  In  essence  local  isotropy  implies  a 
decoupling  of  large  and  fine  scales.  As  mentioned  in  Hussain 
(1984),  the  evolutions  of  large  and  fine  scales  are  intimately 
coupled,  thus  suggesting  that  local  isotropy  is  suspect  in 
turbulent  shear  flows. 

The  presence  of  the  coherent  vortex  clearly  makes  the 
large  scales  anisotropic.We  will  now  examine  how  the  anisotropy 
of  the  largest  scales  cascades  down  to  the  smallest  scales.  The 
first  step  in  this  cascade  is  discussed  above.  Namely,  that  the 
coherent  vortex  gives  rise  to  the  formation  of  secondary  vortical 
structures  in  the  lioundary  layer  around  the  coherent  vortex 
through  alignment  and  subsequent  amalgamation  of  small  scale 
structures.  These  secondary  structures  may  then,  provided  that 
they  are  sufficiently  strong,  don.inate  the  strain  rates  in  their 
immediate  vicinity  If  the  Reynolds  number  is  sufficiently 
large,so  as  to  allow  the  existence  of  even  smal'er  scales,  we  can 
then  imagine  that  these  smaller  scales  align  and  organize 

azimuthally  around  the  secondary  structures.  In  the  Re-»«>  limit 
this  line  of  reasoning  leads  to  a  hierarchy  of  increasingly  smaller 
scale  structures  which  are  organized  as  schematically  suggested 
in  Figs.  7a-c.By  construction  this  figure  represents  a  fractal 
vortical  structure.  The  present  scenario  merely  adds  a  concrete 
physical  space  picture.  An  interesting  aspect  of  the  fractal  vortex 
shown  in  Fig.  7  is  that  the  spatial  support  of  the  dissipation  might 
also  be  fractal.  Note  that  the  present  simulations  have  Reynolds 
number  which  are  too  low  to  reveal  more  than  the  secondary 
structures,and  thus  the  existence  of  a  hierarchy  of  small  scale 
structures  is  purely  a  speculation.  However,  if  this  speculative 
scenano  has  merit  then  the  result  is  that  a  coherent  structure 
induces  a  departure  from  local  isotropy(at  all  scales). 

This  research  has  been  support^  by  ONR  grant  N(XX)14- 
89-J-1361  and  DOE  grant  DE-FG05-88ER13839. 
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Abstract 


2.1  Preliminary  Considerations 


The  paper  considers  the  modelling,  within  the  framework  of  second- 
moment  closure,  of  the  turbulent  stress  field  in  the  wall-adjacent 
sublayer.  Particular  attention  is  given  to  handling  wall-proximity 
effects  on  the  piessure-strain  (^,j)  and  stress-dissipation  (£,j)  pro¬ 
cesses.  Comparisons  of  the  resultant  model  with  the  direct  nu¬ 
merical  simulations  of  plane  channel  flow  show  close  agreement  of 
the  Reynolds  stress  profiles  at  two  Reynolds  numbers. 


1  Introduction 

.4s  research  on  wail  turbulence  shifts  away  from  flows  where  the 
near-waU  region  is  a  strictly  constant-stress  layer,  the  limited  va¬ 
lidity  of  the  ‘universal’  logarithmic  laws  is  becoming  increasingly 
recognized.  This  recognition  gives  impetus  to  efforts  at  devising 
a  generaUy  applicable  model  for  the  turbulent  stresses  within  this 
viscosity-affected  region.  To  achieve  the  desired  width  of  applica¬ 
bility,  it  is  widely  acknowledged  that  full  second-moment  closure 
needs  to  be  adopted..  While  models  of  this  type  have  been  in  use 
for  more  than  20  years,  only  recently  have  computer  resources  be¬ 
come  sufficiently  abundant  for  one  to  contemplate  applying  models 
of  this  type  to  a  wide  range  of  engineering  flows. 

The  subject  of  the  present  paper  is  the  adaptation  of  the  closure 
for  free  shear  flows,  presented  at  TSF  7  in  Stanford  [1,2],  so  as  to 
be  applicable  in  the  vicinity  of  the  wall.  The  particular  focus  is  the 
problem  of  accounting  for  the  wall’s  effect  on  the  pressure-strain 
(0,j)  and  dissipation  (£,;)  processes. 

Traditionally  the  turbulent  Reynolds  number,  R,,  has  been  the 
principal  (and  often  the  only)  parameter  adopted  for  modifying 
these  processes.  There  are  other,  arguably  superior,  routes  for 
achieving  the  desired  changes  in  and  as  the  wall  is  ap¬ 
proached.  While  the  use  of  Rj  has  not  been  entirely  eliminated,  it 
has  been  adopted  here  as  a  last  rather  than  a  first  resort.  Mo.e- 
over,  its  influence  is  confined  to  regions  where  turbulent  transport 
IS  no  more  than  one  and  a  half  orders  of  magnitude  greater  than 
molecular  transport,  a  limit  that  appears  desirable  on  physical 
grounds. 

The  present  contribution  documents  further  progress  in  the  re¬ 
search  programme  reported  in  Refs  3  and  4.  The  latter  paper 
is  very  recent  and  naturaRy,  in  the  few  intervening  months  since 
its  appearance,  the  ingredients  of  the  model  have  not  undergone 
major  change  Nevertheless,  the  present  dejnonstration  that  an 
explicit  wall  correction  to  <^,j  can  be  eliminated  and  the  further 
reconsideration  of  the  limiting  behaviour  of  e,j  may  be  of  inter¬ 
est.  Moreover,  computational  comparisons  now  include  both  the 
“high”  and  “low”  Reynolds  number  direct  simulations  of  turbulent 
■hannel  flow  [5,6].  In  view  of  She  limitations  on  space,  arguments 
and  philosophy  developed  in  Ref  4  will  not  be  repeated  here. 


2  Closure  Proposals 


The  exact  transport  equations  for  the  kinematic  Reynolds  stress, 
tZniJ,  for  a  uniform  density  fluid  medium  unaffected  by  force  fields 
may  be  obtained  by  tak’ng  a  velocity-weighted  moment  of  the 
Navier  Stokes  equations.  The  result  may  be  expressed: 


DuiUj 

Dt 


where  upper  and  lower  case  U’s  denote  the  mean  and  turbulent 
parts  of  the  velocity  vector  and  the  remaining  notation  is  standard. 
The  closure  problem  consists  of  devising  models  for  etj  and 
d,,  (since  P,j  and  d“  require  no  approximation).  Of  these  the  first 
two  are  generally  regarded  as  the  most  cruc’al  and  it  is  on  these 
that  the  present  paper  focuses. 

The  aim  of  adopting  second-moment  cl'sure  is  logically  to  achieve 
greater  width  of  applicability  and  a  closer  proximity  to  the  real 
processes  than  is  possible  with  eddy  viscosity  models.  This  means 
that  non-local  parameters  such  as  the  wall  friction  velocity,  the 
distance  from  the  waU  or,  worse,  the  boundary-layer  thickness  or 
pipe  diameter  ought  not  to  appear  as  elements  of  these  closures. 
In  the  past  this  principle  has  been  widely  disregarded  -  an  indica¬ 
tion  that  the  problem  of  devising  a  set  of  transport  equations  for 
the  Reynolds  stresses  that  correctly  mimics  their  diverse  variation 
across  the  sublayer  is  sufficiently  vexing  to  drive  one  to  desperate 
solutions! 


A  local  parameter  that  u  admissible  is  the  turbulent  Reynolds 
number,  R,  =  k^/i/e.  However,  this  parameter,  the  valium  of  the 
turbulence  modelling  industry,  has  been  freely  (and  sometimes 
irresponsibly)  prescribed  to  fix  all  modelling  problems  from  the 
decay  of  grid  turbulence  to  the  spreading  rate  of  the  round  jet. 
Side  effects  are  rarely  considered.  While,  in  a  paraUel  flow,  it  may 
be  used  to  hasten  the  faU  off  of  the  turbulent  shear  stress  as  the 
wall  is  approached  in  accord  with  observations,  the  variation  of 
the  normal  stress  components  remains  indifferently  captured.  Yet 
Ri  is  just  one  parameter,  from  several,  that  may  be  used  in  the 
treatment  of  near-waU  turbulence;  a  satisfactory  ‘cure’  -  if  one  is 
to  be  found  -  demands  the  use  of  a  more  extensive  arsenal. 

While  it  may  be  desirable  in  the  future  to  consider  invariants  of 
the  stress  dtssipation  tensor  [7],  for  the  moment,  in  addition  to  R( 
we  include  only  the  two  invariants  of  the  stress  tensor  itself:  At  ^ 
ttttO,,  and  As  =  o,jO,to*„  where  a,,  =  (Bfuj  -  In 

fact,  in  place  of  As,  it  is  convenient  to  adopt  Lumley’s  [8]  “flatness” 
parameter  A: 
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A  =  l-i(_A,-A3) 

which  ranges  in  value  from  unity  to  zero  as  the  turbulent  fluctu¬ 
ations  are  “flattened”  from  being  isotropic  to  lying  entirely  in  a 
plane  (as  they  do  on  the  limit  as  the  wall  is  approached).  The 
variation  of  these  invariants  tind  Rt  across  the  near-wall  region  of 
plane  channel  flow  appears  in  Fig  1. 


2.2  Modelling  the  Pressure-Strain  Process 
2.2.1  Adjustments  to  the  Free  Flow  Form 


The  starting  point  for  a  model  of  <j),j  for  near-wall  flows  is  logi¬ 
cally  one  for  free  flows.  The  version  adopted  here  is  basically  that 
developed  and  used  at  UMIST  for  the  calculation  of  a  wide  range 
of  homogeneous  and  inhomogeneous  free  shear  flows  e.g.  [1,2]:' 


<i>ij  =  -  Cl  [a,j  +  e'l  (a.fcOtj  -  V3^ij>l2)]  £ 

-  0.6  (P,j  -  yjitjPkk)  -h  O.Ssa.j  (Pkkii) 

-  r  [Aa  (Pij  -  D,j)  -h  3ai,akj  (P/k  -  -Dlfc)] 


(2) 


Equation  (2)  follows  broadly  the  direction  proposed  by  Lumley  [8] 
and  Shih  and  Lumley  [9]  though,  regarding  mean-strain  influences, 
there  are  also  some  important  philosophical  and  practical 
differences  from  that  proposed  in  [13]  (see  [1]). 


The  earlier  studies  noted  above  included  A  as  a  factor  in  the  nu¬ 
merator  of  C],  a  choice  which  would  appear,  from  Fig  1,  to  guaran¬ 
tee  that  the  process  d>,jt  vanished  at  the  wall,  as  desired.  However 
consistency  of  the  model  with  the  two-component  limit  does  not 
unfortunately  enforce  compliance  with  it  As  shown _in  Ref  3,  un¬ 
less  Cl  is  independently  forced  to  vanish  at  the  wall,  ul/k  remains 
finite  there  (ij  being  the  direction  normal  to  the  surface)  and  thus 
neither  A  nor  ci  become  zero.  Only  Rt  seems  capable  of  enforcing 
the  desired  limit,  the  form  adopted  being' 


Cl  =  6.3AF(1-/) 

c'l  =  0.7;  /  =  max(l-  R,/140,0);  f  =  min(0.6  ,  A^’) 

The  model  of  the  process  <^,jj  has  also  been  constructed  so  that 
it  vanishes  in  the  two-component  limit.  Nevertheless,  like  that  for 
<t>,ji,  it  requires  minor  adaptation  as  the  wall  is  approached.  The 
problem  stems  from  the  cubic  term  in  the  shear  stress  equation 
uiuj  for  it  leads  to  a  sink  of  shear  stress  equal  to: 

r  [(an  -  ojj)  (VsAj  -  Sagj)] 

Both  (oii  -  022)  and  A2  soar  rapidly  as  the  wall  is  approached 
lea'lmg  to  the  annihilation  of  ujuj.  To  limit  the  impact  of  the 
term,  the  free  coefficient  r  is  taken  as: 


r  =  min(0.6.  A) 

The  above  proposals  differ  from  the  recommendations  in  [1]  for 
large  anisotropies  (A2  >  0.6;  A  <  0.6)  but  in  practice  such  extreme 
levels  of  these  invcmiants  are  only  rarely  encountered  other  than  in 
the  near-wall  region. 


2.2.2  Inhomogeneity  Correction 


The  exact  pressure-strain  process  may  helpfully  be  expressed  in  a 
form  from  which  the  pressure  has  been  eliminated,  [lOj: 


/  (  9Ut\  (du„\’  ( du,  dn,\dVol 

2t  J,^4\dx„)  \dxi)  \dxj  dx,)  jj 


+  S.j  (3) 


where  the  primes  denote  quantities  evaluated  at  distance  |e|  from 
where  4>i}  ‘s  evaluated  and  the  integration  is  over  all  the  flow  re¬ 
gion.  S,,  refers  to  surface  integrals  arising  from  the  fact  that  in 


wall  flows  pressure  fluctuations  do  not  vanish  at  the  rigid  bound¬ 
ary. 

Equation  (2)  for  and  4'iii  mtry,  in  free  flows,  be  regarded 
as  a  model  of  the  terms  in  (3)  involving  the  volume  integrals.  In 
modelling  near-waU  turbulence,  corrections  are  usually  introduced 
to  and  4>tji  notionally  to  account  for  the  effects  of  the  surface 
integrals  (viz  §2.2.3).  There  is,  however,  a  further  assumption 
implicit  in  eq  (2)  that  becomes  highly  questionable  near  the  wall, 
namely  the  idea  that  the  flow  is  homogeneous.  For  example,  in 
arriving  at  the  above  model  for  <l>ij2y  the  assumption  is  made  that 
{dUi/dxm)'  ettn  be  replaced  by  (dUildXm)  and  thus  taken  through 
the  integral  in  eq  (3).  The  process  <l>,j2  is  then  represented  as: 

♦'.."gi-r'+c)  (4) 

where  the  fourth-rank  tensor  a|J’  is  expressed  as  a  series  in  as¬ 
cending  powers  of  a,j,  viz.  [1,9]. 

Bradshaw  et  al  [11]  have  used  the  data  base  provided  by  the  di¬ 
rect  simulations  of  channel  flow  [5]  to  explore  how  serious  was  the 
error  in  treating  {dUt/dxm)'  as  {dUi/dx„).  They  concluded  that 
the  error  was  negligib  except  for  xj  less  than  SO  where  it  be¬ 
came  very  large.  Evidently,  therefore,  any  closure  attempting  to 
span  this  near-wall  sublayer  ought  to  include  some  inhomogeneity 
correction.  The  practice  adopted  here  is  to  replace  dUi/dxm  in  eq 
(4)  by  an  effective  velocity  gradient  [dUildxm)tH  where: 


^XmitH  '"SxkdXkdXm 


(5) 


where  is  a  representative  length  scale  normal  to  the  wall, 
(<:/£)(u^tiJnpn,)'f*,  Op  denoting  the  unit  vector  normal  to  the 
waU.  A  discussion  of  the  physical  basis  for  this  term  and  the  rea¬ 
son  for  choosing  /„  rather  than  the  more  widely  adopted  length 
scale  I  =  k^l'^fs  is  given  in  [4].  Results  for  two  values  of  c;  are 
reported  in  §3. 

If,  as  the  direct  simulations  indicate,  one  needs  to  recognize  in¬ 
homogeneities  in  the  mean  velocity  gradient,  one  should  probably 
also  acknowledge  those  in  the  turbulent  stress  field  (in  the  range 
7  <  if  <  20 ,  for  example,  the  shear  stress  liiuT  varies  at  a  rate 
comparable  with  dUildx2 .  For  the  present,  however,  no  attempt 
has  been  made  to  do  so. 


2.3  Wall  Reflection  Effects 

The  contribution  of  the  surface  integrals  5,-,  in  eq  (3)  is  usually 
handled  by  way  of  wall  corrections  for  both  (j>iji  and  ^,;2  •  How¬ 
ever,  the  processing  of  the  direct-simulation  data  of  homogeneous 
shear  flow  bv  Brasseur  and  Lee  [12]  showed  that  the  volume  inte¬ 
gral  arising  from  ihiji  was  associated  with  much  finer-scale  inter¬ 
actions  than  <j>,j2',  thus,  in  waU  turbulence  we  may  expect  that  the 
latter  process  would  “feel”  the  effects  of  the  wall  more  than  (piji . 
In  view  of  the  fact  that  is  already  damped  by  the  turbulent 
Beynolds  number,  we  thus  apply  an  explicit  wall  correction  only 
to  the  process  4>,j2  ■  For  present  purposes  we  adopt  broadly  the 
version  of  Gibson  &  Launder  [13]: 

C2  =  C2  (<hkm%  rntUni  “  ^l2<t>tk2  n*";  “  ^h<i>jk2  nkU,)  ^  (6) 

*n 

where  i„  is  the  normal  distance  from  the  wall.  As  discussed  in  §2.1 
the  use  of  waU  distance  is  undesirab.ie  since  near  surfaces  of  very 
complex  topography  it  is  impossible  to  identify  a  physically  mean¬ 
ingful  distance.  In  mitigation,  the  importance  of  this  process  in 
4he  overall  stress  budget  is  here  much  less  than  in  older  closures 
such  as  [13].  Indeed,  for  the  case  of  channel  flow,  at  least,  we 
show  in  §3  that  it  can  be  dropped  entirely  by  suitably  increasing 
the  inhomogeneous  correction  discussed  in  §2.2.2.  (It  seems  rather 
doubtful,  however,  whether  the  process  can  be  completely  elimi¬ 
nated  in  the  case  of  impinging  wall  flows  such  as  that  considered 
by  Craft  and  Launder  [14]  elsewhere  in  these  proceedings). 
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2.4  The  Dissipation  Tensor 


The  most  popular  route  to  modelling  Eij  is  to  assume  local  isotropy 
and  imagine,  following  Lumley  [8J,  that  any  anisotropies  actually 
present  are  absorbed  in  the  model  for  the  process  .  In  near- 
wall  turbulence  there  ate  good  reasons  for  not  doing  this,  however: 
for  one  thing  the  limiting  values  of  the  relative  component  dissi¬ 
pation  rates  are  different  from  and  governed  by  different  processes 
than  <)>,, .  Moreover,  Kim  et  al  [5]  have  processed  their  direct  sim¬ 
ulation  data  to  provide  values  of  up  to  the  wall  thus  providing 
values  for  direct  comparison  with  computation. 

The  usual  way  of  obtaining  the  limiting  ratios  of  Cij/c  at  the  wall  is 
to  expand  the  fluctuating  velocities  in  a  Taylor  series  and  evaluate 
the  gradient  at  =  0.  This  leads  to  the  results  [15]:' 


£n 

£ 


»l«t 

* 


^33  _  U3U3  ,  £22  _  ^  U2U2  .  £12  _  n  hltl2 
£  k  ’  e  k  '  t  k^ 


The  coefficients  of  £ij  and  £22  differ  from  unity  because  the  lead¬ 
ing  term  of  the  series  for  U2  is  taken  proportional  to  x\  to  give 
du2/dx2  =  0  at  12  =  0 .  In  fact,  the  use  of  a  series  containing  only 
integer  exponents  of  Z2  is  not  strictly  valid  if  one  seeks  informa¬ 
tion  about  velocity  derivatives  at  I2  =  0  To  recognize  this  one 
may  note  simply  that  du2/dz2  =  0  at  12  =  0  for  any  leading  term 
Unz"'*'*  provided  that  n  is  greater  than  zero.  Such  a  generalized 
form  leads  to: 


£22  fc 

£  «2U2 


=  (!  +  ")’ 


£12 

£ 


'==(l  +  n) 

U1U2 


While  there  seems  no  obvious  reason  why  the  Navier  Stokes  equa¬ 
tions  should  not  support  a  value  of  n  intermediate  between  zero 
and  unity,  as  will  be  seen  later  the  direct  simulation  data  do 
strongly  suggest  n  =  1.-  The  appropriate  limiting  values  may 
be  achieved  with  the  following  model: 


£,*  =  ^{tiiUj  +  u,ui,njnt  +  UjVkn,ni, 

+  u*uin*n/n,n,)/(l -t-3/2U^npn,/fc)  (9) 


We  suppose  that  this  highly  non-isotropic  limiting  form  gives  way 
to  a  more  isotropic  behaviour  away  from  the  wall  as  the  Reynolds 
number  increases  and  the  anisotropy  of  the  stress  field  diminishes: 

£.2  =  A  (1«) 

In  principle  the  quantity  may  be  expected  to  be  a  Reynolds- 
number-dependent  parameter  ranging  from  the  locally  isotropic 
limit  e',j  =  %5,2£  at  very  high  Reynolds  numbers  to  uTuJf/fc  as 
Rt  goes  to  zero.  However,  for  the  present  we  simply  adopt  the 
former  irrespective  of  R, .  The  weighting  function  A  that  produces 
the  changeover  between  £,*,  and  may  plausibly  be  modelled  in 
terms  of  the  stress  anisotropy;  indeed  the  parameter  A  offers  a 
convenient  way  of  doing  this;  we  take: 

f,  =  exp  (-204^) 

The  question  of  a  further  amendment  to  the  model  of  e,j  is  dis¬ 
cussed  in  §3. 


2.5  Stress  Diffusion 


Aside  from  viscous  effects,  our  work  has  retained  the  mode!  of 
Daly  and  Harlow  [16]  adopted  for  free  shear  flows.  It  is,  however, 
interpreted  as  the  net  diffusion  due  to  both  velocity  and  pressure 
fluctuations  lather  than  to  velocity  fluctuations  alone: 


.  _  d  (k^ _ 


(11) 


where  c,  retains  the  value  of  0.22  used  in  free  shear  flows. 


As  the  wall  is  approached  however,  the  turbulent  triple  products 
of  velocity  vanish  faster  than  the  pressure- velocity  products  (since, 
unlike  the  fluctuating  velocities,  pressure  fluctuations  do  not  van¬ 


ish  at  the  wall).  It  may  be  demonstrated  that  inclusion  of  a 
viscous-like  pressure-diffusion  proce^is  essential  if  the  equations 
for  the  stress  components  ffiuj  and  Uj  are  to  balance  [4]. 

Lumley  [17]  has  shown  that  in  the  limit  of  weakly  anisotropic 
turbulence,  pressure  transport  opposes  and  makes  more  isotropic 
transport  by  triple  velocity  products.  One  may  suppose  an  anal¬ 
ogous  process  at  work  in  the  sublayer  i.e.  that  due  to  turbulent 
pressure  fluctuations,  the  effective  viscous  diffusion  will  be  reduced 
and  rendered  more  isotropic.  Following  this  line  of  argument,  the 
foUowing  model  of  the  pressure  transport  due  to  viscous  effects  - 
denoted  -  is  arrived  at: 

t?,-  =  -  Vs  ('ili  ntny  +  d'li,  ntn.)  -f  Vs  Aj  d&  n*«i  (12) 

and  this  is  added  to  d,j .  It  is  readily  verified  that  the  above  form 
correctly  balances  the  tuid  U2  equations  in  the  immediate 
wall  vicinity  while  making  a  negligible  contribution  to  the  uj  and 
budgets. 


2.6  The  Dissipation  Rate  Equation 


The  proposed  equation  for  determining  £  is  similar  to  that  adopted 
for  free  shear  flows  [1,2]: 


where  c,  =  0.18  ,  c,i  =  1.0  and  c,2  =  1.92/[1  -f  0.63(AA3)’/^] ., 
Three  modifications  are  introduced,  however,  to  render  it  suitable 
for  use  in  the  viscous  sublayer.  Follrwing  [18],  the  sink  term  in  eq 
(13)  is  modified  to: 


Ce2  y  ise  -  2i/ 

and  a  term  involving  the  second  derivative  of  the  mean  velocity  is 
included  on  the  right  of  (13): 


k _  d^Ui  d»Ui 

The  third  modification,  proposed  originally  in  [3]  is  the  inclusion 
of  a  further  term  of  the  right  side  of  eq  (13),  that  is  diffusive  in 
character  and  which  notionally  represents  tiie  effects  of  piessuie 
diffusion  in  the  viscous  sublayer: 


d  f  i  dk\ 
-  dxk  V*''kdxJ 


where  Ce4  takes  the  value  0.92.  Note  that  since  k  varies  as  z’  near 
the  surface,  the  term  tends  to  raise  the  level  of  £  there.  Its  effect, 
like  those  of  the  other  amendments  noted  above,  is  insignificant 
outside  of  the  sublayer  region. 


3  Application  of  the  Model  to  Plane  Channel  Flows 

The  ujuj,  £  and  momentum  equations  have  been  solved  numeri¬ 
cally  for  the  case  of  fuF  '-developed  plane  channel  flow.  One  hun¬ 
dred  nodes  covered  the  i  ja  between  the  wall  and  the  symmetry 
plane  with  about  half  of  these  concentrated  in  the  region  x}  <40. 
Figure  2  shows  the  distribution  of  the  normal  stresses  normalized 
by  k  across  the  near-wall  region  for  a  Reynolds  number  of  5600; 
here  cf  -  0.2  and  ci  =  0.3.  The  DNS  distiibu^ns  aie  geiieially 
well  captured  by  the  model  computations  with  u^/k  falling  to  zeio 
as  the  wall  is  approached.  However,  for  zj  <  10,  the  simulation 
data  show  an  interesting  drop  in  u,/k  and  a  corresponding  rise  in 
Uj/k  that  is  entirely  missed  by  the  computations. 

The  nature  of  the  disagreement  seems  to  suggest  a  pressure-induced 
transfer  between  zj  and  Z3 .  Such  a  transfer  can  be  reproduced 
by  the  inclusion  of  the  following  term  in  the  u(uj  equation: 

-  cj  (2o,,  -I-  (op,  ripTi,  S„  -  %api  npii,  )]  (;  -  i)  (14) 
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Note  that  i  vanishes  at  the  wall  but  is  negligibly  different  from 
£  for  >  10  so  the  influence  of  the  term  is  automatically  con¬ 
fined  to  the  viscous  sublayer,  as  desired.  With  cj  =  0.05  a  much 
improved  distribution  of  uj  and  U3  results.  While  the  term  is  redis¬ 
tributive,  it  is  unlikely  that  the  phenomenon  arises  from  <^ij  since, 
in  the  exact  process,  both  <^n  and  vanish  at  the  wall.  It  seems 
more  likely  that  the  term  is  really  providing  a  small  correction  to 
the  model  of  £,j  .  ApMt  from  the  effect  shown  the  term  seems  to 
be  passive  and  it  has  thus  been  retained  in  all  subsequent  compu¬ 
tations.  Figuio  3  and  4  show  the  computed  rms  velocity  profiles 
and  turbulent  shear  stress  for  this  case;  veiy  close  accoid  with 
the  data  is  achieveii.  Tfie  corresponding  profiles  at  ti  e  higher 
Reynolds  number  of  13750  appear  in  Fig  5  and  6:  agreement  is 
again  acceptably  close  though,  by  comparison  with  the  previous 
case  it  is  clear  that  the  computations  exhibit  rather  less  sensitivity 
to  Reynolds  number  than  do  the  simulations.  This  is  a  little  sur¬ 
prising  since  the  present  model  seems  to  repioduce  correctly  the 
shift  in  the  additive  constant  m  the  logarithmic  law  foi  the  mean 
velocity  [4). 

In  fact  the  best  choice  of  c;  and  c"  is  hard  to  determine  because 
both  act  in  the  same  sense.  Thus  a  reduction  in  one  can  be  neatly 
offset  by  an  increase  in  the  other,  at  least  in  a  simple  shear  flow. 
To  illustrate  this  point,  Fig  7  shews  the  computed  rms  fluctuating 
velocity  profiles  that  result  from  taking  c;  =  0.4  and  cj’  =  0,  i.e. 
with  the  wall  reflection  term  chmtnated  entirely.  The  agreement 
with  the  DNS  piofiles  is  still  eery  close  though  not  quite  as  good  as 
in  Fig  3.  Nevei  llieless,  the  prospect  tliat  one  mny  be  able  to  devise 
a  widely  a)iplicable  2iid  moment  closuie  tli.u  makes  iio  lefeieiue 
to  wall  distance  is  ceitauiiy  iiituiesting  fioiii  a  in.utn.il  point  of 
view. 

Finally  Fig  8  lonsideis  the  iioimalized  dissipation  piofiles 
£a3  h/ua«fl£  (no  s>'mniation).  One  noticccs  that  the  DNS  dat.i, 
Fig  8a,  clearly  dues  asymptote  to  the  theoretical  values  given  by 
eq  (7)  at  =  0.  The  comparison  serves  to  make  two  further 
points.  Firstly,  while  the  Reynolds  stress  field  itself  is  very  accu¬ 
rately  predicted  by  the  closure,  the  same  cannot  be  said  of  the 
dissipation  components  (or,  for  that  matter,  the  other  pioccsscs) 
in  the  stress  budget.  Secondly,  the  variation  of  the  f  u  component 
IS  so  complicated  and  so  at  variance  with  current  concepts  of  the 
dissipative  pioce.ses  that,  if  the  DNS  data  arc  reliable,  the  mod¬ 
elling  of  the  dissipation  tensor  will  require  a  great  deal  of  attention 
in  future. 

4  Summarizing  Remarks 

A  second  moment  closure  for  the  near-wall  region  has  been 
velopcd  that  miiims  vei\  closely  the  distribution  of  the  Reynolds 
stress  comiioiieiits  obt, lined  l>\  the  liiieit  nuiiieiii.ii  simiil.itioii--  of 
flow  thiougii  .1  pl.iiie  channel 

New  fcMtuies  of  the  model  include’ 

•  a  reduced  emphasis  on  the  turbulent  Reynolds  number  as  a 
parameter  for  modifying  the  closure 

•  the  inclusion  of  an  tnhomogeneons  correction  to  which 
exerts  an  important  influence  for  levels  of  Xj  below  about 
50 

•  a  much  reduced  importance  of  the  model  for  wall- reflection 
effects  on  the  fluctuating  pressure  field  (indeed  satisfactory 
behaviour  can  be  obtained  with  the  term  eliminated  entirely 
if  the  importance  of  the  above  noted  inhoraogeneity  coriec- 
tio„  is  increased) 

•  a  process,  tentatively  attributed  to  that  increases  the 
relative  importance  of  uj  relative  to  u]  for  values  of  rj  below 
10  in  accord  with  the  DNS  data 

•  pressure-diffusion  model  for  liTliJ  in  the  viscous  sublayci  that 
is  necessary  to  achieve  the  correct  near-wall  budget  foi  itTilJ 


and  tij. 

Nevertheless,  consideration  of  the  profiles  of  £,j  -  and  in  particular 
the  distribution  of  £12  -  suggests  that  considerably  more  effort 
is  needed  to  arrive  at  a  satisfactory  modelling  of  the  component 
processes. 
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Fig  8:  Dissipation/stress  profiles  across  low  Reynolds 
number  channel  flow  <Re  =  5600) 

- :■  0=1,  0=1  ; - :•  a=2,  0=2  ; 

- :•  a=3,0=3  -, _ :•  a=l,^=2  . 

a)  Compiled  from  DNS  data  ;  b)  Present  com¬ 
putations 
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ABSTRACT 

A  turbulence  model  b  ^  on  the  transport  of  the  turbu¬ 
lent  energy  spectrum  is  applied  to  the  various  experimental 
investigations  of  a  mixing  layer.  This  model  allows  for  the 
relaxation  of  the  constraint  of  spectral  equilibrium  common  to 
one-point  closures,  such  as  K-e.  Good  agreement  is  obtained 
for  the  spectrally  integrated  turbulence  quantities,  such  as 
V^/AU.  The  model  suggests  that  the  variations  (between 
investigations)  found  in  the  self-similar  regions  of  the  mixing 
layer  is  due  to  the  initial  low  wavenumber  portion  of  the  energy 
spectrum. 

NOMENCLATURE 

Eij  spectral  turbulent  energy  component 

E  Eit -t-Eaa-HEss 

Emax  maximum  E  (function  of  time  and  location) 
k  wavenumber 

K  turbulent  kinetic  energy 

t  time 

ui  flow  field  velocity 

xi  spatial  dimension 

0  momentum  thickness 

V  molecular  viscosity 

INTRODUCTION 

The  present  paper  compares  data  on  free  shear  flows 
with  the  predictions  of  a  new  turbulence  model  fust  described  in 
Besnard,  Harlow,  Rauenzahn,  and  Zemach  (1990),  henceforth, 
tefened  to  as  BHRZ.  The  model  can  be  desciibed  as  a  two- 
point  spectral  transport  model.  The  model  aims  to  describe  fluid 
flows  more  general  than  those  appropriate  to  one-point  closure 
schemes,  e.g.,  K-£  and  Reynolds  stress  models.  An  important 
limitation  in  these  simpler  models  (as  discussed  in  BHRZ  and 
elsewhere,  e.g.,  Taulbee  (1988))  is  that  the  turbulent  energy 
spectrum  must  be  in  equilibrium,  that  is,  the  spectrum  in  wave- 
number  distribution  maintains  a  constant  relative  shape.  There 
are  many  instances  in  which  the  spectrum  goes  through  modifi¬ 
cations  before  establishing  or  re-establishing  equilibrium,  for 
example,  the  initial  mixing  of  two  infinite  streams  (the  mixing 
layer)  and  the  sudden  contraction  or  expansion  of  grid  generated 
turbulence. 


Another  important  benefit  of  this  inodel  is  that  the  turbu¬ 
lence  energy  at  all  scales  is  calculated.  This  feanue  can  be  of  use 
in  many  instances,  e.g.,  for  chemically  reacting  flows  where  it  is 
necessary  to  judge  the  hubulent  energy  at  the  fine  scales  where 
the  mixing  of  species  occurs. 

As  a  first  step  in  applying  the  present  two-point  spectral 
scheme  to  these  cases,  one  may  consider  how  the  model  can  be 
used  to  numerically  determine  the  mean  velocity  field  of  a  flow 
in  spectral  equilibrium.  This  is  the  purpose  of  the  present  paper. 
Here  we  will  discuss  the  flow  of  a  two-dimensional  planar  mix¬ 
ing  layer  after  the  spectrum  has  come  to  equilibrium. 


MODEL  DESCRIPTION 

The  model  proposed  in  BHRZ  provides  coupled  evolu¬ 
tion  equations  for  the  mean  velocity,  u;  =  ui(2i,t),  and  the  spec¬ 


tral  components,  Ejj  =  Eij(xJc,t),  where  2  JpEjjdk  =  u'iu’j. 
The  generalized  evolution  equation  for  E,j  used  in  this  work  is: 
aE,j  aEij  ,  1  a^Eij 

-s' 


-(1  -  CB}(ui,n  Ej,;  +  Uj,>,  E:n)-  Cb  5,jU|t,n  Eki. 

+  Cbi  (un.i  Ejn  +  u  n,j  ^in  "  Uk,ii  Ekn) 
+  CB2(Ui.j  +  Uj,i)E 

-C,|^{k2VkEEij  ) 

-Q„kVkF(Eij-E^) 


where  E  =  E„n.  The  physical  importance  of  each  term,  in  order, 
is:  advection,  viscous  dissipation,  viscous  diffusion,  mean  flow 


coupling  (Cb.  Cbi.  and  Cb2  terms),  turbulent  diffusion,  wave¬ 
like  k-cascade,  diffusion-like  k-cascade,  and  return  to  isotropy. 
Note  that  the  Cbi  and  Cb2  terms  were  neglected  in  BHRZ  but 
are  included  here  to  judge  their  importance. 

The  generalized  equations  are  simplified  for  the  present 
comparison  with  experiment  by  the  following  assumptions. 

First,  the  mean  pressure  is  constant  and  the  flow  variables  (uj, 
Exy,  etc.)  have  spatial  variation  in  the  aoss-stieam  (y)  direction 
only.  The  latter  assumption  gives  rise  to  a  flow  field  infinite  in 
extent  in  the  stteam-wise  direction.  The  time  evolution  of  such  a 
layer  is  depicted  in  Fig.  1.  It  is  also  assumed  that  Eyy  =  E^^, 
as  indicated  by  the  reported  1-D  spectra  crfWygnanski  and 
Fiedler  (1969). 


y 


/ 


X 


t  =  t  c  +  St 


Figure  1.  Geometric  configuration  of  the  computational 
flow  field. 

These  assumpaons  reduce  the  equations  to 


^  _  9^u  du'xu'y 

^  '  9y 


^  =  (4/3Cp-l)  -  Exy  -H  V(Exx)  +  T(Exx) 
3t  dy 

+  CmkVkE  (l/3E-Exx)  , 

3Evv  3u 

=  Cb2-  E  +  V(Exy)  +  T(Exy) 
dl  ^  ^ 

-Cmkl/kEExy  , 
id 

-^  =  -  2/3  Cb  —  Exy  +  V(Eyy)  +  T(Eyy) 
3t  3y 

+  CmkVirE  (l/3E-Eyy)  , 


where  the  V  and  T  operators  are,  respectively; 


V  =  v 


dy2} 


This  set  of  equations  contain  six  undetermined  constants:  C  i , 
C2.  Cd.  Cm.  Cb.  and  Cb2- 

The  evolution  equations  for  Eij(yjr,t)  and  Ui(y,t)  were 
integrated  in  a  cell-centered,  explicit,  first  order-in-time,  finite- 
difference  scheme,  using  a  rectangular  mesh  with  constant  cell 
size  for  the  variables  y  (cross-stream  direction)  and  z(log  k). 

The  advection  term  in  the  cascade  is  approximated  by  upstream 
differencing,  with  VBc  as  the  effective  advection  velocity.  The 
use  of  log  k  rather  than  k  permitted  more  efficient  allocation  of 
computer  time  to  the  dominant-eddy  region  of  the  spectrum. 

1316  time  step  dt  was  estimated  by  setting  an  upper  limit  on  the 
allowed  magnitude  of  At  =  AE/E  for  each  term  contributing  to 
dE/dt,  and  adjusting  this  limit  by  trial  to  insure  three-digit  accu¬ 
racy  in  the  time  integration.  The  ranges  0  S  y  ^  ymax  (1*'®  V 
dependencies  are  symmetric  under  y-»  -y)  and 
^min  ^  ^  ^  ^max  of  ihe  mesh  were  set  so  that  the  Ejj  were 
effectively  zero  at  ymax  and  zmax.  The  boundary  condition  at 
z  =  Zmax  "’“St  allow  for  loss  of  energy  from  the  mesh  in 
accordance  with  the  Kolmogorov  laws  E  ~  k“5/3,  flux-of-E~ 
constant  for  large  k  and  small  viscosity;  this  is  accomplished  by 
computing  k-derivatives  at  z  =  Zmax  under  the  assumption  that 
the  Ejj  follow  power-laws  in  k  at  this  end  of  the  mesh.  This  is 
consistent  with  the  vanishing  of  the  Ejj,  when  viscosity  domi¬ 
nates  at  Zmax- 

As  mentioned,  the  present  model  contains  6  as  yet  unde¬ 
termined  constants,  Cj,  C2,  Cj,  Cm,  Cb,  and  Cb2-  -A  con¬ 
straint  on  C]  and  C2  as  presented  in  BHRZ  is  Cj  ■+■  5/3 
C2  5  54.  This  is  to  assure  a  match  with  the  Kolmogorov 

constant  for  the  decay  of  homogeneous  isotropic  turbulence. 
Also  constrained  are  the  relative  values  of  Cb,  Cbj,  and  Cb2- 
As  implied  from  symmetry  and  incompressibility  conditions  (see 
BHRZ)  Cbi  =  8Cb  -6  and  Cb2  =  -3Cb  +  1 1/5.  With 
Cb  1  =  0,  which  was  required  to  have  Eyy  =  E^^,  Cb  and  Cb2 
can  then  be  determined.  /Vlso  needed  as  input  to  the  code  is  the 
initial  wave  number  dependence  of  the  energy  spectra.  In  the 
limit  k-»0,  E(k)  ~  k"  in  the  nomenclature  of  the  present  nwdel. 
The  final  value  of  n  (final  meaning  the  flow  has  reached  self¬ 
similarity)  depends,  not  only  on  the  constants  in  the  model  equa¬ 
tions,  but  on  the  initial  input  This  input,  in  turn,  should  depend 
on  the  experimental  conditions  that  initially  generated  the  turbu¬ 
lence,  of  which  there  is  very  little  information. 

We  use  an  80  by  80  mesh  in  z  and  y  space  which  is 
shown  to  be  sufficient  to  insure  mesh  size  independence. 


29-2-2 


RESULTS 

The  experimental  data  used  for  comparison  is  taken  from 
the  investigations  of  Wygnanski  and  Fiedler  (1969),  Zohar 
(1990),  Patel  (1973),  Liepmann  and  Laufer  (1947),  Jimenez  et 
al.  (1979),  and  Huang  and  Ho  (1990).  All  the  experimenters 
used  air  as  the  medium  at  various  velocities.  Zohar,  Huang  and 
Ho,  and  Liepmann  and  Laufer  used  the  mixing  of  two  streams  at 
different  velocities  while  Wygnanski  and  Fiedler,  Jimenez  et  al., 
and  Patel  use  the  flow  far  downstreiun  of  a  step. 

The  comparison  with  the  mean  flow  and  spectrally  inte¬ 
grated  turbulence  quanuties  are  shown  in  Figs.  2  through  5. 

The  data  points  are  from  the  vanous  experimental  investigations 
listed  in  Table  1.  The  lines  represent  the  simulation  of  the  mix¬ 
ing  layer  by  the  present  model.  As  can  be  seen  in  the  figures, 
agreement  between  experiments  and  the  model  are  quite  good. 
The  two  sets  of  lines  correspond  to  the  two  different  combina¬ 
tions  of  constants  shown  in  Table  2.  Note  that  n,  is  the  initial 
power  law  behavior  at  the  low  wavenumber  end  of  the  spec- 
uiim.  The  solid  line  represents  tlie  value  of  Cd  calculated  with 
the  constraint  of  the  constant  Cji  from  the  standard  K-e  model. 
The  major  limitation  of  the  K-e  model  is  that  the  turbulent 
energy  spectnim  must  be  in  equilibrium,  that  is,  the  spectrum 
scales  with  only  Emax  Jutd  kmax-  Once  this  occurs,  the  self¬ 
similar  spectrum  can  be  placed  into  our  model  and  a  form  of  K-e 
will  be  obtained.  This  gives  some  basis  for  predicting  what  the 
constants  in  the  present  model  should  be.  Unfortunately,  the 
only  unambiguous  correspondence  is  between  Cd  of  the  present 
model  and  of  the  standard  K-e.  For  a  discussion  of  this 
ambiguity  and  the  method  to  obtain  the  correspondence  see 
BHRZ.  With  this  constraint  the  other  constants  were  set 
through  optimization  and  with  the  constraints  previously  men¬ 
tioned.  The  dashed  line  corresponds  to  constants  set  without  the 
constraint  of  Cd  obtained  from  K-e.  This  was  done  since  the  K- 
e  model  obtained  through  our  model  was  not  quite  the  same  as 
the  standard  K-e  model.  There  is  no  evidence  that  the  constants 
for  this  modified  version  of  K-e  are  the  same  and  relaxing  this 
consuaint  resulted  in  a  better  fit  to  the  experimental  data.  It 
should  be  noted  that  the  values  obtained  for  the  constants  in  the 
present  comparison  are  the  same  as  those  obtained  by  Clark 
(1991)  in  applying  the  present  model  to  the  computation  of 
anisotropic  strain.  One  final  note  to  be  made  in  the  discussion  of 
which  set  of  constants  is  most  appropriate  is  the  fact  thui  in 
direct  numerical  simulations  of  the  present  geometry  (1-D  mix¬ 
ing  layer)  some  of  the  spectrally  integrated  turbulence  quantities 
a.so  show  a  tendency  to  be  narrower  (e.g.,  Riley,  et  al. 

(1986)).  Thus  it  may  be  that  the  first  set  of  constants  is  most 
appropriate  with  the  second  set  covering  up  the  different  physics 
in  comparing  a  2-D  mixing  (which  the  experiments  are)  and  the 
present  1-D  approximation. 


Figure  2.  Nondimensional  velocity  versus  cross-stream 
direction 


Figure  3.  Sireamwise  turbulent  intensity  versus  cross- 
stream  direction 


TABLE  1.  REFERENCES  USED  IN 
FIGURES  2  THROUGH  5 


Symbol 

Reference 

o 

Patel  (1973) 

A 

Liepmann  and  Laufer  (1947) 

+ 

Zohar  (1990) 

X 

Wygnanski  and  Fridler  (1970) 

0 

Jimenez  et  al.  (1979) 

V 

Huang  and  Ho  (1990) 

TABLE  2.  CONSTANTS  USED  IN  COMPUTATION 


Symbol 

ni 

Cm 

Q 

Cb 

Cb2 

Cl 

C2 

3 

.43 

.116 

.75 

-.05 

.30 

.15 

— 

3 

.43 

.30 

.75 

-.05 

.30 

.15 
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Figure  4.  Cross-stream  turbulent  intensity  versus  cross- 
stream  direction 
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Figure  5.  Reynolds  stress  versus  cross-stream  direction 

One  last  comparison  between  experimental  data  and  the 
model  is  shown  in  Fig.  6.  Here  is  plotted  the  power  law  decay 
at  high  wavenumbers  (n,  where  E  -  k"  as  k  -»  oo)  for  the 
transitiOii  lO  turbulence  in  a  mixing  layer.  The  data  poin’s  are 
from  he  investigation  of  Huang  and  Ho  (1990)  for  R  =  0.69. 
The  initialization  of  the  model  was  accomplished  by  fitting  die 
first  data  point.  At  some  downstream  distance  the  power,  n,  has 
reached  the  steady-state  value  of  -5/3.  As  shown,  the  computa¬ 
tion  of  the  rate  at  which  this  steady-state  value  is  reached  is  in 
good  agreement  with  the  experiment. 

Figures  7,  8,  and  9  show  the  development  of  the  spec¬ 
tra  for  a  given  set  of  constants  but  with  different  initial  low 
wavenumber  dependence.  The  model  predictions  of  the  final 
power  law  at  low  wavenumber  depends  on  the  ratio  C1/C2, 
where  C]  and  C2  are  the  constants  in  ihe  k-ca.scade  terms.  If 
n,  i  {3(Ci/C2)  ■+■  3)/2  then  E  ~  k"!  for  k  0  as  t  -»  but 
if  n,  >  { 3(Ci/C2)  +  3)/2  then  E  -»  0  for  k  -»  0  as  t  -»  «>, 
where  n,  is  the  initial  low  wavenumber  dependence  of  the  energy 
spectrum.  For  the  present  application  C1/C2  =  2,  therefore, 
{3(Ci/C2)  +  3)/2  =  4.5.  Figures  ”,  8,  and  9  show  the  differ¬ 
ences  in  the  spectral  development  for  nj  less  than  4.5.  The  fig¬ 
ures  show  that  the  energy  spectrum  quickly  approaches  its 


asymptotic  shape  at  the  high  wavenumber  end  regardless  of  ini¬ 
tial  condition.  The  low  wavenumber  end,  though,  takes  much 
longer,  and  as  mentioned  the  final  slope  depends  on  the  initial 
condition.  Note  that  in  these  figures  time  is  nondimensionalized 

by  l/(du/dy)y=o. 
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Figure  6.  High  wavenumber  power  law  versus  down¬ 
stream  distance 


Figure  7.  Turbulent  energy  spectruiii  as  a  function  of  time 
with  ni  =  3.0 


Figure  8.  Turbulent  energy  spectrum  as  a  function  of  time 
with  ni  =  4.0 
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Figurt  9.  Turbulent  energy  spectrum  as  a  function  of  time 
with  ni  =  2.0 

Not  only  does  the  initial  low  wavenumber  dependence 
affect  the  final  shape  of  the  turbulent  energy  spectrum  but  also 
the  final  self-smular  forms  of  the  mean  velocity  and  spectrally 
integrated  turbulence  quantities.  This  is  shown  in  Figs.  10 
and  1 1.  Here  are  plotted  the  mean  velocity  and  stream  wise  tur¬ 
bulent  intensity  with  a  given  set  of  constants  except  the  initial 
low  wavenumber  dependence  is  varied.  It  is  shown  that  this 
dependence  can  gready  affect  the  final  self-similar  shape.s  of  the 
profiles.  This  is  a  possible  explanation  of  why  there  is  such  a 
large  variation  in  the  self-similar  profiles  as  given  by  the  differ¬ 
ent  experimental  investigations  (see  Figs.  2  through  5);  that  is, 
the  initial  low  wavenumber  dependence  will  affect  the  final  self- 
similar  form. 


y/Uot 

Figure  10.  Nondimensional  velocity  versus  cross-stream 
direction  for  various  initial  low  wavenumber 
dependence  of  the  energy  spectrum 


Figure  1 1 .  Streamwise  turbulent  intensity  versus  cross¬ 
stream  direction  for  various  initial  low 
wavenumber  dependence  of  the  energy  spectrum 


CONCLUSIONS 

The  present  spectral  transport  model  sufficiently  predicts 
the  self-similar  behavior  of  the  mbdng  layer  within  the  variations 
found  in  the  experiments.  Also  predicted  is  the  power  law 
dependence  of  the  energy  spectrum  in  the  transition  to  turbu¬ 
lence.  Some  universality  of  constants  is  believed  since  the  pre¬ 
sent  ones  fit  the  data  of  mixing  layers  as  presented  here  and 
anisotropic  strain  presented  in  Clark  (1991),  although  questions 
do  arise  on  the  appropriate  value  of  Cd- 

Many  predictions  of  the  nature  of  the  turbulent  energy 
spectrum  can  be  made  with  this  model,  but  the  most  interesting 
would  be  the  initial  low  wavenumber  dependence  of  the  final 
self-similar  forms  of  the  spectra  and  mean  flow  quantities. 
Experimental  verification  is  hampered  by  the  fact  that  in  general 
1-D  spectra  is  commonly  measured  not  the  3-D  spectra  which 
the  model  predicts.  The  low  wavenumber  portion  of  the  1-D 
spectra  docs  not  correspond  to  that  of  the  3-D  spectra  due  to 
aliasing.  Further  experimental  evidence  of  the  nature  of  the 
spectrum  at  low  wavenumbers  would  be  very  useful  in  further 
validation  of  the  model. 
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ABSTRACT 

This  paper  develops  a  new  model  for  the  nonisotropic  dis¬ 
sipation  rate  tensor  c.j  to  close  the  Reynolds-stress  transport 
equations.  The  previous  models  of  are  all  algebraic,  based 
on  a  hypothesis  of  either  the  isotropic  relationship  of  the  dissi¬ 
pation  tensor  or  the  one-to-one  relationship  of  the  dissipation 
anisotropy  tensor  with  that  for  the  Reynolds  stresses.  How¬ 
ever,  the  recent  direct  simulation  data  of  the  turbulent  bound¬ 
ary  layer  and  channel  flows  have  revealed  the  strongly  non¬ 
isotropic  nature  of  the  dissipation  process,  which  differs  con¬ 
siderably  frorn  that  of  the  Reynolds-stiess  components.  The 
present  model  provides  nonisotropic  dissipation-rate  compo¬ 
nents  through  the  solutions  of  approximated  transport  equa¬ 
tions  for  e,j,  and  hence,  the  conventional  prescription  of  an  ad 
hoc  value  of  e,j  is  not  needed  The  proposed  model  is  tested 
by  direct  comparisons  with  the  reported  full  simulation  data 
to  validate  the  performance  of  the  model  predictions 

NOMENCLATURE 

Ci,C2,C'j,Cg,y  =  model  constants  for  <l>,j 
C,p\,C,p2  =  model  constants  for  ‘v,j 
Cs,  C,  =  model  constants  for  the  diffusion  term-  in 
u,"u7  a>'d  £i;  equations 

Cti.C,2,C,2  =  model  constants  for  the  producticn  and 

dissipation  terms  in  e,j  equation 
‘ D,,y 0,,^ D,,  =  diffusion  terms  in  uTuJ  equation  [Eq.(8)) 

=  diffusion  terms  in  £,,  eo.i,.  ion  [Rq.(lO)] 
‘E,j  =  dissipation  term  in  £,j  equatioi  'Eq.(lO)] 
funfcfp  =  turbulence  model  functions 
k  =  turbulent  kinetic  energy,  —  >■,  ^/2 

P,  p  =  mean  and  fluctuating  pressures 
P,j, P,jy‘ P,,y‘ P,,  =  production  term.-  in  tipT,  and 

€,j  equations  [Eqs  (8)  and  (10)] 

Pi,  =  production  term  in  i'-equation,  =  P„/2 

Rt  =  turbulence  Reynolds  number,  =  k‘/i/e 

T,  T,  ~  time  scales  [Eqs.  (16)  and  (11)] 

U, ,  u,  =  mean  and  fluctuating  velocity  components  in 

X,  direction 

11.  =  friction  velocity^  =  ,Jr^jn 

X,  =  coordinates  in  tensor  notation 

X,  y  =  coordinates 

y*  =  dimensionless  distance  from  wall,  =  n,y/u 

S,j  =  Kronecker  delta 

e,  e,j  =  dissipation  rates  of  k  cind  upIJ/2 

u,  ‘i/,j  =  kinematic  viscosity  and  turbulent  diffusivity 

p  —  density 

r,  Tpj  =  time  and  wall  shear  stress 

—  redistributive  terms  in  uTuJ-  and  e,j-equations 
[Eqs.  (8)  and  (10)] 


(  )  =  time  mean  value 

(  ),,  =  differentiation  by  x,  (=  d/dx,) 

(  )(,)  =  tensor  notation  without  summation  convention 

INTRODUCTION 

The  current  transport  models  for  the  Reynolds-stress  equa¬ 
tions  have  the  following  thr.  e  challenging  problems:  mod¬ 
eling  of  the  redistribution  te.m  (the  pressure-strain  corre¬ 
lation)  4>t}  =  (p/p)n,j  ;  modeling  of  triple  velocity  correla¬ 
tions  u.UjU* ;  and  modeling  of  the  dissipation-rate  tensor  of 
Reynolds  stress  components  ~  t/uPkuJjl.  All  of  these  exert 
an  important  influence  on  the  universality  of  the  Reynolds- 
stress  equation  model.  There  have  been  many  proposals  for 
modeling  4i,j.  At  present,  the  model  proposed  by  Launder, 
Recce  &  Rodi  (1975)  (hereinafter  referred  to  as  LRR)  is  most 
often  used  for  turbulence  predictions,  although  several  more 
sophisticated  models  have  been  proposed  (e.g.,  Launder  & 
Tsilepidakis  1990).  As  for  the  triple  products  upljuk,  Nagano 
&  Tagawa  (1990a;  1991)  have  developed  a  -lew  structural 
model  based  not  on  the  conventional  assumption  of  gradient- 
type  diffusion  but  on  the  statistical  and  structural  character¬ 
istics  of  turbulence  (Nagano  &  Tagawa  1988). 

On  the  other  hand,  the  turbulence  model  for  the  dissipa¬ 
tive  correlation  c,j,  which  is  an  important  sink  term  in  the 
Reynolds-stress  transport  equation,  is  still  rather  primitive. 
The  previous  models  of  e,,  are  all  algebraic,  based  on  a  h_ 
pothesis  of  eithei  the  isotropic  relationship  of  the  dissipation 
tensor,  so  that 

£.j  =  (<5,j/3)£  (1) 

or  the  one-to-one  relationship  of  the  dissipation  anisotropy 
tensor  with  that  for  the  Reynolds  stresses  at  lower  Reynolds 
numbers,  i.e., 

f  (2) 

It  is  assumed  that  there  is  a  gradual  changeover  from  this 
limit,  Eq.(2),  to  local  isotropy,  Eq.(l),  as  the  turbulence  Rey¬ 
nolds  number  Rt  =  k^/ve  becomes  large.  Thus,  Hanjalic  & 
Launder  (1976)  modeled  £,j  ris 

=  ( 1  -  /.?)(<5.;/3) e  -f  fs[(jru:/2)/k] c  (3) 

with 

fs  =  1/(1  -f  fli/10)  (4) 

Here,  the  sc2dar  trace  of  the  dissipation-rate  tensor,  e  (=  £„  = 
is  the  dissipation  rate  of  the  turbulent  kinetic  en¬ 
ergy  k[=  upr,f2). 

However,  the  recent  direct  simulation  data  of  the  turbulent 
boundary  layer  auid  channel  flows  have  revealed  the  strongly 
non-isotropic  nature  of  the  dissipation  process,  which  dif¬ 
fers  considerably  from  the  anisotropy  of  the  Reynolds-stress 


♦ 
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components  (Mansour,  Kim  &  Mom  1988).  In  view  of  all 
tliese,  this  paper  develops  a  new  model  for  the  non-isotropic 
dissipation-rate  tensor  e,j  to  close  the  Reynolds-stress  trans¬ 
port  equations.  Tlie  present  model  provides  non-isotropic 
dissipation-rate  components  through  the  solutions  of  approx¬ 
imated  transport  equations  for  £,j.  The  proposed  model  is 
tested  by  direct  comparisons  with  both  reported  full  simula¬ 
tion  data  and  measurements  of  boundary  'a\ir  flows. 


Here,  the  terms  '‘P,j  ~  denote  the  production  rates, 
‘E,j  represents  the  dissipation  (or  destruction),  is  the 
redistributive  term,  and  ‘‘D,,,  and  D,j  respectively 
represent  the  diffusion  terms  due  to  turbulent,  pressure  and 
viscous  effects.  Again,  all  the  terms  except  for  De,j/DT,  ^‘P,j 
and  ‘"Aj  should  be  modeled  in  Eqs.  (9)  and  (10).  In  what 
follows,  we  take  the  i),  and  13  axes  in  the  streamwise  (x), 
wail-normal  (y)  and  spanwise  (z)  directions,  respectively 


GOVERNING  EQUATIONS 

The  equations  governing  the  flow  in  an  incompressible  fluid 
are 

A,  =  0  (5) 

011,1  Dt  =  -P,,/p  +  uU,jj  -  (uTiij),;  (6) 


where  the  Einstein  summation  convention  is  used  and  a  com¬ 
ma  followed  by  an  index  indicates  differentiation  with  respect 
to  the  inde.xed  spatial  coordinate. 

In  the  Reynolds-stress  model,  the  unknown  Reynolds  stress 
uTuJ  in  Eq  (6)  is  determined  from  the  solutions  of  the  following 
transport  equation: 

DuJTJDt  =  P,j  -  2s,j  +  ili.j  ■¥  'D,j  +  ’’D,,  -P  '‘D,,  (7) 

where  _ _  _ _ 

P,,  =  -(u,Uk  Uj,k  -P  UjU*  U,,*) 

s.j  =  V  ti7.kUj,k 

=  (p/p)(u..;  +  Uj,,) 

(8) 

'A,  =  -{'^,i‘jUk),k 

”0,,  =  -[ip/p)(^>^jk  +  «/.*)],* 

"D,,  =  u{t!:uj),kk 

In  the  above  equations,  P,,  represents  the  production  term, 
2e,j  denotes  the  dissipation  rate,  4>,,  is  the  redistribution  term 
(1  e  ,  the  pressure-strain  term),  and  'D,j,  <’0,,  and  “Aj  rep¬ 
resent  the  terms  of  the  turbulent,  pressure  and  viscous  diffu¬ 
sions,  respectively.  We  need  to  model  all  the  terms  except  for 
/9u7«7//9r,  P,j,  e,j  and  The  existing  Reynolds-stress 

equation  models  need  the  modeling  of  s,j,  as  given  by  Eqs. 
(l)-(3)  In  the  pre.sent  study,  however,  we  determine  e,,  from 
the  solutions  of  the  following  e,j  transport  equation,  without 
modeling  e,,  algebraically: 

Ds„/Dr  =  '’P,j  +  ^'P„  +  ^'P„  -P  ^‘P„  -  ‘E„ 

+‘^h,+‘’0.j+k‘D„  +  ^‘D.,  (9) 


where 


Pfj  —  r'  (u,_,nUls,,7,  P j,k  d"  ^j,m^k,m  P ,,k), 

Pij  —  ^  'P  ^j,m^t,k)Pk,m 

Ptj  “  {.Pk^i,m  P  ],mk  d*  ^k^j,m  P  i.mlt) 
Pfj  ^  (^i,k^j,m^k,m  d"  ^j,k^,,m^k,m\ 

‘  Etj  — 

^1}  ~  ^  {P,m/ P)(rr,,jm  d" 

"A;  =  -''(«uRi,r7irvr),t 

f'A;  =  -V  [  (p,„lp)(u,^„S,k  -P  u,,„,6,k)  ]  ,* 

0,j  ~  n  (iri,»nUj,n,),lcl; 


(10) 


CLOSING  THE  MjRj  EQUATION 
Turbulent  Time  Scale 

We  reflect  the  non-isotropic  nature  of  both  turbulent  trans¬ 
port  and  dissipation  processes  in  the  present  model  Thus,  we 
define  the  “directional’’time  scale  T,  as  follows: 

'^.  =  (^/2)/A0  (11) 

where  the  indices  in  parentheses  do  not  obey  the  summation 
convention  rule.  Obviously,  Eq.(ll)  gives  a  time  scale  equiv¬ 
alent  to  the  relative  lifetime  of  the  energy-containing  eddies 
in  the  z,  direction. 

Redistribution  (Pressure-Strain  Interactions) 


In  principle,  we  use  the  LRR  model  for  the  pressure-strain 
term  4>,,  in  Eqs.  (7)  and  (8).  Thus,  we  write 


(12) 

with 

'4>„  =  -C,[u7u7-(2/3)5.;i]/r 

(13) 

'-J>o  =  -[(C2  +  8)/n]  [P.,  -  (2/3)5.;?,] 
-[(30C2  -  2)/55]  k  (V.j  +  P„) 
-[(8Uj  -  2)/n]  [A;  -  (2/3)5,;?,) 

(14) 

=  [c;{ii;u7- (2/3)5,;^}/? 
+C',{P„-Q„)  +  j'k{P„  +  P,,,)]U 

(15) 

where  Q„  =  -(v^Pk.,  +  u^Pk,,),  and  P*  =  P„/2  is  the 
production  rate  of  turbulent  kinetic  energy 

The  nondirectional  (scalar)  time  scale  T  in  the  above  equa¬ 
tion  can  be  defined  from  Eq  (11)  as: 

T=^  =  i 
£;;  £ 

(16) 

As  will  be  described  later,  some  substantial  .lodifications 
have  to  be  made  for  the  constants  in  the  wall  term  of 
the  LRR  model  so  as  to  satisfy  the  physical  requirements  of 
the  wall  limiting  behavior  of  turbulence. 

Turbulent  Diffusion 

It  was  found  to  be  unfavorable  to  apply  a  gradient-type 
diffusion  model  to  the  triple  correlation  u,UjUk  (Nagano  & 
Tagawa  1988,  1991).  However,  we  adopt  the  LRR’s  closures 
for  the  SfuJ  equation  in  the  interest  of  brevity.  Hence,  we 
use  a  gradient-type  approximation  that  is  implicitly  taken  to 
awicount  for  both  pressure  contributions  and  velocity-driven 
transport  The  main  difference  is  that  we  reflect  the  non- 
isotropic  nature  of  turbulent  transport  process  on  the  turbu¬ 
lent  diffusivity  ‘v,,  and  write 
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‘D.J  +  W,,  =  [Csf,  ‘i^k„.(5riI7),m]  (17) 

with 

‘‘^v  =  !'.U(.)  7(;)  (18) 

The  turbulent  diffusion  is  strongly  damped  by  fluid  viscos¬ 
ity  near  a  wall  as  the  scales  become  progressively  smaller, 
and  thus  the  damping  function  is  introduced  in  Eq.(17) 
(Prud’homme  &  Elghobashi  1983). 

CLOSING  THE  EQUATION 

Anisotropy  of  Dissipation  Process  Near  a  Wall 

Since,  by  continuity  u,^,  =  0  and,  at  the  wall  (ij  =  y  = 
0),  tii,i  and  «3^3  both  vanish,  it  follows  that  =  0  at  the 
wall.  Consequently,  from  a  Taylor-series  expansion,  turbu¬ 
lence  quantities  near  the  wall  are  represented  as  follows’ 

=  aiy  +  /3iy^  +  7iy^+  •• 

Uj  ■=  +  ■■■ 

U3  =  osy  +  Ay^  +  +  •  •  • 

uj  =  aly‘ +  +  2drni)y^  +  ■  ■  ■ 

ul  =  Q^y^  +  2a2lijy^  -f  • 
t^3  =  +  2Q3/?3y^  +  (03  +  '2ay^)y*  -f 

tquj  =  Ojoly^  +  (01)02  -b  Oi20l)y*  +  •  ■ 

k  =  [(a?  +  o|)/2]y^  +  (ai0)  -b  ^7)y’  +  ■  • 

S))/u  =  Q]  +  ‘)<i\0iy  -b  (A0i  +  Cai7i)y^  +  •• 

sjj/i/  =  ‘lo|y^  -b  12Q^y^  +  ■  •  ■ 

f33/ =  03  +  ‘losAy  +  (‘Wj  +  6uT^)y^  +  •  • 

£12/1/  =  2aia2y  +  (3ai^ -b ‘l02^)y^ -b 
t/i/  =  e„/u  =  (of  -b  aj)  -b  4(07/^ -b  a3A)y  -b 

From  the  above  equations,  we  obtain  the  following  relation¬ 
ship  of  the  dissipation  tensor  e,j  in  the  limit  as  a  wall  is  ap¬ 
proached  (Launder  &  Reynolds  1983): 

£11  _  1  £22  _  £33  _  1  £12  _  £  /jgX 

l?j2~‘iul/‘i  2«ni7/2  k  ' 

The  above  equation  demonstrates  the  strongly  anisotropic  na¬ 
ture  of  the  dissipation  process  in  the  near-wall  region,  and 
thus  the  models  for  e,j  given  by  Eqs  (1)~(3)  are  rJl  inappro¬ 
priate.  Recently,  to  overcome  this  drawback,  some  attempts 
have  been  made  by  Launder  &  Tselepidakis  (1990),  Lai  &  So 
(1990)  and  Hallback,  Groth  &  Johansson  (1990)  However, 
all  of  these  models  are  still  algebraic. 

Production  and  Destruction  of  e,j 

Order-of-magnitiide  analysis  indicates  that,  in  the  high  tur¬ 
bulence  Reynolds  number  regime,  the  turbulent  production 
rate  *‘P,j  and  the  dissipation  rate  ‘E,j  dominate  the  balance 
equation.  These  two  terms  collectively  represent  the  net  effect 
of  the  production  of  e,,  due  to  vortex  stretching  of  turbulent 
filaments  and  its  destruction  by  viscous  rwition.  Thus,  we 
model  collectively  these  terms  as 

*‘P„  -‘E.,=  [C.,(P„/2)  -  C,2f.e„]/T  (20) 


As  toother  lower-order  terms  representing  the  production  rate 
ofs.j  ,  we  apply  the  following  apnroximation  First,  ''P,j  does 
not  require  modeling,  since  we  may  rewrite  ‘'P.^  as 

’‘Po  = -(£.tt';>f  £;kf7.,0  (21) 

However,  with  e,k  ~  vEukIT  and  Cjk  ~  uJukfT  (see  Eq.(2)), 
this  term  can  be  considered  to  be  involve-  in  the  modeled  pro¬ 
duction  term  on  the  right  side  of  Eq.(20)  The  term  ^‘P,,  ,  on 
the  other  hand,  is  negligible  compared  with  the  other  terms, 
since  mean  velocity  can  be  significant  only  in  the  direction 
parallel  to  the  wall  (Kebede,  Launder  &  Younis  1985).  The 
gradient  production  term  ^‘P,j  can  be  modeled  by  using  the 
gradient-type  diffusion  representation; 

^‘P.j  =  C,iV  •t2k„,(U,,tJT.,,k  +  U,jjr,,,k)  (22) 

Note  that  a  function  f,  in  Eq.(20)  is  the  model  function  in¬ 
troduced  to  fulfill  the  conditions  for  the  near-wall  limiting 
behavior  of  turbulence  mentioned  previously. 

Redistribution  of  £,•; 

Since  the  trace  of  is  zero  (i  e  ,  =  0),  this  term 

does  not  appear  in  the  transport  equation  of  e.  Thus, 
represents  the  redistributive  process  among  the  anisotropic 
dissipation  c  mponents  e,j  .  The  production  and  dissipation 
rate  of  the  turbulent  kinetic  energy  are  very  nearly  in  bal¬ 
ance  in  near-equilibrium  shear  flows.  Accordingly,  it  will  be 
legitimate  to  conjecture  that  the  rcdisttibuti"e  process  of  e,j 
occurs,  accompanied  by  the  corresponding  redistribution  phe¬ 
nomena  of  the  turbulence  energy  components,  so  that’ 

=  C„(%I2)IT  (23) 

However,  we  have  to  take  into  account  the  difference  in  the 
non-isotropic  nature  between  tvujand  near  the  wall  (Man- 
sour,  Kim  k  Mom  1988)  Thus,  in  place  of  Eq.(23),  the  ra¬ 


tional  modeling  of  may  be  written  as 

‘<I>„  =  "-l>„-f'‘'l>.,-f'‘'''l>„  (24) 

-  (1/3)S„  e]/T  (25) 

^‘K,;  =  C„2(^%I2)IT  (26) 

-4).,  =  [C.,,C;/,K-(l/3)5.,e}/r 
+C.p2{C^(P.,  -  Q.,) 
Hk(U,,^V,.,)]mU  (27) 

Diffusion  of  £,j 


Coiresponding  to  Eq.(17),  the  diffusion  of  may  be  ap¬ 
proximated  by  the  following  equation: 

-t-  ’’•A,  =  (C./„  ‘Vkn>c„.m).k  (28) 

From  these  considerations,  we  finally  obtain  the  governing 
equation  for  the  transport  of  dissipation  components  e,,  as 
follows; 

De^/Dr  =  [G.,(F.,/2)  -  C.j/.e.J/T 

•1-C,3l2  ‘vkm(U,  .lmUj,lk  +  Uj,tmU,,tk) 

+'^i;  {(Cefit  ‘‘'km  <5*mi^)  m],k  (29) 
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MODEL  CONSTANTS  AND  FUNCTIONS 

III  accordanco  with  tlie  rcassessm ’iit  made  by  Morns  (1984), 
the  model  constants  Ci  and  m  4 ,,  are  set  to  Cj  =  1.7  and 
C2  =  0  5.  On  the  other  hand,  the  wall  limiting  behavior 

yields-  _ 

'li.j  -fAj  =  -(l/p)(n.pj  +  Wjp,,) 

0(y-*0)  (30) 

The  above  relation  requires  that  4>,,  0  for  1/  — »  0,  since 

Eq.(17)  gives  that  the  turbulence  diffusion  and  pressure-driven 
diffusion  both  vanish  at  the  wall  In  order  to  meet  the  require¬ 
ment  that  4>,j  —  0  for  y  — >  0,  the  following  lelation  should  be 
satisfied  because  of  the  vanishment  of  P,j,  Q,j  and  k  in  the 
limit  as  the  wall  is  approached 

■!>„  =  '<1..^  +  “'<1.,^ 

=  [l-(c;/c, )/„,]■<!>.,-  0  (31) 

From  Eq  (31),  we  have  (r[/Ci)/„,  ■=  1,  Thus,  we  finally  ol>- 
tain  CJ  =  C'l  =  1.7,  since  the  modeled  function  is  chosen 
to  become  unity  at  the  wall  and  zero  far  away  from  the  wall 

The  above  matter  is  e.xtremcly  important.  The  LRR  model 
has  not  taken  into  account  this  requirement,  and  hence  the 
physically  inappropriate  behavior  is  brought  about  in  the  re¬ 
sults  of  near-wall  region  (Mansoiir,  Kim  &  Moin  1988). 

We  adopt  the  simplest  form  for  the  model  function  /„, 
which  meets  the  above-mentioned  condition,  as 

/„,  =  expl-O.OOGSy-^)  (32) 

In  this  case,  the  values  of  Cj  =  0  O.GS  and  7'  =  0  are  deter¬ 
mined  as  being  optimal 

The  constant  in  the  diffusion  term,  Eq  ( 17),  is  assigned  to  a 
sianJard  value  of  C5  =  0  21,  and  the  following  simplest  form 
is  adopted  as  the  model  function 

/,=  l-exp(-yV.G)  (33) 

On  the  other  hand,  the  contraction  of  E<i  (29)  is  reduced 
lu  the  standard  e  equation  (e.g  ,  see  Launder  &  'I'sekpidakis 
1990)  when  the  local  isotropy  is  assumed  for  the  small  scale 
di.ssi|iati\c  motions  Therefore,  most  of  model  constants  in 
the  e,j  equation  (29)  are  put  to  agree  with  those  in  the  con¬ 
ventional  f  equation-  C,i  -=  1  14,  0,2  =  1  9  and  C,  =  0  17 
For  the  sake  of  simplicity,  however,  we  put  C’,3  =  0.  The 
model  constants  for  arc  set  as  C’,pi  =33  and  C,,,..  =  1  44 
In  addition,  111  view  of  the  near  wall  limiting  behavior  of  tur¬ 
bulence  (Nagano  &  Tagawa  1990b),  we  .set  a  function  /,  in 
Eq.(20)  as 

/,  =  l-exp[-(;b/18)'/^]  (34) 

MODEL  TESTING  AND  CONCLUDING 
REMARKS 

Calculations  with  the  proposed  model  are  performed  for 
fiat-plate  turbulent  boundary  layers  since  the  dissipation-rate 
components  of  the  Reynolds  stresses  are  quantitatively  avail¬ 
able  from  the  recent  direct  numerical  simulation  (DNS)  data¬ 
base  of  Spalart  (1988).  To  investigate  the  Reynolds  num¬ 
ber  dependency  of  the  present  model  predictions,  we  have 
varied  the  momentum  thickness  Reynolds  number.  Re,  as 
Re  =  1410,2750  and  7500. 

The  numerical  technique  used  is  a  finite-volume  method 
(Patankar  1980).  As  described  in  the  previous  studies  (Nagano 


fc  Hishida  1987,  Nagano  &  Kim  1988),  the  coordinate  for  re¬ 
gions  of  very  large  gradients  should  be  expanded  near  the 
wall.  Thus,  the  following  iionumform  grid  (Bradshaw,  Ccbeci 
fe  Whrtclaw  1981)  across  the  layer  is  employed- 

y,  =  Ay,(fW- 1)/(A--1)  (.35) 

where  Ayj,  the  length  of  the  first  step,  and  K ,  the  ratio  of 
two  successive  steps,  are  chosen  as  10“'  and  1.03,  respectively. 
To  obtain  grid-independent  solutions,  201  cross-stream  grid 
points  were  used.  The  first  grid  point  was  normally  located 
well  into  the  viscous  sublayer.  The  maximum  streamwise  step- 
size  was  restricted  to  a  sublayer  thickness,  i.e  ,  An  <  vju. 
The  initial  profiles  of  the  Reynolds-stress  and  dissipation- 
rate  components,  u,Uj  and  c,j,-  were  provided  using  the  al¬ 
gebraic  stress  model  (ASM)  together  with  the  low-Reynolds- 
number  k  —  e  model  (Nagano  &  Tagawa  1990b) 

The  boundary  conditions  are 

(/,  =  ufuj  =  0,  £1,  =  u(d\/^l^)'^,  =  u(d\/^/dyy  and 

fji  =  £i2  =  0  at  y  =  0  (wall);  Ui  =  Uoo  and  uftij  =  £,j  =  0 
at  the  free  stream.  Note  that  the  above  boundary  conditions 
for  ch  and  £33  satisfy  exactly  the  wall  limiting  behavior  up  to 
the  first  order  of  y 

The  predictions  of  the  velocity  profiles  of  a  flat-plate  bound¬ 
ary  layer  are  shown  in  Fig.  1.  The  results  are  compared  with 
the  DNS  data  (Spalart  1988,  Re  =  1410)  and  experiment 
(Gibson,  Veiriopoulos  fe  Nagano  1982,  R  =  2750).  Al¬ 
though  slight  dependence  on  the  Reynolds  number  is  seen 
in  the  predicted  wall-region  velocity  profiles,  particularly  at 
a  low  Reynolds  number  case,  agreement  with  the  standard 
log-law  profile,  U  —  2.44  In  y'*'  +  5.0,  is  generally  good. 

To  check  the  performance  of  the  present  model  in  more  de¬ 
tail,  we  have  compared  the  predictions  of  the  Reynolds  shear 
stress,  —u^u^/ul,  and  turbulent  kinetic  energy,  k/ul,  with  the 
DNS  data  (Spalart  1988)  and  the  experiments  (Verriopoiilos 
1983,  Re  =  2750,  Klebanoff  1955,  Rg  Ci  7500)  in  Figs.  2  and 
3.  As  shown  in  the  figures,  a  response  of  these  quantities  to 
the  change  of  the  Reynolds  number  is  predicted  correctly. 

To  perform  the  critical  evaluation  of  the  jiresent  model, 
we  have  compared  the  predicted  profiles  of  the  normal  stress 
components  with  the  DNS  database  of  Spalart  (1988)  at  the 
same  momentum  thickness  Reynolds  number  of  Re  =  1410 
Figures  4  ajid  5  show  the  overall  and  iiear-wall  profiles  of 
\fuy  -Ur  and  respectively  As  seen  in  Fig.  4, 

general  behavior  of  the  DNS  data  is  well  predicted  by  the 
present  model  over  the  entire  region  of  the  boundary  layer 
As  the  wall  is  approached  ‘{y*  <  40),  the  strong  anisotropic 
behavior  of  the  normal  stress  components  is  reproduced  by 


Fig.  1  Mean  velocity  profiles 


29-3-4 


the  present  model  (Fig.  5).  However,  the  difference  in  the 

\f^  profde  between  the  DNS  data  and  the  present  predictions 
becomes  large  in  the  near-wall  region  (y'*'  <  20).  This  short¬ 
coming  is  also  seen,  for  example,  in  the  results  of  the  recent 
second-order  closure  model  of  Launder  &  Tselepidakis  (1990). 
Lai  &  So  (1990)  have  pointed  out  that  to  reproduce  tl.e  cor¬ 
rect  near-wall  anisotropic  behavior  of  the  normal  stresses,  the 
velocity  pressure-gradient  term  in  the  uTuJ-equation  should 
be  modeled  without  splitting  it  into  and  ''D,,  as  done  in 
the  LRR  model.  Using  the  DNS  database  of  a  channel  flow 


Fig  2  Reynolds  shear  stress  profiles 


Fig.  3  Turbulent  kinetic  energy  profiles 


Fig.  4  l\irbulence  intensities 


(Kim,  Moin  &  Moser  1987),  Mansour,  Kim  k  Moin  (1988) 
have  also  shown  that,  from  the  standpoint  of  modellers,  the 
conventional  split  of  the  velocity  pressure-gradient  term  i'-  not 
a  good  way  near  the  wall  and  that  a  judicious  choice  may  be 
necessary.  At  the  present  stage,  the  model  of  ivIJ-^quation  is 
based  on  the  LRR  model  because  of  its  simplicity  and  general 
acceptance.  It  would  be,  however,  preferable  to  revise  the 
model  of  the  velo^i^ty  pressure-gradient  term  to  reduce  the 
predicted  level  of  profile  near  the  wall  (Lai  k  So  1990). 


Fig.  5  Turbulence  intensities  neat  the  wall 


Fig.  6  Dissipation-rate  tensor  components  near 
the  wall 


Fig.  7  Dissipation  rate  of  k  near  the  wall 


29-3-5 


The  predictions  of  tlie  dissipation  components  (=  ve,jl 
uj)  are  shown  in  Fig.  6.  These  are  the  solutions  obtained 
for  tile  fust  time  from  the  transport  equation  of  e,,.  It  can 
be  seen  that  the  present  solutions  reproduce  the  strongly  non¬ 
isotropic  nature  of  the  dissipation  process  near  the  wall.  Over¬ 
all  agreement  of  with  the  DNS  result  (Spalart  1988)  is  very 
good.  Significant  improvements  may  be  made  in  the  predic¬ 
tions  of  £22  a'ld  ^33  through  a  revision  of  the  model  for  $,j 
to  reduce  the  level  of  u]  and  ti§  as  discussed  above.  Genera! 
behavior  of  £^2  near  the  wall  accords  with  the  DNS  result, 
though  the  reduction  of  the  peak  level  in  the  vicinity  of  the 
wall  may  be  required.  The  most  important  and  interesting 
feature  of  the  present  results  is  the  realization  of  the  peak 
values  of  and  sj,  at  the  wall.  As  for  this  point,  an  at¬ 
tempt  to  improve  the  existing  models  has  just  started  (eg., 
Maiisout,  Kim  fc  Mom  1989;  Launder  fc  Tselepidakis  1990, 
Shill  &  Mansour  1^90,  Lai  fc  So  1990)  to  create  a  maximum 
of  £  at  the  wall  as  evidenced  in  the  DNS  database  (Kim,  Mom 
&  Moser  1987,  Spalart  1988) 

The  present  model  results  of  £+  (=  £^  -fsJj-hCM)  are  shown 
in  Fig.  7  compared  with  the  existing  DNS  data  of  Kim,  Mom  & 
Moser  (1987)  (fl«  =  287)  and  of  Spalart  (1988)  {Re  =  1410). 
It  IS  obvious  that  the  profiles  of  £  depend  greatly  upon  the  flow 
Reynolds  number  as  pointed  out  by  Mansour,  Kim  &  Moin 
(1988)  The  present  predictions  of  £  for  Re  =  1410  well  trj'e 
the  behavior  of  Spalart ’s  result.  Thus,  the  present  approach  to 
the  modeling  of  the  dissipation-rate  tensor  of  Reynolds  stress 
components  has,  we  believe,  good  prospects  m  developing  a 
full  second-order  closure. 
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ABSTRACT 


Recent  works  ha\e  shown  the  existence  of  hirge  scale  or¬ 
ganised  motions  m  comirressible  flows.  Coherent  structures 
were  found  in  compressible  sheai  layers  (PAPAMOSCHOU 
and  ROSHKO  [19SC]).  These  structures  are  unsteady,  but 
play  a  significant  lole  in  the  mixing  layer  spreading  late.  In¬ 
troducing  semi-deteiministic'  turbulence  modelling,  a  stan¬ 
dard  k  —  t  model  was  used  to  calculate  unsteady  flows  The 
main  result  is  that  unsteady  features  can  be  resolved  with 
this  type  of  turbulence  model  A  rather  good  description  of 
the  unsteadiness  does  not  gi\e  a  good  estimate  of  the  com¬ 
pressible  mixing  layer  spreading  rate.  This  emphasizes  the 
need  for  a  better  statistical  tieatment  with  a  specific  mod¬ 
elling  of  compressible  effects 

List  of  symbols 
p  density 

U,V  velocity  components 
a  Speed  of  .sound 
k  turbulent  kinetic  eiieigy 
f  tinbiilent  kinetic  eivigy  dissipation  rate 
Pk  production  of  tuibiileiit  kinetic  energy 
M  Mach  n  imbei 

Ok, a,  Tuibuleiit  Piaiidtl/Schiiiidt  iininbers  for  k  and  ( 
C\,C'2,Ci,  Tuibuleiice  model  constants 
p  Laminar  viscosity 
PT  turbulent  viscosity 
Pk  =  l‘  k  ^  p,  =  p  + 

INTRODUCTION 

Thank  to  efficient  iiumeiical  tools,  it  is  now  possible  to  sim¬ 
ulate  unsteady  turbulent  compressible  flows  which  present 
a  great  interest  for  ba.sic  understanding  and  practical  ap¬ 
plications  as  well  These  numerical  predictions  can  be  ob¬ 
tained  either  by  direct  numerical  simulations,  or  by  using  ad¬ 
equate  turbulence  modelling.  However,  the  numeious  recent 
simulations  do  not  highlight  basic  physical  aspects  of  the 
phenomen,  ,  since  the  imalysis  of  numerical  data  is  strongly 

dependent  of  the  interpretation.  The  compressible  mixing 
layer  is  probably  one  of  the  most  interesting  cases,  with 
well  identified  unsteady  coherent  structures  resulting  from 
Kclvin-Helmholtz  instabilities. 


Indeed,  coherent  structures  are  recogniz<:d  as  the  ma¬ 
jor  agent  of  large-scale  mixing  in  turbulent  shear  flows.  In 
incompressible  flows,  the  vorticity  field  is  a  suitable  indi¬ 
cator  to  visualize  these  structures,  while  compressible  flows 
require  different  criteria.  Interest  for  the  mixing  mechanisms 
is  growing  with  the  to-day  needs  of  designing  new  propulsion 
devices  for  high  speed  transport  aircrafts,  since  the  efficiency 
of  combustion  systems  is  depending  mostly  on  mixing  phe¬ 
nomena. 

In  this  pers[>ective,  the  present  contribution  is  devoted 
to. 

•  Char<icterization  of  the  coherent  s  i  uctures  in  compress¬ 
ible  turbulent  shear  flows. 

•  Analysis  of  the  filtering  features  due  to  the  numerical 
integration 

•  Evolution  of  the  mixing  layer  growth  with  respect  to  a 
characteristic  Mach  number. 

TURBULENCE  MODELLING 

To  leprcscnt  f  roperly  the  large-scale  mixing,  HUSSAIN 
[1983],  and  more  lecently  HAMINH  and  VANDROMME 
[1989],  have  pioposcd  in  the  framework  of  turbulence  mod¬ 
elling,  a  different  foim  of  variable  decomposition,  similar  to 
the  splitting  used  m  Laige  Eddy  Simulations  Let  /(.f,  f)  the 
instantaneous  value  of  any  dependent  vaiiable 

=  + + M!,t)  (1) 

The  first  term  in  the  RHS  is  the  ‘steady  state  component. 
The  second  term  is  the  cohcrrid  oi  organized  contribution 
which  depends  on  space  and  time  in  a  deterministic  manner, 
and  the  last  ])ait  is  the  landom  fluctuation. 

Thus  the  difference  with  the  classical  L  E.S  approach 
comes  fiom  the  iclativc  iinpoitance  of  the  three  components 
If  the  coherent  pait  is  small,  then  the  decomposition  leads  to 
classical  Reynolds  aveiaging  If  the  landoin  pait  is  small,  we 
have  the  basis  for  the  conventional  L.E.S.  with  subgrid  scale 
modelling.  The  original  contribution  in  the  present  work  is 
to  consider  that  random  fluctuations  are  not  constrained  in 
scale  and  frequency.  Theiefore  it  is  not  possible  to  account 
completely  for  them  with  a  space  filter  (such  as  the  mesli  les- 
olution)  like  subgrid  scale  modelling  does.  To  represent  all 
random  motions  (whatever  their  clmiactciistic  scales  are), 
we  choosed  to  use  a  statistical  model  i.e.  k  —  e  model.  Fol¬ 
lowing  the  original  terminology  of  HAMINH  ei  a/.[1989|,  this 
approach  is  called  the  Semi-Deterministic  Modelling.  The 
variable  decomposition  can  be  written  as: 

f(x,t)=<  f(x,t)>+frir,t)  (2) 
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RESULTS 


in  whicli  <  /(?,;)  >  represents  tlic  ensemble  <avcragc  of  /. 
Under  some  circumstances,  this  (piantity  could  be  replaced 
by  the  phase  average  Since  this  splitting  preserves  a  similar 
foun  to  the  classical  tiiibulencc  modelling,  formally  identical 
models  can  be  deuced  to  lepicsent  the  landoin  motion  ef¬ 
fects.  The  key  diffeieucc  is  that  the  lesulting  solution  would 
be  stiongly  dependi-nt  on  the  flow  haractcristics  and  the 
numeiical  method  as  well 


To  illustiate  the  diffc'rence  between  this  new  approach 
and  the  classical  tuibulenee  modelling,  it  suffices  to  com- 
jiare  the  solutions  which  would  be  given  by  a  pjuabolic  space 
mm  clung  code  (steady  state  boundary  layei  aiiproximation) 
and  a  time  marching  Kacicr-Stokcs  solver,  when  calculating 
a  flow  as  simple  as  a  plane  mixing  layer.  .  Both  solutions 
will  be  true,  but  they  will  show  diffcrents  views  of  the  real¬ 
ity.  Voitex  shedding  oi  no  voitcx  shedding,  the  thruth  is  in 
both  approaches,  only  the  lepiesentation  is  different. 

Thus,  in  this  semi-deteiniinistic  appioach  context,  a  two 
equation  tuibulenee  model  foi  high  Reynolds  number  flows 
would  be  written  a-- 


0  0 

^-(<  pxk  >)  -t-  — (<  p  k  ><  U  >. 
at  ar, 

0<k>^  „ 

-  Pk - X - )  =  Pk-  <!>><€> 

UXi 


(3) 


d  d  3  <  f  >  , 

<  p><  f  >)  +  -T— (<  pxo  I',-  lU — X - 1 

at  3r,  3x. 

=  <  P  >  -  C,2  <  «  >) 

(4) 

Pk  =  -<  p  ><  »■"«/’  ^  (5) 

dij 

Equations  are  aceraged  accoidiiig  to  the  Favie  deconipo.M- 
tion  With  this  fonnulation  all  the  unkiiows  liiit  /i,  and  p  aie 
ma,ss-w<'ighted  by  p  So  the  systi'in  is  now 


djik  OpkC, 
dt  dx, 


(G) 


dt  dr. 


(7) 


-pi/, 


-  „  dV, 
3.1, 


(8) 


So  f<u  no  <  oiiii/ie^  ,ibihl\  tciiiis  ,ire  added  to  the  equa¬ 
tions 


NUMERICAL  ASPECTS 


7'he  nuineiical  method  used  in  this  study  is  the  implicit- 
explicit  finite  volume  .scheme  of  MAC  CORM.ACK  [1981)  . 
The  scheme  is  second  order  aecurate  m  time  and  in  space. 

i'lic  CGHij.’utiitioiiiil  cloiiiiiiii  IS  1.5  m  uUcI  1  0  m 
Two  different  meshes  arc  used,  one  is  made  of  90  grid  cells 
ill  X  direction,,  the  other  is  120  giid  cells  in  x  direction,  in 
the  y  direction  both  meshes  have  100  cells  with  a  significant 
clustering  in  the  shear  layer  zone. 


Unsteady  featiiies 


The  first  flow  which  is  examined  is  made  of  two  air 
streams  The  two  fiecstream  velocities  aie  Ui  =  432  mjs, 
Ui  =  137  rn/s,  total  tempcratuic  Tp  and  total  pressure 
Pr  arc  identical  in  the  trvo  sticams  {Tp  =  300° A',  Pp  = 
3.67  10®  Pa).  The  Mach  numbers  of  the  two  streams  aie 
lespectively  Mi  =  15  and  M-i  =  0.4 

VOUTICTI'Y  FIELD 


a.U  na}}  n 


A  a  09 


A  a  103  ndlO 


<rsf| 

111*, 


Figuie  1  shows  the  time  ccolution  of  the  voitirity  Tlicie 
is  a  stiong  concent  I ation  of  vorticity  in  the  fiist  part  of  the 
domain  but  no  coheieiit  stiuctuie  are  visible.  Such  striic- 
tuies  exist  in  the  second  part  of  the  domain.  To  find  the 
colicicut  .stiuctmes,  the  definition  given  by  HUSSAIN  [1983] 
was  used,  they  me  huge  structures  with  a  high  level  of  voi- 
ticity  strongly  coiiclated  in  pha,se  but  they  appear  at  random 
])liases.  A  liiieai  stability  study  of  the  Eulci  ecpiations  gives 
a  necessary  condition  ,,1  existence  of  Kelvin-Kelmotz  insta¬ 
bilities  in  the  shear  layeis-  the  velocity  profile  must  have 
an  inflexion  point.  The  input  velocity  profile  is  built  with 
an  hcavyside  fonction  without  any  artificial  perturbation  to 
trigger  the  instability.  The  criterion  used  to  identify  coher¬ 
ent  structures  consists  in  finding  the  peaks  of  vorticity  and 
pressure.  The  time  evolution  of  theses  peaks  allows  to  deter 
mine  the  convective  velocity  of  the  structures.  On  that  flow 
it  has  been  estimated  to  be  300 ±30  m/s.  PAPAMOSCHOU 
and  ROSHKO  [1986]  give  a  thcorical  formulation  of  that  ve¬ 
locity.  They  argue  that  in  the  frame  which  is  moving  with 
the  convective  velocity,  a  saddle  point  exists  between  the 
structures.  This  point  implies  the  equality  of  total  pressure 
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As  figure  4  shows,  eoheront  structures  present  differ- 
em  aspects  accouling  to  the  variable  which  is  obseived.  Tlie 
piessuic  field  shows  a  suc'-ession  of  nodes,  which  aie  altenia- 
tively  low  and  high  jne.ssuie  nodes,  The  petik  of  low  jiressure 
matches  with  the  maximum  of  voiticity.  The  passive  scalai 
shows  the  mixing  lolc  of  the  coheieiit  stiuctmes  Also  the 
(Ole  of  (oheK'iit  stiuctuies  is  math'  of  fluid  coniing  fiom  the 
lowei  St  I  earn 

To  conclude  with  tlu-.se  time-dependent  foatuies,  the 
lesiilts  obtained  to  desetihe  unsteach  tuibulent  Hows  aie 
(piite  encouiaging  and  it  seems  leasonable  to  [niisue  the 
constiuetion  of  specific  unsteady  tuibulent  models  can  be 
developped 


Figure  5  shows  the  vorticity  field,  no  structures  are  appear¬ 
ing.  The  first  conclusion  is  that  the  behavior  of  the  flow  is 
strongly  dependent  of  the  mesh  wich  is  used.  Further  in¬ 
vestigations  are  needed  to  better  undci  stand  the  role  of  the 
mesh  resolution  It  is  clear  that  the  mesh  can  be  respon¬ 
sible  for  filtering  mechanims.  The  time  step  is  also  is  also 
responsible  for  that  Unlike  in  tlie  L.E.S.,  mesh  cell  size  and 
time  step  are  not  linked,  because  of  the  implicit  integration 
sclieme.  Further  computations  are  being  done  to  check  an 
n.symptotic  behavioni  of  lesults  for  finer  mesh  sizes  and  time 
step. 


Tluec  flows  wcie  calculated  to  estimate  the  influence 
of  Mach  mimbci  on  the  mixing  layer  spreading  rate  In  this 
calculation  the  Mach  miinbcr  aie  1.5.  2  5  and  3  for  the  upper 
stream,,  for  the  lower  stieam  the  Mach  niimbei  arc  0.4,  1  , 
and  1  37.  The  convective  Mach  luimbeis  aic  almost  the  same 
in  the  three  cases  and  ranges  fiom  0.4  to  0.48 

Voriititv 


Vottuity  ft«lj 


The  mesh  size  i.s  a  vciy  unp,)rtant  paiaiiietei  as  far  as 
filt(>ring  propel  ties  are  concerned  A  numeiicaJ  simulation 
was  done  on  the  same  flow  witli  a  smaller  mesh  (90  grid  cells 
in  V  direction),  the  cells  in  the  y  direction  and  the  integra¬ 
tion  time  step  \(  ,is  the  same  as  for  previous  flow  calculation 

PfcMiVt 
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On  figure  C,  we  can  see  that  as  the  Mach  nnmbei  in- 
cicases,  the  mixing  layiu  giowth  is  reduced. 

The  velocity  used  to  evaluate  the  spieading  rate  is  the 
time  aveiagod  piofilc.  The  mixing  layer  thickness  is  taken 
as  the  distance  between  transveise  locations  wlieie  the  time 
averaged  velocity  ccinid  to  f/i  -  0  1A(7  and  U2  +  0  lAU 
To  detcimine  the  mixing  ,ayei  growth  we  consider  only  the 
domain  where  the  velocity  piofile  was  self  similar  Figuic  G 
sliows  the  evolution  of  the  downsticam  velocity  profile. 

With  that  foinuuation  the  giowth  late  aie  around  0  OG 
with  a  Mach=1.5,  and  0  04  if  the  Mach  number  is  2.5  and 
0.03  in  the  la.st  case.  The  value  of  the  convective  Mach 
number  is  going  from  0.4  to  0.48.  The  grov/th  is  found  to  be 
nearly  the  same  when  the  Mach  number  is  2.5  or  3  To  obtain 
the  visual  thickness  as  PAPAMOUSCHOU  and  ROSHKO 
defined  it,  these  results  are  iindimcnsionahsed  with  the  in¬ 
compressible  giowth  formulation.  Witli  that  formulation  the 
visual  thickness  obtained  is  around  0.73  if  the  Mach  num¬ 
ber  is  1.5  and  a  convective  macli  numbei  of  0  4,  0.8G  with  a 
Mach  number  of  2.5  and  a  convective  Mach  number  of  0.48, 
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and  0.9  with 

a  Mach  number  of  3  and 

a  convective  Mach 

number  of  0  43.  The  comparison  with  tlie  results  obtained 
by  PAPAMOSCHOU  and  ROSHKO  would  be  around  0  8 
for  a  convective  Mach  nuinbcr  of  0.4  and  0  7  for  a  convective 
Mach  number  of  0  5  The  badest  result  is  obtained  for  the 
liigher  Mach  number  calculation  An  explanation  is  that  no 

compressibility  terms  are  included  in  the  model,  and  as  the 
Mach  number  is  increased  these  effects  are  more  important 
and  the  model  ilo  not  account  for  compressibility  effects  So 
;t  good  time  description  of  the  flow  do  not  tdlow  a  good  de¬ 
scription  of  the  compressibility.  Some  com[)rcssibility  terms 
must  be  added  to  the  turbulence  model. 


CONCLUDING  REMARK 

In  these  study  a  standard  k  —  e  model  was  used  to  calculate 
unsteady  flow.  The  lesults  obtained  are  encouraging  and  it 
seems  reasonable  to  developp  specific  unsteady  turbulence 
models.  But  a  good  time  description  of  compressible  flow 
does  not  allow  to  predict  ar,  accurate  gnwth  of  the  shear 
layc".  This  can  show  the  need  of  take  into  account  of  the 
Mac-b  n  imber  effects. 
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ABSTRACT 

An  experimental  and  numerical  investigation  of  the 
turbulence  field  in  the  vicinity  of  a  rotating  cylinder  in  a 
quiescent  fluid  has  been  carried  out.  Radial  distributions  of 
mean  velocity  and  non-vanishing  Reynolds  stress 
components  have  been  measured  using  hot-wire 
technique,  and  corresponding  components  have  been 
calculated  with  a  low  Reynolds  number  second-moment 
closure  model.  Frorti  the  measurements  it  can  be 
concluded  that  the  turbulence  field  is  established  in  the 
present  set  up  at  a  Reynolds  number  which  is  roughly 
twenty  times  larger  than  earlier  measurements  have 
shown.  Comparisons  between  calculations  and 
measurements  yield  some  deviations.  However,  a 
qualitatively  good  agreement  is  obtained.  In  the  paper, 
different  methods  for  the  determination  of  tlie  friction 
velocity  are  also  described  and  discussed 

INTRODUCTION 

Turbulent  flows  in  curved  channels  and  over  convex  or 
concave  surfaces  are  of  obvious  engineering  interest 
Many  flows  in  industrial  equipment  exhibit  strong 
centrifugal-force  fields,  and  it  is  well  known  that  the 
centrifugal  forces  exerted  on  a  turbulent  flow  field  have 
important  implications  not  only  on  the  mean  flow  pattern 
but  also  on  the  turbulence  structure,  e.g  Bradshaw  (1973). 

To  further  investigate  curvature  effects  on  turbulent 
shear  flows,  a  centrifugal-force  field  is  created  in  a  very 
simple  and  fundamental  geometry  The  one-dimensional 
boundary  layer  flow  around  an  infinitely  long  and  constantly 
rotating  cylinder  in  an  otherwise  quiescent  fluid  is  studied. 
In  this  particular  flow  case  the  mean  velocity  vector  is  in 
the  azimuthal  direction,  and  the  mean  velocity  and  the 
turbulent  stresses  vary  only  in  the  radial  direction,  i.e.  with 
the  distance  from  the  curved  wall. 

While  Theodorsen  &  Regier  (1944)  measured  thr> 
frictional  drag  on  a  rotating  cylinder,  the  radial  distributions 
of  the  mean  velocity  and  the  turbulent  stresses  have  been 
reported  by  Kasogi  &  Hirata  (1975)  and  Nakamura  et  a!. 
(1983,  1986),  respectively.  The  latter  data  were  obtained 
for  Reynolds  number  Re  =  41000  and  above,  where  Re  = 
U„R/v,  R  is  the  radius,  v  is  the  kinematic  viscosity  of  the 
fluid,  and  U„  =  ojR  is  the  wall  velocity.  Kasagi  &  Hirata 


(1975),  on  the  other  hand,  studied  the  fiow  at  lower 
Reynolds  numbers  and  claimed  that  their  flow  vis¬ 
ualizations  indicated  fully  developed  .urbulence  for  Re  > 
500. 

An  objective  of  the  present  study  is  to  provide  further 
measurements  of  the  individual  turbulent  stress  compon¬ 
ents  at  as  low  Reynolds  numbers  as  possible.  Such  data 
are  essential  for  the  verification  of  low-Reynolds  number 
extensions  of  second-moment  closure  models,  and,  in 
particular,  to  demonstrate  their  ability  to  mimic  curvature- 
induced  changes  in  the  turbulence  structure.  Another 
objective  of  this  investigation  is  therefore  to  compare 
numerical  predictions  based  on  a  low-Reynolds-number 
second-moment  modol  with  the  measured  radial 
distribution  of  the  individual  stress  components. 

EXPERIMENTAL  SET  UP 

A  PVC  tube,  1000mm  long  and  500mm  in  diameter,, 
was  used  as  a  cylinder.  Fixed  end  plates  were  fitted  in 
order  to  minimize  the  influence  of  the  end  effects.  An 
electrical  motor,  which  could  be  continuously  adjusted  in 
the  range  200  through  3000  rpm,  was  used  for  the 
accomplishing  of  the  rotation  of  the  cylinder.  The  lowest 
number  of  revolutions  corresponds  approximately  to  a  wall 
velocity  of  0.6  m/s.  A  dial  test  indicator  and  a  vernier  sc  i 
were  used  in  the  near  wall  region  and  further  out, 
respectively,  for  the  determination  of  the  distance  between 
the  hot-wire  and  the  cylinder  surface. 

Velocity  measurements  were  performed  using  a  constant 
temperature  anemometer  system,  Dantech  5600,  with 
standard  single-  and  cross-wire  probes,  55P01  and  55P61 , 
respectively.  A  computerized  version  of  Siddal  &  Davies’ 
(1972)  calibration  law  was  employed  for  conversion  of  the 
anemometer  voltage  into  velocities,  and  a  samoling 
frequency  of  3  kHz  was  used  throughout  the 
measurf’ments.  Conventional  methods  were  used  for  the 
evaluation  of  the  mean  velocities  and  Reynolds  stress 
components.  .All  these  acquisition  methods  have  been 
tested,  and  compared  to  measurements  of  others,  in  a  two- 
dimensional  turbulent  flat  plate  boundary  layer  at  a 
Reynolds  number  of  4.2-1 0“,  see  Lofdahl  (1986)  and 
Lofdahl  et  al.  (1989). 
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An  important  question  in  this  kind  of  measurements  is 
whether  a  disturbance  caused  by  the  wake  of  the  hot-wire 
probe  will  be  transported  by  the  flow  along  the  cylinder 
circumference  and  interfere  with  the  measurements. 
Therefore,  a  dummy  probe  was  inserted  at  the  same  axial 
position  as  the  measuring  probe,  but  located  at  different 
angular  positions  No  influence  on  the  measurements  were 
recorded  when  the  dummy  probe  was  positioned  more 
than  45''  upstream  the  "active"  measuring  probe.  It  might 
thus  be  concluded  that  the  wake  of  the  measuring  probe 
does  not  affect  the  measurements 


MODELLING  APPROACH 

Kasagi  &  Hirata  (1975)  and  Williamson  &  Koukousakis 
(19&7>  used  an  algebraic  eddy-viscosity  model  to  represent 
the  tuibulence  field  in  the  vicinity  of  the  rotating  cylinder 
However,  the  resulting  mean  velocity  distribution  deviated 
significantly  from  the  measured  velocities 

When  the  turbulence  structure  is  directly  modified  by  a 
body-force,  like  the  centrifugal  force,  a  model  for  the 
individual  Reynolds  stress  components  is  needed.  In  the 
present  approach  the  recently  proposed  low-Reynolds- 
number  second-moment  transport  model  of  Launder  & 
Shima  (1989)  is  adopted  This  model  is  essentially  a  low- 
Reynolds-number  extension  of  the  Reynolds-stress  closure 
due  to  Gibson  &  Launder  (1978)  The  essence  of  the 
Launder  &  Shima  model  is  that  some  of  the  model 
constants  are  made  functions  of  four  dimensionless 
parameters,  namely  a  turbulent  Reynolds  number,  the  ratio 
of  production  to  dissipation  of  turbulent  kinetic  energy,  and 
two  Reynolds  stress  invariants  Kristoffersen  et  al  (1990) 
demonstrated  that  the  Launder  &  Shima  model,  with 
rotational  stress  generating  terms  included,  accurately 
captured  the  most  striking  Coriolis-force  effects  induced  by 
system  rotation  In  the  present  study  the  model  has  been 
adapted  to  cylindrical  polar  coordinates,  while  the  empirical 
values  of  the  model  coefficients  are  retained  For  the  one- 
dimensional  flow  under  consideration  in  the  present  study, 
the  transport  equations  for  mean  momentum,  Reynolds 
stresses  and  dissipation  rate  reduce  to  a  strongly  coupled 
set  of  6  ordinary  differential  equations,  which  is  solved 
numerically  with  a  significantly  higher  degree  of  accuracy 
than  generally  achieved  lor  solutions  of  systems  of  PDE’s 


EXPERIMENTAL  RESULTS 

Measured  mean  (azimuthal)  velocity  profiles  are  shown 
in  Fig.  1  for  different  Reynolds  numbers  Compared  to  the 
exact  analytic  laminar  flow  solution  U  -  U7(1  +  (y/R)).,  the 
profiles  clearly  exhibit  turbulent  character.  A  significant 
Reynolds  number  dependence  can  be  observed  only  in  the 
innermost  part  of  the  boundary  layer,  i.e.  lor  y/R  <  0.02, 
where  y  ■«  r-R  denotes  the  radial  distance  from  the  wall. 

Fig  2  shows  the  mean  velocity  profiles  in  inner 
variables  for  three  different  Reynolds  numbers.  Hers,  the 
inner  variables  are  defined  as  u'=Uyu.  and  y'=yu./v,  where 
U,,=U„-U  is  the  velocity  defect  and  u,<‘\/zjp  is  the  wall 
friction  velocity  To  obtain  this  scaling  velocity  a  correlation 
formula  of  Theodorsen  &  Regier  (1944)  has  been  used; 


1 


-0,6*4. 07  log, 0 


(1) 


where  the  dimensionless  drag  coefficient  c^  is  defined  as 


(2) 


The  linear  and  logarithmic  curves  u*  =  y‘  and  u*  = 
1/0.41  ln(y‘)  +  5.0  have  been  shown  as  a  reference.  As 
can  be  seen,  the  expected  deviation  from  the  log-law  due 
to  streamline  curvature  is  present  at  all  Reynolds  numbers 
studied. 

The  experimental  resolution  in  the  linear  region  is  good 
for  Reynolds  numbers  20000  and  33000.  For  the  highest 
Reynolds  number  Re=1 00000  the  boundary  layer  becomes 
thinner  and  the  number  of  measuring  points  in  the  neai- 
wall  region  is  therefore  limited  by  the  size  of  the  hot-wire 
probe.  Nevertheless,  the  friction  velocity  has  been 
estimated  from  the  slope  of  the  innermost  mean  velocity 
data  points  and  compared  with  u.  computed  iteratively  from 
Eqs  (1)  and  (2),  see  Table  1. 


0  00 
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0.02 


Figure  1  Mean  velocity  profiles  for  some  different 
Reynolds  numbers. 
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The  measured  turbulent  intensities  u’  (azimuthal),  v’ 
(radial)  and  w'  (axial)  are  shown  In  Fig.  3.  Considering  the 
magnitude  of  the  different  components,  the  turbulence 
Intensity  in  the  main  flow  direction,  u',  clearly  dominates  in 
the  innermost  part  of  the  boundary  layer.  Further  out, 
y/R=0.06,  the  profiles  for  the  axial  and  radial  components 
merge  into  each  other  at  an  intensity  level  below  u'.  The 
higher  level  of  u'  can,  however,  be  explained  by  the  "extra” 
stress  generating  terms  which  appear  in  the  Reynolds 
stress  budget  due  to  the  streamline  curvature. 


Figure  2  Mean  velocity  profiles  in  inner  variables  for  three 
different  Reynolds  numbers 


Table  1  Estimated  friction  velocities  uyu„ 


Method  \  Re 

20000 

33000 

100000 

Iterative  solution  of  Eq.  (1) 

0  057 

0.053 

0.047  1 

Modified  constants  in  Eq.  (1) 

0.040 

0,038 

0.034 

Extrapolated  from  measured 
mean  velocity 

0.066 

0.046 

0.060 

Extraoolated  from  measured 
turbulent  shear  stress 

0  034 

0.027 

Numerical  prediction 

0  019 

0.045 

0.042 

Figure  3  Radial  distribution  of  the  turbulence  Intensities 
for  Reynolds  numbers  20000  (upper),  33000  (middle)  and 
100000  (lower). 
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In  Fig  4,  the  radial  variation  of  the  kinematic  turbulent 
shear  stress  uv  is  shown,  from  which  if  can  be  observed 
that  the  experimental  data  are  consistent  with  the 
azimuthal  momentum  balance  (i.e.  i't  =  constant)  away 
from  the  wall  A  fairlv  constant  level  ofTivr’  can  thus  be 
used  as  an  alternative  way  to  estimate  the  wall  shear 
stress  T„  and  the  friction  velocity  u..  The  intermittent  nature 
o;  the  flow  at  the  lower  Reynolds  number  complicates  the 
situation  and  the  wall  friction  can  not  be  accurately 
obtained  from  the  measured  data  The  two  different 
techniques  for  obtaining  u.  are  compared  with  the 
correlation  (1)  due  to  Theodorsen  &  Regier  in  Table  1. 
Nakamura  et  al  (1983)  replaced  the  dimensionless 
constants  (-0  6,4  07)  in  Eq  (1)  by  (3.09,4  79)  to  fit  their 
experimental  data  Friction  velocities  based  on  this 
alternative  set  of  constants  are  also  included  in  the  table. 
It  is  readily  observed  that  the  scatter  in  the  data  increases 
witti  increasing  Reynolds  number  However,  a  general 
tendency  of  decreasing  u.  for  increasing  Reynolds  number 
can  be  noted,  fully  in  agreement  of  what  can  be  expected 

The  dimensionless  ratio  between  tire  shear  stress  and 
(twice)  the  kinetic  energy  is  shown  in  Fig  5  The  observed 
level  of  the  structural  pa.'arneter  uv/q^  away  from  the 
cylinder  surface  is  consistent  with  the  experimental  findings 
of  Nakamura  et  al  (1986)  The  present  measurements  of 
the  individual  stress  components  in  Figs.  3  5  cover, 
however,  the  innermost  part  of  the  turbulent  boundary  layer 
more  completely  than  any  of  tire  previously  published  data. 

In  Fig  6,  the  intermittency  factor  y  is  plotted  Here,  y 
has  been  calculated  from  the  flatness  factor  F(u)  for  the 
streamwise  velocity  component  as  y=3/F(u),  according  to 
Klebanoff  (1955)  It  can  be  seen  from  these  data  that  the 
intermittency  factor  decreases  below  one  for  a  certain 
distance  from  the  cylinder  surface  for  both  the  studred 
Reynolds  numbers  Especially  for  ne--22000  this  means 
that  a  highly  intermittent  flow  is  prevailing,  and  this  can 
considerably  influence  the  measured  turbulence  intensities. 
If  the  laminar  part  of  the  signal  is  excluded  in  the 
measurements,  this  will  increase  the  turbulent  intensity 
This  effect  is  clearly  pronounced  in  ttie  outer  part  of  the 
boundary  layer,  where  the  largest  deviations  between 
measurements  and  calculations  occur  according  to  Fig.  3 
Of  course  the  influence  of  the  intermittency  is  strongest  at 
the  lower  Reynolds  number  and  weaker  at  higher  The 
results  for  Reynolds  number  100000  are  in  agreement  with 
the  data  of  Nakamura  et  al  (1983),  while  the  results  for 
Reynolds  number  22000  are  significantly  different  Only  the 
innermost  pari  of  the  boundary  layer  (y'<20)  is  fully 
turbulent 

An  important  question  in  the  studies  of  the  flow  field  in 
the  vicinity  of  a  rotating  cylinder  in  a  quiescent  fluid  is  at 
which  Reynolds  number  the  transition  to  turbulence  occurs. 
To  gam  information  of  this  phenomenon,  the  intermittency 
factor  was  determined  at  different  Reynolds  numbers  The 
results  from  these  measurements  have  been  collected  in 
Fig.  7,  where  the  intermittency  factors  for  the  fluctuation  in 
the  main  flow  direction  are  shown  as  a  function  of  the 
Reynolds  number.  The  wall  distance  is  kept  constant  to 
y'=50.  At  Reynolds  numbers  roughly  above  25000  the 
intermittency  exceeds  one,  thus  indicating  a  fully  turbulen* 
flow. 

To  further  investigate  the  point  of  transition,  the 
Reynolds  stresses  were  determined  as  a  function  of  the 


Reynolds  number  (also  at  a  constant  y*=50).  According  to 
Fig.  8  the  turbulence  intensity  In  the  main  flow  direction 
reaches  an  almost  constant  value  above  Re  =  25000, 
thereby  indicating  a  fully  developed  turbulent  regime  in 
agreement  with  Fig.  7.  The  two  o.he’  normal  components 
increase  more  gradually  with  increasing  Reynolds  number. 
It  can  be  noted,  however,  that  these  components  tend  to 
zero  at  a  Reynolds  number  of  about  10000,  which  is  much 
higher  than  the  transition  Reynolds  number  Re  =  500 
reported  by  Kasagi  &  Hirata  (1975). 

Autocorrelation  coefficients  for  the  streamwise  fluctuating 
component  are  shown  in  Fig.  9.  Here  the  time  delay  h  is 
normalised  by  the  period  T  corresponding  to  one  revolution 
of  the  cylinder.  The  fairly  large  values  of  the 
autocorrelation  in  the  outer  part  of  the  boundary  layer 
indicate  the  existence  of  large-eddy  structures  visualized 
recently  by  Nakamura  et  al.  (1986). 


Figure  4  Radial  distribution  of  the  turbulent  shear  stress. 
For  caption  see  Fig.  5 


Figure  5  Radial  distribution  of  uv/q^  for  some  different 
Reynolds  numbers. 


30-1-4 


1.1 


o 


.o 


I  0 

<-’0  9 
t 


fj) 

t  - 


s. 


To  / 
0  6 

0  ■  ') 


1000 


Figure  6  Radial  distribution  of  the  intermittency  factor  at 
two  different  Reynolds  numbers. 


Figure  7  Measured  intermittency  factor  at  y‘=50  for 
different  Reynolds  numbers. 


Figure  8  Measured  Reynolds  stresses  at  y'=50  for 
different  Reynolds  numbers. 


h/T 


Figure  9  Autocorreiation  coefficient  for  the  streamwise 
fluctuating  component  at  various  radial  positions  for 
Reynolds  number  25000  (upper)  and  100000  (lower). 


MODEL  PREDICTIONS 

The  low-Reynolds  number  second-moment  closure  of 
Launder  &  Shima  (1989),  adapted  to  cylindrical  polar 
coordinates,  has  been  used  to  numerically  predict  the  flow 
field  around  the  rotating  cylinder.  The  results  of  the 
calculations  are  included  as  lines  in  Figs.  1-5. 

The  predicted  mean  velocity  profiles  in  Fig.  1  deviate 
significantly  from  the  measurements.  This  discrepancy  is 
most  likely  associated  with  the  overpredicted  turbulent 
shear  stress  (see  Figs.  4  and  5).  Moreover,  unlike  the 
experimental  data  the  predictions  in  Fig.  1  show  a  more 
significant  Re-number  dependence.  Nevertheless,  it  is 
encouraging  to  observe  that  the  predicted  velocity  profiles 
in  inner  variables  in  Fig.  2  exhibit  the  typical  destabilized 
appearance  due  to  streamline  curvature. 

The  predicted  radial  distributions  of  the  turbulence 
intensities  in  Fig.  3  compare  reasonably  with  the 
measurements  for  the  three  different  Reynolds  numbers 
considered.  The  radial  position  of  the  peak  of  the  u’- 
distribution  is  accurately  captured  by  the  model,  while  the 
peak  value  itself  is  slightly  underpredicted.  The  calculated 
anisotropy  in  the  innermost  part  of  the  boundary  layer 
changes  only  slightly  with  increasing  Reynolds  number. 
This  is  in  contrast  to  the  experimental  findings,  and  can 
partly  be  explained  by  the  model  formulation  of  the 
important  pressure-strain  term. 
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CONCLUSIONS 

Measurements  and  calculalioiL  of  the  turbulence  field 
near  a  rotating  cylinder  in  a  quiescent  fluid  have  been 
carried  out  from  the  transition  point  and  up  to  Re  = 
100000.  From  these  experiments  the  following  conclusions 
can  be  drawn. 

The  centrifugal  force  field  associated  with  the 
streamline  curvature  clearly  indicates  a  destabilizing  effect 
or'  the  flow  field.  The  mean  velocity  measurements  reveal 
a  clear  turbulent  flow  at  the  studied  Reynolds  numbers.  For 
this  quantity  qualitative  agreement  between  the  calculations 
and  experiments  is  obtained. 

Five  different  methods  have  been  used  for  the 
determination  of  the  friction  velocity,  but  none  of  the 
methods  can  be  lonsidered  to  give  reliable  results 
throughout  the  Reyr.olds  number  range  considered 

It  can  be  seen  that  the  agreement  between  the 
experiments  and  the  calculations  of  the  turbulence 
quantities  is  acceptable  in  the  innermost  region  of  the 
boundary  layer,  but  large  deviations  occur  further  out.  This 
might,  however,  be  explained  by  the  high  intermittency  of 
the  flow  in  this  region 

New  data  on  the  structural  parameter  in  the  innermost 
part  of  the  boundary  layer  is  presented  Autocorrelation 
measurements  indicate  the  presence  of  large-eddy 
structures  in  the  flow  field 

Measurements  of  the  turbulent  normal  stresses  and  the 
only  non-vanishing  off-diagonal  component  of  the  Reynolds 
stress  tensor  indicate  that  fully  developed  turbulence  is 
established  in  the  present  set  up  at  a  Reynolds  number 
some  twenty  times  higher  than  reported  earlier  ty  Kasagi 
&  Hirata  (1975) 

From  these  conclusions  two  mam  questions  occur, 
which  both  require  further  investigations  First,  the 
uncertainty  in  the  determination  of  the  friction  velocity,  and 
second,  the  large  deviation  as  compared  to  others  in  the 
determination  of  the  transition 
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ABSTRACT 

We  examine  the  effect  of  a  solid-body  rotation,  cliar- 
acterized  by  an  angular  velocity  Cl,  on  a  mixing  layer  and 
on  a  plant  wake  (in  a  plane  perpendicular  to  Q)  on  which 
is  superposed  a  small  three-dimensional  random  perturba¬ 
tion.  Using  Kelvin’s  theorem  in  a  frame  rotating  with  0, 
mid  with  the  aid  of  arguments  based  on  the  straining  of  ab¬ 
solute  vortex  filaments  by  the  ambiant  shear,-  it  is  shown 
that  the  rotation  is  always  stabilizing  (with  respect  to  the 
non-rotatiug  case)  in  the  cyclonic  case.  In  the  anticyclonic 
case,  a  sbght  rotation  is  destabilizing  At  a  local  Rossby 
number  of  1,  the  absolute  vortex  lines  are  disrupted.  We 
perform  three-dimensional  numerical  simulations  which  con¬ 
firm  these  theoretical  predictions  We  find  a  critical  Rossby 
number  at  which  maximum  three-dimensional  anticyclonic 
destabilization  is  achieved  In  that  case,  a  detailed  exami¬ 
nation  of  the  flow  structures  shows  that  the  flow  is  highly 
anisotropic  with  very  elongated  streamwise  hairpin  vortices 
of  small  spanwise  extent. 

INTRODUCTION 

Laboratory  experiments  on  shear  flows  show  stabilizing 
or  destabilizing  effects  of  a  constant  rotation,  according  to 
the  cyclonic  (of  vorticity  of  same  sign  as  the  solid-body  vor- 
ticity)  or  anticyclonic  nature  of  the  eddies  considered.  Witt 
and  Joubert  (1985)  found  that  the  wake  of  a  cylinder  of  axis 
parallel  to  the  solid-body  vorticity  becomes  asyimnetnc  un¬ 
der  the  effect  of  rotation.  Chabert  d’Hicres  ef  of  (1988)  have 
shown  that  the  wake  of  a  two-dimensional  obstacle  is  two- 
dimensionaiized  at  low  Rossby  numbers,  whereas  cyclonic 
eddies  are  reinforced  and  anticyclonic  destroyed  for  higher 
Rossby  numbers  Rotating  mixing-layer  experiments  (Rothe 
cuid  Johnston,  1979,  Tritton,  1990)  exhibit  the  same  results 
according  to  the  cyclonic  or  anticyclonic  nature  of  the  shear 
layer. 

A  solid-body  rotation  of  angular  velocity  U  =  Cl z  does 
not  have  any  influence  on  a  two-dimensional  flow  in  the  plane 
{x,y)  (see  Lesieur,  1990).  Therefore,  the  phenomena  ob¬ 
served  in  the  laboratory  expenments  can  only  be  explained 
by  considering  the  influence  of  rotation  on  the  growth  of 
three-dimensional  perturbations. 


THE  THEORETICAL  MODEL 

We  first  try  to  predict  the  rotation  effects  through  a  the¬ 
oretical  model  using  Kelvin’s  theorem  in  the  frame  rotating 
with  II  and  based  on  the  straining  of  absolute  vortex  fila¬ 
ments  by  the  basic  velocity.  We  consider  a  two-dimensional, 
mixing  layer  of  relative  (spanwise)  vorticity  ui2D<  with  pri¬ 
mary  rollers  formed.  In  the  case  of  the  wake,  the  theory  also 
applies  to  both  sides  symmetric  to  the  central  plane  which 
have  opposite  sign  spanwise  vorticity.  The  local  Rossby  num¬ 
ber  is  defined  as- 

/G  =  kzDl/2|n|  . 

The  rotation  is  cyclonic  if  tad  Cl  have  same  sign  and  an¬ 
ticyclonic  if  not  We  superpose  to  this  basic  two-dimensional 
flow  a  turbulent  three-dimensional  perturbation  of  low  ki¬ 
netic  energy  and  of  vorticity  J*''  (|w*'^|  <<  When 

rotation  is  present,  Kelvin’s  theorem  applies  to  the  absolute 
vorticity 

Wr,  =  (u>2P -I-  il)  .-’-f 

It  is  only  by  a  longitudinal  straining  of  the  initial  absolute 
vor‘ex  filament  that  longitudinal  vorticity  (corresponding  to 
three-dimensionalization)  may  be  produced.  Several  ca.ses 
have  to  be  envisaged  (see  Figure  1;  wjd  is  chosen  negative) 
a)  cyclonic  rotation  (12  <  0);  the  absolute  vortex  filament  is 
closer  to  the  z  axis  than  the  corresponding  relative  vortex 
filament;  cyclonic  rotation  will  have  a  stabilizing  effect  with 
respect  to  the  non-rotating  case. 


Figure  1:  initial  absolute  vortcity  for  12  =  0,  12  <  0 
(cyclonic  rotation),  12  >  0  (anticyclonic  rotation). 
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b)  anticycloiiic  rotation  (fi  >  0)' 

•  0  <  2n  <  -2^21)-  tl'c  initial  voitex  filanient  is  more 
perturbed  (three-dimensionally)  than  its  relative  counter¬ 
part.  rotation  is  destabilizing  For  u.'2i)  -f  2Q  k:  0  (/?„  «  1), 
tire  three-dirnensronalization  will  be  maximitrn  smee  the  ab¬ 
solute  vorticity  now  corresporrds  to  the  three-dtrirensiorral 
perturbation 

•  —2u>2D  <  212;  the  anticyrlorric  rotatron  becomes  sta- 
bilizrng  again 

DIRECT  NUMERICAL  SIMULATIONS 

In  order  to  check  the  relevance  of  ottr  thcoretrcal  predic¬ 
tions,  we  have  carried  otrt  three-dimensional  rlirect-numerical 
srrnulatrons  of  rotating  shear  flows  Two  prototypes  of  flows 
are  considered:  the  mixing  layer  atrd  the  plane  wake.  We 
assutrte  periodicity  in  the  strearnwrse,  x  (temporal  hypoth- 
ests),.  atrd  tn  the  spanwtse,  drrectrons  The  irritial  condi¬ 
tions  result  frottr  the  superposition  of  a  small-arnplitude  per¬ 
turbation  onto  a  one-drrectronal  basic  irrofile;  a  hyperbohe- 
tangerrt  velocity  profile  for  the  ntixing  layer 

i7(y)  =  l/tarrh|^ 


atrd  a  gaussiari  profile  for  tire  wake 

i<(y)  =  L’„.  exp(-In2-T-)  . 

fm 

The  mitral  fluctuations  consist  in  the  superposition  of  two- 
random  perturbations,  the  first  one  is  three-dimensional 
of  kinetic  energy  €30  (or  the  second  one  is  two- 
dimensional  (c  independent)  of  energy  (20  Loth 

cases,  t3[)  =  (20  =  10“*.  The  Rossby  number  is  defined 
with  the  initial  relative  vorticity 


2/7 

|2n|5. 


for  the  mixing  layer.  For  the  wake,  the  maximum  vorticity 
associated  with  the  gaussian  profile  is  s;  0  lUm/r,„.  Thus, 
the  initial  Rossby  number  is. 


=  0  7 


The  numerical  method  usetl  is  of  pseudo-spectral  type  For 
the  mixing  layer,  a  mapping  is  used  in  the  y  direction  in 
order  to  reject  the  boundaries  at  infinity.  The  results  shown 
here  arc  obtained  with  48  x  48  x  24  modes.  The  calculation 
involves  2  fundamental  Kelvin-Helmoltz  billows.  The  initial 
Reynolds  number  US,/v  is  150.  For  the  wake,  48  x  48  x  48 
modes  are  used  The  Karman  street  is  composed  of  two  pairs 
of  opposite  sign  vortices,  Re  —  U,„r„lu  =  180. 


STATISTICS 


Mixing  layer 

We  first  consitier  the  mixing  layer.  The  results  of  these 
simulations  are  described  in  details  in  Lesieur  et  ai,  1991. 


Figure  2-  mixing  layer;  time  cvoloutu  a  of  the  span- 
wise  component  of  the  velocity  fluctuation  (<  w'^  >), 
M'’  =  cx>,  11,  5,  2,  1,  0  56,  0  25.  a)  Cyclonic  case;  b) 
Anticycloiiic  case. 

Numerical  simulations  are  performed  at  =  00,  11,  5,  2, 
1.  0.56,  0.25  for  both  cyclonic  and  anticycloiiic  cases.  In  Fig¬ 
ure  2,  we  show  the  time  development  of  <  w'^  >,  variance  of 
the  spanwise  velocity  component  (z-component),  which  in¬ 
dicates  the  degree  of  three-dimensionality.  The  brackets  de¬ 
notes  the  average  on  the  whole  computational  domain.  Fig¬ 
ure  2  a)  is  for  cyclonic  cases  and  2  b)  for  anticyclomc  cases. 
Figure  2  a)  shows  that  a  cyclonic  rotation  is  more  and  more 
stabilizing  as  the  initial  Rossby  number  decreases  from  in¬ 
finity,  up  to  0.5.  Afterwards  the  energy  exhibits  oscillations 
which  are  the  signature  of  inertial  waves  The  presence  of 
the  waves  leads  to  a  reduction  of  the  dissipation  rate.  Figure 
2  b)  shows  extremely  different  behaviour  in  the  anticyclonic 
case.  The  initial  growth  rate  of  <  w'^  >  is  higher  than  in  the 
non-rotating  case  for  =  11,5,2.  At  =  5,  the  desta¬ 
bilization  reaches  its  maximum.  The  Rossby  number  based 
upon  the  instantaneous  mean-velocity  profile  decreases  with 
time  Thus,  the  rotation  could  have  a  destabilizing  effect  at 
the  beginning  of  the  evolution  and  a  stabilizing  one  when  the 
instantaneous  Rossby  number  is  lower  than  a  critical  -  J  >c-' 
this  could  explain  the  decay  of  <  w'^  >  for  rS,’’  =  11,5,2 
at  later  time.  When  the  Rossby  number  goes  from  2  to  1, 
a  sharp  transition  takes  place,  since,  from  the  beginning  of 
the  evolution,  the  rotation  is  stabilizing  as  far  as  the  growth 
of  <  w'^  >  is  concerned.  At  a  lower  Rossby  number,  the 
evolution  is  very  similar  to  the  cyclonic  case,  with  evidences 
of  inertial  w.ave  propagation. 

Plane  wake 

Cyclonic  and  anticyclonic  eddies  are  now  simultaneously 
present  in  the  computational  domain.  Figure  3  is  the  ana¬ 
logue  of  Figure  2  in  the  case  of  the  wake.  <  w'^  >  designates 
a  spatial  average  of  the  spanwise  velocity  variance  on  the 
points  at  which  the  vorticity  is  cyclonic  for  Figure  3  a)  and 
anticyclonic  for  Figure  3  b).  The  Rossby  number  considered 
here  are  rI’^  =  00, 7, 2.,  2.5  0.7.  On  the  anticyclonic  side, 
similar  effects  to  those  described  for  the  anticyclonic  mixing 
layers  arc  observed.  However,  maximum  anticyclonic  three- 
dimensionalization  occuis  at  rS,'*  =  2.5.  On  the  cyclonic 
side,  the  rotation,  in  an  initial  phase,  is  stabilizing  for  all 
considered  values  of  the  Rossby  number.  Afterwards,  for 
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=  7, 2., 2.5,  the  st.ong  three-dimensioiialization  leads 
to  the  generation  of  cyclonic  vorticity  on  the  side  of  the 
wake,  which  was  originally  anticyclonic.  Ftirthermore,  the 
cyclonic  eddies  can  become  more  tridimensional  becati.se  of 
their  interaction  with  the  highly  three-dimensional  anticy- 
clonic  ones.  As  opposed  to  the  mixing  layer’s  case,  this  im¬ 
plies  a  growth  of  <  w'^  >  in  cyclonic  regions  stronger  than 
without  rotation. 


1/2  <  >  cyclonic  1/2<U''*>  anlicyclomc 


00, 7, 2.,  2  5,0.7).  <  >  designates  a  spatial  aver¬ 

age  of  the  spanwise  velocity  variance  on  the  points 
at  which  the  vorticity  is  cyclonic  for  Figure  3  a)  and 
anticyclonic  for  Figure  3  b). 

In  figure  4,  we  present  the  time  evolution  of  the  total 
kinetic  energy  (1/2  <  u'^  -h  >)  for  wavenumber 

k,  =  0,4,8,12  and  16  integrated  over  all  wavenumbers  fc, 
and  ky.  Figure  4  a)  corresponds  to  the  non-rotating  case 
and  figure  4  b)  to  the  most  destabilized  case  (iJo  ^  =  2.5). 
The  growth  of  the  two-dimensional  energy  is  sliglitly  reduced 
by  the  rotation.  On  the  other  hand,  in  the  rotating  case, 
the  energy  growth  is  more  and  more  pronounced  as  kj  gets 
larger.  Tliis  indicates  a  strong  three-dimensionalization  of 
the  wake  (on  the  anticyclonic  side)  with  generation  of  small 
scales  in  the  spanwise  direction 


a)  Eik.)  b)  £(*,) 


Figure  41  time  evolution  of  the  total  kinetic  energy 
(1/2  <  v.'^+v'^+w'^  >)  at  wavenumber  fc,  =  0,4,8, 12 
mid  16  integrated  over  all  wavenumbers  k^  and  ky. 
Figure  4  a)  non-rotating  case;  figure  4  b)  rotating 
case  {Ui'^  =  2.5). 


Figure  5  is  the  analogue  of  figure  4,  but  the  total  kinetic 
energy  is  now  integrated  over  ky  and  k^  wavenumbers  and 
we  consider  its  time  evolution  for  wavenumbers  ki  =  0, 2, 6 
and  8.  The  wavenumber  kz  =  2  is  the  fundamental  mode 
coiresponding  tu  the  2  pairs  of  alternate-sign  primary  vor¬ 
tices  of  the  Karman  street.  The  energy  coriesponding  to  this 
mode  strongly  grows  in  the  non-rotating  case.  Its  growth  is 
slightly  reduced  in  the  presence  of  rotation.  In  the  rotating 
case,  the  most  striking  feature  is  the  rapid  growth  of  the  en¬ 
ergy  at  kz  =  0.  The  destabilization  of  the  anticyclonic  eddies 
will  give  rise  to  structures  of  small  spanwise  extent  but  very 
elongated  in  the  streamwise  direction.  This  is  confirmed  by 
linear  stability  analysis  performed  by  Vanase  et  al.  (1990). 


a)  B{k,)  /t<‘>  =  cx5  b)  B(k,)  K<,‘>  =  2.5 


time  time 


Figure  5:  time  evolution  of  the  total  kinetic  energy 
at  wavenumber  kz  =0,2,6  and  8  integrated  over  all 
wavenumbers  fc,  and  k,.  Figure  4  a)  non-rotating 
case;  figure  4  b)  rotating  case  (M'^  =  2.5). 


FLOW  STRUCTURES 
Mixing  layer 

We  have  investigated  the  three-dimensional  structure  of 
the  eddies  at  t  =  25  4.  We  use  low  pressure  iso-surfaces  to 
identify  the  Kclvin-Helmoltz  vortices: 

a)  =  oo:  one  observes  two  quasi-two-dimensional  bil¬ 
lows,  slightly  distorted  in  the  spanwise  direction  Thin  lon¬ 
gitudinal  vortices  are  also  present  shown  by  longitudinal  vor¬ 
ticity  isosurfaces  (not  plotted  here). 

b) i?o'^  =  11  (antcyclonic):  figure  6a)  shows  the  pressure  field 
of  the  anticyclonic  case.  The  eddies  are  greatly  distorted  by 
a  strong  three-dimensional  instabili  ,y  due  to  the  solid-body 
rotation. 

c)  i?o  ^  =  5  (anticyclonic):  there  is  no  large  cylindrical  eddy 
structure  anymore,  but  the  layer  is  highly  three-dimensional, 
as  shown  on  figure  6b).  The  pressure  contours  show  now 
very  anisotropic  structures  of  small  spanwise  extent  and  very 
elongated  in  the  streamwise  direction.  One  can  check  that 
they  correspond  to  concentration  of  vortex  lines  of  near  zero 
absolute  vorticity  which  are  stretclied  by  the  ambiant  shear. 

At  low  Rossby  number,  in  both  cyclonic  and  anticy¬ 
clonic  cases,  a  very  strong  two-dimensionalization  is  observed. 


Figure  6:  a)  nuxing  layer;  constant  pressure  surfaces  Figure  6;  b)  mixing  layer;  constant  pressure  surfaces 

for  (anticyclonic  case)  for  =  11  at  t  =  25  4  (anticyclonic  case)  for  =  2.5  at  t  =  25.4 


Figure  7.  a)  plane  wake:  vorticity  contours  for  the 
cyclonic  spanwise  vorticity  (light  gray)  and  for  the 
anticyclonic  spanwise  vorticity  (white)  for  —  2.5 
at  t  =  60 


Figure  7:  b)  plane  wake:  constant  pressure  surfaces 
for  i?!*’  =  2.5  at  t  =  30 


Plane  wake 

Figure  7a)  shows  vorucity  contours  for  the  cyclonic  span- 
wise  voiticity  (light  gray)  and  for  the  anticyclonic  spanwise 
vorticity  (white),  for  the  critical  Rossby  miinbcr  (i?S,'^  =  2.5, 
t  —  GO).  Both  cyclonic  eddies  exhibit  spanwise  oscillations 
due  to  the  strong  interaction  with  the  three-dimensional  an¬ 
ticyclonic  eddies.  Figure  7b)  is  low-pressure  isosurfaces  at 
t  =  30.  The  anticyclonic  cd('  are  in  the  foreground  and 
the  "vrlonic  ones  in  the  bac!.^  .lund.  As  for  the  mixing  layer, 

very  elongated  streamwise  structures  are  visible  on  the  an¬ 
ticyclonic  side.  At  low  Rossby  number,  both  sides  are  two- 
dimensionalized. 


DISCUSSION 

The  numerical  simulations  qualitatively  confirm  the  pre¬ 
dictions  of  our  theoretical  model:  the  cyclonic  eddies  are  sta¬ 
bilized,  while  the  anticyclonic  eddies  are  three-dimensionally 
destabilized  upon  a  critical  Rossby  number.  Since  we  con¬ 
sidered  here  inflexional  unidirectional  mean  velocity  profiles, 
the  vorticity  associated  to  these  profiles  varies  with  y  (with 
extrema  at  the  inflexion  point(s)).  Consequently,  strongly 
tliree-diincnsionai  absolute  vortex  lines  (  at  a  local  Rossby 
number-  J7o  1)  will  be  surroundered  by  less-destabilized 
and  also  by  stabilized  lines:  the  proportion  of  lines  with 
maximum  destabilization  will  change  with  varying  Rossby 
number.  This  explains  why  there  is  only  an  approximate 
correspondence  between  the  local  Rossby  number  Ro  of  the 
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theory  and  the  initial  Rossby  number  based  on  the  mean 
profile:  in  the  anticyclonic  case,  lio  =  1  corresponds  approx¬ 
imately  to  ~  5  for  the  mixing  layer,,  and  to  «  2.5 
for  the  wake,  and  the  crc.-^sovcr  value  for  the  restabilization 
(Ro  ~  0.5)to  iic '  w  1  The  striking  feature  is  that  the  ex¬ 
plosive  anticyclonic  three-dimensionalization  leads  to  very 
anisotropic  absolute  vorticity  structures,  the  vorticity  origi¬ 
nally  oriented  in  the  span  rotates  by  an  angle  of  45°  and  is 
ultimately  diicctcd  in  the  streamwise  direction.  The  results 
obtained  here  present  some  .similarities  with  what  is  observed 
in  boundary  layer  over  a  curved  pla  e.  When  the  plate  is 
concave,  the  angular  rotation  induced  by  the  plate  curva¬ 
ture  and  the  vorticity  associated  with  the  boundary-layer 
velocity  piofile  are  of  opposite  direction'  there  is  formation 
of  Goitler  streamwise  vortices  (which  can  be  explained  in 
teims  of  ccntiifugal  instability)  Furthcrinoie,  for  convex 
plate,  the  boundary  layer  is  stabilized  Recent  calculations 
(Baitello.  private  comunicatioii)  of  rotating  homogeneous 
isotropic  turbulence  show  that  the  rotation  acts  upon  ed¬ 
dies  whose  vorticity  is  parallel  to  the  rotation  axis  and  leads 
to  the  foimation  of  quasi-two-diinensional  cyclonic  eddies, 
from  the  original  three-dimensional  chaotic  flow  emerge  very 
well-organized  cyclonic  coherent  structures. 

CONCLUSION 

We  have  shown  ,.  using  Kelvin's  theorem  in  a  lotating 
frame,  that  the  straining  of  absolute  vorticity  is  reduced  for 
a  cyclonic  rotation  leading  to  an  inhibition  of  shear-flows 
three-dimensionalization.  In  the  anticyclonic  case,  rotation 
IS  three-dimensionally  destabilizing  for  a  local  Rossby  num¬ 
ber  larger  than  0.5,  and  stabilizing  at  smaller  Rossby  miin- 
beis  At  i.  Ros.sby  nnmnbcr  of  the  order  of  one  (auticy- 
clonic  case)  ,  the  spanwise  component  of  the  absolute  voi- 
ticity  is  cancelled  by  the  solid-body  vorticity,  ni,.l  the  corie- 
sponding  absolute  vortex  lines  aie  highly  three-dimensional. 
Mixing  layer  and  plane  wake  three-dimensional  numerical 
simulations  suport  the  theory,  and  agree  qualitatively  with 
experimental  results  For  the  rotation  rate  coriesponding 
to  an  explosive  anticyclonic  three-dimensionalization.  low- 
pressure  and  high-vorticity  stiuctures  as  well  as  the  statis¬ 
tics  show  that  the  absolute  'ortex  lines  of  near-zero  vort.city 
are  rapidly  strained  by  the  basic  flow  This  leads  to  the  for¬ 
mation  of  strong  hairpin  vortices  of  small  spanwise  extent 
and  elongated  in  the  streamwise  direction. 

The  authors  are  grateful  to  J..I.  Riley  for  many  enlight¬ 
ening  discussions. 
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ABSTRACT 

One-dimensional  spectra  from  seven 
uniformly-sheared  nearly-homogeneous  flows 
with  various  degrees  of  mean  flow  curvature 
are  presented  and  analyzed.  The  data 
suggest  that  the  flow  curvature  affects  the 
large-scale  motions  most  strongly,  altering 
the  partition  of  the  Kinetic  energy  among 
its  three  components  and  the  coherence  of 
the  streamwise  and  transverse  fluctuations. 
For  relatively  mild  curvature,  the  coherence 
of  large-scale  motions  diminished  in  cases 
where  the  mean  velocity  increased  away  from 
the  center  of  curvature  and  increased  in 
cases  where  the  mean  velocity  decreased  away 
from  the  center  of  curvature.  For  "strong" 
curvature,  the  sign  of  the  coherence,  was 
reversed  and  momentum  was  transported  up  the 
gradient  of  mean  velocity  and  away  from  the 
center  of  curvature. 

NOMENCLATURE 

'-*56  coherence  function 
dU/dn  gradient  of  the  mean  velocity 

Fy^j(k,)  streamwise  components  of  the  one- 

fvv(ki)  dimensional  spectral  densities 

F^^(k,)  of  the  velocity  flue. nations 

Fuv(k,) 

K,  streamwise  component  of  the 

wavenumber  vector 
the  integral  length  scale  of  the 
streamwise  fluctuations 
n  transverse  coordinate 

Rj,  radius  of  curvature  of  the  tunnel 

centerline 

s  streamwise  coordinate 

S  =  (uyRj,)/ (dU/dn)  -  curvature  parameter 
u  streamwise  velocity  fluctuation 

u  Fourier  transform  of  u 

streamwise  component  of  the  mean 
velocity  on  the  tunnel  centerline 
v  transverse  velocity  fluctuation 

w  spanv/ise  velocity  fluctuation 

z  spanwise  coordinate 

e  the  rate  of  viscous  dissipation 

u  Kolmogorov  velocity 

V  kinematic  viscosity 

h  Kolmogorov  microscale 


1 .  INTRODUCTION 

It  has  been  well  documented  that 
curvature  has  a  strong  effect  on  the 
structure  of  sheared  turbulence  (for  a 
recent  review  of  the  literature  see  Holloway 
and  Tavoularis,  1991).  It  has  also  been 
documented  that  curvature  has  a  different 


impact  upon  turbulent  eddies  of  different 
sizes.  For  example,  the  boundary  layer 
measurements  of  Ramaprian  and  Shivaprasad 
(1978)  show  that  both  convex  and  concave 
surface  curvature  affect  the  integral  length 
scales  more  than  the  Taylor  microscales. 
The  interaction  between  shear  and  curvature 
in  boundary  layers  is  complicated  by  the 
presence  of  wall  effects,  the  entrainment  of 
irrotational  flow  and  inhomogeneity.  For 
the  present  investigation  an  effort  was  made 
to  design  a  flow  to  evince  the  effects  of 
flow  curvature  on  the  different  scales  of  a 
sheared  turbulence  in  relative  isolation 
from  wall  and  entrainment  effects.  An  ideal 
flow  for  studying  this  interaction  would  be 
one  where  turbulence,  curvature  and  shear 
are  homogeneous.  .Such  a  flow  can  be 
conceived  by  extending  the  notion  of 
rectilinear,  homogeneous,  shear  flow  to  a 
flow  with  mean  streamlines  which  are  not 
parallel  but  form  concentric  rings.  The 
shear  should  be  assumed  uniform  in  the 
radial  direction  but  a  fluid  particle  would 
on  the  average  move  along  a  curved  path.  It 
is  easy  to  see  that  inhomogeneity  of  the 
turbulence  would  inevitably  develop  under 
such  conditions,  as  a  result  of  the 
transverse  nonuniformity  of  curvature  and 
strain.  Nevertheless,  it  seems  worthwhile  to 
explore  the  plausibility  of  an  approximately 
homogeneous  curved  shear  flow  by  introducing 
additional  constraints. 

Consider  a  flow  field  bounded  on 
average  by  two  coaxial  circular  cylinders 
with  a  difference  in  radius  that  is  large  in 
comparison  with  the  scales  of  the  t  .rbulence 
but  small  compared  to  the  mean  radius.  The 
mean  streamline  curvature  can  be  considered 
as  nearly  constant  within  the  volume  and  the 
turbulence  structure  in  the  core  of  volume 
can  be  assumed  as  independent  of  wail 
effects,  at  least  over  a  sufficiently  small 
time  interval.  If  the  turbulence  within  this 
volume  were  homogeneous  initially,  it  would 
likely  remain  homogeneous  for  some  time. 

An  approximation  to  that  flow  was 
materialized  by  extending  previous  studies 
on  nearly  homogeneous  shear  flows 
(Tavoularis  and  Karnik,  1989) .  Uniformly 
sheared  turbulent  flows  were  allowed  to 
reach  a  guasi-self-preserving  structure  in 
a  straight  rectangular  duct  and  then  were 
passed  tangentially  into  a  curved  duct,  also 
of  rectangular  cross-section.  The  near 
homogeneity  of  the  turbulence  and  the  near 
uniformity  of  the  shear  were  preserved, 
while  the  structure  of  the  turbulence  was 
modified  by  the  flow  curvature. 

Details  of  the  experimental  apparatus 
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and  measurements  of  the  development  of  the 
turbulent  stresses  and  length  scales  for 
the  present  flow  have  been  reported  by 
Holloway  and  Tavouiaris  (1991).  A  primary 
conclusion  of  that  work  was  that  the  effects 
of  curvature  appeared  to  scale  with  the 
parameter  S=(Uj/Rj,)/(dU/dn)*,  where  was 
the  centerline  velocity,  n  was  in  the 
direction  normal  to  the  mean  streamlines  and 
Rj  was  the  radius  of  curvature  at  the 
centerline  of  the  duct.  Flows  with 
different  values  of  S  were  generated  by 
adjusting  both  the  mean  shear  and  R  .  Flows 
with  different  values  of  shear,  each  having 
a  self-preserving  structure,  were  produced 
using  a  shear  generator  and  various 
combinations  of  screens  and  grids.  Shears 
of  opposite  direction  were  produced  by 
inverting  tha  shear  generator.  In  addition, 
two  curved  ducts  were  built,  corresponding 
to  R^  =  2  ra  and  5  m,  respectively.  The 
combination  of  curved  sections  and  shears 
produced  16  distinct  flows  with  S  ranging 
from  -.27  to  .65. 


assumed  to  be  small  compared  to  R^.  The  z 
coordinate  is  normal  to  both  s  and  n  and  has 
a  direction  following  the  right-hand  rule. 

The  local,  instantaneous,  velocity 
vector  can  be  decomposed  into  means,  U,V,W 
and  fluctuations  u,v,w,  parallel, 
respectively,  to  the  s,n,z,  directions.  In 
flows  with  uniform  mean  shear  in  the  n 
direction  alone,  the  mean  velocity  can  be 
represented  as 


(U,V,W)  =  (U,.+  (dU/dn)n,0,0)  (2.1) 

The  one-dimensional  spectral  densities, 
F  (k,)  and  F^(k,)  of  the 
fluctuating  kinetic  energy  components  and 
the  shear  stress  are  defined  as  usual 
(Papoulis,  1984),  for  example  (asterisks 
indicate  complex  conjugates) 


(k,)  =  E  {  ua*) 


(2.2) 


Measurements  of  the  turbulent  stresses 
indicate  that  the  growth  of  the  turbulent 
kinetic  energy  was  enhanced  for  negative 
values  of  S.  and  suppressed  for  positive 
values  of  S.  Whether  the  kinetic  energy  of 
turbulence  grew  or  decayed,  it  seemed  to  do 
so  exponentially  and  to  approach  a  self¬ 
preserving  structure,  with  the  components  of 
the  Reynolds  stress  tensor  approaching 
constant  ratios. 

Seven  quasi-self-preserving  flows  of 
the  type  described  above,  where  S=-.27,-.l, 
-.07,0,  .07,  .1  and  .65  have  been  chosen  as 
representative  cases.  Some  of  their  main 
characteristics  are  shown  in  Table  1.  These 
flows  have  been  ranked  by  their  value  of  S, 
under  the  assumption  that  this  is  the 
determining  factor,  but  the  wide  range  of 
shears,  R^  and  Rj  for  these  flows  should  not 
be  overlooked.  For  example,  the  flow  with 
S=-.l  was  being  sheared  at  nearly  twice  the 
rate  of  the  flow  with  S=-.07  and  had  nearly 
three  times  the  Reynolds  number. 

The  energy  and  length  scales  of  the 
first  four  flows  grew,  while  those  of  the 
last  two  decayed.  The  flow  with  S=.65  was 
of  particular  interest,  because  it  exhibited 
a  turbulent  momentum  flux,  in  the  same 
direction  as  the  mean  shear,  opposite  to  the 
implications  of  gradient  transport. 
However,  conclusions  derived  from  this  flow 
must  be  treated  with  some  caution,  because 
its  structure  near  the  end  of  the  tunnel 
might  not  have  reached  an  asymmptotic  state. 


2.  MATHEMATICAL  DESCRIPTION  OF  THE  FLOW 

The  present  flow  can  best  be  d''scribed 
in  a  curvilinear  orthogonal  system  of 
coordinates,  similar  to  those  commonly  used 
in  studies  of  curved  boundary  layers.  These 
will  be  denoted  by  s,  n  and  z,  as  shown  in 
Figure  1.  The  s  coordinate  is  the  length  of 
a  circular  arc,  with  radius  R  ,  coincident 
with  the  flow  volume  centerline.  The  n 
coordinate  is  normal  to  s,  has  its  origin  on 
the  volume  centerline  and  is  positive  when 
directed  away  from  the  centre  of  curvature. 
The  radial  extent  of  the  flow  volume  is 


*This  parameter  arises  naturally  from 
the  Reynold  stress  equations  and  has  been 
identified  by  several  authors. 


where  k,  is  the  component  of  the  wave  vector 
in  the  streamwise  direction,  E{  )  denotes 
the  mean  value  and  fl(k,)  is  the  Fourier 
transform  of  the  streamwise  velocity 
fluctuation. 

even  functions  of  k, ,  while  F  (k,)  is 
complex  with  an  even  real  component  and  an 
odd  imaginary  component.  '  Because  the 
imaginary  part  of  Fj„(k,)  is  odd,  only  the 
real  part  of  Fy,(k,)  contributes  to  the  shear 
stress. 

The  streamwise  integral  length  scale, 
L  ,  is  defined  from  the  limiting  values  of 
the  corresponding  spectra  at  zero 
wavenumber,  as, 

_  TT  1  im  _  ... 

^  =  k, -•0  (2.3) 


3.  IMSTRDMENTATIC.':  AMO  DATA  ACQUISITION 

The  velocity  was  measured  using  a 
custom-made,  cross-wire  array  (TSI 
1248bJT15)  and  conventional  hot  wire 
anemoraetry  procedures.  The  sensing  elements 
were  made  of  tungsten  and  had  a  diameter  of 
5  fim  and  a  length  of  1,2  mm.  They  were 
separated  by  0.5  mm  and  had  nominal 
inclinations  of  ±  45*  with  respect  to  the 
axis  of  the  probe  body. 

In  the  present  flows  the  Kolmogorov 
microscale  ranged  from  .14  to  .3  mm,  which 
was  at  most  a  quarter  of  the  length  of  the 
hot  wire.  The  analysis  of  Wyngaard  (1968) 
suggests  that  measurements  of  fluid  motions 
with  sizes  less  than  the  wire  length  would 
require  corrections  for  the  size  of  the  hot 
wire  array. 

The  anemometer  signals  were  low-pass 
filtered  to  10  kHz,  converted  to  velocities 
using  a  modified  form  of  King's  law, 
digitized  at  two  different  rates,  2  kHz  and 
25]cHz,  and  divided  into  statistically 
independent  records,  each  of  1024  points. 
The  Fourier  transforms  of  the  fluctuating 
velocity  components  were  estimated  using  the 
discrete  time  series  and  Taylor's  frozen 
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flow  approximation. 

The  corresponding  spectra  computed  from 
the  two  sets  of  time  series  collapsed  in  the 
overlapping  ranges.  However,  only  the  high 
frequency  part  of  the  spectra  computed  from 
the  25  kHz  sample  and  the  low  frequency  part 
of  the  spectra  computed  from  the  2  kHz 
sample  were  retained.  The  Nyquist  criterion 
was  not  strictly  observed  for  the  2  kHz 
sample  but  the  portion  of  the  spectrum  which 
was  significantly  distorted  was  removed. 
The  energy  estimates  for  the  longest 
wavelengths  were  subject  to  higher 
uncertainty,  due  to  the  finite  record  length 
and  deviations  from  flow  stationarity . 
Calculation  of  L  from  equation  (2.3),  was 
done  approximately  by  extrapolation  of  the 
spectra  at  the  lowest  measured  wavelengths 
to  zero. 


4 .  RESULTS 


Typical  measurements  of  the  spectral 
density  normalized  with  the 
Kolmogorov  scales,  have  been  plotted  in 
Figure  2.  The  corresponding  flows  had  a 
range  of  turbulent  Reynolds  number, 
R.  =  u'l/v,  from  115  to  370.  The 
theoretical  spectral  form  of  Pao  (see  Hinze, 
1975)  has  been  plotted  for  comparison.  For 
wavenumbers  where  k,r)  >  0.005,  F^(k,) 
appeared  to  be  unaffected  by  the  ^flow 
curvature  or  shear  as  the  data  from  each 
flow  essentially  collapsed  into  a  universal 
shape,  close  to  Pao's  estimate. 


At  the  lower  wavenumbers,  F  (k,)  varied 
widely  from  flow  to  flow,  due  to  the 
different  velocity  and  length  scales.  These 
differences  may  not  be  entirely  attributed 
to  flow  curvature,  but  also  too  differences 
in  the  history  of  each  flow.  For  example, 
the  flows  with  S  =  +.1  initially  had  similar 
scales  but,  after  sustained  flow  curvature 
of  opposite  sense,  the  kinetic  energies  of 
these  two  flows  deviated  exponentially  and 
differed  by  a  factor  of  two  at  the 
streamwise  position  where  these  spectra  were 
measured.  The  length  scales  were  affected 
in  a  similar  way. 


To  assist  in  the  evaluation  of  the 
effects  of  mean  curvature  and  shear  on  the 
spectra,  the  present  results  will  be 
compared  to  the  spectra  of  isotropic 
turbulence.  Among  the  several  approximate 
forms  which  have  been  proposed  for  the 
three-  dimensional  spectrum  of  isotropic 
turbulence  (see  for  example  Hinze,  1975), 
one  leading  to  a  simple  expression  for 
F^jy(k,)  and  having  a  good  agreement  with  data 
from  grid-  generated  turbulence  is  Karman's 
interpolation  formula 


.63[l. (1.33k, (4.1) 


The  spectral  densities  F  (k,)  ,  F^^(k,) 
and  F^^(k,)  have  been  plotted  in  Figures  3, 
4  and  6.  They  have  been  normalized  with  the 
streamwise  component  of  the  kinetic  energy, 
u^,  and  the  streamwise  integral  scale,  L  . 
The  Ka.man  interpolation  formula  has  also 
been  plotted  for  comparison.  The  fine-scale 
structures  of  each  flow  were  different,  so 
the  spectra  differed  significantly  for 
k^L  >  10.  For  k,L^^  <  10,  the  curves  for 
different  flows  were  close  to  each  other  and 


only  modestly  more  energetic  than  predicted 
by  the  Karman  formula.  One  should  note, 
however,  that  these  spectra  were  forced  to 
agree  at  the  lowest  wavenumbers  and  to  cover 
the  same  area  by  the  way  in  which  they  were 
scaled. 

In  each  flow  F„(k,)  and  F_(k,)  were 
different  for  k,Lj^  <  5  and  generally  less 
energetic  than  in  isotropic  turbulence  of 
equal  energy.  These  spectra  approached  one 
another  at  kjL^^  -  lo  and  then  they  diverged 
again  in  the  viscous  range.  F  (k,)  for  the 
flow  where  S=-.27  appeared  '£o  have  the 
greatest  proportion  of  the  energy  and  the 
flow  with  S=.65  the  least,  while  F  (k.) 
showed  no  similar  trend.  It  would  a]^ear 
that  shear  and  curvature  make  the 
distribution  of  energy  among  its  three 
components  at  the  lower  wavenumbers  more 
anisotropic. 

f'w(k,)  and  F„jj(k,)  showed  little 
evidence  of  inertial  subranges  (certainly 
much  less  than  Fuu(k,)  did)  ,  but  this  could 
be  partly  due  to  rhe  lower  energy  levels  of 
these  components. 

The  one-dimensional  cross  spectral 
density,  F^^(k,),  has  been  normalized  with 
®td  F^^(k,)  to  form  the  coherence 
function. 


Cuv(k,)  =  F^(k,)//(F4k,)F„(k,)) 

In  isotropic  turbulence,  C^^(k,)  is  zero 
at  all  wavenumbers  while  in  shear  flow, 

"!•  <  i*  should  have  a  sign 

opposite  to  that  of  the  shear,  because 
momentum  is  on  average  transferred  down  the 
gradient  of  mean  velocity.  For  the  present 
experiments,  flows  with  positive  and 
negative  values  of  S  were  generated  by 
reversing  the  direction  of  the  shear.  This 
would  have  the  result  of  reversing  the  sign 
of  Cj^(k,),  a  result  which  does  not  reflect 
a  true  change  in  flow  structure  but  is  an 
artifact  of  the  experimental  method.  To 
accurately  portray  the  relationship  between 
Cy^(k,)  and  the  shear  we  have  plotted  C  (k,) 
sgn  (S)  where  sgn  (S)  is  -1  if  S  ^  0  and  +1 
if  S  <  0.  The  real  part  of  the  coherence  is 
shown  in  Figure  6  as  a  function  of  the 
normalized  wavenumber,  k,L  .  It  was 
relatively  weak  for  motions  with  k,I,  >  10, 
which  is  consistent  with  the  observe  local 
isotropy  of  F  (k,),  F„(k,)  and  F^(k,)  .  The 
coherence  or  the  motions  with  low 
wavenumbers  was  a  strong  function  of  S, 
ranging  from  .9  to  -.4.  The  flow  with  the 
strongest,  negative  S  (S=-.27)  had  the 
greatest  coherence.  For  the  straight  flow, 
where  S=0,  the  coherence  exceeded  0.7  at  its 
maximum,  which  is  considerably  greater  than 
the  values  of  the  correlation  coefficient 
uv/u  v'  =  0.45  in  this  flow.  C^j,(k,)  became 
less  positive  with  increasing  S  and  the 
strongest  affects  appeared  to  be  at  a 
wavelength  equal  to  ten  times  the  integral 
length  scale.  In  the  flow  with  the 
strongest  positive  S  (S=.65)  the  coherence 
reversed  its  sign  so  that  it  was  in  the  same 
direction  as  the  shear.  It  would  appear 
then  that  stabilizing  curvature,  for  which 
S  is  positive,  does  not  necessarily  reduce 
the  coherence  of  the  streamwise  and 
transverse  motions  but  rather  makes  them 
more  likely  to  transport  momentum  away  from 
the  center  of  curvature. 
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The  imaginary  part  of  the  coherence,  ’ 
shown  in  Figure  7,  was  relatively  weak  and 
highly  scattered.  This  part  does  not 
directly  influence  the  turbulent  shear 
stress  but  does  make  a  contribution  to  the 
spatial  covariance,  in  particular  it 
contributes  to  its  asymmetry.  This  part  was . 
largest  in  the  flows  with  positive  S  in  the ' 
wavenumber  range  where  the  real  part  of  the 
coherence  changed  sign. 


strain  rate,  and  a  mean  rotation  rate, 

Ilj,  which  take  the  foims 
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sn  " 


Oz  = 


(1-S) 


(1  +  S) 


(5.1) 


(5.2) 


5.  DISCUSSION 

The  experimental  data  seem  to  indicate 
that,  although  the  shear  and  the  curvature 
act  uniformly  on  all  turbulent  motions,  it 
is  the  larger  motions  which  are  the  most 
strongly  affected.  In  the  higher  wavenumber 
range  (k,L  >  10)  the  distribution  of  energy 
differed  little  from  that  in  isotropic 
turbulence  and  the  coherence  was  small.  At 
the  low  wave  numbers,  the  spanwise  and 
transverse  components  of  the  energy  spectrum 
were,  in  most  cases,  an  order  of  magnitude 
lower  than  the  streamwise  component  and  the 
coherence  of  the  streamwise  and  transverse 
motions  varied  widely  from  values  as  high  as 
.9  to  as  low  as  -.4. 

In  an  attempt  to  understand  the 
observed  effects  of  curvature  we  will  first 
separate  the  spectra  into  a  low  wavenumber 
range  (k,L^^  <  1)  and  a  high  wavenumber  range 
(k,Lm,  >  1).  Hinze  (1975)  suggested  that  the 
mean  vorticity,  dU/dn,  of  the  flow  could 
only  be  expected  to  have  a  significant 
effect  on  the  distribution  of  energy  in  wave 
number  space  if  it  is  of  comparable 
magnitude  to  the  root  mean  squared 
fluctuations  of  the  vorticity,  y(e/v).  Weak 
mean  shear  would  only  serve  as  a  supply  of 
energy  and  one  might  expect  a  nearly 
isotropic  spectrum,  similar  to  the  Karman 
interpolation  formula  and  including  a  -5/3 
slope  in  the  inertial  range,  if  the  Reynolds 
number  were  large  enough.  This  prediction 
would  presumably  be  most  relevant  for 
relatively  small-scale  motions.  However,  at 
the  lower  wavenumbers,  the  spectral  density 
of  the  dissipation  is  relatively  small  and 
the  turbulence  distortion  could  be  weak 
compared  to  that  due  to  the  mean  shear.  In 
this  wavenumber  range  the  distortion  would 
be  strongly  influenced  by  the  mean  shear  and 
the  turbulence  could  perhaps  be  considered 
as  passive.  Similarly,  the  importance  of 
mean  flow  curvature  would  depend  on  the 
instantaneous  curvature  of  the  turbulent 
motions  which  presumably  would  increase  with 
increasing  wavenumber.  The  present 
experiments  were  designed  such  that  «  R^ 
and  in  no  case  was  >  .05  R^.  However, 
rough  estimates  of  the  spectra  for  the 
present  flows  are  presented  in  Figures  3  to 
7  for  wavelengths  up  to  .5  R^. 

Attempts  have  been  made  to  explain  the 
observed  development  of  turbulence  in  terms 
of  mean  flow  distortion.  In  rapid 
distortion  theory,  the  development  of  the 
turbulence  is  assumed  to  be  completely 
determined  by  the  mean  distortion  but,  in 
other  approaches,  some  model  of  the  effects 
of  turbulence  on  its  own  evoluti jn  is  useu. 

If  we  neglect  the  direct  effects  of  the 
mean  flow  curvature  on  the  distortion  of  the 
turbulence  and  concentrate  on  the  low 
wavenumber  motions,  then  the  mean  distortion 
can  be  considered  as  the  sum  of  a  mean 


Equations  (5.1)  and  (5.2)  show  that  flow 
curvature  explicitly  affects  the  rates  of 
mean  flow  rotation  and  strain.  An 
irrotational  flow  would  have  S  =  -1  while  an 
unstrained  rigid  body  rotation  would  have  S 
=  1.  Equal  rates  of  strain  and  rotation,  as 
in  a  rectilinear  shear  flow,  result  in 
S  =  0.  Rapid  distortion  analyses  have  been 
performed  by  other  investigators  for  these 
three  flows  and  some  of  the  results  may  be 
relevant  to  the  present  flows. 

Townsend  (1976)  has  calculated  the 
redistribution  of  isotropic  energy  amongst 
the  three  components  of  kinetic  energy  due 
to  an  irrotational  strain  whch  would  appear 
to  correspond,  in  the  present  context,  to  a 
flow  with  S  =  -1.  The  overall  trend  is  a 
decrease  in  the  streamvfise  component  of  the 
kinetic  energy  and  an  increase  in  the 
transverse  and  spanwise  components, 
especially  the  transverse  one.  The 
gredicted  shear  correlation  coefficient, 
uv/u'v',  between  the  streamwise  and 
transverse  velocity  fluctuations  reaches  a 
maximum  of  .45  after  a  small  amount  of 
strain. 

None  of  the  present  experimental  flows 
were  irrotational  on  the  mean,  but  the  flow 
with  the  least  rotation  had  S  =  -.27. 
Figure  4  shows  that  the  strength  of  Fy^(k,) 
increased  relative  to  Fyy(k,),  while  F  (k,) 
showed  little  change  from  the  rectilinear 
shear  flow  (Figure  5) .  The  coherence  for 
this  flow  (Figure  6),  was  as  high  as  0.9  at 
its  maximum  and  the  self-preserving  nature 
of  this  flow  seems  to  suggest  that  this 
coherence  would  not  decline  with  further 
strain. 

When  S  =  0  the  rates  of  flow  rotation 
and  strain  are  equal  and  the  vorticity  is 
turned  away  from  the  principal  axis  of 
strain  in  such  a  way  that  the  material  lines 
of  the  flow  become  parallel  with  the 
streamwise  direction.  Analyses  of  this  flow 
by  several  authors  (Hinze,  1975)  predicted 
a  rather  complex  development  for  the 
turbulence,  but,  also  an  increasing 
concentration  of  the  kinetic  energy  in  the 
streamwise  component  and  a  corresponding 
reduction  of  the  transverse  and  spanwise 
components.  The  overall  shear  stress 
correlation  coefficient,  uU/u'v',  was  found 
to  reach  a  maximum  of  .6. 

Each  of  the  present  flows  at  the  start 
of  curvature  was  a  rectilinear  shear  flow  (S 
=  0)  with  a  self  preserving  structure.  For 
these  flows,  Fyy(k,)  was  nearly  an  order  of 
magnitude  greater  than  F^(k,)  and  Fj,j,(k,)  and 
the  coherence  had  a  ma^^mum  of  .7  without 
any  indication  of  decline  with  further 
strain. 

When  S  =  1  there  is  no  straining  and 
energy  cannot  be  extracted  from  the  mean 
flow  by  the  turbulence.  A  partial  analysis 
of  this  flow  is  reported  by  Townsend  (1980) 
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who  suggests  that  the  kinetic  energy  of  the 
flow  is  constant  but  that  components  of  the 
velocity  fluctuations  oscillate  about  their 
initial  values  at  a  rate  which  depends  on 
the  orientation  of  the  waves  and  the  mean 
rotation  rate. 

The  present  flow  which  is  the  closest 
to  rigid  body  rotation  on  the  mean  is  that 
with  S  =  .65.  The  overall  kinetic  energy  of 
this  flow  was  decaying  because  the  viscous 
dissipation  exceeded  the  turbulence 
production,  however,  Figures  4  and  5  show 
that  F„(k.)  and  were  declining  faster 
than  Fyy(K,)  and  the  coherence  shown  in 
Figure  5  had  the  opposite  sign  compared  to 
that  in  rectilinear  shear  flow.  Measurements 
of  this  flow  were  not  made  for  sufficiently 
large  total  strains,  so  that  it  is  uncertain 
whether  this  structure  was  self-preserving 
or  it  was  a  result  of  oscillations  of  the 
type  suggested  by  Townsend  (1980). 

The  distortion  of  the  other  four  flows 
could  be  considered  intermediate  between  the 
extreme  cases  discussed  above,  each  having 
a  different  proportion  of  flow  rotation  and 
strain.  The  structure  of  the  low  wavenumber 
motions  showed  a  trend  of  increasingly 
negative  coherence  of  the  streamwise  and 
transverse  motions  with  increased  rates  of 
flow  rotation  but  the  effects  were  not 
proportional  to  S;  the  structure  was  more 
strongly  affected  for  S  >  0  than  for  S  <  0. 

6.  COKCLUSIONS 

Neither  shear  nor  curvature  appear  to 
have  a  direct  influence  on  the  fine 
structure  ot  turbulence,  while  they  both 
tended  to  increase  the  anisotropy  of  the 
large-scale  structure.  Negative  values  of 
S  tended  to  enhance  the  relative  strength  of 
the  large-scale  transverse  motions.  Flow 
curvature  modifies  the  coherence  of  the 
streamwise  and  transverse  fluctuations  so 
that  momentum  is  more  likely  to  be 
transported  away  from  the  center  of 
curvature.  For  flows  with  negative  S  this 
enhances  the  coherence  while  for  small 
positive  S  it  diminishes  the  coherence.  For 
flows  with  large  positive  S  the  curvature 
effects  overcome  the  tendency  for  momentum 
to  be  transported  down  the  gradient  of  mean 
velocity  and  there  is  a  net  transport  away 
from  the  center  of  curvature. 
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Table  1:  Characteristics  of  the  flows, 
(U^  a  10  m/s)  . 
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Figure  1:  The  flow  configuration. 
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Figure  2:  normalized  with  the 

Kolmogorov  scales:  symbols  in  Table  1. 


Figure  3:  normalized  with  the  energy 

scales. 


Figure  4:  F^(k,)  normalized  with  the  energy  Figure  5:  F„(k,)  normalized  with  the  energy 

scales.  scales. 


Figure  6:  The  real  part  of  the  coherence 
function  Cy^(k,)  . 


Figure  7 :  The  imaginary  component  of  the 
coherence  function  C^(k,)  . 
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ABSTRACT 

The  veloeily  field  above  a  huge  .spiimiiig  dLk  has  been 
.studied  u.siiig  piessiire  probes  and  hotuiie  aiieiuomcleis  'I’he 
llowheld  (onsists  of  a  lIuee-dmienMoiial  boundary  layei  due  to 
a  nossllow  ransed  by  ccntiifugal  forec.s.  The  tneau  How  in  both 
the  laminar  and  turbulent  legiine.s  rompaie.s  well  with  pievious 
stndie.s  of  'infinite'  smooth  lolating  disks,  and  all  six  ReynoKL 
.stiesses  and  the  ten  tuple  |iiodntl.s  have  been  measuied  using 
e.stablished  ( ro.ssvs  lie  aneinuiiieli  i  teshniqnes,  Sc'lei  ted  results 
aie  compared  to  previous  thiee-diiiieiisional  bomidaiy  layei 
nn'asiueinents  and  seveial  impvntant  viiireieiire.s  aie  noted 

INTRODUCTION 

Thiee-diniensional  tiiibnlent  bonndaiv  layeis  (■’DTIiL's) 
aie  becoming  the  locus  ol  in<  leased  reseaicli  inteiest  a.s  inod- 
elleis  lecogiuxe  their  piaotical  impoitanie  and  the  key  dif- 
leieiices  between  them  and  their  moic  familiar  eonsms,  the 
two-dimensional  bonndaiv  layers  The  teim  thiee-dmiensional 
bomidaiy  layer  generally  means  a  wail-attached  sheai  layei  in 
which  the  flow  direction  vanes  with  clistance  from  the  wall 
Tims,  legatdless  of  the  choice  of  coordinate  system,  both  vc‘- 
lo(  ity  comiioneiits  parallel  to  the  wall  v.uy  with  distance  fioiii 
the  wall  and  both  wall-paiallel  vorticity  components  aie  sig¬ 
nificant 

The  Inrbnlence  in  thice-dimensiomd  homidaiy  layeis  has 
lii-en  studied  m  a  variety  of  geometries  indnding  How  ap- 
pioachmg  a  swept  foi ward-faring  step,  (Johnston,  IS)70),.  How 
111  ducts  simiilatmg  infinite  swept  wings  (Elscmaar  and  Boi'lsnia,. 
197-1,  van  den  Ik-iget  al.  ,197,5,  Biadshavv  and  Ponlikos,  1985). 
How  appioachmg  obstacles  (Dechovv  and  Eelsch,  1977,  Andei- 
soii  and  Eaton,  1989)  and  axial  How  along  a  lotatiiig  eylin- 
dei  (Diiver  and  Johnstoii,  1990).  In  addition,  then;  have 
been  several  leceiil  attempts  to  explore  thieodiiiicnsioii..!  ef- 
fec  ts  on  tnrbiilencc  using  direct  numerical  simulation  (Spalait, 
1989,  Coleman  cl  al.  1990),  In  ra.scs  wlicie  an  initially  two- 
dmiensional  boundary  layer  is  turned,  thus  becoming  tliree- 
diniensional,  it  is  geneially  found  that  the  ver.toi  foiineci  by 
the  shear  stress  components  parallel  to  the  wall  lags  behind 
the,  stiain  lale  vectoi.  Also,  it  is  fic-cpic.iitly  found  Inat  tut; 
tuibulent  slieai  strccss  levels  are  reduced  relative  to  the  tiirbu- 
lent  kinetic  energy.  It  is  not  clear  if  this  latter  effect  is  caused 
by  sudden  turning  of  the  How  or  if  it  is  a  general  feature  of  all 
bomidaiy  layers  containing  mean  flow  thiec  diiiicnsionality. 

It  IS  clifficult  to  extract  general  conclusions  from  the  sum  of 
the  pievious  experiments  because  they  are  often  complicated 
by  extraneous  effec  ts  such  as  slreamwi.se  pre.ssurc  gradient 
<mcl  spanwise  inhomogeneily  In  many  JDTUL  experiments 
dll  three  spaco  coordinates  aie  significant  and  any  analy.sis  of 
the  Reynolds  stresss  iia-.-port  ecpiations,  for  instance',  recpiircs 


an  extensive  chata  set  The  appropriate  rcfeiencc  fiame  foi 
analysis  of  the  data  is  not  apparent  because  the  How  dirc'ction 
vanes  in  all  three  diiections. 

We  chose  to  inve-stigate  the  flow  on  a  rotating  disk  to  sim¬ 
plify  the  analysis  of  the  resulting  data.  There  is  no  exieinally 
imposc'd  piess  iic-  gradient  and  the  flow  is  axisymmetiic  so  at 
most  only  Iwo  space  coordinates  arc  needed  to  dcsciibc  the 
oxpeiinient.  In  .addition,  variations  in  the  radial  direction  aie 
veiy  slow  and  can  be  neglected  except  iieai  tiansition.  'I'he 
disk  flow  docs  develop  a  substantial  skewing  across  the  boimd- 
aiy  layer.  At  its  peak  the  radial  velocity  component  reaches 
a  levc'l  of  1 1%  of  the  local  disk  speed.  An  added  advantage  ol 
using  a  disk  to  invc'stigate  3DTIIL’s  is  that  the  Reynolds  imm- 
bc-i  can  be  changed  easily  by  varying  the  disk  speed.  'I'heie  aie 
key  dilleic'iicc's,  though,  between  a  disk  boimdaiy  layer  ex'iier- 
imeiit  and  pievious  3DTBL  experiments.  I’ii.sl,  the  skewing 
IS  always  pu'.sent  rather  than  developing  ns  a  pressure-induced 
peiturbation.  Second,  turbulence  may  evenlually  reach  a  stale 
of  ecpiilibiiiim  with  the  im))Osed  thiee-dimensional  .stiam  lic'ld 
Finally,  flow  lotation  adds  the  complexity  of  the  Coiiolis  el- 
fc'cts  to  the  basic  equation  .set. 

The  objectives  of  the  pieseiit  le.usearch  piog  am  are  to  sii))- 
ply  detailed  mc-an  velocity  data  .and  tmbulence  me.a.suiements 
ii|)  to  thiicl-orcler  quantities.  We  wisn  to  .xs.sess  if  this  3l)TI)b, 
which  picsiimably  h.as  learhed  .an  eqiiilibriuni  state,  is  fmicha- 
meiit.ally  different  m  its  tmbuleiice  piopertic'S  lhan  well  imdei- 
•stood  'iDTHLs, 

EXPERIMENTAL  APPARATUS 

The  experimental  appai.itu'i  consists  of  a  1  metei  di.inu'- 
tei  .diimiiium  disk  moii.ited  on  a  veitic.d  .simidle  I'he  15  mm 
tliiik  disk  vv.as  pieiision  in.achined  and  happed  to  allow  only 
±'20  /im  veilic.al  deviations  when  the  cli.sk  lot  .vies.  'I’he  disk 
.spins  .at  spix-'ds  uj)  to  1100  RFM  which  coiiesponds  to  .i  lip 
Reynolds  numbei  cf  1.8  million.  It  is  diiven  by  a  '2  hp  1)(' 
motoi  thiough  a  belt  cliive  to  .avoid  vibrations.  The  moloi  is 
equipped  with  solid  st.ale  speed  control  allowing  smooth  vaii.i 
lion  of  the  disk  speed  under  m.anii.d  or  computer  control  The 
lot.itiiig  a.ssenibly  was  caiefiilly  b.ilnmecl  by  viitiie  of  its  pie 
else,  iiiaiiufactuic,  and  thcic  i.s  no  me.’v.siii.vblc  vibi.atioii  ....  .v..y 
opeiating  .speed. 

A  fixed  .mimlai  apron  .ippioxim.iU  !y  0  3  m  wide  siiiionnds 
the  disk  to  eliminate  any  mtcr.actioo  between  the  bonnd.iiy 
l.iyers  cm  the  top  and  bottom  surf.ices.  'i'he  bottom  sinf.ne 
mils  in  a  closed  cavity  to  .avoid  crea.ing  .any  disliii  banc  e  in  I  In- 
test  cell.  A  .set  of  14  siiiral-sliapi -1  v.ines  aie  iiioimted  on  the 
uppei  surf.ice  of  the  .ipion  to  ren  ovc  the-  angul.n  moment  nm 
ol  the  flow  Ic'aving  the  disk.  We  ooserved  no  signific.ini  swiil 
ill  the  '2.4  III  by  2.7  m  by  3.4  ni  isol.ition  lell  with  tin-  v.iiies  in 
place. 
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All  experiments  are  conducted  under  the  remote  control  of 
a  data  acquisition  system  consisting  of  an  IBM  PC-AT  with  a 
Metrabyte  DAS-C'1  multifunction  card  and  an  SSH-4  simulta¬ 
neous  sample  and  hold.  The  computer  controls  the  disk  speed 
and  all  the  measurement  systems.  Probes  are  postitioncd  by 
a  stepper  motor  traverse  mounted  on  a  1”  X  3”  beam  located 
1  meter  above  the  disk  surface.  The  traverse  can  rotate  the 
probe  around  its  stem  axis  with  a  resolution  of  0.9°  and  trans¬ 
late  it  normal  to  the  disk  with  a  resolution  of  1.6  /mi. 

Mean  flow  data  are  acquired  using  a  three-hole  probe  in  a 
non-nulling  mode  as  described  by  Anderson  and  Eaton  (1987). 
The  dynamic  and  differential  pressures  are  measured  using 
a  Setra  model  239  (±  1.0  "HjO  range)  or  a  model  264  (0- 
10  "HjO  range)  for  high  speed  dynamic  pressure.  The  trans¬ 
ducers  are  thermally  insulated  to  minimize  drift  and  are  cali¬ 
brated  against  a  micromanometer  before  each  run. 

Three  drlferent  hotwire  probes  are  used.  Each  probe  is 
mounted  in  a  gooseneck  stem  allowing  yaw  of  the  probe  with¬ 
out  moving  the  measurement  volume.  The  single-wire  probe 
uses  a  Uaritcc  55P05  boundary  layer  tip  strung  with  Dantec 
gold  plated  5  /im  platinum  coated  tungsten  wire  with  an  active 
length  to  diameter  ratio  of  I/d  =  250.  The  cross  wire  probe  was 
custom  built.  It  uses  2.5  /rin  platinum  coated  tungsten  wire 
which  has  been  copper  plated  and  subsequently  etched  for  an 
active  length  to  diameter  ratio  of  1/d  =  200  The  wire  spacing 
is  0.35  mm.  The  crosswire  can  be  rotated  about  its  axis  in  45° 
inciements  allowing  determination  of  all  six  Reynolds  stresses. 
The  third  probe  is  a  custom  dual  wire  probe  which  has  two 
wires  at  ±45°  to  the  stem  axis  in  the  same  plane,  parallel 
to  the  disk  surface.  This  probe  is  used  to  provide  redundant 
measuiements  of  the  flow  direction,  and  was  strung  with  5  /im 
platinum  coated  tungsten  wire,  copper  plated  and  etched  for 
an  active  length  to  diameter  ratio  of  1/d  =  200. 

All  hotwiies  are  operated  in  constant  temperature  mode 
by  a  TSI  IFA-100  unit  modified  to  eliminate  the  built-in  lin¬ 
ear  izers.  The  signals  are  DC  shifted  and  amplified  to  utilize 
the  full  ±5  Volt  range  on  the  Metrabyte  A/D.  Noise  is  fil¬ 
tered  with  a  Frequency  Devices  model  901F1  low-pass  filter 
The  test  cell  temperature  is  not  controlled  so  it  is  necessary  to 
calibrate  the  hocwires  for  both  velocity  and  temperature  vari¬ 
ation.  This  is  accomplished  by  a  portable  jet  apparatus  which 
IS  placed  on  the  disk  and  allows  precise  control  of  the  flow  tein- 
peiatiire  and  velocity.  A  temperature  dependent  calibration 
is  obtained  by  varying  both  the  temperature  and  velocity  and 
fitting  King’s  law  in  a  modification  of  the  temperature  correc¬ 
tion  suggested  by  Cimbala  and  Park  (1990).  In  this  imple¬ 
mentation,  the  original  form  of  King’s  law,  Nu  =  a  +  b-  Re" 
IS  used,  with  fluid  properties  evaluated  using  the  film  tempera- 
tuie  Tj  =  ^(Ta  +  r„).  The  calibration  is  then  of  the  following 
foim, 


U  =  y(P„,„,7’/)' 


Bc'^ 

k{T,)-(T^-T^) 


This  calibration  is  implemented  using  an  empirically  obtained 
wile  temperature  specific  to  the  type  of  wire,  then  B  and 
aie  found  with  a  least  squares  fit.  The  typical  RMS  devia¬ 
tion  of  the  fit  from  20  calibration  points  varying  from  1  to 
40  m/s  was  0.2%  at  a  single  temperature,  and  <  1.5%  for  a 
temperature  which  varied  10°C. 

The  mean  flow  velocity  and  direction  are  measured  using 
thice  different  techniques,  the  three-hole  probe  corrected  for 
shear  and  wall  proximity,  the  custom  dual  wire  probe,  and 
finally  by  yawing  the  single-wire  probe  in  an  automated  ver¬ 
sion  of  the  Cham  and  Head  (1969)  technique.  For  mean  flow 
measurements,  4000  samples  are  acquired  at  100  Hz.  The 
crosswire  probe  is  aligned  with  the  previously  measured  mean 
flow  direction  at  each  measurement  point  then  10,000  samples 


of  each  wire  are  acquired  in  each  of  the  four  probe  orientations. 
The  measured  Reynolds  stress  and  triple  product  tensors  are 
then  rotated  into  appropriate  coordinates.  The  uncertainty 
involved  in  the  Reynolds  stress  data  are  similar  to  those  re¬ 
ported  by  Anderson  and  Eaton  (1989)  near  the  disk  surface, 
but  farther  out  in  the  boundary  layer  the  local  turbulence  in¬ 
tensities  became  quite  large.  Therefore  the  measurements  in 
the  outer  part  of  the  boundary  layer  are  subject  to  question. 
The  analysis  of  Tutu  and  Chevray  (1975)  suggests  that  the 
crosswire  is  subject  to  very  large  errors  for  turbulence  intensity 
greater  than  35%.  However,  their  analysis  predicts  a  strong 
disagreement  between  sing'e-wire  and  crosswire  measurements 
for  large  turbulence  intensity.  Figure  1  shows  a  comi  arisen  of 


l''igure  !:•  Comparison  of  measured  turbulence  intensity  be¬ 
tween  single  boundary  layer  probe  and  crosswire. 


the  longitudinal  turbulence  intensity  as  measured  by  the  two 
piobes.  The  agreement  is  excellent  out  to  a  turbulence  inten¬ 
sity  of  at  least  60%,  and  even  beyond  this  point  the  differences 
aie  of  the  opposite  sign  than  predicted  by  the  analysis  Laser 
Doppler  measurements  now  in  progress  should  shed  light  on 
this  problem  but  for  now,,  the  Reynolds  stress  merisurements 
should  be  ticated  with  caution  in  the  outer  part  of  the  bound¬ 
ary  layer. 

RESULTS  AND  DISCUSSION 

The  mean  velocity  and  turbulence  measurements  are  pre¬ 
sented  in  a  reference  frame  rotating  with  the  disk  so  the  ve¬ 
locity  profiles  appear  similar  to  those  in  a  typical  wind  tunnel 
experiment.  This  also  gives  direct  mathematical  formulation 
of  the  Coriolis  effects,  and  allows  the  centrifugal  forces  to  be 
included  into  the  pressure  term.  The  frame  of  reference  is 
defined  with  its  origin  at  the  radius  of  interest  and  is  right- 
handed  with  +Y  directed  upwards  from  the  disk  surfawie,  +Z 
pointing  at  the  axis  of  rotation,  and  +X  directed  in  the  cir¬ 
cumferential  direction. 

One  unwanted  consequence  of  the  transformation  is  that 
small  uncertainties  in  measured  flow  angle  close  to  the  disk 
lead  to  very  high  uncertainties  in  the  flow  angle  viewed  in  the 
rotating  reference  frame.  This  is  due  to  the  fact  that  once  the 
local  disk  speed  is  subtracted  from  the  measured  velocity,  the 
measurement  uncertainty  is  retained  as  a  percentage  of  the 
(large)  measured  value.  For  this  reason  the  experimentally 
measured  mean  values  tend  to  show  much  more  scatter  close 
to  the  disk  than  the  scattc.  m  the  turbulence  statistics,  which 
are  not  subject  to  this  effect. 

Both  laminar  and  turbulent  cases  were  examined.  The 
laminar  rases  are  not  shown  here  because  they  were  used  pii- 
marily  for  instrumentation  qualification.  Agreement  with  an 
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Table  1:  Disk  Flow  Turbulent  Cases 


Radius  /  Re 

Uoo  [m/sj 

^99  (mm) 

tJBTifll 

H 

i//Ut  l/<m] 

X 

R  =  0.235  m 

Re  =  400,000 

26.13 

11.60 

0.978 

1.342 

1657 

1.206 

12.8 

0 

R  =  0.356  m 

Re  =  650,000 

28.22 

19.22 

1.457 

1.290 

2662 

1.255 

12.3 

0 

Re  =  9 10,000 

41.01 

20.05 

1.456 

IMI 

1.750 

8.9 

O 

23  V2 

21.04 

1.712 

1.298 

2645 

1.051 

14.6 

□ 

36.72 

20.61 

1.641 

1.282 

iMl 

1.556 

9.9 

48.14 

20.39 

1.594 

1.270 

1.997 

analytic  solution  was  excellent  for  all  three  probes  especially 
at  the  inner  radii  where  the  disk  appeared  to  the  flow  as  if  it 
weie  indeed  infinite.  The  turbulent  cases  to  be  presented  here 
aie  listed  in  Table  1,  along  with  integral  properties  of  the  flow 
in  the  X  diiection  The  integral  properties  were  calcuLted  by 
diicct  numerical  integration  of  the  measured  velocity  profiles 
and  the  skin  friction  was  calculated  using  the  two-dimensional 
law  of  the  wall  with  k  —  0.41.  It  is  apparent  from  this  infoi- 
iiialion  that  lelatively  high  Reynolds  numbers  are  jiroduced 
with  a  small  experiment,  due  to  the  high  speeds  involved. 


Figuie  '2'  Mean  ciiciimferential  velocity  in  wall  units 

Figuie  2  shows  the  mean  flow  piofiles  in  the  -fX  diiection 
plotted  using  wall  scaling.  One  immediately  notices  the  lack 
of  a  wake  component,  which  is  likewise  absent  in  the  data  of 
Cham  and  Head  (1969).  This  is  not  the  result  of  a  favoi- 
able  pressuie  giadicnt,  since  the  X  direction  will  not  support 
a  mean  pressuie  gradient,  but  instead  may  be  taken  as  an  in¬ 
dication  of  structural  differences  between  this  3DT13L  and  the 
typical  zeio  pressure  gradient  2DTBL. 

The  primary  Reynolds  stress  tt'v'  is  shown  m  Figure  3, 
iioimalized  with  the  circumferential  shear  velocity,  ft  appears 
much  the  same  as  a  zero  pre.ssure  gradient  2DTDL,  and  totally 
unlike  the  3DTBL  flows  in  Table  2  which  all  exhibit  a  peak 
away  from  the  wall  The  effect  seen  in  other  3DTBL's  can  not 
be  ascribed  only  to  an  adverse  pressure  gradient,  but  is  also 
the  result  of  some  type  of  structural  change  in  the  turbulence 
which  will  be  discussed  more  fully  below. 

The  secondary  Reynolds  stress  v'w'  is  shown  in  Figure  4, 
normalized  with  the  circumferential  shear  velocity.  This  quan¬ 
tity  is  a  measure  of  the  effect  on  the  turbulence  of  the  spanwise 
stiaiii,  so  it  is  identically  zero  in  a  2DTBL.  It  is  interesting 
to  note  that  v'w'  has  a  nearly  constant  value  in  the  locations 
the  crosswire  could  acquire  data,  but  must  change  sign  closer 
to  the  wall  in  order  to  approach  the  wall  shear  stress  value  as 
expected.  The  sign  change  is  necessary  because  the  spanwise 
mean  velocity  profile  has  a  maximum,  and  therefore  the  outer 
layer  sees  the  opposite  shear  than  the  inner  layer.  The  sign  of 
the  stress  is  positive  in  the  region  plotted  because  the  crossflow 


is  in  the  -Z  direction.  These  measurements  resemble  previous 
3D1'BL  experiments  plotted  in  freestream  coordinates. 

It  is  always  difficult  to  gain  a  physical  understanding  of  the 
l>.’,ttern  of  the  turbulent  fluctuations  from  single  point  statis¬ 
tics,  and  even  more  so  to  compare  results  between  experiments. 
Ill  the  process  of  Reynolds  averaging  the  Navicr  Stokes  equa¬ 
tions,  quantities  (Reynolds  stresses)  result  which  are  the  con- 
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Figure  3:  Primary  Reynolds  stress  xt'v',  normalized  by  the 
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Figure  4:  Secondary  Reynolds  stress  v'w',-  normalized  by  the 
shear  velocity. 

sequence  of  average  momentum  transport  by  the  fluctuations. 
In  attempts  to  form  ‘closure’  models  for  these  terms,  several 
quantitative  relationships  between  the  various  turbulent  quan¬ 
tities  have  been  found  to  have  a  predictable  value  or  behavior 
in  a  certain  type  of  flow.  These  ‘structural  parameteis’  al¬ 
low  similarities  and  differences  in  fluctuating  fields  and  thus 
the  physics  of  flowfields  to  be  compared.  Selected  structural 
indicators  from  the  present  flow  will  be  compared  to  previ¬ 
ous  experiments  listed  in  Table  2.  It  is  important  to  note 
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that  three  major  categories  of  3DTBLs  are  represented,  infi¬ 
nite  swept  wing,  obstacle,  and  shear  driven.  These  combined 
with  KlebanofT’s  classic  2DTBL  should  represent  the  current 
state  of  knowledge  of  the  effect  of  three-dimensionality  on  an 
initially  2DTBL  from  wind  tunnel  experiments. 

Table  2:  Reference  Experiments 


Symb. 

Experiment 

Flow  Type/Designation 

A 

Anderson/Eaton  (1989) 

Obstacle,  Case  I  St  4 

P 

Bradshaw/Pontikos  (1985) 

Infinite  Wing,  X=1092 

R 

Driver/ Johnston  (1990) 

Shear  Driven,  St  9 

E 

Elsenaar/Boelsma  (1974) 

Infinite  Wing,  X=1095 

K 

Klebanoff  (1955) 

2DTBL  Re«,=  8000 

The  ratio  of  streamwise  normal  stress  to  vertical  normal 
stiess  appears  as  Figure  5,  along  with  comparisons  to  the  ex¬ 
periments  listed  in  Table  2.  This  ratio  is  a  measure  of  the 
boundary  layer’s  preference  for  streamwise  fluctuations  coni- 
paied  to  fluctuations  normal  to  the  wall.  A  high  value  implies 
that  stieamwise  fluctuations  arc  dominant  over  wall-normal 
events,  iiointing  to  a  decrease  in  eddy  coherence.  The  behav- 
ioi  seen  in  each  of  the  3DTBL  experiments,  along  with  the 
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Figure  ,5:  Ratio  of  streamwise  normal  stress  to  vertical  noimal 
stiess.  (Symbols  as  in  Tables  1  and  2) 

2DTBL  experiment  of  Klebanoff,.  show  a  nearly  constant  or 
moiiotonic  decrease  in  this  ratio  moving  away  from  the  wall. 
Evciy  case  from  the  present  experiment  shows  a  clear  peak  in 
the  outer  region  of  the  boundary  layer.  The  height  of  this  peak 
is  seen  to  decrease  and  perhaps  move  outward  with  iiirreasiiig 
Reynolds  number  at  a  given  radius.  This  implies  tiie  structure 
of  the  boundary  layer  is  substantially  different  from  the  other 
exiieriments,  but  has  not  reached  an  a.symptotic  state. 

Another  commonly  investigated  structural  parameter  is  the 
ratio  of  the  vector  magnitude  of  the  shear  stress  to  twice  the 
tuibulent  kinetic  energy: 
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This  parameter  is  approximately  constant  at  0.15  in  a  2DTBL 
even  when  the  layer  is  strongly  distorted  by  pressure  gradient. 
The  wind  tunnel  experiments  plotted  in  Figure  6  show  the 
typically  observed  trend  that  three-dimensionality  depresses 
Ai  near  the  wall,  and  this  depression  diffuses  outward.  As 
noted  above,  Aj  is  not  strongly  affected  by  pressure  gradient 
alone,  and  the  general  agreement  among  3DTBL  experiments 
implies  that  three-dimensionality  affects  the  flow  structure  in 
this  qualitatively  predictable  fashion.  The  disk  flow  is  vastly 
diffeient,  showing  Aj  to  decrease  almost  linearly  with  distance 
from  the  wall  for  the  inner  radii,  and  at  least  monotonically 


foi  the  outer  radius.  The  consideration  of  this  effect  combined 
with  that  in  Figure  5  leads  one  to  the  conclusion  that  irrota- 
tional  (inviscid)  motion  plays  an  even  bigger  role  in  the  outer 
region  of  the  disk  boundary  layer  than  in  a  wind  tunnel  layer. 


Figure  6:  Ratio  of  shear  stress  magnitude  to  twice  the  turbu¬ 
lent  kinetic  energy.  (Symbols  as  in  Tables  1  and  2) 


One  of  the  most  common  approaches  to  closure  is  the  as¬ 
sumption  that  the  Reynolds  shear  stress  responds  linearly  to 
the  imposed  strain  rale.  The  constant  of  proportionality  is 
known  as  the  eddy  viscosity,  because  it  is  analogous  to  the 
molecular  viscosity  when  inserted  into  the  mean  momentum 
equation.  The  ratio  of  the  relative  effectiveness  of  the  turbu¬ 
lence  in  transporting  streamwise  and  the  spanwise  momentum 
is  defined  as: 

^  _  tan(7,  -  7/,) 

tan(7j  -  7/,) 

The  angle  7/,  is  that  of  the  local  mean  velocity,  7j  is  the  angle 
of  the  velocity  gradient  vector,  and  7^  is  the  shear  stress  vector 
angle.  This  may  also  be  thought  of  as  the  ratio  of  local  span- 
wise  to  local  streamwise  eddy  viscosity.  The  values  obtained 
foi  N,  arc  shown  in  Figure  7.  These  data  exhibit  more  scatter 
than  most  of  the  other  plots  because  they  contain  derivatives 
of  cxpeiimcntal  data.  As  concluded  by  Anderson  and  Eaton 
(1989),  low  values  in  (as  low  as  0.2)  are  observed  in  sharply 
tinned  experiments  such  as  shear  driven  or  obstacle  flows,  and 
a  value  closer  to  one  in  slowly  turned  flows  like  the  infinite 
wing.  This  implies  that  the  disk  flow  more  closely  resembles  a 
slowly  turned  flow  or  equivalently  one  which  has  more  time  to 
relax  to  a  new  state  after  the  imposition  of  crossflow.  The  val¬ 
ues  near  unity  indicate  that  an  isotropic  eddy  viscosity  should 
perform  well,  and  this  was  indeed  the  case  for  a  simple  cross- 


Figure  7:  Ratio  of  eddy  eiscosity  in  coordinates  aligned  with 
the  local  mean  velocity.  (Symbols  as  in  Table  1) 


30-4-4 


flow  calculation  for  the  disk  flow  reported  by  Cham  and  Head 
(IDtiO). 

One  might  suspect  that  the  outer  region  of  the  boundary 
layer  is  dominated  by  Coriolis  elfects.  The  Reynolds  stress 
tiansport  equations  for  a  rotating  coordinate  system  show  that 
Coiiolis  effects  act  to  redistribute  the  Reynolds  stress  among 
the  various  componejits_^  the  tensor.  This  could  lead  to  the 
incieasiiig  values  of  observed  in  the  outer  layer.  If  the 

outer  region  were  dominated  by  Coriolis  effects,  then  tv'  and 
u’  fluctuations  must  be  negatively  correlated.  However,  the 
con  elation  coefficient  for  u'w'  was  calculated  and  is  strongly 
positive  in  the  outer  layer,  indicating  that  Corioli.'  '■ffects  are 
not  a  major  factor.  This  then  supports  the  conclusion  that  the 
outer  region  is  dominated  bj  irrotational  (mviscid)  motions,  a 
condnsion  also  supported  by  Cham  and  Head's  (1969)  mea- 
suicment  of  reduced  entrainment. 

It  icmains  to  address  the  cause  of  the  leduccd  level  of  shear 
stiesb  in  the  disk  boundary  layer.  Bradshaw  and  Pontikos 
hypothesized  that  turbulent  eddies  formed  in  a  2D  boundary 
layer  aie  tilted  out  of  their  preferred  orientation  by  the  imposi¬ 
tion  of  three-dimensional  skewing  Implicit  in  their  discussion 
was  the  assumption  that  normal  boundary  layer  turbulence 
would  eventually  develop  if  the  3D  strain  field  remained  con¬ 
stant  foi  a  long  enough  distance.  Anderson  and  Eaton  (1989) 
theoiized  that  the  turbulence  is  stabilized  in  the  region  of  peak 
tmbiilence  production  by  the  presence  of  crossflow  Eaton 
(1991)  took  this  further,  stating  that  production  is  reduced  be- 
c.iu.se  a  fraction  of  the  low  speed  streaks  in  the  boundary  layer 
aic  eliminated  by  the  crossflow  and  because  longitudinal  vor¬ 
tices  aie  attenuated  by  the  crossflow.  Implicit  in  this  argument 
is  the  assumption  that  boundary  layei  turbulence  developed 
111  a  tliiee  dimensional  strain  field  is  inherently  less  efficient  at 
exti  acting  energy  from  the  flow  field  The  present  results  sup- 
poii  the  latter  hypothesis.  The  value  of  Ai  is  suppiessed  below 
1101  Dial  '2D  levels  even  though  the  entire  boundary  layer  devel¬ 
opment  occurs  in  a  nearly  constant  three  dimensional  strain 
field. 

CONCLUSIONS 

The  disk  boundary  layer,  while  subject  to  Coriolis  ef¬ 
fects,  a|)pears  to  be  a  good  configuration  for  studying  the  ftin- 
dnmenl.il  jiliysics  of  3DTBL's.  Many  of  the  effects  observed  in 
wind  tunnel  3DTBL’s  are  also  observed  here.  The  Ai  struc- 
tui<d  parameter  is  less  than  in  comparable  2D  boundary  lay- 
eis  and  a  small  lag  in  the  shear  stress  direction  behind  the 
mean  velocity  gradient  angle  was  noted,  behaving  not  unlike 
a  slowly-turned  three-dimensional  boundary  layer. 

.Some  of  the  results  must  be  treated  with  caution  since  the 
hotwiie  measurements  may  be  subject  to  considerable  uncer¬ 
tainty.  Laser  Dopjiler  measurements  now  underway  should 
resolve  such  questions.  Additional  length  scale  measurements 
should  cast  further  light  on  the  structural  features  of  the  botind- 
aiy  layer. 
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ABSTRACT  . 

The  mechanism  of  turbulence  transport  is 
studied  using  a  Large  Eddy  Simulation  of  a 
shearless  turbulence  mixing  layer, 
subjected  to  solid  body  rotation.  The 
behaviour  of  both  transport  by  triple 
velocity  correlations  and  transport  by 
pressure-velocity  correlations  is  found  to 
be  completely  different  from  what  is 
found  without  rotation.  A  modified  one- 
point  model,  that  accounts  for  the  effects 
of  rotation,  is  proposed  for  the  triple 
correlation  transport  terms. 

1.  INTRODUCTION 

In  a  previous  study,  the  mechanisms  responsible 
for  transport  of  turbulent  kinetic  energy  and 
transport  of  the  components  of  the  Reynolds 
stress  tensor  were  investigated  in  a  simple  case 
of  inhomogeneous  turbulence  ;  the  case  of  a 
shearless  turbulence  mixing  layer,  in  which  two 
nearly  homogeneous  fields,  having  different 
energy  and  length  scales,  were  put  side  by  side 
and  were  interacting  (see  the  sketches  in 
figures  1  and  2).  The  study  was  made  using  a 
Large  Eddy  Simulation  (Shao,  Bertoglio  and 
Michard,,  1990).  Results  were  found  to  be  in 
qualitative  agreement  with  the  experimental 
data  of  Veeravalli  and  Warhaft  (1989). 
Comparisons  with  results  of  the  classical  one- 
point  closure  models,  like  k-e  and  Reynolds 
stress  models,  were  presented  in  another  paper 
(Shao,  Le  Penven  and  Bertoglio,  1990).  The  main 
conclusion  of  the  study  was  that  triple  velocity 
correlations  were  found  to  be  responsible  for 
the  energy  transport  and  that  pressure-velocity 
correlations  were  found  to  tend  to 
counterbalance  the  triple  correlation  transport, 
their  effects  remaining  small. 


Concerning  triple  velocity  correlations  :  when 
the  Launder,  Reece  and  Rod'  (1975)  second  order 
model  was  used,  the  value  Cs=0.n  usually 
retained  in  the  expression  for  the  triple 
correlation  . 
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in  which  k  =  l/2<q2>=i/2<uiui>  is  the  turbulent 
kinetic  energy  and  e  its  dissipation  rate,  was 
found  to  be  qualitatively  suitable  but  lead  to 
underestimated  values  of  <uiujuk>i  in  particular 
on  the  small  scale  side  of  the  mixing  layer  when 
strong  effects  of  intermittency  are  present.  A 
correction  to  account  for  intermittency  effects 
was  proposed  (Shao  and  Bertoglio,  1991). 


Similarly,  in  the  case  of  the  k-e  model,  the 
expression 
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was  also  found  to  underestimate  triple 
correlations  on  the  small  scale  side  when  the 
classical  value  Ok  =  1  was  adopted. 

Both  the  Cs  constant  in  the  case  of  the  Reynolds 
stress  model  and  the  ox  constant  in  the  case  of 
the  k-e  model,  were  found  to  underestimate 
transport  effects.  A  possible  explanation  is  the 
following.  The  shearless  mixing  layer  can  be 
suspected  to  be  the  case  in  which  transport 
mechanisms,  acting  alone  without  interacting 
with  other  effects,  are  the  most  efficient.  One 
can  imagine  that  when  other  effects,  like  shear, 
strain  or  rotation,  are  present  the  build  up  of 
triple  correlations  can  be  strongly  inhibited.  The 
present  study  is  aimed  at  investigating  how 
transport  mechanisms  are  affected  when 
rotation  is  present.  The  effect  of  solid  body 
rotation  is  considered.  The  reason  for  the  choice 
of  rotation  as  the  first  external  effect  to  be 
studied  is  not  only  that  't  is  the  simplest  effect 
that  can  be  introduced  in  a  Direct  Simulation, 
but  also  that  it  has  important  applications  for 
inhomogeneous  flows  of  practical  interest,  like 
swirling  flows,  and  flows  in  turbomachinery. 
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2.  EFFECTS  OF  ROTATION  ON  TURBULENCE 

The  influence  of  rotation  on  turbulence  is  a 
complex  mechanism,  and  different  consequences 
of  the  presence  of  rotation  can  be  identified, 
whose  importances  vary  depending  on  the 
different  situations  that  are  considered.  Before 
describing  the  problem  addressed  here,  one  can 
briefly  discuss  the  various  effects  of  rotation, 
and  summarize  the  various  modifications  that 
are  usually  introduced  in  simple  models  to 
account  for  these  effects. 

The  effect  of  solid  body  rotation  on 
homogeneous  grid-generated  turbulence  is  now 
well  identified.  If  turbulence  is  initially 
isotropic,  the  action  of  rotation  typically  takes 
place  at  the  level  of  the  third-order  velocity 
correlations  in  wave-space.  Due  to  the  fact  that 
Fourier  modes  are  rotating  about  the  directions 
of  the  wave-vectors,  a  scrambling  effect  occurs 
in  the  triadic  interaction  between  modes, 
resulting  in  an  inhibition  of  the  build  up  of 
triple  correlations.  Energy  transfer  from  the 
large  scales  to  the  dissipative  eddies  is  reduced. 
In  the  framework  of  one-point  models,  heuristic 
modifications  of  the  e  equation  were  proposed  to 
account  for  this  cascade  inhibition  mechanism 
(Bardina  et  al.  1983,  Aupoix  et  al.1983).  It  has 
to  be  pointed  out  that,  in  this  case,  another 
consequence  of  the  presence  of  rotation  can  be 
detectad  :  rotation  is  also  creating  anisotropy. 
The  obtained  anisotropy  is  essentially  a  length 
scale  anisotropy,  and  therefore  the  phenomenon 
is  difficult  to  take  into  account  in  existing  one- 
point  models.  Only  models  introducing 
information  on  the  anisotropy  of  length  scales 
or  on  energy  distribution  in  Fourier  space  could 
permit  a  description  of  this  effect.  Efforts  are 
presently  being  made  along  these  lines  (Gambon, 
Jacquin  and  Lubrano,1991). 

In  the  case  of  initially  anisotropic  turbulence 
subjected  to  solid  body  rotation,  the  anisotiopy 
of  the  Reynolds  stress  tensor  is  directly 
affected  by  the  presence  of  rotation.  The 
principal  axes  of  the  Reynolds  stress  tensor  are 
rotating  under  the  effect  of  the  Coriolis  term. 
Furthermore  there  is  a  more  subtle  effect  due  to 
the  rapid  part  of  the  p.^essure  strain  correlation. 
This  last  effect  is  related  to  mechanisms  that 
are  easy  to  describe  in  wave-space,  but  difficult 
to  model  at  the  level  of  one-point  models. 
Attempts  to  take  these  effects  into  account  are 
currently  being  made  (Lubrano  and  Gambon, 
1991). 

In  the  case  of  the  sin-uiianeous  action  of 
rotation  and  mean  velocity  graHients,  the  most 
important  effect  is  a  coupled  ctfect  between 
production  by  mean  gradients  and  re-orientation 
of  the  Reynolds  stress  tensor  by  rotation.  This 
occurs,  for  example,  when  turbulence  is 
subjected  to  a  mean  shear  in  a  rotating  frame. 
This  case  is  particularly  important  because  of 


applications  to  the  behaviour  of  flows  inside  the 
blade  to  blade  channels  of  centrifugal  impellers. 
Either  stabilizing  or  destabilizing  effects  can 
occur  when  rotation  is  in  the  plane  of  the  shear, 
depending  on  the  sign  of  rotation  compared  to 
the  shear.  These  effects  are  taken  into  account 
in  Reynolds  stress  models  at  the  level  of  the 
production  and  the  Goriolis  terms.  The  major 
problem  is  then  whether  models  for  the  pressure 
strain  correlation  properly  account  for  rotation. 
Even  if  existing  models  are  not  suitable  for 
every  value  of  the  rotation  rate  compared  with 
the  shear  rate,  they  lead  to  satisfactory 
predictions,  at  least  qualitatively  (see  Bertoglio 
1982  and  Speziale  et  al.  1990).  When  other  typos 
of  mean  gradients  are  considered,  more  complex 
effects  can  be  detected  (plane  strain  :  "elliptic 
flaws",  or  axial  compression,  see  Gambon  et  al. 
1985  or  Malkus  1990).  it  is  beyond  the  scope  of 
the  present  paper  to  discuss  these  effects  that 
are  difficult  to  include  in  simple  models. 

The  effects  of  rotation  summarized  in  the 
previous  paragraphs  are  effects  that  can  be 
described  in  the  framework  of  homogeneous 
turbulence.  Even  if  simple  models  are  not  yet 
describing  these  effects  completely,  it  is  clear 
that  the  mechanisms  are,  at  least,  well 
identified.  Efforts  are  currently  being  made  to 
devise  improved  models.  The  purpose  of  the 
present  study  in  to  investigate  a  different 
consequence  of  the  action  of  rotation  on 
turbulence,  one  which  has  not  yet  been  studied. 
We  address  the  problem  of  an  effect  typically 
taking  place  In  inhomogeneous  turbulence  ;  the 
influence  of  rotation  on  the  transport  terms  of 
turbulent  kinetic  energy  and  of  Reynolds  stress 
components.  The  physical  mechanism  is,  in  this 
case,  essentially  the  inhibition  of  the  build  up  of 
triple  velocity  correlations  at  one-point.  It  is  a 
mechanism  taking  place  in  physical  space,  and 
not  in  Fourier  space  as  is  the  case  when  the 
influence  of  rotation  on  homogeneous  turbulence 
is  considered. 

3.  STUDY  OF  THE  INFLUENCE  OF  ROTATION  ON 
TURBULENCE  TRANSPORT  TERMS 

The  study  is  aimed  at  understanding  the 
influence  of  rotation  on  the  inhomogeneous 
transport  terms  at  the  level  of  the  equation  for 
the  double  velocity  correlation.  The  transport 
terms  are  the  triple  correlation  :  9/3x^<uiujuk>, 
and  the  pressure  term  :  9/9x,j<p/p(5jkUi  +  5ikUj)>.  In 
order  to  investigate  the  consequences  of 
rotation  in  the  case  of  a  very  simple 
inhomogeneous  field,  a  Large  Eddy  Simulation  of 
a  shearless  turbulence  mixing  layer  is 
performed  in  a  rotating  frame.  The  numerical 
technique  is  similar  to  the  one  described  in 
Shao,  Bertoglio  and  Michard  (1990).  Simulations 
are  run  on  a  cubic  box  with  periodic  boundary 
conditions.  The  initial  field  consists  cf  two 
different  homogeneous  velocity  fields  put  side 
by  side.  Z  denotes  the  inhomogeneity  direction. 
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and  Y  is  the  axis  of  rotation  (Q  parallel  to  OY). 
Subgrid  scales  are  parameterized  by  using  the 
model  proposed  by  Chollet  and  Lesieur  (19815- 
Due  to  the  fact  <hat  periodicity  of  the  boundary 
conditions  is  assumed,,  two  mixing  layers  are 
simulated  instead  of  one  :  one  in  the  middle  of 
the  numerical  box,  the  other  one  at  the  edges.  No 
mean  flow  is  present  in  the  computation  (see 
the  sketch  in  figure  3).  Computations  are  run  on 
regular  grids  with  643  nodes,  using  a  pseudo- 
spectral  numerical  scheme. 


transport.  The  viscous  terms  essentially  account 
for  molecular  dissipation.  Viscous  effects  also 
contribute  to  turbulence  transport,  but  their 
contribution  is  not  discussed  here  since  it 
vanishes  for  high  Reynolds  number  flows.  The 
last  terms  are  Coriolis  terms,  whose  trace  is 
zero,  since  Coriolis  forces  are  not  producing 
energy. 

The  equation  for  twice  the  turbulent  kinetic 
energy  is  : 


Nunarlol  box  cube 


At  the  beginning  of  the  computations,  on  the  left 
side  of  the  box,  a  turbulent  field  with  strong 
intensity  and  large  length  scales  is  introduced. 
On  the  right  side,  a  turbulent  field  with  lower 
intensity  and  smaller  length  scales  is 
prescribed.  The  ratio  of  turbulent  kinetic 
energies  between  the  two  sides  is  nearly  equal 
to  two,  and  the  ratio  of  length  scales  is 
appiu.,imatively  two.  This  case  corresponds  to 
test  case  64-02  in  the  steady  frame  study 
proposed  in  Shao,  Bertoglio  and  Michard  (1990). 
Results  are  averaged  in  planes  of  homogeneity,, 
that  IS  to  say  in  (X,Y)  planes.  They  are  also 
averaged  over  different  realizations  in  order  to 
improve  statistical  sampling. 

The  equations  for  the  double  velocity 
correlations  at  one  point,  or  Reynolds  stress 
tensor,  can  be  easily  written  in  a  rotating 
frame.  The  important  terms  clearly  appear  in  the 
equations  for  the  diagonal  components.  Taking 
i.ito  account  the  symmetries  of  the  problem  and 
homogeneity  in  the  X  and  Y  directions,  we 
obtain  : 


D<q^>  9<wq^>  2  9<pw> 


Dt 


■Jz- 


IT 


+  Viscous  term 


(4) 


in  which  <wq2>  =  <w3>  +  <wv2>  +  <wu2>  . 


The  important  terms  for  the  transport  of 
turbulence  are  therefore  <w3>,  <wu2>,  <wv2>  and 

<pw>. 


The  results  of  the  L.E.S.  clearly  show  that 
rotation  does  reduce  the  triple  correlation  term 
<uiujuic>,  as  shown  in  figure  4b  where  the 
component  responsible  for  the  transport  of  <w2> 
in  the  Z  direction,  <w3>,  is  plotted  as  a  function 
of  Z.  In  the  present  computations,  turbulence 
first  evolves  without  being  subjected  to 
rotation  between  t=0  and  t=0.04  s.  Then  rotation 
IS  suddenly  switched  on  at  t=0.04  s.  The  value  of 
is  50  rd/s,  corresponding  to  an  initial  value  of 
the  Rossby  number  approximatively  equal  to  0.7 
on  the  high  turbulence  side  of  the  mixing  layer. 
In  figure  4b  the  normalized  quantity, 
<w3>/<w2>3/2_  is  found  to  first  increase  up  to  a 
value  of  about  0.4,  reached  at  the  end  of  the  non¬ 
rotating  phase  (t=0.04  s).  For  larger  values  of 
time,  this  quantity  decreases  drastically  :  at 
oni-'  t=0  08  s,  it  is  nearly  equal  to  the 
statistical  noise  (in  this  case,  results  are 
averaged  on  3  realizations  only).  In  the  same 
case  without  rotation,  larger  values  of 
<w3>/<w2>3/2  were  obtained  (case  64-02  in  Shao, 
Bertoglio  and  Michard,  1990)  as  shown  in  figure 
4a  where  this  quantity  continue  to  increase 
between  t=0.04  s  and  t=0.08  s. 


2  2 
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D<v^>  3<wv^> 
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D<w  >  3<w  >  29<pw>  2  3w 

- - - f —  +  -<p.-;-->  +  VISCOUS  term 

n  dz  n  '^dz 

+  Coriolis  term 


The  first  two  terms  on  the  right  hand  sides  are 
respectively,  transport  terms  by  triple  velocity 
correlations  and  by  pressure-velocity 
correlations.  The  third  terms  are  for  pressure 
redistribution,  whose  effect  is  the  interchange 
of  energy  between  components  of  the  Reynolds 
stress  tensor,  and  which  do  not  affect  energy 


In  figure  5,  the  evolution  with  tii,  9  of  the 
turbulent  kinetic  energy  profiles  is  plotted.  The 
cases  with  (figure  5b),  and  without  (figure  5a) 
rotation  are  compared.  It  immediately  appears 
that  higher  levels  of  turbulent  kinetic  energy 
are  obtained  at  the  end  of  the  simulation  on  both 
sides  of  the  box  when  rotation  is  present.  This 
is  due  to  the  inhibition  of  the  energy  transfer 
between  eddies  of  various  sizes,  an  effect  which 
appears  to  be  consistent  with  what  is  found  in 
homogeneous  turbulence.  A  more  interesting 
remark  can  be  made  concerning  energy 
distribution  along  Z  :  despite  the  fact  that  triple 
correlations  are  reduced  by  rotation,  the 
diffusion  of  turbulent  kinetic  energy  towards 
the  low  turbulence  side  of  the  box  is  still 
comparable  to  what  was  found  without  rotation. 
The  only  possible  explanation  is  therefore  that. 
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in  the  rotating  case,  a  large  part  of  the 
turbulence  transport  must  be  due  to  the  pressure 
term.  When  pressure  velocity  contributions  are 
evaluated,  this  conjecture  is  corroborated  by  the 
fact  that  they  are  much  larger  than  in  the  case 
without  rotation.  In  the  steady  frame  case, 
pressure-velocity  correlations  tend  to 
counterbalance  transport  by  triple  correlations, 
while  they  are  found  to  contribute  positively  to 
the  diffusion  mechanism  in  the  rotating  case 
(see  figures  6a  and  6b).  In  the  non-rotating  case,, 
turbulence  transport  is  due  to  triple  velocity 
correlations,  the  effect  of  pressure  being  to 
slightly  reduce  transport.  In  the  rotating  case,, 
transport  is  mainly  due  to  pressure  velocity 
correlations. 

In  a  recent  study,  Riley  (1990)  has  found  very 
similar  results  in  the  case  of  turbulence 
subjected  to  stable  stratification  :  when  a  slab 
of  stratified  turbulence  is  immersed  in  a  non- 
turbulent  field,  diffusion  of  turbulence  appears 
to  be  comparable  to  the  diffusion  obtained  in  the 
non-stratified  case,.,  even  though  triple 
correlations  are  strongly  reduced.  In  Riley's 
work,  this  effect  is  attributed  to  the  presence 
of  waves  in  stratified  turbulence.  An  interesting 
analogy  is  possible,  since  it  is  known  that  in  the 
case  Of  rotating  flows,  waves  also  exist  : 
inertial  waves.  If  results  not  averaged  over 
different  realizations  are  plotted  as  functions 
of  time,  irregular  profiles  are  obtained  when 
rotation  is  present,  while,  in  the  non  rotating 
case,  smoother  behaviours  are  found.  This  is,  in 
particular,  clear  in  figures  7a  and  7b  where 
profiles  of  <w2>  are  compared.  This  behaviour 
can  not  be  considered  as  evidence  for  the 
existence  of  waves,  but  it  is  sufficiently 
important  to  be  noticed. 

4.  ONE-POINT  MODELS 

The  aim  of  the  present  section  is  to  include  in 
one-point  models  the  reduction  of  the  triple 
correlation  induced  by  rotation.  A  model  is 
devised  by  taking  into  account  the  linear  term 
due  to  Coriolis  forces  in  the  equation  for  the 
triple  velocity  correlation.  In  a  second  step,  a 
simplified  model  is  proposed. 


The  quantity  p£rcUiUjUk>  is  a  damping  term 

introduced  in  order  to  model  the  effect  of 
pressure.  It  can  also  be  regarded  as  taking  into 
account  the  effects  of  the  fourth-order 
cumulants. 

When  the  asymptotic  values  for  <uiujuk>  deduced 
from  equation  (5)  are  used  in  Reynolds  stress 
computations,  results  show  that  triple 
correlation  levels  are  reduced  by  the  presence  of 
rotation  -  as  expected.  Consequently,  the 
inhomogeneous  transport  of  turbulence  appears 
to  be  reduced  when  compared  to  the  non-rotating 
case  (see  figure  8). 

A  simpler  model  is  also  proposed,  in  which 
triple  correlations  are  expressed  using  the 
classical  formulation  corresponding  to  the 
Hanjalic  and  Launder  model  (equation  (1)),  with 
Cs  replaced  by  Cs'=Cs/(l+Ro’').  Ro  is  here  the 
Rossby  number  defined  as  Rq  =  C/kO-  Comparisons 
between  results  obtained  with  the  simple  model 
and  with  the  complete  form  are  very 
satisfactory,  as  appears  in  figure  8.  However,  it 
has  to  be  pointed  out  that  more  work  is  needed 
to  model  the  pressure-velocity  correlation  in 
this  case,  since  one  of  the  conclusions  of  the 
Large  Eddy  Simulation  study  is  that  pressure 
appears  to  play  a  very  significant  role  when 
rotation  is  present.  In  order  to  determine 
whether  the  pressure  effect  was  due  to  the 
rapid  part  of  pressure  or  to  non-linear  effects,  a 
Rapid  Distortion  study  was  made,  by  simply 
discarding  the  nnn-imear  terms  in  the  numerical 
code.  The  conclusion  is  that  the  effect  is 
present  in  R.D.T.  and  is  consequently  a  linear 
effect,  which  is  consistent  with  the  fact  that 
transport  is  due  to  inertial  waves.  At  the 
present  time,  it  seems  difficult  to  model  this 
effect  at  the  level  of  one-point  closure.  The 
problem  involves  quantities  like  group 
velocities  that  are  difficult  to  take  into  account 
in  classical  models.  The  case  of  the  axis  of 
rotation  parallel  to  the  inhomogeneity  direction 
OZ  could  also  be  investigated.  In  this  situation, 
effects  more  similar  to  the  mechanisms 
observed  in  the  experimental  study  of  Hopfinger 
et  al.  (1982)  are  likely  to  be  found. 


In  the  one-point  model  approach  the  equation  for 
the  triple  correlations  is  written  (see  Hanjalic 
and  Launder  1972),.  and  the  fourth  order 
moments  are  expressed  by  introducing  Quasi- 
Normal  assumptions.  The  approach  is  here 
extended  xo  the  case  of  rotating  turbulence,  in 
which  we  do  not  neglect  the  effects  introduced 
by  the  presence  of  rotation.  Thus  : 


3<uiu,ui(>  ,  c  ,  ^  ^ 


3<UiUj> 


dx„ 

9<u,uk>  .  .  .9<U|Uk>  , 

axn,  aL 

2e,|nni<UjUkUn>  +  2ek|nD|<UiUjUn>  +  2e,|nfll<UkU,Un>) 


(5) 


In  equation  (5),  eijk  is  the  permutation  tensor. 
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Fig.  4 :  Profiles  of  the  normalized  triple 

correlation  <w3>/<w2>3/2  gg  functions  of 
the  inhomogeneity  direction  Z  for  different 
times.  Results  averaged  over  2  realizations. 

Fig  4a  :  without  rotation. 

Fig  4b :  with  rotation  fl  =  50  rd/s  (rotation 
switched  on  at  time  <=0.04  s). 
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Fig.  5  :  Evolution  with  time  of  the  turbulent 

kinetic  energy  profiles.  Results  averaged  over 
3  realizations. 

Fig.  5a  :  without  rotation. 

Fig.  5b  :  with  rotation  n  =  50  rd/s  (rotation 
switched  on  at  time  t=0.04  s). 
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Fig.  6 ;  Comparison  of  the  dlffeient  transport 
terms  In  the  equation  for  twice  the 
turbulent  kinetic  energy  ;  triple 
correlation  term  :  <q2w>  and  pressure 
term  :  2/p<pw>.  Results  averaged  over  3 
realizations;  tlme=0.1  s. 

Fig.  6a  :  without  rotation. 

Fig.  6b  :  with  rotation  £1  =  50  rd/s  (rotation 
switched  on  at  time  t=0.04  s). 
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Fig.  7 ;  Evolution  with  time  of  <w2>  profiles. 
Results  corresponding  to  one  realization 
only. 

Fig.  7a  :  without  rotation. 

Fig.  7b ;  with  rotation  n  =  50  rd/s 
(rotation  switched  on  at  time 
t=0.04  s). 
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Fig.  8  :  Results  obtained  using  the  Improved 

one-point  models  :  comparison  between 
results  obtained  with  the  complete  and 
simplified  models.  n=20rt  rd/s,  Initial  profiles 
corresponding  the  V.W.  experiment  (perforated 
grid). 
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ABSTRhC  T 

A  selT-similar  solution  of  the  equation 
for  the  concentration  probability  density 
function  in  free  turbulent  shear  flows  is 
investigated.  This  equation  is  obtained 
using  the  K'ol mogorov-Obukhov  hypothesis  of  a 
stat i sti c-‘>i  independence  of  fine  and  large- 
scale  motions  in  fully  developed  turbulent 
flows.  The  equation  for  the  self-similar 
probability  density  function  belongs  to  a 
new  type  of  sinoular  parabolic  equations 
with  an  alternating  coefficient  tor  the  de- 
I’lvative  with  respect  to  the  tlme-lH'e  vari¬ 
able. 

The  regions  of  the  sign  constancy  of  the 
above  coefficient  are  unlimited  in  ttpe  di¬ 
rection  of  the  time-like  variable  and, 
hence,  both  directions  of  this  variable  are 
valid  in  one  and  the  same  e-tent,  A  correct- 
Iv  posed  boundary-value  problem  is  stated. 

It  Is  shown  that  from  the  resol vabi 1 i ty 
conditioii  of  the  houndar y- v-<l ue  problem  a 
number  of  relations  between  unknown  functl- 
oris  entering  into  the  closure  hypotheses  ap¬ 
pear.  A  numerical  solution  of  the  formulated 
boundary-value  problem  is  obtained. 
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F(0;>!.v)  =  0,  F<l;x,y)  =  0. 


Here:  >;  is  the  longitudinal  coordinate,  y 
-  the  transverse  coordinate  for  plane  flows 
and  radial  coordinate  for  axially  symmetric 
flows;  '.'ui  and  <vi  are  mean  velocities;  c 
concentration  of  a  passive  contaminent 
(0<:£1);  F(2;x,y)  -  concentration  PDF  in  the 
turbulent  fluid,  y  -  i ntermi ttency  factor, 
<'N:  -  conditionally  averaged  scalar  dissi¬ 

pation  of  concentration  in  the  turbulent 
fluid,  <'v'^  :  -  conditionally  averaged  flue- 

K 

tuation  velocity  on  the  conditioned  concent¬ 
ration;  parameter  i  is  equal  to  0  for  the 
plane  flows  and  to  1  for  axisymmetric  flows. 

Here  we  will  restrict  ourselves  in  look¬ 
ing  for  the  self-similar  solutions  of  this 
equation  for  self-preserving  turbulent  jets 
or  wakes.  The  equation  for  the  self -similar 
concentration  PDF  t(C,?>  can  be  written  as 


”  9t: 


=  y  *  ^  +  Cj'f , 

9C 


(1) 


FCztx.y)  =  <z  >"‘f  (C.?) 


IN'-RODUCTION 

Many  models  of  turbulent  mixing  in  nonre¬ 
acting  and  reacting  flows  are  based  upon 
conserved  scalar  probability  density  functi¬ 
on  Cl  I.  The  methods  of  derivation  and  closu¬ 
re  for  concentration  probability  density 
function  equation  are  systematized  in  Cl  3. 
The  goal  of  the  present  paper  is  to  investi¬ 
gate  the  mathematical  properties  of  the  equ¬ 
ation  for  concentration  probability  density 
function  in  free  turbulent  shear  flows  deri¬ 
ved  in  Cl  3.  formulate  the  boundary  value 
problem  and  to  obtain  a  numerical  solution. 


where  ?=v/l(x).  t;=z/<z-  ;  x  is  the  longitu- 
dinal  coordinate  in  the  direction  of  flow,  y 
IS  transverse  for  plane  flows  and  radial  co¬ 
ordinate  for  axially  symmetric  flows;  !(:;) 
IS  a  cross-stream  scale  of  length,  1=':  for  a 

jet,  l=yx^  for  a  wake;  z  is  a  concentration 
(z ''0) ,  <z  >  and  '"zi  are  unconditionally  and 
conditionally  averaged  concentration  in  the 
turbulent  fluid  respectively,  <z>=y<z''-  ,  y 

t 

is  intermittency  factor. 

tho  cD^fficisnts  in  (1)  sre  dcccnbn'i  bv 
the  following  expressions 


MAIN  FOUATION 

The  equation  for  concentration  probabili¬ 
ty  density  function  (PDF)  in  free  turbulent 
shear  flows  is  derived  in  C13.  This  equation 
and  boundary  conditions  have  a  form 
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GENERAL  PROPERTIES  OF  THE  EQUATION  FOR  THE 
SELF-SI MU LAR  PROBLEM 


I,.  =  /  C‘'fdC  . 

o 

V  =  V  +  s  (1  + 

o 

s  =  h  (t:  -  y)  r~'  <3) 

V  =  <1  -  ^)  h  <1  + 
o 

OD 

-  y  X  s  (1  +  (o=s=)“‘''*fdC 

O 

/j  =  (1  -  y)  h“(l  + 

OD 

+  )-  /  s=(l  +  (D=s“)“*''=fdC 

o 

♦f?)  IS  the  cross-stream  profile  of  the 
self-similar  stream  function  for  a  jets, 
'*'(?)=?  -  for  a  wake;  n  (?)  is  the  cross- 
stream  profile  of  the  self-similar  scalar 
dissipation  of  concentration  in  the  turbu¬ 
lent  fluid,  I(?)  and  2  (?)  are  the  cross- 
stream  profiles  of  the  self  — similar  uncondi¬ 
tionally  and  conditionally  averaged  concent¬ 
ration  respectiyely,  £(?)  is  the  cross¬ 
stream  profile  of  the  self-similar  root- 
mean-square  concentration  fluctuation:  para¬ 
meter  i  is  equal  to  0  for  the  plane  jet/wake 
and  1  for  ax  1  symmetr i c  jet,  •  Note 

that  the  functions  *,0  and  2  are  assumed  to 

t: 

be  specified  (e.g.,  from  experimental  data). 

The  self-similar  PDF  f  must  satisfy  to 
the  condition  of  normalization 

00 

I  =/fdC=l  (4) 

Q 

O 


If  we  disregard  the  fact  that  the  unknown 
function  f  enters  into  coefficients  A,B.C 
(i.B.  the  problem  is  nonlinear),  then  (1)  is 
a  parabolic  equation.  Variable  ?  in  this  ca¬ 
se  plays  the  role  of  time-like  yariable.  It 
is  known  from  the  theory  of  standard  para¬ 
bolic  equations  that  Cauchy  problem  is  ap¬ 
plicable  to  them,  i.e.,  the  initial  condi¬ 
tions  are  given  for  one  value  of  the  time- 
like  vari able. 

The  problem  under  consideration  is  essen¬ 
tially  dif^srent  from  the  classical  case  as 
a  consequence  of  the  special  properties  of 
the  coefficient  of  the  derivative  with  res¬ 
pect  to  the  time-like  variable.  Part  of  the¬ 
se  properties  is  caused  by  the  symmetry  of 
the  problem.  First  of  all  we  have  A=0  and 

-^=0  when  ?=0.  Thereby,  equation  (1)  on 
Of 

this  line  degenerates  into  an  ordinary  dif¬ 
ferential  equation.  Further  it  can  be  shown 
that  A  —  ?  when  ?  is  small.  Therefore, 
equation  (1)  is  satisfied  by  solutions  of 
type  ?‘‘g(C),  where  k  is  the  arbitrary  num¬ 
ber,  g  IS  some  function.  With  the  exception 
of  case  k=0,  such  solutions  are  physically 
meaningless.  Thus,  line  ?=0  is  singular. 

f 

Since  Integral  /A"*d?  is  divergent,  this 

O 

singularity  cannot  be  eliminated  by  trans¬ 
forming  the  variable  ?.  Thus,  PDF  on  line 
?=0  cannot  be  specified  arbitrarily. 

An  analogous  situation  also  arises  on  li¬ 
ne  ?=0D.  Based  on  the  experimental  data  (see 
a  review  of  this  data  in  III),  it  is  natural 
to  assume  that  when  (foo  all  dimensionless 
combinations  of  the  conditionally  averaged 
moments  in  the  turbulent  fluid  tend  to  fini¬ 
te  values.  It  15  possible  only  when  function 
f  has  a  finite  limit  when  ?«».  i.e. 


and  the  following  boundary  condition  with 
respect  to  ?: 


llmf  (C,?)=f^(C) . 
?.*oo 


(6) 


f  (0.?)  =0;  11m  C‘'f  -  0  (5) 

?  .*00 

where  k  is  an  arbitrary  positive  number.  The 
first  boundary  condition  in  (5)  is  a  conse¬ 
quence  of  using  the  Kolmogorov-Obukhov  hypo¬ 
thesis  of  a  statistical  independence  of  fire 
and  large-scale  motions  in  fully  developed 
turbulent  flows  III. 


The  coefficients  in  (1)  must  have  such  a 
form  so  that  it  would  degenerate  into  an  or — 
dlnary  differential  equation  when  ?=od.  Func¬ 
tion  f „  1  s  determined  ■‘rom  thli,  equation. 
Hence,  just  as  on  line  ?=0,  PDF  on  line  ?=oo 
cannot  be  specified  arbitrarily.  Thus,  line 
?=oo  is  also  singular  and  this  singularity  is 
nonremovable.  This  conclusion  formally  re- 

OD 

suits  from  the  Integral  /A“*d?  being  dlver- 
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gent . 

In  didditlon  to  the  above  mentioned  pro¬ 
perties,  coe+ficient  rim  (1)  possesses  one 
more  very  nontrivial  feature.  It  Is  connec¬ 
ted  with  the  geometry  of  the  regions  of  sign 
constancy.  It  follows  from  the  above  expres¬ 
sions  <!')  and  (3)  for  A  that  these  regions 
are  described  bv  ttie  inequalities  111: 


A 

0 

at 

0  ' 

•:  C  <?)  .  0  <  ?  ^  <» 

O 

A  ■; 

0 

at 

c 

o 

c 

8 

O 

8 

A  = 

at 

f  = 

A, 

?  =  c  =  C  <f). 

The  function  C  is  limited  as 

ti 

1  .  e .  i  1 II. r  V  ^  /  'uuii  L  . 

?  -CO 

Note  that  line  C  cn  vihich  coefficient 

n 

of  the  derivative  with  respect  to  f  vanishes 
is  not  l-nown  a  priori.  Thus,  the  region  of 
constant  sign  of  A  is  unlimited  in  the  di¬ 
rection  of  ?. 

It  can  be  concluded  that  both  directions 
of  the  tiiiie-lil:e  varl-able  ?  for  the  parabo¬ 
lic  equation  (1)  are  valid  in  one  and  the 
same  e  tent.  Thus,  apparentlv'.  for  this  equ¬ 
ation  the  boundarv-val ue  problem  must  be  set 
nut  only  with  respect  to  variable  but  al¬ 
so  With  respect  to  'triable  f.  i.e.  two  "in¬ 
itial"  conditions  must  be  specified,  one  for 
?=fi  and  another  for  ?-<». 

The  6!ipo?ed  property  of  coefficient  A  -'nd 
the  presence  of  the  si nqular  lines  and 

f=(»  indicate  that  equation  <1)  possesses  es¬ 
sentially  nonlocal  properties.  Let  us  con¬ 
sider  this  aspect  in  more  details.  Consider 
for  the  sal'e  of  definiteness  a  small  neigh¬ 
borhood  of  the  singular  line  f=0. 

in  the  vicinity  of  line  f=0  a  Taylor  se¬ 
ries  can  be  constructed  with  respect  to  ? 
for  the  required  solution  f(C.?).  The  coef¬ 
ficients  of  this  series  are  dependent  on  va- 
rjable  C  and  satisfy  the  ordinary  dirferen- 
tiai  equations.  However,  such  a  solution 
mil  iict  generally  satisfy  condition  (6)  and 
will  be  singular  in  the  vicinity  of  line 
f=<».  Hence,  It  follows  that  condition  <6)  is 
satisfied  only  for  a  specific  connection 
between  the  coefficients  in  equation  (1). 
Such  a  ccriner.tion  can  be  obtained  from  the 
solution  of  the  boundary-value  problem  with 
respect  to  f  r.nd,  hcrcs,  is  of  nonlocal  cha- 
r  ac  ter . 

"esidos  Ihls  connection,  another  one 
e.  ists  between  coefficients  in  (1).  It  fol¬ 
ic. j,  from  the  condition  of  normalization  (4), 
ol  function  f  and  has  the  form  of  in¬ 


tegral  equation  I  =1  and  is.  hence,  also  of 

o 

nonlocal  character. 

The  conditions  of  symmetry  and  the  analy¬ 
sis  of  the  results  conducted  above  lead  to 
the  following  statement  of  the  boundary- 
value  problem.  In  the  region  0  £  f  <  <»,  0 

<  C  <  “>  4  nonnegative  function  f(C,f)  is 

sought  which  satisfies  equation  (i)  and  the 
conditions 

f  (0,?)=^0,  11m  t:''f  =  0 

C-oo 

a'  f<c.O)  , 

ac  ■  ‘  ‘ 

iim  f  (c.(r)=fj^(c> , 

The  coefficients  of  equation  (1)  include 
unknown  functions  of  one  var-iable  -  Inter- 
mlttencv  factor  j'lf)  and  function  ulf)  which 
characterizes  the  process  of  turbulent  dif¬ 
fusion  riT.  This  two  functions  are  found 
from  two  connections  mentioned  above. 

We  should  particularly  note  the  essential 
role  played  bv  the  requirement  of  non- 
negativitv  of  f  in  the  condition  of  resolvi- 
bilitv  of  the  boundary  problem.  In  order  to 
understand  the  qualitative  structure  of  the 
solution  let  us  analyze  the  solution  on  the 
singular  lines  ?=h  and  f-oo. 


00 

1  =  J-fdC  =  1 

o 

o 


SOLUTION  ON  THE  SINOULAR  LINE  f=0. 

Since  A=0  when  lf=0.  we  obtain  from  (1) 


i"-<-  a  t:  i'-t  a  (HhM“’V)f='T, 


rn 


0* 


where  a  = - ,  m= - u=t  ~i=- 

•  I'm  ^ 


(9) 

for  a  .let, 


m= - —  for  a  wake, 


the  prime  In  (9)  denotes  di f forest  1 -ti on 
with  respect  to  C- 

Let  us  elucidate  the  physical  meaning  of 
parameters  m  and  h.  Parameter  m,  as  can  be 
established  from  the  equation  for  the  vari¬ 
ance  of  concentration  fluctuations,  is  equal 
to  the  ratio  of  twice  the  scalar  dissipation 
to  the  absolute  value  of  advection.  Experi¬ 
mental  data  Indicate  that  Km','’. 6  jn  flows 
under  consideration  (see  a  review  in  TIT). 
Parameter  h  Is  Inversely  proportional  to  the 
Intensity  of  concenl rati  on  fluctuation.  Ac¬ 
cording  to  the  experimental  data  it  acquires 
considerable  large  values  h=4-5. 

Let  us  first  point  out  the  general  pro- 
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+  . .  . 


(11) 


parties  o-f  the  s.ilution  of  (9).  Amonq  these 
properties,  the  most  slqnif leant  Is  that  the 
nontrivial  solution  of  equation  (9)  exists 
upon  fulfilling  of  strict  Inequality  f'<l. 
This  conclusion  follows  from  the  relation 
which  Is  obtained  if  (9)  Is  multiplied  by  C, 
integrating  for  f  from  0  to  oc>,  and  use  is 
made  of  the  normal icatlon  condition  (4) 

do 

f'(Oi  =  a  hp"' C/s  ( 1+u^s^)  “*''^f  dC 

'■  (10) 

+  h\l+u’h=‘;  ^'*3  (1-;/)  . 

Hence,  it  is  obvious  that  f^(0)=o  when  ^'-l. 
Since  f(0)=’.>.  the  trivial  solution  exists 
onlv  when  j'"-l.  Let  us  find  the  number  of  pa¬ 
rameters  which  this  solution  Is  dependent 
on.  Wo  use  the  following  reasoning  for  this 
purpose..  We  assume  that  the  values  of  quan¬ 
tities  ui.h.j'.p  and  V  appearing  In  the  coef- 

o 

ficlents  of  (9)  are  totally  arbitrary  and. 
hence,  (9)  Is  a  linear  differential  equa¬ 
tion.  It  Is  easy  to  establish  that  one  of 
the  linearly  independent  solutions  of  this 
equation  diminishes  exponentially  when  C-*®, 
and  another  diminishes  In  an  algebraic  man - 
r, i(  .  Consequently,  the  second  boundary  con¬ 
dition  in  (5)  is  nontrivial,  and  the  bounda¬ 
ry-value  problem  is  resolvable  for  specific 
values  of  lo.  The  i-oridition  of  non-negat  1  vl t v 
of  function  f  will  be  fulfilled  only  for  one 
0  these  values.  The  vaU'o  ,  u>  thus  found 
and  f(C.O)  contains  the  unhnewn  h.j^.p  and  V 

r> 

as  parameters.  Since  for  specified  h.j'.p  and 
V  (9)  is  linear  and  boundary  conditions  (5) 

O 

are  homogeneous,  f(C,0),  is  determined  with 
an  arbitrary  multiplier.  We  now  tahe  into 
consl der acl ori  that  f  must  be  normalised,  and 
the  integral'  of  f  enter  Into  the  expressi¬ 
ons  for  quantities  /J,  V  ,h.  Thus,  there  Is 

n 

the  svsteiii  of  four  nonlinear  equations  for 
rive  variables  p, V  ,h,^  and  the  above  mentl- 
oned  arbitrary  multiplier.  Thus,  tfie  soluti¬ 
on  of  equation  (9)  Is  found  with  one  arbit¬ 
rary  parameter. 

Let  us  find  the  asymptotic  solution  of 
(71  Qutsiuf  the  small  neignporhood  of  C=0 
and  C=®  when  h.*®.  It  can  be  shown  that  the 
difference  (!->')  is  exponentially  small  when 
h^oo  (see  relation  (13)).  Hence,  when  deter — 
mining  the  asymptotic  behavior  of  the  coef¬ 
ficients  of  equation  19)  ,  it  can  be  assumed 
tliat  t'- 1  ■  Ws  will  lootc  for  the  solution  In 
the  form  of  asymptotic  series 


g(5)  =  g‘°’+  h“'q‘”+  h'"'g'=‘’ 
io  =  h“'rt  +  h“’o  ... 

1  T 

where  g(s)=h~‘f (C) ,  s=h(C-l). 

Substituting  (11)  into  (9)  and  equating 
the  coefficients  for  the  successive  expo¬ 
nents  of  h  to  zero  yield  a  reccurent  system 
of  equations  for  function  g'"’.  Solving  this 
system  we  obtain  that  the  function  g*'”  is 
described  by  a  Sausslan  curve.  Thus  the  con¬ 
centration  PDF  on  the  axis  or  In  the  plane 
of  symmetry  Is  close  to  normal  distribution. 
This  result  agrees  well  with  the  experimen¬ 
tal  data,  a  comprehensive  review  of  which  is 
given  In  CH,  The  deviations  from  the  normal 
distribution  are  described  by  functions 
In  (11).  The  skewness  A  and 
t'urtosls  r  of  the  PDF  have  the  form 

A-/s'^gd5=h"’/  5'^g‘”ds  =  2(l-m)h'' 
F--/s'‘gds-3  =  h"^'/  s^g'^’ds  (12) 

=  C6(l-m)+ 4^n''3h"=' 

'‘J  J 


The  values  of  O  and  O  are  the  functions  of 

1  T 

m,  which  are  found  from  consideration  of 
the  uniform  asymptotic  solution  of  (9)  on 
the  entire  semi-axis  C'O  Cn.Note  that  from 
this  asymptotic  solution  the  relationship 
between  intermi ttency  factor  y  and  parameter 
h  can  be  obtained  as  follows 


‘(l+O^)"'"' 


?xpC-h^'S  -  4-  )-S  3 
1  4m  r 


where  S  and  5  are  some  functions  of  m;  ex- 

J  V 

prosslons  for  S  and  S  are  Given  In  Cl  3. 

It  Is  follows  fro.m  (13)  that  the  diffe¬ 
rence  (l-^')  Is  exponentially  small  when  h<oo. 
Thereby,  the  assumption  made  when  obtairilnq 
the  asvmptotlc  expansion  ■.  1 1 )  has  been  pro¬ 
ved. 

Let  us  compare  the  theoretical  and  exps" 
rimental  values  of  the  skewness  and  kurto- 


sis.  Measurements  of  A  and  E  In  a  wake  were 


conducted  In  C23.  Obtained  in  these  tests 


were  the  values  A=-0.4,  E=0.1,  h=4.75.  The 

parameter  m=2.6  in  a  wake  C33.  From  (12)  and 
(13)  we  obtain  A=-0.5,  E=0.  13,  (l-h')a!lO 

It  can  be  concluded  that  tfie  calculated  va¬ 


lues  of  A  and  E  agree  well  with  measurements 
[23.  Direct  comparison  of  the  calculated  and 
measured  values  of  1 nterml ttency  factor  Is 
not  possible,  since  this  quantity  has  not 
yet  been  measured  with  the  requi "pd 
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accuracy. 

SOLUTION  ON  THR  SINGULAR  LINE  ?=<», 

Assumption  (6)  lies  at  the  basis  of  the 
investigation.  It  mav  be  shown  ill  that  the 
equ...Liwii  tor  ..tife  t-uiioi-iun  t  (t)  has  the  form 

Ca-bCU  =  0,  b= —  (14) 

00  ^  ccr  00  Ip 

where  a  is  3  positive  constant,  w  is  cons- 

00 

tant  in  the  asymptotic  behavior  of  function 
<0  when  ?-»oo. 

Gimple  analysis  shows  that  one  of  the  li¬ 
nearly  independent  solutions  of  equation 
(14'  increases  exponentially  when  C and, 
hence,  does  not  satisfy  the  boundary  condi¬ 
tion  (5)wtien  C=“>-  Therefore,  if  the  value  of 
parameter  is  specified,  t'len  the  solution 
of  the  boundar  v-val ue  problem  (14),,  (5) 

exists  only  for  specific  values  of  constant 
a.  The  condition  of  non-neqat i vi ty  of  f„  can 

CO 

by  satisfied  at  one  of  these  values. 

The  solution  of  (14)  is  obtained  numeri¬ 
cally.  It  is  shown  that  the  function  f„  dif- 
fers  noticeably  from  a  normal  distribution. 
The  calculated  values  of  skewness  and  t-urto- 
31 s  K-  the  turpulent  fluid  are  equal  to 
A  -0,801:  and  E  =0.694  respectively  for  u  =o. 

t-  OD 

NUME  ICAL  SOLUTION 

The  main  property  of  the  parabolic  equa¬ 
tion  (1),  as  shown  above,  is  that  both  di¬ 
rections  alonq  the  tlme-llke  variable  ?  are 
valid  in  one  and  the  same  e'xtent.  Therefore, 
the  main  requirement  of  the  numer'icai  method 
which  is  intended  for  the  solution  of  the 
formulated  boundar/  value  problem  is  for  the 
finite  difference  algorithm  to  br  correctly 
reflecting  this  circumstance.  Let  us  briefly 
explain  the  idea  of  the  method.  The  deriva¬ 
tive  with  respect  to  the  time-like  variable 
f  ii  replaced  by  the  following  difference 
operator:  when  A)0  the  backward  differences 
arc  used,  and  when  A-IO  the  forward  differen¬ 
ces  are  used.  The  first  and  the  second  deri¬ 
vatives  with  respect  to  C  are  replaced  by 
conventional  centr  al  — di  f  f  erertro  onerators. 
The  Integrals  of  function  f  appearing  In 

formulae  for  Z.V  and  fj  (2),  are  obtained  by 
o 

the  trapezoid  rule.  The  algorithm  is  first 
order  accurate  in  the  ^-direction  and  the 
second  order  accurate  in  the  C-dlrectlon. 

In  the  calculation,  instead  of  the  infi¬ 
nite  region  OH^'co,  OSt^'ce  the  rectangle 


0S?<f  .  05C<C  is  considered,  i.e.  boi  n- 

/na>{  fnax 

dary  conditions  at  f=<»  and  In  (8)  are 

transferred  to  lines  f=?  and  C=C  r-, 

liiax  iiiax 

pectively. 

The  nonlinear  system  of  finite-difference 
equations  are  solved  by  the  standard  relaxa¬ 
tion  method  commonly  applied  to  the  solution 
of  elliptical  equations. The  convergence  cri¬ 
terion  is  applied  to  the  ratio  defined  by 
c  =|f I  /  f  <•'’ 

1  J  *  t  ,1  1  .1  *  i  .1 

Iterations  are  stopping  when  supf*  )  is 

1  j 

less  than  a  preset  small  value  (equal  to 
10“'') . 

It  follows  from  the  calculation  that  the 
concentration  PDF  differs  a  little  from  the 
normal  distribution  in  the  entire  reqion 
where  the  Interml ttency  factor  is  closed  to 
1.  This  conclusion  agrees  well  with  the  data 
of  measurements  of  the  skewness  and  kurto- 
sls.  It  is  also  supported  by  direct  measure¬ 
ments  of  the  PDF. 

The  calculated  results  also  enable  to 
conclude  that  the  transformation  of  PDF  into 
the  asymptotic  function  f  it)  occurs  In  a 

OD 

fairly  narrow  region. 

CONCLUSIONS 

A  theory  tor  the  PDF  of  concentration  of 
the  dynamically  passive  contaminant  in  tree 
turbulent  shear  flows  is  developed.  A  hypo¬ 
thesis  of  a  statistical  independence  of  mac¬ 
ro-  and  mlcrocharacterlstics  in  turbulent 
flows  underlies  this  this  theory.  This  hypo¬ 
thesis  is  a  central  one  in  the  theory  of 
small-scale  turbulence,  pr  opw'Sed  by  Kolmogo¬ 
rov  and  Obukhov. 

It  IS  found  that  the  solution  of  the  equ¬ 
ation  for  the  concentration  PDF  which  is 
closed  using  the  above  hypothesis  is  .n  good 
agreement  with  experimental  data. 

It  follows  from  the  hypothesis  of  a  sta¬ 
tistical  independence  of  the  macro-  and  mi- 
crocharacterl sties  that  at  all  turbulent 
flows  the  interml ttency  coefficient  is  rigo¬ 
rously  less  than  a  unity.  It  is  found  that 
the  Intermittency  determines  the  structure 
of  solution  of  che  equation  fur  Lite  PDF  in 
all  flow  regions,  also  including  those  where 
It  was  considered  traditional ly  to  be  as  un¬ 
essential  . 

Mathematical  properties  of  the  equation 

for  the  concentration  PDF  are  investigated, 

and  it  is  shown  that  a  number  of  relations 
between  a  priori  unknown  functions  that  ap- 
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pear  when  the  closure  hypotheses  are  formu¬ 
lated  follows  from  the  resol vabi 1 i tv  condi¬ 
tion  of  the  boundary-value  problem.  Usinci 
numerical  calculations  it  is  found  that  in 
free  turbulent  flows,  in  full  compliance 
with  experimental  data,  the  concentration 
PDF  is  of  a  sufficiently  general  character! 
in  those  regions  where  the  Intermittency  is 
small  it  is  close  to  a  normal  one,  while  on 
the  edge  of  the  flow  where  the  intermittency 
IS  significant  it  differs  noticeably  from  a 
normal  distribution  but  it  is  also  universal 
and  is  governed  by  a  single  parameter,  vie. 
a  conditionally  averaged  concentration  in 
tlie  fully  turbulent  fluid.  The  region's 
wiath  where  occurs  a  PDF  reconstruction  from 
one  universal  find  to  another  is  rather 
smal  1  . 
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ABSTRACT 

The  sensitniti  of  the  velocity -clis.sipation-scalai  joint  pdf 
(probability  density  function)  model  to  laiiations  of  model 
constants  and  initial  conditions  is  iinestigated.  Using  the 
model  problem  ol  a  piloted  iion-preiii'.xed  turbulent  melhaiK 
llatiie,  a  reference  .solution  is  obtained,  and  shown  to  be  nu- 
iiienrally  ai curate.  The  initial  loiiditions  and  model  con¬ 
stants  are  then  varied,  and  the  solutions  of  these  altered  mod¬ 
els  are  compared  to  the  reference  .solution.  It  is  found  that  the 
velocity -dissipation-scalar  jpdf  model  is  relatively  insensitive 
to  initial  conditions,  but  somewhat  more  sensitive  to  vaiia- 
tions  in  the  model  constants.  .\  coiupaiisoii  of  model  results 
to  cxperiiiiental  data  shows  reasonable  agreement,  however 
there  is  some  uncertainty  about  the  most  appropiiate  foim  of 
the  modeled  soiirie  of  dissipation. 

INTRODUCTION 

Pdf  (probability  density  function)  methods  have  proved 
particularly  suitable  in  addressing  turbulent  combustion  piob- 
leriis,  as  the  important  proresse.^  of  convei  lion  and  rea<  tioii 
arc  treated  exactly.  One  aiea  of  current  work  with  these  mod¬ 
els  IS  the  problem  of  iion-premixed  turbulent  diffusion  flames 
exhibiting  local  extinction.  Comprehensive  experimental  data 
have  been  obtained  by  Masri  and  Bilger  (1986)  and  Masri. 
Bilger  and  Dibble  (19S8a,b,c)  for  such  a  flow,  allowing  the 
effect iveness  of  different  computational  schemes  to  be  evalu¬ 
ated. 

Chen,  Kollmaiin  and  Dibble  (1989)  used  a  hybrid  pdf- 
moment  closure  scheme  with  finite  rate  chemistry  to  investi¬ 
gate  this  piobicm.  In  their  model,  only  the  scalar  pdf  is  solved 
for,  velocity  being  computed  by  a  moment  closure  scheme. 
Masri  and  Pope  (1990)  studied  the  same  problem,  but  solved 
the  transport  equation  for  the  jpdf  of  velocity  and  compo¬ 
sition,  using  equilibrium  therinochemistry.  However  a  defi¬ 
ciency  of  this  method  is  that  the  model  contains  no  time  or 
length  scale  information  that  can  be  used  in  the  modeling 
of  processes  such  as  molecular  diffusion  and  dissipation.  To 
remedy  this  defect,  Pope  and  Chen  (1990)  developed  a  model 


based  on  the  joint  pdf  of  velocity,  dissipation  and  scalars.  By 
including  dissipation  in  the  model,  there  is  now  a  length  scale, 

A- '/■'/(c)  and  a  time  scale  k/{t),  where  k  is  the  turbulent  ki¬ 
netic  energy  and  (c)  is  the  mean  dissipation  rate.  This  model 
has  been  extended  to  inhomogeneous  flows  by  Pope  (199 la). 

The  purpose  of  this  paper  is  to  apply  the  velocity-dissipation- 
scalar  pdf  model  to  the  problem  of  the  piloted  methane  flame 
and  to  inve.sligate  the  sensitivity  of  the  model  to  changes  in 
initial  conditions  and  model  constants.  Phis  provides  a  tuse- 
fiil  guide  to  future  model  refinement  and  indicates  that  Ibis 
.scheme  is  suitable  for  application  to  the  piloted  jet  flame  prob¬ 
lem. 

To  achieve  the  objective  we  first  establish  a  refeicnce  solu¬ 
tion  using  simple  modeling  assumptions  and  model  constants 
taken  from  Pope  (1991a)  riien  model  constants  and  initial 
conditions  are  systematically  varied  and  the  solution  of  the 
adjusted  model  is  compared  to  the  reference  sohuion.  Dur¬ 
ing  this  process,  no  attempt  is  made  to  fit  the  solution  to 
the  experiinentnl  data.  Due  to  many  simplifying  a,ssuinptiotis 
adopted  for  this  jiarticular  problem,  we  do  'lol  expect  close 
agreement  with  experimental  data. 

VELOCITY-DISSIPATION-SCALAR  MODEL 

In  this  sec  tion  we  present  an  outlineof  the  velocity-clissiiiation- 
scalar  model.  Por  a  more  comprehensive  description,  we  refeu 
the  rcacIcT  to  Pope  (1985),  Pope  and  Chcui  (1990)  and  Pope 
(1991a,b). 

Due  to  the  variable  density  in  the  flame,  it  is  convemeiit  to 
consider  density-weighted  mean  quantities.  Such  ciiiantilies 
arc  denoted  by  a  tilde  or  a  subscrijit  p.  For  example  the 
density-weighted  mean  axial  velocity  is  calculated  as  I'  = 

=  {Up)l{p),  where  p  is  the  density  and  (  )  is  used  to 
denote  a  mean  quantity. 

The  derivation  of  the  jpdf  transport  equation  is  obtained 
from  stochastic  models  of  velocity  and  dissipation,  viewc-d  in 
a  Lagrangian  reference  frame.  Tlicse  '  agrangian  c|uanlilie.s 
are  denotc-d  by  an  asterisk,  so  the  Lagrangian  velocity  and 
dissipation  are  denoted  by  V‘  and  c'  resiiectivcdy. 
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We  define  the  relaxation  rate  u)  as 


w  =  e/A',  (1) 

where  t  is  the  dissipation  and  k  is  the  turbulent  kinetic  en¬ 
ergy.  The  hct  is  used  to  denote  a  p  and  ui  weighted  mean,  for 
example  A-  =  ^{u,u,up)/{icp),  where  u,  =  (/;  -  U,.  This  quan 
tity  can  also  be  denoted  by  a  subscript  p^'-.  i.e.  (A:)^.  The 
use  of  k  ratlier  than  k  -s  to  improve  the  model  performance 
in  regions  of  intermittent  turbulence  and  is  discussed  by  Pope 
(1991a). 

On  dimensional  grounds,  it  is  more  convenient  to  solve  for 
u;  rather  than  t  (Pope  1991a)  and  thus  the  evolution  of  the 
Lagrangian  quantity  u'  is  modeled  as 

duj  =  ~uj  T  C\fl)  T 

+u;'(26\dKr^)‘/^(/lV.-  (2) 


We  now  write  the  evolution  equation  for  the  density-weighted, 
one  point  Eulerian  jpdf  of  £/,,  ai  and  i  ,  /,  corresponding  to  the 
stochastic  models  of  w  Eq.(2),  (/,  £q.(5)  and  ^  Eq.(8).  With 
K,  6  and  <p  being  the  sample  space  variables  corresponding 
to  {/,,  01  and  ^  respectively,  standard  techniques  (Pope  1985) 
give 


dl 


'  dxt  p  dx,  dV, 


dV. 


(/A(n.)) 


(!>) 


where  D,(v,)  is  Eq.(6)  with  u*  replaced  by  n*  =  —  (/,  and 

Q{0)  is  Eq.(3)  with  oi"  replaced  by  9. 


wheie 

n  =  ii,()(4)-(!fii,(^))^.  (3) 

<jJ  ilJ 

in  the  first  term  of  Eq.(2),  Pope  (1991a)  gives  =  1.6  and 
=  C^i  5i;5,j/o.’^  -  C,jj,  where  5,j  is  the  mean  rate  of  strain, 
C.„i  =  0  01  and  Cu,2  =  0.9.  In  the  second  term,  h  is  defined 
as 

h  =  Cwj(l  -  l‘i/i  ^  l‘t/M 

A=  0,  I'l/j  >  l‘i/2Ci  (1) 

where  /q/j  =  (oi‘^^),/(w)y^  /q/jc  =  exp(-iTVS)i  =  l-O 
and  =  1.0.  In  the  third  term,  dlV'  is  a  Wiener  process, 
with  the  properties  (diT)  =  0  and  (dWdW)  =  dt. 

The  stochastic  model  for  the  velocity  following  a  fluid  par¬ 
ticle  IS 

di:;  =  --^dt  +  0,dl  +  {Co'kuJ-y'UW,,  (5) 

p  dx, 

where' 

D,  =  -(- + -Co)ui(^)u[  + 

--^CQ{{t)A~'{u)'u]  -  (uiiq),)  -  (6) 

II, ■  =  U'  -  U,;  A,j  IS  the  normalized  Ileynolds  stress  tensor. 


MODEL  PROBLEM 

The  model  problem  used  in  this  paper  is  the  piloted  methane 
flame  of  Masri  and  Bilger  (1986).  It  consists  of  a  central  jet 
of  methane,  radius  R  =  3.6mm,  surrounded  by  an  annular  pi¬ 
lot  flame,  width  5.4miii,  of  stoichiometric  composition.  This 
flame  is  situated  in  a  uniform  coflow  of  air.  The  flow  velocities 
chosen  are  27.0  m/s  bulk  flow  for  the  methane  jet,  24.0  m/s 
for  the  pilot  and  15.0  m/s  for  the  coflow.  These  correspond 
to  the  K  flame  in  Masri  and  Bilger  (1986).  This  set  of  flow 
conditions  is  chosen  as  it  shows  the  least  local  extinction,  and 
so  an  equilibrium  assumption  for  the  thermochemistry  can  be 
jiKstified.  With  such  an  assumption,  all  tliermochernical  quan¬ 
tities  can  !)<•  represented  by  functions  of  f  Density,  p,  is  given 
as  a  piecewise  function  of 

p  +  CO) 

■=  T^(^-7f)  +  ir’  Cl) 

where  pj  =  0.65,  p,  =  0.14  and  pc  =  1.20,  referring  to  the  jet,- 
stoichioinetric  and  coflow  initial  densities  respectively.  is 
the  stoichiometric  mixture  fraction  and  is  given  the  value  of 
0.055,  toi  responding  to  that  of  niethaiie. 


/I.;  =  3(ii,u;)/(u(ii();  (7)  SOLUTION  PROCEDURE 


and  A,j  and  A,,  are  the  p  and  pw  weighted  conterparts  of  A,,. 
The  constant  Co  is  given  as  3.5.  and  we  set  =  0  as  in 


Popc(!991c 


isotropic  Wiener  process. 


independent  of  that  in  Eq.(2). 

A  stochastic  model  for  a  passive  scalai  is  also  needed.  We 
adopt  the  simple  relaxation  model  of  Dopa/o  (1975)  which 
gives  the  evolution  of  a  scalar  ^  as 


dV 

If  = 


a 


(8) 


where  C(  =  2.0. 


We  assume  that  the  flow  is  statistically  axisyminetric  and 
stationary,  allowing  us  to  solve  Eq.(9)  by  a  parabolic  Monte 
Carlo  scheme,  which  marches  in  the  axial  (x)  direction.  At 
each  axial  station,  /  is  represented  by  a  large  number  cf  fluid 
particles,  with  each  particle  having  a  radial  position,  (r),  a 
velocity  vector,  dissipation  and  scalar  value.  The  number  of 
fluid  pe.  tides,  N  is  taken  to  be  80,000  to  yield  small  statis¬ 
tical  error,  while  still  providing  reasonable  CPU  times.  The 
width  of  the  solution  domain  expands  to  encompass  the  evolv¬ 
ing  radial  profiles,  and  the  length  is  restricted  to  100  jet  radii 
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from  the  jot  exit.  Profiles  of  mean  quantities  are  obtained 
by  the  method  of  cross- validated  least  squares  cubic  splines 
(Pope  and  Gadh  1988).  Forty  eight  equidistant  basis  func¬ 
tions  are  used  to  represent  these  splines.  A  variable  step  size, 
based  on  the  profile  spreading  rate  is  used,  and  the  scheme 
takes  approximately  150  steps  to  reach  x/R  =  100.  Computa- 
tion.s  were  performed  on  an  IBM  .10908.  with  each  run  taking 
approximately  20  minutes  CPU  time. 


INITIAL  AND  BOUNDARY  CONDITIONS 

.•\t  the  jet  exit  plane,  mean  profiles  of  velocity  and  mixture 
fraction  are  .siiedfied,  in  the  same  iiianncr  as  those  for  the  K 
flame  in  Masri  and  Pope  (1990).  llie  riiis  velocity  profiles 
however,  differ  slightly  from  those  of  Masri  and  Pope  (1990), 
being  exponential  fits  to  data  from  llni/,e  (1975)  for  turbulent 
pipe  flow  and  boundary  layers  The  covariaiuc  (nn)  is  given 
b\  (lie)  =  (''„„((ii^)(i'^))‘^L  with  the  constant  Cu,  =  O.-l.  as 
suggested  b\  Tennekes  and  Lumley(1972).  Mixture  fraction  £ 
IS  given  as  1.0  in  the  methane  jet,  =  0.055  m  the  pilot  ainl 
0,0  in  the  coflovv. 

We  assume  here,.  a,s  in  Masri  and  Pope(1990),  that  the 
mean  turbulent  freqiicncv  d,'  is  imtialy  uniform  across  the  cen¬ 
ter  of  the  flow  and  we  adopt  the  value  of  d  =  8.0  for  the  jet 
and  pilot  flow,  consistent  with  the  value  used  bv  Masri  and 
Pope(1990)  However  we  expect  that  at  a  large  radial  dis¬ 
tance  from  the  axis  of  the  jet.  the  value  of  d  will  be  zero, 
corresponding  to  non-turbuicnt  flow  Cakulatiug  d  fioiii  the 
dissipation  and  kinetic  energy  profiles  of  the  boundary  layer, 
given  in  lliiizc(1975),  results  in  a  (irofile  that  decays  as  the 
distatice  from  the  surface  incretises.  This  piofile  is  used  for 
the  d  profile  in  the  coflovv 

The  distribution  ot  a,/d  is  lognonnal,  with  the  variance  of 
fii(u.7d)  being  unity  (consistent  with  =  1.0). 

I'lgures  1  and  2  how  the  initial  profilc.s  used  in  the  cal¬ 
culations.  Boundary  conditions  are  implied  by  the  the  coflovv 
profiles.  For  r/ll  >  7,  the  turbulent  flow  quantities  are  ap¬ 
proximately  z.ero.  with  other  <iuantities  approximately  con¬ 
stant 

STANDARD  RESULT 

In  this  section,  we  present  a  standard  solution  that  is  com¬ 
pared  to  other  solutions  in  which  the  model  constants  or  initial 
conditions  have  been  varied.  We  also  estimate  the  accuracy 
of  the  solution. 

'faking  the  model  constants  as  given  by  Pope  (1990a)  and 
initial  conditions  as  described  above,  we  performed  M  =  10 
luns.  identical  except  for  the  random  number  sequence.  FToni 
these  runs  we  evaluate  a  set  of  mean  profiles,  (p(r)),  given  by 

I  M 

(!’(’'))  =  JifYiM’-),  (12) 


r/R 

l•'lgllre  1.  Initial  profiles  of  U,  and  d 


Figure  2  Initial  profiles  of  u",  n  and  le 

where  ;i,(r)  is  the  i-th  sample  profile  at  radial  position  r.  I'lie 
99  iiercent  confidence  interval  for  these  inofiles  can  be  approx¬ 
imated  by 

f  =  3l^~i:(p.(r)-(p(r)))^]'/^'.  (Id, 

Figure  3  shows  the  crossflow  profiles  at  x/H  =  100  of:  the 
m<-aii  axial  velocity,  fU  the  mean  relaxation  rate  di  and  the 
nns  of  the  fluctuating  axial  velocity,  denoted  as  ii'  = 

Figure  4.  shows  the  mean  scalar  profile  $  and  the  nns  of 
the  scalar  component,  denoted  as  at  the  same  streainwise 
location. 

The  size  of  the  error  bars  in  both  F'igs  3  and  ■!  shows  that 
an  accurate  solution  is  being  obtained,  even  for  the  higher 
order  moments.  The  experimental  data  of  Mcasri  and  Bilger 
(1986)  is  also  included  as  a  comparison  A  discussion  of  the 
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compdn&cii  between  expenmeutai  and  calculated  profiles  is 
defeirei!  to  tin'  end  of  this  papei 


t  I _ ■  I  '  ,  I  ,  I  . _  >  .  _ _ , _ L__J _ _ _ I 

0  2  i  6  y  *13  T  *6  *8 


r/R 

Figure  3.  Standard  profiles  of  [  \  i/  and  J,'.  Open  syir.bois  are 
e\periinental  data  of  Masn  and  Iblgei  {198()). 
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Figure  t.  Standard  jiroliles  of  f  and  (,  Open  symbols  are 
cxjx’nmenlal  data  of  Masri  and  Bilger  (1986) 


VARIAliON  OF  MODEL  CONSTANTS 

The  first  constant  varied  is  the  mixing  model  parameter 
Q.  Figure  5  shows  the  $  and  profiles  at  x/Fl  =  100  for  Q  = 
1  and  1.  It  IS  seen  that  an  increase  in  Q  results  in  an  increase 
in  the  f  profile,  while  the  corresponding  ('  profile  decreases. 
The  effect  on  the  U,  u'  and  w  profile.s  is  neglegible. 

Next  we  vary  Co  and  C^.  Pope  and  Chen  (1990)  showed 
tliat  these  two  constants  are  approximately  linearly  dependent 
for  a  fixed  value  of  and  integral  time  scale  ratio  of  velocity 
and  In  w.  We  use  two  values  for  these  constants,  Co  =  2.0  and 


5.0,  corresponding  to  C^  =  1.0  and  2.2  respectively.  In  Fig.  G 
we  show  the  mean  C  and  (  profile.s  at  x/K  =  100.  as  well  as  the 
standard  case  data.  The  trend  to  a  reduction  in  piofilc  width 
with  increased  values  of  the  constant  agrees  with  the  trend 
observed  in  Chen  and  Pope  (1990).  The  profiles  of  if,  4  and 
(j  show  negligible  change  to  variations  of  lliese  constants,  d  ll' 
value  of  Cy  is  also  varied  while  holding  Co  constaiit,  and  the 
results  display  negligible  variation  from  the  standard  result,- 
indieating  that  the  important  constant  in  this  group  is  Cy. 

Pope  (1991a)  obtained  the  value  of  C^i  =  0.01  bv  con¬ 
sidering  tile  case  of  a  turbulent  boundary  layer  and  adjusting 
fLi  .so  the  model  yielded  the  von  Karmaii  constant.  How¬ 
ever  a  dilTorenl  value  of  C^i  =  0.09  is  required  if  me  model 
IS  to  be  consistent  with  the  k-c  model.  Figure  7  shows  the  (  ’ 
and  (  profiles  at  x/R  =  100  for  C^i  =  0.090  and  O.OGl.  We 
observe  that  the  magnitude  of  the  U  and  4  profiles  increases 
with  larger  values  of  C„i  The  profile  of  ib  shows  the  same  soi  I 
of  response,  while  the  profiles  of  u  and  (  remain  relati.eiy 
uiii  li.v'ged 


Figur<-  .5  Profiles  of  (  and  C  resulting  from  variation  of 

The  final  (oiislaiit  varied  is  a'K  Pojie  and  Chen  (1990) 
showed  that  experimental  data  indicate  that  <7^  had  a  weak 
Reynolds  iiuinbcr  depeiidciiee.  and  used  the  value  =  1.0. 
corresponding  to  a  Reynolds  number  based  on  the  fayloi 
length  scale  of  110.  Figure  8  shows  profiles  of  ('  and  4  fo' 
cr^  equal  to  0.5  and  1.5.  It  is  seen  that  an  increase  in  cr^  re¬ 
sults  in  a  taller,  narrower  profile  for  both  f '  and  (.  The  same 
response  occurs  for  u>,  while  u  and  4  show  little  variation. 

The  rcinaming  constants,  CLj  and  CCi  were  not  varied. 
C„2  is  obtained  from  grid  turbulence  results  and  can  be  con- 
sidered  fixed  and  the  value  of  0^.1  has  been  shown  by  Pope 
(1991a)  to  have  a  negligible  efibet  on  the  .solution. 
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I'lgiiK'  6  Profili'S  of  /■  and  f  rcsulliiig  from  vanatioii  of  To 
and  C, 


r/i. 

Pignro  7  t'rof.lrs  of  f  and  (,  rcsrdting  from  variation  of 

VARIATION  OF  INITIAL  CONDITIONS 

riiroc  mam  classes  of  initial  ( ondition  are  varied:  I  lie  deii- 
sity/velocity  profiles,  the  tiirhuleiice  quantities,  and  the  dis¬ 
sipation  profiles. 

Figure  9  shows  the  U  and  ^  profiles  at  x/It  =  100  that 
re.sult  from  the  variation  of  the  stoichiometric  density  and  a 
corresponding  change  in  the  pilot  jet  velocity  to  maintaiii  the 
same  momentum  flow  rate  lioih  the  width  and  the  magni¬ 
tude  of  the  profiles  is  seen  to  increase  with  a  lower  value  of 
i,,  and  to  a  lesser  extent  this  trend  extends  to  the  profile-s  of 
u,  C  and  li'. 

The  initial  veio>.ity  rrns  profiles  of  u,  v  and  w'  are  varied 
in  the  following  way:  u  ,  which  is  an  experimentally  detei- 
mined  quantity  is  not  changed.  The  two  other  coinponents 
are  given  the  value  of  for  one  run,  and  emial  to  «'  for 


r/H 


I'igiirc  8.  Fiofilcs  of  /'  and  f  result iiig  from  variation  of 


Figure  9.  Fmfilc-s  of  ft  and  f  reselling  from  vaiiation  of 
and  axial  pilot  velocity. 

the  other.  The  latter  specirication  corresponds  to  the  pioliles 
used  by  Masri  and  Pojie  (1990).  What  is  found  is  that,  at 
x/!{  =  100,  theie  is  negligible  diireience  between  the  piofiles, 
suggesting  the  initial  profile  of  luibulent  (|uantilies  is  not  ciil- 
ical. 

Fiiialy  we  vary  the  initial  profile  of  (w).  The  two  cases 
considered  arc  w  equal  to  half  the  standard  wuse  profile,  and 
equal  to  twice  the  standard  ca.se  profile.  Dcsjiile  the  iii.ig 
nitude  of  the  change  in  the  initial  Cj  profile,  the  results  at  x/11 
=  100  show  little  variation  between  the  profiles.  I■'lgure  10 
shows  the  axial  value  of  w  <igainst  axial  location  for  the  stan¬ 
dard  ca,sc  and  the  two  variants.  It  can  be  ,si‘c-n  that  the  values 
cpiickly  relax  to  an  almost  identical  tune  history. 

The  initial  profiles  of  U  and  (,  are  not  varied  as  these-  weie 
measured  experimentally. 
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F'lguro  10.  I'A'olution  of  ceiitcriineu;  for  '■ariatioii  in  initial  tj: 

The  rosullb  of  this  section  sliovv  that  the  sensitivity  of  the 
solution  to  changes  m  initial  romhtions  is  small.  The  lack  of 
sensitivity  to  initial  profiles  of  ii’,  r  ,  le  ami  Cj  is  reassuring 
as  often  these  quantities  are  clifllfult  to  specify  accurately. 
The  variation  of  U  profiles  with  density  variation  is  just  a 
reflection  of  the  effect  of  reaction  on  the  flow,  and  a.s  density 
IS  relatively  ea.sy  to  determine  is  of  no  cause  for  concern 

COMPARISON  WITH  EXPERIMENTAL  DATA 

While  the  agreement  between  the  experiiriental  data  and 
computed  profiles  iii  Figs  .'J  and  1  is  disappointing,  there  are 
s<  .eral  mitigating  factors  to  be  considered 

The  a.xial  location  of  x/H  =  100  was  chosen  to  einplia.si/e 
the  difference  between  profiles  obtained  with  different  model 
constants  and  initial  conditions.  I'he  area  of  interest  in  this 
flow  IS  at  x/H  =  10.  wdiere  cheinical/turbulence  interactions 
are  causing  local  extinction  (  Ma.sri  and  Pope  1090  )  /Xt  this 
location  the  agreement  between  our  calculated  iirofiies  and 
the  experimental  data  is  good  We  should  also  empha,si7e 
that  the  ability  of  the  model  to  duplicate  experimental  re.siilt.s 
IS  no  worse  than  that  of  other  schemes.  The  agreenent  of 
calc-.ia'ed  profiles  to  experimental  data  of  Ma.sii  and  Pope 
(1991/1  a*  x/K  =4  100  shows  similar  magnitudes  of  error  as  our 
ic'siiits.  Th"  results  of  Chen,  Kollmann  and  Dibble  (1989) 
-Imw  r,-latively  good  agreement  at  x/r  =  100,  but  exhibit  a 
poor  match  closer  to  the  jet.  despite  the  benefit  of  finite-rate 
thermochemistry  employed  in  their  scheme. 

There  are  also  several  differences  between  the  model  condi¬ 
tions  and  the  experimental  conditions  that  could  cause  such 
a  lack  of  agreement  in  results.  In  the  experiment  the  pilot 
is  composed  of  acetylene,  hydrogen  and  air,  made  up  so  the 
atom  balance  is  the  same  as  for  a  stoichiometric  methane-air 


:  1- 


■1  > - - - ^ - - - - - ' - ' - - - 1 - ‘ - ' - ^ - - - ' - ' - V_. - ! - 

Iv'  '  ^  X  4  C  >  '  3  C 

r/R 

Figure  11.  Profiles  of  0  and  ^  for  =  0.065.  Open  symbols 
are  e.xpcrimental  data  of  Masri  and  Bilger  (1986). 

flame.  This  results  in  a  large  entlialpy  excess  at  the  pilot, 
which  cannot  be  modeled  by  a  single  scalar  equilibrium  ther¬ 
mochemical  model.  In  addition  the  experiiiicntal  data  do  ex¬ 
hibit  soRiC  local  extinction  for  this  flame,  which  is  not  treated 
by  our  chemical  model 

I  he  uncertainty  in  the  value  of  C^i  suggests  that  the 
model  for  dissipation  pioduction,  S^,  may  be  at  fault.  Figure 
1 1  shows  experimental  data  plotted  against  profiles  of  ('  and 
(  generated  by  the  model  with  C^i  =  0.065  Tlie  agreement 
with  experiment  is  seen  to  be  superior  to  that  shown  in  Figs. 
3  and  4.  Pope  (1991a)  indicated  that  the  expression  for 
was  tentative,  and  the  present  results  support  this  argument 


CONCLUSION 

We  have  deiiionslrated  that  the  velocity -dissipation-scalar 
pdf  model  can  produce  accurate  solutions  for  the  piioted  non- 
liremi.xcd  turbulent  melliane  flame  problem.  ’Ay  varying  the 
model  constants  we  have  shown  that  the  scheme  is  sensitive 
to  the  choice  of  a  few  constants  However  this  sensitivity  is 
restricted  to  changes  in  the  mean  axial  velocity  and  mean 
scalar  profiles:  rms  quantities  being  relativly  unaffected.  The 
effect  on  the  model  due  to  choice  of  initial  conditions  has 
been  shown  to  be  small,  justifying  the  use  of  approximate 
initial  profiles  for  certain  quantities  A  comparison  of  exper- 
iivieiiial  data  to  solution  profiles,  suggests  that  the  model  for 
dissipation  production  needs  to  be  adjusted,  to  improve  the 
performance  of  the  model.  Future  work  will  focus  on  improv¬ 
ing  the  dissipation  production  term,  and  the  inclusion  of  finite 
rate  thcimochemistry. 
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ABSTRACT 

In  previous  studies  the  mass  fractions  of  OH  and  H2 
measured  in  turbulent  methane  jet  flames  near  extinction  were 
significantly  higher  than  those  measured  in  laminar  flames  and 
predicted  by  steady  strained  laminar  flame  calculations.  The 
present  work  investigates  fiames  over  a  range  of  Reynolds 
numbers  (laminar,  transitional,  and  turbulent)  to  determine 
when  the  measured  chemical  states  begin  to  deviate  from  the 
laminar  flame  conditions.  Simultaneous  point  measurements  of 
temperature,  major  species  concentration,  and  the  hydroxyl 
radical  concentration  are  obtained  in  nonpremixed  jet  flames  of 
air-diluted  methane.  Results  suggest  a  gradual  increase  in 
OH  mass  fractions  through  transition  from  laminar  to  turbulent 
conditions.  Conditional  pdfs  show  no  further  increase  in  OH 
mass  fractions  as  the  turbulent  flame  is  pushed  closer  to 
extinction,  so  that  the  elevated  OH  mass  fractions  cannot  be 
attributed  to  extinguishing  and  reigmting  samples.  Possible 
mechanisms  for  the  observed  effect  of  turbulence  on  chemical 
states  in  these  flames  are  discussed. 

INTRODUCTION 

In  recent  years,  it  has  become  increasingly  recognized 
that  finite  rate  chemical  kinetics  can  have  significant  effects  on 
the  su-ucture  of  turbulent  nonpremixed  flames.  Modelers  of 
turbulent  flames,  making  use  of  expanding  computational 
capabilities,  have  incorporated  chemical  submodels  with 
increasing  detail  and  complexity  in  attempts  to  accurately 
account  for  the  effects  of  finite  rate  chemistry.  Pope  (1990) 
has  reviewed  recent  progress  in  the  computation  of  turbulent 
reacting  flows.  Some  modelers,  such  as  Haworth  et  al.  (1989) 
and  Rogg  et  al.  (1989)  have  made  use  of  libraries  of  strained 
laminar  flame  calculations  based  on  detailed  reaction 
mechanisms.  An  alternative  approach  taken  by  Peters  &  Kee 
(1987),  Chen  &  Dibble  (1991a),  Chen  (1991),  Bilger  et  al. 
(1991),  and  others  has  been  to  develop  reduced  mechanisms, 
which  include  only  three  to  five  composite  reactions  that 
preserve  the  important  chemical  kinetic  features  of  detailed 
reaction  mechanisms.  These  reduced  mechanisms  are  then 
incorporated  into  Monte  Carlo  or  pdf  simulations  of  turbulent 
fl.imcs,  such  as  those  by  Chen  (1991)  and  Chen  et  al.  (1991). 

There  has  been  some  debate  as  to  the  applicability  of 
the  fiamelet  model  to  turbulent  nonpremixed  combustion. 
Peters  (1988)  argues  that  the  fiamelet  approach  is  valid  for 
many  turbulent  flames  of  practical  importance.  Bilger  (1989), 
on  the  other  hand,  argues  that  the  width  of  reaction  zones  in 
turbulent  flames  is  often  broader  than  the  smallest  scales  of 
turbulent  mixing,  sucli  that  reaction  occurs  in  distributed  zones 
that  may  be  affected  by  internal  turbulence  structure.  Previous 
experiments  at  Sandia  (StSmer  et  al.,  1990a,b  and  Barlow  et 
al, ,1990a,  1991)  have  shown  that  the  measured  concentrations 
of  OH  and  H2  in  turbulent  flames  of  air-diluted  methane, 
nitrogen-diluted  methane,  and  undiluted  methane  are 
significantly  higher  than  predicted  by  steady  strained  laminar 
flame  calculations.  These  previous  experiments  were 
conducted  using  the  piloted  burner  developed  at  Sydney 
University  by  StSrner  &  Bilger  (1985),  and  all  of  the  cases 


considered  were  highly  strained  turbulent  flames  that  were 
approaching  the  blowoff  cond'»'on  and  exhibited  local 
extinction.  Subsequently,  OH  concer  ration  profiles  were 
measured  by  Barlow  &  Collignon  (1991)  in  laminar  opposed- 
flow  (Tsuji-type)  diffusion  flames  and  in  laminar  jet  flames 
using  the  same  OH  fluorescence  excitation/dctection  strategy 
as  in  the  turbulent  flame  experiments.  Results  showed  good 
agreement  between  measurements  and  laminar  flame 
calculations  of  the  maximum  OH  concentration. 

The  present  experiment  was  conducted  to  determine 
where,  within  the  regime  between  laminar  low-strain-rate 
flames  and  turbulent  flames  near  extinction,  the  measured 
mass  fractions  of  OH  begin  to  exceed  the  range  of  mass 
fractions  predicted  by  steady  strained  laminar  flame 
calculations.  Four  jet  flames  of  air-diluted  methane  are 
investigated.  The  Reynolds  number  based  on  fuel  nozzle  exit 
conditions  is  varied  from  Re=  1,770  (laminar  flame,  low  strain 
rate)  to  Re=20.700  (highly  strained  turbulent  flame  exhibiting 
local  extinction).  Simultaneous  point  measurements  of  major 
species  concentrations,  temperature,  and  the  hydroxyl  radical 
concentration  are  obtained  using  a  combination  of  spontaneous 
Raman  scattering,  Rayleigh  scattering,  and  laser-induced 
fluorescence  (LIF), 

Results  suggest  that  OH  mass  fractions  increase 
gradually  through  transition.  High  OH  mass  fractions  are 
attained  at  a  Reynolds  number  well  below  that  which  causes 
local  extinction,  indicating  that  the  ‘super-flamelet’  OH  is  not 
associated  with  the  local  cxtinction/reignition  process  and  is 
due  to  changes  in  the  structure  of  the  reaction  zone  caused  by 
turbulence.  Possible  mechanisms  for  the  observed  influence  of 
turbulence  on  the  distribution  of  chemical  states  in  these 
methane  flames  are  discussed  below. 

EXPERIMENTAL  METHODS 
Facility  and  Laser  Diagnostics 

The  flow  facility,  piloted  burner,  and  diagnostic 
techniques  used  here  have  been  described  in  detail  by  Barlow 
et  al.  (1989,  1990b)  and  StSrner  et  al.  (1990a,b).  The 
axisymmetric  burner  is  mounted  just  above  the  contraction 
section  of  a  vertical  wind  tunnel  that  supplies  coflowing  dr  at 
low  turbulence  intensity.  The  wind  tunnel  assembly,  including 
the  burner,  is  mounted  on  a  stepper-motor-controlled  three- 
dimensional  traversing  mechanism,  which  allows  the  flame  to 
be  positioned  relative  to  the  fixed  optical  diagnostic  system. 

The  piloted  burner  consists  of  a  central  fuel  tube  of 
diameter  D=7.2  mm  surrounded  by  a  premixed  pilot  that 
extends  to  an  18  mm  diameter.  The  pilot  flame  serves  to 
anchor  the  main  jet  flame  in  the  transitional  and  turbulent 
cases,  preventing  liftoff  from  the  nozzle.  Measurements  are 
obtained  above  the  pilot  flame  at  a  distance  of  20  nozzle 
diameters  from  the  burner. 

Spontaneous  Raman  scattering  is  used  to  measure  the 
concentrations  of  N2,  O2,  CH4,  CO,  CO2,  H2,  and  H2O. 
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Temperature  is  determined  from  the  Rayleigh  scattering  signal 
and  a  species-weighted  Rayleigh  scattenng  cross  section 
based  on  the  Raman  measurements.  Both  the  Raman  and 
Rayleigh  measurements  are  performed  using  the  beam  from 
the  Combustion  Research  Facility's  flashlamp-pumped  dye 
laser  (532  nm,  2.5  ps,,  1  i/pulse).  A  spherical  return  mirror 
doubles  the  laser  energy  in  the  probe  volume.  The  laser  probe 
volume  is  approximately  0.7  mm  in  diameter  by  1.0  mm  in 
length  along  the  laser  beam. 

OH  concentration  measurements  are  obtained  using 
linear  laser-induced  fluorescence.  The  doubled  output  of  a 
NdiYAG-pumped  dye  laser  is  tuned  to  the  821(8)  (0,0) 
transition  of  OH,  and  this  ultraviolet  laser  beam  is  combined 
onto  the  axis  of  the  Raman  laser  beam  using  a  dichroic  mirror. 
The  LIF  probe  volume  coincides  with  the  Raman/Rayleigh 
probe  volume  and  has  dimensions  of  0.5x0.7xl.0  mm.  (The 
laser  beam  has  an  elliptical  cross  section.)  The  smallest 
dimension  is  in  the  radial  direction  relative  to  the  axis  of  the  jet 
flames.  The  time  delay  of  3.5  ps  between  the  LIF  and  Raman 
laser  pulses  is  small  compared  to  the  fluid-dynamic  and 
chemical  time  scales  in  the  flames  of  interest.  Thus,  the 
measurements  may  be  treated  as  simultaneous.  OH 
measurements  arc  referenced  to  the  conditions  over  a 
calibration  burner,  where  the  OH  concentration  has  been 
measured  by  absorption. 

The  Raman/Rayleigh  data  for  temperature  and  major 
species  concentrations  can  be  used,  as  described  by  Barlow  et 
al.  (1991),  to  correct  the  linear  OH  fluorescence  signals  for 
shot-to-shot  variations  in  the  collisional  quenching  rate  and 
the  ground  state  population  fraction.  The  effect  of  these 
quenching  and  population  corrections  on  the  measured  OH 
mass  fracdons  in  methane-air  flames  at  atmospheric  pressure 
has  been  analyzed  by  Barlow  &  Colligr.on  (1991),  based  on 
collisional  quenching  cross  sections  provided  by  Garland  and 
Crosley  (1988).  In  laminar  flames  at  low  and  intermediate 
strain  rates  the  corrections  for  quenching  and  Boltzmann 
fraction  tend  to  offset  one  another,  such  that  the  net  change  in 
OH  mass  fraction  is  only  a  few  percent.  As  the  strain  rate 
approaches  the  extincdon  limit,  the  calculated  quenching  rate 
increases,  and  the  net  effect  of  the  correcdons  on  the  OH  mass 
fraction  approaches  20  percent.  However,  recent 
measurements  by  Jeffries  et  al.  (1988)  and  modeling  of 
collisional  quenching  cross  sections  by  Paul  et  al.  (1991) 
suggest  that  the  Garland  &  Crosley  model  overpredicts  the 
temperature  dependence  of  the  cross  sections  at  flame 
temperatures.  Thus,  the  net  corrections  for  quenching  and 
Boltzmann  fraction  are  expected  to  be  small  even  in  highly 
strained  methane  flames.  Because  there  is  uncertainty  due  to 
shot  noise  in  the  experimental  measurements  of  temperature 
and  major  species  concentrations,  the  application  of  corrections 
to  the  OH  fluorescence  data  in  these  methane  flames 
increases  the  standard  deviation  in  the  OH  mass  fractions, 
even  when  the  average  mass  fraction  is  unchanged.  For  these 
reasons,  the  OH  mass  fractions  presented  in  this  paper  are 
uncorrected  values  Inclusion  of  the  quenching  and  population 
corrections  would  increase  the  OH  mass  fractions  in  the 
turbulent  flaii.es  by  a  few  percent,  pushing  them  further  from 
the  laminar  flame  results.  Therefore,  application  of  the 
corrections  would  not  alter  the  conclusions  of  this  paper. 

Flow  Conditions  and  Flame  Descriptions 

Four  flames  arc  investigated,  with  flow  conditions 
summarized  in  Table  1.  In  all  cases  the  central  jet  fluid  is  a 
mixture  of  25  percent  CH4  and  75  percent  air,  by  volume.  Air- 
diluted  methane  has  two  useful  characteristics  from  an 
experimental  perspective.  First,  it  has  a  higher  extinction  limit 
than  undiluted  methane  or  nitrogen-diluted  methane. 
Consequently,  laminar  flames  are  easier  to  stabilize,  and  the 
piloted  flames  can  be  pushed  to  relatively  high  Reynolds 
numbers  before  local  extinction  and  blowoff  occur.  This  means 
that  changes  in  the  measured  chemical  states  due  to  the 
influence  of  turbulence  on  reaction  zone  structure  can  be 


separated  from  changes  resulting  from  the  extinction-reignition 
process.  The  second  advantage  of  air-diluted  methane  is  that 
flames  of  this  mixture  are  essentially  nonsooting.  Therefore, 
energy  loss  due  to  particle  incandescence  is  minimized,  and 
fluorescence  interference  from  soot  precursors,  as  described  by 
Masri  et  al.  (1987)  is  reduced. 


Table  1  Flow  Conditions  for  the  Air-Diluted  Methane  Flames 


Flame 

Ut(m/s) 

Up  (m/s) 

Ucf  (m/s) 

Re=U,D/v 

A 

4.9 

0.0 

0.8 

1,770 

B 

12.3 

0.75 

1.9 

4,420 

C 

24.5 

1.5 

3.7 

8,830 

D 

57.3 

3.0 

8.4 

20.700 

Uj,  Up,  and  Ucf  are  unbtimt  jet,  pilot,  and  coflow  velocities. 


The  four  flames  listed  in  Table  1  are  designated  A,  B,  C 
and  D  in  order  of  increasing  Reynolds  number.  Flame  A  is 
laminar  (Re=l,770)  with  unsteadiness  due  to  buoyancy- 
induced  instability  apparent  only  near  the  flame  tip.  Flame  B 
(Re=4,420)  is  transitional.  It  is  visibly  unsteady,  and  the 
reacdon  zone  moves  radially  (wavers  or  flaps).  However,  this 
flame  is  not  fully  turbulent.  The  reacdon  zone  in  flame  B  is  not 
strongly  distorted  or  curved,  and  diere  is  no  indication  of  local 
extinction  in  the  data.  Flame  C  is  turbulent,  with  a  modest 
Reynolds  number  of  8,830.  Local  exdncdon,  which  is  indicated 
in  the  measurements  by  low  temperatures  and  near  zero  OH 
mass  fracdons  within  die  reactive  range  of  mixture  fraction, 
occurs  for  a  sr  all  fraction  of  the  samples  in  flame  C.  Local 
exdncdon  occurs  when  local  rates  of  turbulent  mixing  or  scalar 
dissipation  exceed  the  rates  of  the  chemical  reactions  that 
produce  radicals  and  thermal  energy.  Flame  D  (Re=20,700) 
displays  a  significant  probability  of  local  exdnction,  is  audibly 
unstable,  and  has  an  overall  appearance  similar  to  the 
turbulent  flames  near  extinction  reported  by  StSrner  et  al. 
(1990a,b)  and  Barlow  et  al.  (1991). 

As  shown  in  Table  1,  the  velocides  of  the  coflowing  air 
and  the  pilot  gases  (when  used)  are  scaled  with  the  velocity  of 
the  central  jet.  This  is  done  to  maintain  flow  similarity  and  to 
keep  the  contribution  of  the  pilot  flame  to  the  total  energy 
release  up  to  the  measurement  location  approximately 
constant.  (Note  that  he  pilot  bums  a  mixture  of  C2H2,  H2, 
CO2.  N2  and  air  that  produces  the  same  calculated  equilibrium 
composition  and  adiabatic  flame  temperature  as  a 
stoichiometnc  mixture  of  methane  and  air.)  In  the  turbulent 
flames  C  and  D  the  pilot  is  esdmated  to  contribute  12  to  15 
percent  of  the  integrated  energy  release  up  to  the 
measurement  location.  Therefore,  while  the  pilot  has  the 
important  effect  of  stabilizing  the  transitional  and  turbulent 
flames,  we  do  not  expect  the  pilot  to  contribute  to  the  elevated 
OH  mass  fractions  discussed  in  the  following  section. 

Flame  A  was  operated  without  a  pilot  because  the 
premixed  gas  flow  rate  could  not  be  scaled  back  sufficiently 
without  causing  flashback.  OH  fluorescence  profiles  were 
measured  in  two  piloted  laminar  flames  to  determine  whether 
the  OH  concentration  at  the  measurement  location  was 
affected  by  the  pilot.  One  of  these  laminar  flames  had  the 
same  pilot  flow  rate  as  flame  B,  and  the  other  had  a  small 
hydrogen  diffusion  flame  as  a  pilot.  No  significant  differences 
in  the  peak  OH  fluorescence  signals  were  observed  for  these 
three  laminar  flames,  and  the  complete  Raman/Rayleigh/LIF 
measurements  are  reported  only  for  the  laminar  flame  with  no 
pilot. 

RESULTS  AND  DISCUSSION 

Measurements  were  obtained  at  a  fixed  axial  location 
14.4  cm  or  20  nozzle  diameters  above  the  burner  (x/D=20)  at 
the  radial  location  in  each  flame  corresponding  to  the  maximum 
average  OH  fluorescence  signal.  Results  for  measured 
temperatures  and  species  mass  fractions  are  plotted  vs.  the 
mixture  fraction /in  Figs.  1,  2,  3,  and  4  for  flames  A,  B,  C,  and 
D,  respectively.  Each  scatter  plot  for  flame  A  includes  800 
points,  while  2000  points  are  plotted  for  flames  B,  C,  and  D. 
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Fig,  1.  Scatter  plots  of  temperature  and  species  mass  fractions  vs.  the  mixtuie  fraction  /in  the  laminar  flame  A 
(Re=  1,770).  Curves  show  results  of  steady  laminar  flame  calculations  for  values  of  the  strain  parameter  of; 
a  =  50  s-l  ( _ ),  100  s-l  ( _ ),  200  s->  ( _ . _ ),  400  s''  ( _ ),  and  800  s'J  ( . ). 
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Fig.  2.  Scatter  plots  of  temperature  and  species  mass  fractions  vs.  the  mixture  fraction  /  in  the  transitional  flame  B 
(Re=4,420).  Curves  show  results  of  steady  laminar  flame  calculations  for  values  of  the  strain  parameter  as  in  Fig.  1. 


Fig.  3.  Scatter  plots  of  temperature  and  species  mass  fractions  vs.  the  mixture  fraction  /in  the  turbulent  flame  C 
(Re=8,830).  Curves  show  result  of  steady  laminar  flame  calculations  for  values  of  the  strain  parameter  as  in  Fig.  1. 


Fig.  4.  Scatter  plots  of  temperature  and  species  mass  fractions  vs.  the  mixture  fraction /in  the  turbulent  flame  D 
(Re=20,7(X)).  Curves  show  results  of  steady  laminar  flame  calculations  for  values  of  the  strain  parameter  as  in  Fig.  1. 


Also  plotted  in  each  figure  are  results  from  steady  strained 
laminar  flame  calculations  performed  using  the  code  and  kinetic 
mechanism  described  by  Smooke  et  al.  (1988).  Values  of  the 
strain  parameter  for  the  laminar  calculations  are  a  =  50,  100, 
200,  400,  and  800  s"'.  (The  strain  parameter  for  a  Tsuji-type 
laminar  stagnation  flame  is  defined  as  a  =  2U/r,  where  U  is  the 
velocity  of  the  air  flowing  toward  the  cylindneal  burner,  and  r  is 
the  burner  radius.)  Extinction  occurs  near  a  =  860  s'l  with  the 
3:1  air-diluted  methane  mixture  on  the  ‘fuel’  side. 

The  mixture  fraction  /  is  a  conserved  scalar  describing 
the  stale  of  mixing  between  nozzle  fluid  and  air  within  a  fluid 
sample.  The  mixture  fraction  is  calculated  from  the  measured 
species  mass  fractions  according  to  the  expression, 

2(Yc-  Yc,i)  (Yh-  Yh,,)  (Yq.,-  Yq) 

Wc _ _ Wq 

^  2(Yc.2-  Yc.i)  (Yh,2-  Yh,i)  (  Yq,,  -  Yo.2) 

Wc  2W„  Wo 

Here,  W,  is  the  atomic  mass  of  element  i,  Y,  is  the  mass 
fraction  of  element  i,  and  the  subscripts  1  and  2  refer  to  the  air 
and  nozzle  fluid,  respectively.  The  mixture  fraction  is  zero  in 
air,  unity  in  pure  nozzle  fluid,  and  has  a  stoichiometric  value  of 
/j  =  0.353  for  the  air-diluted  methane. 

Temperatures  and  Maior  .Species  Mass  Fractions 

Scatter  plots,  such  as  those  in  Figs.  1-4,  provide  an 
overview  of  the  distribution  of  chemical  states  in  a  flame.  This 
IS  particularly  true  in  the  turbulent  flames,  where  data  from  a 
single  spatial  location  includes  samples  covenng  a  broad  range 
in  mixture  fraction.  In  contras'  to  the  scatter  plots  in  Figs.  3 
and  4  for  the  turbulent  flames,  the  data  shown  in  Fig.  1  for 
flame  A  are  confined  to  a  relatively  narrow  mixture  fraction 
interval  Flame  A  was  observed  to  be  quite  steady,  and  the 
average  values  of  temperature  and  species  mass  fractions 
measured  in  this  flame  are  consistent  with  calculations  for 
laminar  flames  at  low  strain  rates.  Therefore,  the  spread  in  the 
experimental  data  in  Fig.  1  gtves  a  good  indication  of  the  single 
shot  uncertainty  in  the  measurements.  This  is  true  of  the 
mixture  fraction,  as  well  as  temperature  and  species  mass 
fractions  This  experimental  uncertainty  must  be  taken  into 
account  when  interpreting  results  for  the  transitional  and 
turbulent  flames. 

Differences  among  the  four  experimental  flames  are 
readily  apparent  in  the  results  for  temperature  and  the  mass 
fractions  of  major  reactants  and  products,  CHa,  O2,  H2O,  and 
CO2.  Considering  flame  B  (Fig.  2),  we  find  that  the  data  in 
this  transitional  flame  are  spread  over  a  range  in  mixture 
fraction  from  0. 1  to  0.8.  Within  the  experimental  uncertainty, 
however,  the  measurements  remain  consistent  with  the 
laminar  flame  calculations  for  low  and  intermediate  strain 
rates.  This  transitional  flame  has  the  visual  appearance  of  a 
wavy  laminar  flame,  in  which  the  reaction  zone  moves  radially 
relative  to  the  fixed  laser  probe  volume. 

When  the  Reynolds  number  is  increased  to  8,830 
(flame  C,  Fig.  3)  the  flame  becomes  turbulent.  The  data  span 
an  even  wider  range  in  mixture  fraction,  and  wc  begin  to  see 
evidence  of  local  extinction.  A  few  points  within  the  reactive 
range  of  mixture  fraction  (0.I5</<0  4)  show  low  ternperatures, 
low  product  mass  fractions,  and  high  reactant  mass  fractions, 
indicating  that  the  local  strain  rate  or  scalar  dissipation  rate 
has  exceeded  the  extinction  limit.  With  the  exception  of  the 
few  extinguished  samples,  the  data  for  temperature  and  the 
mass  fractions  Ych4.  Yo2.  Yh20.  and  Yc02  arc  again 
consistent  with  the  laminar  flame  solutions,  within  the 
experimental  uncertainty.  The  five  laminar  flame  solutions 
show  that  the  effect  of  increased  strain  is  to  decrease 
temperature  and  product  mass  fractions.  Yco2  drops  more 
rapidly  than  Yh20  ta  ihe  calculations  due  to  the  slower  kinetic 
rates  of  the  reactions  producing  CO2.  The  turbulent  flame  data 


in  Fig.  3  reflect  this  effect  of  increased  strain  rates  on  the  CO2 
mass  fraction. 

The  probability  of  local  extinction  is  highest  in  flame  D 
(Fig.  4),  which  has  a  Reynolds  number  of  20,700.  The  scatter 
plots  of  temperature  and  the  mass  fractions  of  CH4,  O2,  H2O, 
and  CO2  show  a  significant  number  of  points  that  are  well 
outside  the  results  of  the  strained  laminar  flame  calculations. 
These  points  represent  fluid  samples  that  are  extinguished  or 
are  in  a  partially  reacted  state.  Extinction  and  subsequent 
reignition  of  fluid  samples  presents  a  significant  challenge  for 
turbulent  combustion  models  based  upon  the  laminar  flamelet 
approach. 


The  OH  mass  fractions  measured  in  the  turbulent 
flames  show  differences  from  the  steady  laminar  flame 
calculations  beyond  those  associated  with  local  extinction. 
The  peak  value  of  the  OH  mass  fraction  in  the  laminar  flame 
calculations  is  relatively  insensitive  to  strain  rate  and  is 
approximately  3.2xl0'3  for  all  but  the  highest  strain  rate  of  800 
s'l.  The  average  OH  mass  fraction  measured  in  flame  A  is 
also  3.2x10'^.  Scatter  plots  in  Figs.  1-4  show  that  the  OH 
mass  fractions  tends  to  increase  as  the  Reynolds  number 
increases  and  the  flames  become  turbulent.  This  result  is 
shown  more  clearly  in  Fig.  5,  which  includes  conditional  pdfs  of 
OH  mass  fraction.  Here,  only  data  within  the  mixture  fraction 
interval  0.265  </<  0.335  are  included.  In  terms  of  the  relative 
mixture  fraction,  the  interval  is  0.75  <flfs<  0.95,  where  fs  = 
0.353  is  the  stoichiomeuic  value  of  the  mixture  fracdon.  The 
peak  OH  mass  fractions,  both  measured  and  predicted,  occur 
within  this  mixture  fracdon  interval.  The  conditional  pdfs  for 
the  two  turbulent  flames  C  and  D  are  significantly  broader  that 
the  pdf  for  the  laminar  flame  A,  and  the  most  probable  value  of 
the  OH  mass  fraction  in  flames  C  and  D  is  4.4x10'^.  This 
value  is  significantly  higher  than  the  peak  OH  mass  fractions 
from  the  laminar  flame  calculations. 

The  conditional  pdfs  for  the  two  turbulent  flames  differ 
at  low  OH  mass  fractions  due  to  the  higher  probability  of  local 
extinedon  in  flame  D.  The  pdf  for  flame  D  has  a  spike  at  zero 
mass  fraction  that  is  not  present  in  the  other  flames. 
However,  it  is  important  to  note  that  the  increase  in  Reynolds 
number  from  8,830  to  20,700  and  the  onset  of  local  exdncdon 
have  no  significant  effect  on  the  shape  of  the  conditional  pdf  at 
the  higher  OH  mass  fractions.  These  results  suggest  that  the 
elevated  OH  mass  fractions  observed  in  turbulent 
nonpremixed  methane  flames  cannot  be  attributed  to 
extinguishing  and  reigniting  fluid  samples  and  that  turbulence 
alters  the  structure  of  the  reaction  zone  from  that  which  exists 
in  steady  laminar  diffusion  flames. 


Fig.  5.  Conditional  probability  density  functions  (pdfs)  of 
measured  OH  mass  fractions  within  the  interval  in  mixture 
fraction  of  0  265  </<  0.335  for  each  of  the  four  cases; 

flame  A  ( _ ),  flame  B  ( _ ), 

flame  C  ( _ . _ ),  and  flame  D( _ ). 
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The  conditional  pdf  for  flame  B,  the  transitional  case, 
has  characteristics  that  are  intermediate  between  the  laminar 
and  turbulent  cases.  This  transitional  pdf  is  broader  than  that 
from  the  laminar  flame  but  is  not  as  broad  as  the  pdf  from  the 
turbulent  flames.  The  most  probable  value  of  the  OH  mass 
fraction  in  flame  B  is  3.5xlO"3,  which  is  only  slightly  higher 
than  in  the  laminar  flame.  This  result  suggests  that  there  may 
be  a  gradual  change  in  the  structure  of  the  reaction  zone  as  the 
flame  goes  through  transition  from  laminar  to  turbulent. 
However,  additional  experiments  at  several  intermediate 
Reynolds  numbers  will  be  required  to  fully  characterize  the 
evolution  of  the  OH  pdfs. 

Mechanisms,  for  the  Effects  of  .Turbulence  on  Chemical  States 

There  are  several  possible  mechanisms  for  the 
observed  effect  of  turbulence  on  the  chemical  states  in 
methane  flames.  These  include;  i)  the  response  of  the  kinetic 
system  to  unsteady  strain,  ii)  changes  in  the  profile  of  scalar 
dissipation  through  the  reaction  zone,  iii)  flame  curvature,  and 
iv)  changes  in  the  degree  of  differential  diffusion.  At  this  time, 
the  relative  importance  of  these  mechanisms  is  unclear,  and 
this  is  an  area  of  ongoing  research.  Recent  calculations  have 
shown  that  flame  unsteadiness  can  cause  significant  increases 
in  the  concentrations  of  some  species.  Maub  et  al.  (1990) 
reported  high  CO  concentrations  in  unsteady  calculations  of 
laminar  methane  flames.  Chen  &  Dibble  (1991b)  have 
observed  similar  effects  in  unsteady  perfectly  stirred  reactor 
calculations.  In  both  studies,  flames  were  pushed  very  close 
to  extinction  (high  strain  rate  or  shon  residence  time)  and  then 
allowed  to  relax  or  reignite.  The  present  experimental  results 
show  that  elevated  OH  mass  fractions  occur  in  flames  that  are 
well  away  from  the  extinction  condition.  Therefore,  the  high 
OH  mass  fractions  are  not  solely  the  result  of  an  extinction- 
reignition  process,  as  suggested  by  Maub  et  al.  Chen  has  also 
begun  to  investigate  the  temporal  response  of  laminar 
methane-air  flames  to  sinusoidal  variations  of  the  scalar 
dissipation  that  do  not  take  the  flame  close  to  extinction. 
Initial  results  indicate  that  unsteadiness  of  this  type  is  unlikely 
to  produce  the  significant  increase  in  OH  mass  fractions 
measured  in  the  turbulent  flames.  The  same  computer  code 
can  be  used  to  investigate  the  importance  of  differential 
diffusion  and  of  changes  in  the  scalar  dissipation  profile  in 
determining  the  peak  OH  mass  fractions.  These  computational 
experiments  are  in  progress. 

CONCLUSIONS 

Simultaneous  point  measurements  of  major  species 
concentrations,  temperature,  and  hydroxyl  radical 
concentration  have  been  made  in  a  series  of  laminar, 
transitional  and  turbulent  jet  flames  of  air-diluted  methane. 
Reynolds  numbers  based  on  the  nozzle  exit  conditions  were 
1770,  4420,  8830,  and  20700.  Measured  OH  mass  fractions 
and  major  species  concentrations  in  the  laminar  flame  are 
consistent  with  steady  laminar  flame  predictions.  However, 
measured  OH  mass  fractions  in  the  turbulent  flames  are 
significantly  higher  than  predicted  by  the  steady  laminar  flame 
calculations.  These  high  OH  concentrations  appear  in  flames 
where  strain  rates  are  well  below  the  level  that  causes  local 
extinction  and,  therefore,  cannot  be  explained  solely  on  the 
basis  of  a  transient  extinction-reignition  process.  This  result 
demonstrates  that  turbulence  alters  the  structure  of  the 
methane-air  reaction  zone  from  that  which  exists  in  the  steady 
laminar  flame  calculations.  Conditional  pdfs  of  OH  mass 
fraction  in  the  four  experimental  flames  suggest  a  gradual 
transition  between  the  laminar  and  turbulent  flame  structures. 
There  is  no  significant  evolution  in  the  shape  of  the  conditional 
pdfs  between  the  two  turbulent  flames,  which  differ  in 
Reynolds  number  by  more  than  a  factor  of  two. 
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ABSTRACT 

Two  dimensional  (i.e ,  planar)  species  and  temperature 
imaging  experiments,  on  simple  axisymmetric  transitional  or 
low  turbulence  level  reacting  flows,  have  indicated  that  three 
dimensional  effects  are  of  prime  importance  even  at  very  low 
Reynolds  number.  In  fact,  the  3-D  interaction  between  large 
scale  spanwise  vortices  and  streamwise  vortices,  in  a  simple 
axisymmetric  nozzle  combustion  system,  is  apparently  a 
majoi  mechanism  in  the  breakdown  of  2-D  (axisymmetnc) 
large  scale  turbulent  structure  into  fine  scale  3-D  turbulence 
required  for  molecular  mixing  and  good  combustion  efficiency 

To  study  these  complex  3-D  flows  requires  a  spatially  and 
temporally  resolved  non-intrusive  diagnostic  capability. 
Advanced  laser  combustion/flow  diagnostics  are  required  to 
freeze  the  complex  flow  stmcture  and  display  it  in  resolved 
three  dimensions.  In  the  present  work,  three  dimensional 
images  of  a  reacting  jet  were  constructed  from  multiple  two- 
dimensional  images  acquired  at  a  constant  phase  angle.  The 
images  revealed  tfie  strong  coupling  between  the  streamwise 
and  spanwise  vortices  in  the  flow.  The  measurements  have 
strong  resemblance  to  results  of  numerical  simulations  of  a 
reacting  planar  shear  layer. 

INTRODUCTION 


planar  temperature  mapping  were  described  in  Gutmark  et  al 
(1989b).  The  effect  of  forcing  on  the  azimuthal  staicture  of 
the  flame  was  discussed  Gutmark  et  al.  (1989a).  Gutmark  et 
al  (1988)  descnbed  the  three-dimensional  character  of  the 
flame  coherent  structures  during  their  formation  and  interac¬ 
tion.  The  flame  structure  was  shown  in  planes  with  different 
orientations.  These  papers  emphasized  the  complexity  of  the 
flame  structure  which  is  difficult  to  describe  with  conventional 
flow  visualization  techniques. 

The  present  paper  describes  two  and  three-dimensional 
structure  of  a  reacting  jet  using  Planar  Laser  Induced 
Fluorescence  (PLIF) 

EXPERIMENTAL  ARRANGEMENT 

A  system  for  PLIF  imaging  (Kychakoff  et  al,  1982)  of  OH 
radicals  in  flames  using  a  XeCI  excimer  laser  at  308  nm  was 
used  (Fig.  1)  (Gutmark  et  al.,  1989b)  The  laser  beam  was 
expanded  into  a  planar  sheet,  passed  through  the  flow  in  a 
chosen  direction;  p&iallel  to  the  jet  axis  for  studying  the 
streamwise  evolution  of  the  structures  or  perpendicular  to  the 
axis  for  azimuthal  structures  measurements.  The  resonance 
fl'-rescence  from  OH  was  imaged  with  a  gated  intensified 
oc'e  may  camera.  The  sheet  was  approximately  0.5  mm 
wide 


Reacting  turbulent  jets  are  governed  by  the  interaction  of 
the  fluid  dynamics,  chemical  reaction  and  heat  release 
(Broadwell  4  Dimotakis,  1986).  The  fluid  dynamics  involved  in 
these  types  of  flows  are  related  to  a  mixing  layer  flow  which  is 
governed  by  large-scale  vortices.  The  roll-up  and  growth  of 
those  vortices  are  determined  by  instability  forces  and  mutual 
interactions  (Brown  &  Roshko,  1974).  The  large-scale  struc¬ 
tures  entrain  flow  from  the  two  sides  of  the  shear  layer  and  mix 
the  flow  at  both  large  and  small  scales,  leading  to  the  molecu¬ 
lar  mixing  necessary  for  reaction.  The  development  of  large- 
scale  vortices  in  the  shear  layer  is  influenced  by  the  reaction 
through  heat  release  and  density  gradients.  In  turn,  the  vor- 
ticity  controls  the  reaction  by  the  turbulent  mixing  process 
(Mungal  &  Dimotakis,  1984). 

The  ability  of  a  circular  jet  to  develop  modes  of  instability 
which  are  higher  than  the  axisymmetric  mode  was  demon¬ 
strated  by  linear  stability  analysis  (Fuchs,  1972;  Plaschku, 
1979;  Strange  4  Crighton,  1983;  Mattingly  4  Chang.  1974, 
and  Michalke  4  Hermann.  1982).  In  a  relatively  large  diameter 
jet  with  a  thin  shear  layer  surrounding  its  core,  many 
azimuthal  modes  are  equally  unstable  (Cohen  4  Wygnanski, 
1987).  The  phase  velocity  of  the  higher  modes  is  nondisper- 
sive  in  a  wide  range  of  frequencies  thus  allowing  resonant 
interactions  to  occur,  which  amplify  these  modes.  The  evolu¬ 
tion  of  azimuthal  structures  on  coherent  initially  axisymmetric 
vortices  was  observed  both  in  cold  flow  (Browand  4  Laufer, 
1975)  and  reacting  flows  in  flames  (Chen  4  Roquemore,  1986; 
Settles,  1985;  and  Gutmark  et  al.,  1989a). 

Preliminary  results  on  the  evolution  of  vortical  structures 
in  an  annular  diffusion  flame  using  OH  concentration  and 


Fig.  1.  Experimental  Set-Up  For  PLIF  Imaging  in  2-D. 

The  air  issued  at  a  velocity  of  5  m/s  from  a  22  mm  diameter 
circular  nozzle  yielding  a  Reynolds  number  of  7000,  based  on 
the  exit  diameter,  exit  velocity,  and  the  kinematic  viscosity  of 
the  air  at  room  tempeiature  The  propane  fuel  was  injected 
circumferentially  around  the  air  jet  nozzle  into  the  initial  shear 
layer,  via  24  1.6  mm  diameter  holes,  on  a  23.5  mm  diameter 
circle,  which  are  slightly  angled  into  the  shear  layer.  The  fuel 
exit  velodty  was  0  2  m/sec. 

The  flow  was  excited  by  a  set  of  four  speakers  mounted  in 
an  acoustic  resonating  chamber  (a  45  cm  diameter  base  by  66 
cm  tall  cone)  which  was  used  as  a  settling  chamber  as  well. 
The  speakers  were  driven  at  controlled  frequencies  and  ampli¬ 
tudes  using  a  dual  phase  locked  loop  and  audio  power 
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amplifier.  To  construct  the  turbulent  structure  at  a  specific 
phase,  the  laser  s/stem  was  phase  locked  to  acoustic  exci¬ 
tation  of  the  flame  jet.  The  phase  angles  between  the  forang 
signal  and  the  laser  could  be  varied  in  a  full  cyde  range.  The 
forcing  frequencies,  amplitudes,  and  relative  phase  angles 
were  monitored  (in  cold  flow)  by  using  a  calibrated  hot-wire 
anemometer.  The  speakers  force,  and  phase  lock,  only  the 
tongitudinal  mode  of  ^e  jet 

The  azimuthal  structure  was  stabilized  by  vortex  genera¬ 
tors  in  the  jet  boundary  layer  upstream  of  the  exit  Previous 
experiments  (Gutmark  et  al.,  1989a  and  1988)  showed  that 
the  preferred  azimuthal  structure  has  a  five-fold  symmetry. 
Therefore,  a  set  of  five  pairs  of  split  delta-wings  were  installed 
at  the  exit  Two  configurations  of  wings  were  tested.  One  was 
generating  'mushroom*  like  vortices  and  the  other  a  'delta 
wing*  type  vortex  pair.  The  triangles  forming  the  semi-delta 
wing  h^  a  base  of  4  mm  and  an  apex  angle  of  30°. 

The  data  was  taken  in  two  different  modes.  Short  time 
exposures  were  taken  yielding  instar^taneous  OH  LIP  signal 
level  images  (18  nsec).  Alternately,  multiple  frames  (about 
100),  taken  at  a  constant  phase  angle,  were  averaged 
together  for  each  image  to  reduce  the  chaotic  nature  of  the 
flow  and  bring  out  the  coherent  portion. 

RESULTS  AND  DISCUSSION 

Vortex  Dynamics  in  Reacting  Jets 

Figure  2a  shows  a  phase-averaged  OH  concentration 
taken  in  a  flow  that  was  acoustically  excited  at  the  preferred 
mode  of  the  jet  (St  =  0  44).  The  image  has  a  scale  attached  to 
It  with  values  (voltages)  oonesponding  to  the  upper  and  lower 
limits  indicated.  These  voltages  are  proportional  to  the  fluo¬ 
rescence  intensity  from  the  OH  radicals  in  the  flame.  The  OH 
fluorescence  intensity  seems  to  be  nearly  uniform  inside  the 
vortex.  The  structures  are  highly  coherent  in  shape  and  loca¬ 
tion,  but  the  internal  details  are  smeared  by  the  averaging 
process.  An  example  of  a  single  shot  of  18  nsec  duration  is 
shown  in  Fig.  2b  for  OH  fluorescence.  It  is  shown  here  that 
following  the  initial  roll-up,  the  combustion  is  most  intense  in 
the  vortex  circumference.  Time  sequences  of  'instantaneous* 
images  show  that  as  the  vortex  is  convected  downstream,  the 
combustion  proceeds  into  the  vortex  core  while  the  reaction  at 
the  circumference  is  completed. 

An  efficient  combustion  reaction  occurs  in  regions  where 
molecular  mixing  between  the  fuel  and  the  oxygen  is  obtained 
In  a  diffusion  flame  the  fuel  and  air  are  mixed  together  initially 
by  the  large-scale  structures.  The  reaction  requires  addi¬ 
tional  small-scale  mixing.  The  small-scale  turbulence  produc¬ 
tion  was  shown  to  bo  concentrated  at  the  circumference  of 
the  large-scale  structures  following  the  roll-up  process  This 
previous  observation,  obtained  in  cold  nonreacting  flows  can 
explain  the  present  results  concerning  the  reaction  zones  in 
the  flame  vortices. 

Givi  et  al  (1986)  investigated  the  conditions  leading  to 
local  flame  extinebon  due  to  the  high  dissipation  rates  at  the 
braids  formed  during  the  vortices'  roll-up.  Their  findings  agree 
well  with  the  present  measurements  Both  the  average  ar.d 
the  instantaneous  OH  fluorescence  maps  (Fig  2),  shot/  thi 
quenching  of  the  flame  in  the  braid  region. 

Streamwise  Vortices  and  Azimuthal  Structures 

The  circumferential  structure  of  the  flame  was  studied  by 
slicing  the  flame  with  the  laser  sheet  perpendicular  to  the 
flame  axis,  at  different  axial  distances  from  the  nozzle.  Figure 
3  shows  the  instantaneous  measurements  of  the  flame, 
forced  at  the  harmonic  of  the  preferred  mode  frequency. 
Frame  3.1  shows  the  locations  of  the  perpendicular  cots  along 
the  vortex. 
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Fig,  2.  Phase-Averaged  and  Short  Time  Exposure  (18 

nsec)  OH  Concentration  in  a  Circular  Jet  Vortex 

Forc^  at  the  Preferred  Mode, 

The  small  vortices,  obtained  by  this  forcing,  make  it  pos¬ 
sible  to  follow  the  circumferential  structure  along  more  than 
one  cycle  in  the  vortical  structure  development.  The  figure 
shows  the  cross-sections  of  the  vortices  during  three  spatial 
cycles  of  evolution.  The  initial  structure  which  is  even  and 
symmetri<-  at  X/D  =  0.23  (frame  3.2)  develops  wrinkled  struc¬ 
ture  at  X/D  =  0.7  (frame  3.3)  The  instantaneous  picture 
shows  that  the  flame  sheet  is  not  continuous  and  there  are 
some  regions  where  local  flame  extinction  occurs  These 
regions  move  randomly  around  the  braid  region.  The  braid 
becomes  more  corrugated  closer  to  the  roll-up  location  and 
the  reaction  is  concentrated  in  bulges  around  the  braid. 
These  bulges  may  be  related  to  the  streamwise  vortices  (or 
"ribs')  which  were  observed  in  nonreacting  shear  flows 
(Bernal,  1981).  It  was  shown  that  the  nbs  increase  locally  the 
small-scale  turbulence  energy  and  deform  the  vortices  by 
being  wrapped  around  them.  The  three  dimensionality  which 
IS  introduced  through  tSiis  process,  is  amplified  and  subse¬ 
quently  results  in  transition  to  random  turbulence  of  the 
initially  coherent  flow.  The  three  dimensional  structure  in  the 
fully  developed  vortex  (frame  3.4)  has  more  secondary  lobes 
relative  to  larger  vortex  generated  by  preferred  mode  forcing 
(Gutmark  et  al,  1988).  This  change  of  the  number  of  sec¬ 
ondary  stnjctures  wifli  the  pnmary  vortex  core  size  was  also 
described  in  Widnall  e.  al  (1974).  The  number  of  lobes  is 
reduced  at  the  upper  edge  of  the  vortices,  as  the  reaction 
moves  more  into  the  vortex  core.  At  the  final  stages  of  the 
vortex  burning,  at  the  upper  edges  of  the  flame,  ttie  reaction 
IS  now  concentrated  in  pockets,  which  are  moving  randomly 
around  the  flame  In  the  rest  of  the  vortex  the  OH  disappears 
due  to  the  flame  temperature  drop  caused  by  mixing  with  the 
ambient  cooler  air. 
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Two-Dimensional  Slices  Used  For  3-D  Reconstruction 


Fig.  3.  Instantaneous  Planar  ages  in  Cross-Ser'ions 
Perpendicular  to  the  Jet  Axis  at  Different  Axial 
Locations.  The  flow  is  forced  at  the  harmonic  of  the 
preferred  mode  frequency  (1)  On-axis  plane  cross- 
sectbn.  (2)  x/D  *  0.23.  (3)  x/D  =  0,7,  (4)  x/D  =  0.92. 

(5)  x/D  =  1.5.  (6)  x/D  =  1.85,  (7)  x/D  2.66. 

Although  the  spanwise  vortex  structure  is  phase  locked  in 
these  experiments  via  the  acoustic  forcing,  the  azimuthal 
structure  shown  in  Fig.  3  is  not  spatially  phase  locked.  Even 
though  this  flow  system  generally  led  to  five  azimuthal  lobes 
(M  =  5),  their  positron  around  the  center  of  symmetry  was  ran¬ 
dom  from  one  realization  to  the  next.  By  spatially  phase 
locking  the  streamwise  vortices  using  five  miniature  vortex 
tappers,  the  azimuthal  structure  can  be  locked  spatially  It 
was  determined  that  streamwise  vortices  which  were  gener¬ 
ated  in  the  braid  region  at  the  nozzle  exit,  leads  to  pinched  off 
portions  of  the  fully  developed  vortex  ring  further  downstream. 
The  streamwise  vortices  apparently  wrap  around  the  vortex 
ring  and  pinch  it  off,  generating  the  five-fold  symmetry  in  the 
structure. 

Three  Dimensional  Imaging 

By  acquiring  multiple  images  with  the  laser  sheet  at 
increasing  x/D  locations,  and  a  constant  phase  angle  in  the 
vortex  roll  up  process,  the  3-D  structure  of  the  flame  can  be 
built  up.  Initially  the  braid  region  is  circular  and  symmetnc,  but 
azimuthal  instabilities  begin  to  be  evident  relatively  close  to 
the  irozzle  and  amplify  in  intensity  further  downstream.  These 
instabilities  are  associated  with  streamwise  vortices.  Their 
amplitude  are  enough  to  entirely  pinch  off  the  fully  developed 
vortex  ring  and  convolute  its  shape.  This  leads  to  azimuthal 
break  up  of  the  vortex  and  the  generation  of  small  scale 
turbulent  structiure. 

In  order  to  obtain  three-dimensional  images  of  the  complex 
structures  without  an  instantaneous  3-D  technique,  the 
azimuthal  high  modes  of  instabilities  were  spatially  stabilized 
using  a  passive  forcing  system  of  semi-delta  wings.  The 
three-dimensional  image  of  the  phase-locked  structures  was 
reconstructed  from  20  planar  slices  measured  at  different 
axial  locations  Using  this  technique  it  was  possible  to  follow 
the  generation  of  streamwise  vortices  in  the  braid  region,  their 
growth  and  subsequent  interaction  with  the  large-scale  span- 
wise  vortices. 


The  streamwise  vortices  which  were  generated  by  the 
semi-delta  wings  had  a  strong  effect  on  the  flame  structure. 
Figure  4  shows  the  two-dimensional  images  of  radial  cross- 
sections  of  the  flame  obtained  at  increasing  axial  distances 
from  the  flameholder.  The  initial  'braid'  region  acquires  a 
pentagonal  shape  due  to  the  flow  induced  by  the  streamwise 
vortices.  The  shape  of  these  vortices  become  more  evident 
as  the  axial  distance  grows  and  the  axial  vortices  develop 
(x/D  =  0.62).  A  close-up  figure  of  the  streamwise  vortices  is 
shown  in  Fig.  5  for  a  phase-averaged  and  instantaneous 
image.  The  'mushroom'  shape  of  the  streamwise  vortex  is 
evident  in  both  images.  The  vortex  generators  produce  a 
highly  coherent  vortex  with  low  jitter  level,  thus,  resulting  in  a 
clear  image  of  the  streamwise  vortex  cross-section.  Moving 
further  downstream  into  the  spanwise  vortex  region,  x/D  = 
0.94  (Fig.  4),  it  becomes  pinched  off  with  a  five-fold  symmetry, 
which  is  related  to  the  longitudinal  structures.  The  Interaction 
between  the  streamwise  vortices  and  the  spanwise  coherent 
structures  results  in  a  deformation  of  the  latter  and  then 
breakdown  to  smaller  scales.  Studying  the  variation  of  the 
stack  of  radial  slices  along  the  axis  shows  the  three- 
dimensional  character  of  this  flame.  This  feature  requires  a 
three-dimensional  presentation  of  the  flow  to  gain  understand¬ 
ing  of  the  interaction  between  the  various  instability  modes  in 
the  flame. 

3-D  images  of  the  flame  were  constructed  from  20  two- 
dimensional  planar  images  using  StansSurf  rendering  soft¬ 
ware  (Wu  &  Hesselink,  1988)  (or  you  can  have  data  rendered 
by  Donna  using  marching  cubes  algorithm).  The  perspective 
views  of  the  flames  forced  by  the  'mushroom'  type  vortices 
and  by  the  'delta'  type  voitices  are  shown  in  Figs.  6  and  7, 
respectively.  The  rendenng  was  done  using  the  phase-aver¬ 
aged  set  of  data,  resulting  in  a  relatively  smooth  interpolated 
surface.  The  transition  from  the  streamwise  structures  to  the 
spanwise  pinched  vortices  is  clear  in  these  images.  There  are 
some  differences  between  the  two  flame*--  structures  due  to 
the  two  types  of  vortex  generators.  1  igure  8  shows  the 
structure  of  the  flame  with  ’delta-wing'  axial  vortices  recon¬ 
structed  from  instantaneous  data,  at  the  same  phase  angle. 
The  roughness  of  the  suiface  increases  considerably  due  to 
the  small-scale  structures  of  the  instantaneous  images. 
However,  the  coherence  of  both  the  spanwise  and  streamwise 
structures  obtained  by  using  the  combined  active  and  passive 
forcing  is  sufficient  to  obtain  a  consistent  structure  even  from 
instantaneous  data 

Further  details  of  the  intenor  and  exterior  data  is  obtained 
using  a  vertical  slice  through  the  flame  center  (Fig.  9)  showing 
the  flame  evolution  in  the  jet  core  The  vertical  cut  also 
emphasizes  the  odd-symmetiy,  such  that  the  right  cut  is 
passing  through  the  vortex  bulge  and  the  left  side  between  the 
bulges.  Horizontal  cut  (Fig.  10)  through  the  center  of  the 
spanwise  structures  shows  the  pinched  structure  with  reac¬ 
tion  zones  only  at  the  outer  parts  of  the  vortex,  where  the  high 
turbulence  level  concentrates.  Similar  three  dimensional 
structures  were  obtained  by  using  numerical  simulation  of  a 
reacting  planar  mixing  layer  (Grinstein,  1990).  Figure  11 
shows  the  product  concentration  together  with  the  vorticity 
magnitude.  The  pinching  of  the  spanwise  structures  by  the 
streamwise  vortices  is  evident  in  this  case,  similar  to  the 
axisymmetric  experiments  data  The  concentration  of  prod¬ 
uct  is  affected  such  that  there  is  a  reduced  product  formation 
where  the  streamwise  vortices  wrap  around  the  spanwise  vor¬ 
tices.  Some  reaction  is  calculated  and  measured  also  along 
the  streamwise  vortices,  but  most  of  it  is  quenched  by  high 
strain  rates.  Figure  12  depicts  a  closeup  view  of  the  stream - 
wise  delta  vortex  in  the  braid  region  of  the  flame. 
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Fig.  4.  Multiple  Axial  Planar  Cross-Section  Used  to  Reconstruct  a  3-D  Image.  Azimuthal  structure  stabilized  by 
semi-delta  wing  ("mushroom"  type  vortex)  Spanwise  structure  forwd  at  St  =  0.49.  (a)  x/D  ==  0.15;  (b)  x/D  =  0.45; 
(c)  x/D  «  0  62;  (d)  x/D  =  0.94. 
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Fig.  5.  Close  Up  Cross  Sectional  Cut  in  Streamwise  "Mushroom"  Type  Vortices  in  "Braid"  Region. 


Fig.  6.  Phase  Averaged  3-D  Image  of  the  Azimuthal  Fig.  9.  Vertical  Cut  Through  the  Phase  Averaged  3-D  Image  of 

Structures  in  the  Flow,  With  Streamwise  ‘Mushroom*  type  the  Azimuthal  Structures  in  the  Flow,  With  Streamwise 

vortices.  ‘Mushroom*  type  vortices 


Fig.  7.  Phase  Averaged  3-D  Image  of  the  Azimuthal 
Structures  in  the  Flow,  With  Streamwise  ‘Delta  type*  vortices 


Fig  8.  instantaneous  3-U  Image  tif  the  Azimuthal  Structures 
in  the  Flow,  With  Streamwise  ‘DellvWing*  type  vortices 


Rg.  10.  Horizontal  Cut  Through  the  Phase  Averaged  3-D 
Image  of  tho  Azimuthal  Structures  in  the  Flow,,  Wit"’ 
Streamwise  "Mushroom*  type  vortices. 


Fig.  1 1  Numerical  Simulation  of  Product  Concentration  and 
Vorticity  Magnitude  in  a  Planar  Reacting  Mixing  Layer 
(Grinstein,  1990) 
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The  growth  of  the  jet  shear  layer  in  a  circular  reacting  jet 
detenrines  the  large  and  small  scale  mixing  of  the  fuel  and  air. 
This  growth  is  governed  by  the  roll-ups  and  merging  of  the 
large  scale  structures  in  the  shear  layer.  The  description  of 
these  structures  in  the  literature  is  usually  related  to  their 
phase  averaged  properties.  Actually  their  coherence  exists 
only  in  the  average.  The  capability  of  the  PLIF  technique  to 
give  both  phase-averaged  and  instantaneous  information 
opens  up  the  possibility  to  study  their  actual  highly  unsteady 
and  three-dimensional  structure.  From  the  different  cross¬ 
cuts  in  the  flame,  it  is  possible  to  reconstruct  the  three- 
dimensional  structure  of  ^e  flame.  The  reaction  takes  place 
In  regions  which  are  randomly  distributed  in  space  and  time 
but  bounded  by  the  phase-averaged  outline  of  the  vortices 
The  extent  of  the  deviation  between  the  instantaneous  pic¬ 
tures  and  the  averaged  ones  is  determined  by  the  random  tur¬ 
bulence  component  of  the  flow.  When  this  component  is 
enhanced  the  flame  becomes  more  turbulent  in  nature  and  it  is 
more  dfficult  to  identify  its  coherent  component 

The  formation  of  shear  streamwise  structures  in  the  braid 
regions  which  appear  as  bulges  of  flamelets  in  these  regions 
are  responsible  for  the  emergence  of  three-dimensionality  in 
the  coherent  structures.  When  these  secondary  disturbances 
are  amplified  they  break  the  large-scale  coherence,  leading  to 
the  transition  to  small-scale  turbulence  This  process  is 
important  to  understand  the  relationship  between  the 
evolution  of  large-scale  structures  and  the  transition  to  small- 
scale  turbulence  in  reacting  shear  flows. 

The  results  presented  in  this  paper  describe  the  use  of 
PLIF  for  3-D  reacting  flow  visualizations.  PLIF  is  the  only 
currentiy  available  experimental  technique  which  is  capable  of 
supplying  multi-dimensional  data  of  both  flow  field  and  reac¬ 
tion  process  (including  temperature  and  different  species) 
i.istantaneou.sly  and  simultaneously.  The  technique  is  now 
extended  to  have  the  capability  of  nearly  instantaneous  time- 
reaolved  3-D  imaging  of  highly  turbulent  reacting  flows. 
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ABSTRACT 

Turbulent  transport  processes  typical  of  swirling 
recirculating  flows,  including  those  with  chemical  reaction,  are 
analysed  and  discussed  based  upon  laser-Doppler  measurements 
of  mean  and  turbulent  velocity  characteristics.  For  the 
combusting  flows,  the  results  encompass  the  study  of  a  non- 
premixed  flame  with  a  heat  load  of  350kW  and  include  mean 
temperature  measurements.  The  results  show  that  although 
combustion  does  nor  alter  the  mean  flow  pattern,  it  increases 
mean  shear  and  curvature,  resulting  m  incicased  turbulence  levels 
and  anisotropy  thoughout  the  flow.  This  is  associated  with  large 
scale  motions  with  a  predominant  frequency,  although  their 
contribution  to  the  time-average  turbulent  kinetic  energy  is  shown 
to  be  small  Inspection  of  the  terms  in  the  conservation  equations 
for  the  turbulent  stresses  have  allowed  to  quantify  the  extent  up  to 
which  the  interaction  of  normal  stresses  and  normal  strains 
influence  the  flow  and  suggest  the  likely  magnitude  of  turbulent 
diffusion  and  dissipation. 

1 .  INTRODUCTION 

The  combustion  process  in  swirling  recirculating  non- 
premixed  flames  is  partly  dependent  on  the  mixing  of  the  fuel  and 
air  streams,  which  in  turn  is  determined  by  the  state  of  the  flow 
turbulence.  Knowledge  of  the  turbulent  structure  of  swirling 
recirculating  flows  is,  therefore,  essential  foi  the  analysis  of 
practical  combustion  systems  and  is  usually  inferred  from  cold 
flow  conditions  as  in  current  modelling  practice  ,  largely  a  carry¬ 
over  from  well-tested  approaches  In  non-reacting  flows  (e.  g., 
Jones  and  Whitelaw,  1985).  A  better  understanding  of  the 
mechanisms  of  turbulence  gen'’.ation  or  supression  by 
combustion  is,  however,  nvcessa'y  in  investigating  the  extent  up 
to  which  these  practices  can  be  used  without  modification  for 
vanable  density  flows  (e.  g.  Heitor  et  al.,  1987;  Starner  and 
Bilger,  1989)  and  depends  on  the  availability  of  detailed 
expenmental  data  (e.  g  ,  Bilger,  1991). 

Velocity  measurements  in  swirling  recirculating  flarr“s  have 
been  extensively  reported  (e.  g  ,  Tangirala  et  al  ,  1987;, 
Hardalupas  et  al.,  1990),  but  measurements  have  been  mostly 
concerned  with  turbulence  intensities  and  only  a  few  examples  of 
other  turbulence  properties  are  available  In  particular,  third-order 
correlations  of  velocity  fluctuations  can  provide  information  on 
the  effects  of  curvature  and  proximity  of  a  staEnation  zone  on  the 
turbulence  structure  and  arc  necessary  lO  obtain  a  full  second- 
order  closure  of  the  differential  equations  for  turbulent  transport 
of  momentum  and  energy  (e.  g..  Launder,  1989).  However, 
most  of  the  published  works  reporting  higher-order  velocity 
measurements  are  concerned  with  the  effects  of  curvature  m  cold 
mixing  layers  (e.  g..  Smiths  et  al.,  1979;  Gibson  and  Younis; 
1983;  Gibson  et  al.,  1984)  and  only  a  few  papers  report  similar 
measurements  in  curved  reacting  flows  (e.  g.,  Stainer;  1986, 
Heitor  et  al.,  1987).  In  addition,  experiments  in  which  the 
measurements  are  used  to  obtain  magnitude  estimates  of  other 
quantities  of  direct  relevance  to  turbulence  modelling,  such  as 
budgets  and  correlation  coefficients  of  Reynolds  stresses,  are 
necessary,  but  are  very  demanding  in  the  experimental  technique 
(e.  g.,  Durao  and  Heitor,  1991).  Only  recently  LDA 
measurements  have  been  used  to  der.ve  such  information  (e.  g., 
Starner  and  Bilger,  1987;  Heitor  et  al.,  1987)  but  in  somewhat 
simple  flows,  such  as  non-reacting  mixing  layers,  axisymmetnc 
jet  flames  with  moderate  swirl  or  bluff-body  recirculating  flames. 
Stmngly  swirled  recirculating  flows  include  additional  features 
due  tc  the  effects  of  centnfugal  forces  and  curvature  in  zones  of 
mean  shear  (c.  g.,  Takagi  et  al.,  1985;  Starner  and  Bilger,  1989) 


but  have  not  been  fully  adressed. 

This  paper  reports  an  experimental  sttidy  of  the  reacting  flow 
field  in  the  vicinity  of  a  swirl-induced  recirculation  zone  and  is  an 
extension  of  previous  work  for  non-reacting  conditions  (Durao  et 
al.,  1990).  The  experiments  include  laser-Doppler  measurements 
of  mean  velocity  and  double  and  triple  velocity  conelations  in  the 
three  spatial  directions,  which  are  complemented  by  mean 
temperature  measurements  in  the  reacting  flow.  The  results  are 
used  to  obtain  Favre  averaged  estimates  of  the  convection  and 
pi  eduction  terms  of  the  transport  equations  for  shear  stress  and 
turbulent  kinetic  energy  and  provide  a  basis  to  improve  our 
understanding  of  relevant  transport  processes  in  industrial 
burners  and  to  guide  turbulence  modelling. 

2.  FLOW  CONFIGURATION  AND  EXPE.RIMENTAL 
METHOD 

Details  on  the  experimental  techniques  assessments  of 
accuracy  have  been  reported  in  a  previous  work  (Moreira,  1991) 
and  only  a  summary  is  presented  here. 

The  flow  configuration  is  based  on  those  used  under  "dual" 
burning  of  liquid  and  gaseous  fuels  in  practical  furnaces.  It 
comprises  a  commercial  fuel  atomizer  with  an  external  diameter 
of  23mm,  assembled  in  a  low  velocity  co-flow  of  propane  gas 
(54mm  0.  D.),  which  is  externally  surrounded  by  a  high  velocity 
co-flow  of  air  (84mm  O.  D.).  A  diverging  quarl  typical  of  those 
found  in  the  burners  of  industrial  furnaces,  was  located  at  the 
burner  exit  and  could  be  removed  to  permit  the  measurement  of 
boundary  conditions.  Swirl  can  be  imparted  to  both  streams  by 
means  of  fixed  blades  at  45'^  with  resulting  swirl  numbers, 
estimated  from  the  geometry  of  the  blades,  equal  to  So=0.77  and 
Si=0.85  for  the  outer  and  inner  streams,  respectively.  The  air 
flow  rate  was  measured  by  a  calibrated  standard  orifice  meter  and 
integrated  pitot-tube  measurements  have  shown  that  the  measured 
flow  rates  are  accurate  within  2%.  The  propane  mass  flow  rate 
was  measured  by  a  rotameter  with  an  absolute  error  smaller  than 
O.lg/s,  which  corresponds  to  an  accuracy  of  1.75%  for  the  flow 
conditions  studied  here. 

The  measurements  presented  here  were  obtained  for  reacting 
and  non-reacting  conditions  in  the  absence  of  liquid  fuel.  The 
reacting  flow  corresponds  to  bulk  velocities,  defined  as  the  ratio 
between  the  flow  rate  and  the  cross  sectional  area,  equal  to 
(/o=30m/s  (/feo=495C)0)  in  the  air  stream  and  (/ga5=1.8ms 
(Rej=3(XX))  in  the  gas  stream,  corresponding  to  a  flame  with  an 
air  to  fuel  volumetric  ratio  (AFR)  equal  to  27.6  and  a  heat  load  of 
about  350kW.  The  non-reacting  flow  analysed  throughout  this 
work  was  obtained  by  replacing  the  propane  gas  by  air  with  the 
same  momentum  flux,  which  results  in  a  Reynolds  number  equal 
to  4(XX)  in  the  inner  flow. 

The  origin  of  the  axial  axis,  x,  is  taken  at  the  center  of  the 
exit  plane  of  the  model  burner  and  the  tangential  velocity  is  taken 
positive  in  the  anticlockwise  direction,  as  facing  the  burner.  The 
burner  is  located  vertically  directed  upwards  and  the  symmetry  of 
the  flow  was  verified  by  measuring  several  complete  radial 
profiles  in  the  horizontal  plane. 

Velocity  measurements  have  been  obtained  with  a  dual-beam 
laser-Doppler  anemometer  similar  to  that  described  by  Durao  et 
al.  (1990),  based  on  an  argon-ion  laser  light  source  at  514.5nm 
(IW  nominal)  with  sensivity  to  the  flow  direction  provided  by 
light-frequency  shifting  from  acoustico-optic  modulation  (double 
Bragg  cells)  with  a  resulting  shift  of  the  Doppler  signal  in  the 
range  O-lOMHz.  The  half-angle  between  the  beams  was  4.92° 
and  the  calculated  dimensions  of  the  measuring  volume  at  the  e’2 
intensity  were  1.528  and  0.132mm.  The  transfer  function  in  the 


absence  of  frequency  shift  was  0.33MHzm‘*s.  Forward- 
scattered  ligth  was  collected  and  focused  into  the  pinhole  aperture 
(0  300  mm)  of  a  photomultiplier  tube  with  a  magnification  of 
0,74.  The  band-passed  filtered  Doppler  signals  were  processed 
by  a  commercial  frequency  co  (TSI  1980B)  interfaced  with  a 
16-bit  microcomputei . 

The  complete  LDV  system  was  fixed  and  the  burner  was 
mounted  on  a  three-dimensional  traversing  unit,  allowing  the 
positioning  of  the  control  volume  within  ±0.25mm.  Tlie 

distributions  of  the  Reynolds  shear  stresses  and  «  w''  and 
corresponding  triple  correlations  were  obtained  by  traversing  the 
control  volume  along  two  normal  diameters  with  the  laser  beams 
in  the  honzontal  and  vertical  planes  and  at  ±45°,  as  described  by 
Durst  etal.  (1981) 

The  accuracy  of  the  velocity  measurements  obtained  in  the 
present  flow  have  been  discussed  in  previous  works  and  only  a 
summary  is  presented  here.  Transit  broadening  (e.  g.,  Zhang  and 
Wu,  1987)  and  non-turbulent  Doppler  broadening  errors  (e.  g., 
Kreid,  1974)  affect  mainly  the  variance  of  the  velocity 
fluctuations  and  are  estimated  to  be  smaller  than  SxIO'^Uq^  and 
lxlO'3  Uo^,  respectively.  The  number  of  individual  velocity 
values  used  to  form  the  averages  was  always  above  15000, 
which  results  in  statistical  (random)  errors  smaller  than  1%  and 
4%,  respectively  for  ;he  mean  and  variance  values  for  a  95% 
confidence  interval  (e.  g.,  Vanta  &  Smith,  1978). 

Systematic  errois  due  to  sampling  bias  were  minimized  by 
using  data  acquisition  rates  in  the  range  5  to  lOkhz  and, 
therefore,  higher  than  the  fundamental  velocity  fluctuation  rate  (e. 
g.,  Dimotakis,  1978).  Following  the  analysis  of  Glass  and  Bilger 
(1978)  for  coflowing  streams,  these  errors  are  less  than  +9%  and 
-10%  for  the  mean  and  vanarce  values,  respectively.  In  order  to 
minimize  bias  errors  due  to  unequal  particle  densities  in  the  inner 
and  outer  air  flows,  e  g.,  Durao  et  al  (1991),  the  two  streams,  as 
well  as  the  ambient  air  in  the  vicinity  of  the  burner  head  were 
seeded  separately  with  powdered  aluminium  oxide  (0.6  to  Ipm 
nominal  diameter  before  agglomeration)  dispersed  in  purpose- 
built  cyclone  generators  (e.  g..  Glass  and  Kennedy,  1977).  In 
addition  all  the  measurements  were  weighted  with  the  time 
between  events  in  order  to  minimize  bias  errors  in  regions  of  low 
panicle  densities.  "Fringe  (angle)"  bias  is  minimized  by  using 
large  values  of  the  frequency  shifting  (e.  g..  Durst  &  Zar^,  1975) 
and  for  the  present  case  the  acceptance  angle  (see  Lau  et  al., 
1981)  was  360<^  for  a  fnnge  to  panicle  velocity  ratio  larger  than 
1,  which  could  be  achieved  with  a  frequency  shift  up  to  lOMhz 

Based  on  the  analysis  of  Heitor  et  al.  (1987)  the  velocity 
averages  should  be  density  weighted. 

3.  RESULTS 

Figure  1  shows  the  measured  streamline  dismibutions  and 
indicate  the  most  salient  features  of  the  mean  flow  in  the  vicinity 
of  the  burner  head  for  reacting  and  non-reactirg  condiiioms.  The 
two  flows  have  similar  patterns  with  qualitatively  similar 
distributions  of  mean  velocity  (not  shown  here  due  to  lack  of 
space),  which  arc  typical  of  those  observed  in  highly  rotating 
flows  and  include  a  central  swirl  driven  recirculation  zone 
surrounded  by  an  annular  forward  flow  region  where  the 


maximum  tangential  velocities  occur  with  ab,solute  values  about 
80%  of  the  annular  bulk  velocity.  For  reacting  conditions  the 
reverse  flow  zone  is  characterized  by  unifomi  and  high  mean 
temperatures,  as  in  other  recirculating  flames  (e  g.,  Heitor  et  al., 
1987;  Tangirala  et  al.,  1987).  Despite  the  qualitative  similarities 
between  the  two  flows,  combustion  induces  significant 
quantitative  differences:  the  mean  axial  and  tangenual  velocities 
increase  because  the  density  is  lowered  and  the  axial  and  angular 
momentum  must  be  conserved;  the  recirculated  mass  flow  rate 
decreases  from  67%  in  the  non-reacting  flow  to  14%  in  the 
reacting  flow  as  a  result  of  the  reduction  in  density;  the  length  of 
the  recirculation  zone  decreases  by  32.5%  and  its  maximum 
width  increases  by  about  12%.  These  effects  of  combustion  are 
similar  to  those  reported  in  the  literature  foi  flames  with  high 
swirl  numbers  (e.  g.,.  Claypole  and  Syred,  1981;  Hillmanns  et 
al.,  1986;  Tangirala  et  al.,  1987)  but  must  be  contrasted  with 
measurements  reported  for  flames  with  low  swirl  numbers,  even 
though  with  swirl-induced  recirculation  zone  (e.  g  ,  Chigier  and 
Dvorak,  1975,  Tangirala  et  al.,  1987). 

Inspecdon  of  figure  2  reveals  that  combustion  does  not  affect 
significandy  the  turbulent  flow  upstream  of  xir>Q=\.Q,  where  the 
general  levels  of  velocity  fluctuations  are  small  inside  the 
recirculation  zone  and  large  in  the  highly  strained  annular  shear 
layer.  In  this  region  turbulence  is  strongly  anisotropic  with 

'72  ~  2 

“  mfl;x=2.2v  =2.2w  in  the  non-reacung  flow  and 

"72  7^  "7^2 

“  majt=l-33v  f^ax  =2.0^  the  reacting  flow. 

Downstream  of  x/Do=1.5  both  flows  show  distinct  features:  in 
the  non-reacting  flow,  the  three  normal  stresses  decrease  as  the 

~2  ~2 

distance  to  the  burner  increases,  with  v"  andw"  sligtly  larger 

"72 

than  u  in  the  vicinity  of  the  rear  stagnation  point;  on  the  other 

”75 . 

hand  v"  and  w  increase  considerably  towards  the  stagnation 
point  in  the  reacting  flow,  in  a  way  similar  to  that  observed  by 
Heitor  et  al  (1987)  and  Castro  and  Haque  (1987)  in  highly 
recirculating  flows  downstream  of  baffles.  The  iso-contours  of 
turbulent  kinetic  energy  show  that  maximum  values  occur  along 
the  edge  of  the  backflow  region  in  the  non-reacting  flow,  while  in 
the  reacting  flow  the  largest  values  occur  in  the  vicinity  of  the  rear 
stagnation  point.  As  a  result,  the  reacting  flow  is  strongly 
anisotropic  with  probability-density  distributions  suggesting  the 
presence  of  flow  peridiodicity.  The  evidence  of  periodic 
oscillations  in  the  frequency  spectra  of  the  velocity  fluctuations, 
could  only  be  observed  in  the  vicinity  of  die  rear  stagnation  point 
of  the  reacting  flow  (namely  around  r/Do=0.0,  x/Do=2.7)  where 
the  spectrum  of  radial  velocity  fluctuations  have  shown  a  peak 
around  30Hz  Analysis  (Moreira,  1991)  has  shown  that  when 
this  frequency  is  sealed  with  the  flow  parameters  in  the  shear 
layer  adjacent  to  reverse  flow  zone,  the  local  Strouhal  number  is 
of  the  order  of  those  characterizing  the  "bursting"  phenomena  in 
turbulent  shea,  layers  (e.  g.,  Stnckland  and  Simpson,  1975, 
Simpson  et  al ,  1981).  Although  the  energy  contained  in  the 
frequency  peak  is  only  about  4%  of  the  toial  spectral  energy,  the 
observation  suggests  the  likely  importance  of  intennitency  in  the 
mixing  process  between  the  hot  fluid  inside  the  recirculation  zone 
and  the  heterogeneous  density  field,  in  a  way  similar  to  that 
observed  in  other  comparatively  simple  flows  with  density 
gradients,  e.  g.,  Rajagopalan  and  Antonia  (1981). 

The  distributions  of  the  shear  stress,  have  maximum 


„2 

values  coincident  with  those  of  u"  ,  with  increased  values  for 
the  reacting  flows.  The  sign  of  the  shear  stress  is  related  to  the 

sign  of  the  shear  strain  dU  /dr  in  accordance  with  a  turbulent 
viscosity  hypothe.sis  (e.  g.,  Jones  and  Whitelaw,  1985)  except 
for  a  narrow  zone  in  the  upstream  part  of  the  shear  layer  ac,  icent 
to  the  reverse  flow  zone  in  the  reacting  flow,  where  the  shear 
strain  is  close  to  zero  as  in  other  recirculating  flows  (see,  for 
example,  Heitor  et  al.,  1987). 

Suucturai  parameters  have  been  calculated  from  the  results  to 
quantify  the  extent  up  to  which  the  nature  of  turbulence  has 
changed  owing  to  combustion.  The  correlation  coefficient  for  the 


Figure  1  -  Measured  streamline  distributions  for  non-reacting  (where  /dr>0)  is  found  to  follow  similar  trends  in  the  non- 
and  reacting  (AFR=27)  flows,  Re=495(X).  reacting  and  reacting  flows.  Ruv  increases  from  -0.3  at  the  exit 
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x/Do 

Fmurc  2  -  fso-contours  of  Reynolds  stresses  for  non-rcac!ing  2!Kj  reacting  (AJ'R -27)  f.ov.s, 

Re=49500;  a)  Axial  normal  stress,  «"  lUo^ xIO^;  b)  Radial  normal  stress,  v"  IUo^xlO^\,c) 

Tangeniial  normal  stress,  /Uo^xl02,  d)  Reynolds  shear  stress,  u"v"/ijg2xio^-,  e) 
Turbulent  kinetic  energy,  k/Uo^xlO^ 


plane  of  the  quarl  {xlOo- 1)  6)  up  to  about  -0,7  at  x/Do=\.0  and 
decreases  to  a  const;  nt  v.'l.ie  equal  to  -0.4  far  downstream. 
Similar  trends  have  been  ouj  irveri  in  other  recu'culating  flows  (e. 
g.,  Chandrsuda  and  Bradshaw,  1981;  Heitor  et  al.,  1987)  and 
were  atributed  by  Smiths  et  tl.  (1979)  to  the  presence  of  extra- 
strain  rate  as  a  result  of  streamline  curvature.  In  the  outer  shear 


layer  (where  dU  /dr<0)  combustion  increases  the  peak  values  of 
Ruv  from  0  4  in  the  cold  flow  to  about  0.7,  suggesting  the 
presence  of  competitive  effects  due  to  dilatation,  as  referred  by 
Ballal  (1975).  In  addition,  the  distributions  of  the  ratio  between 

the  shear  stress  and  turbulent  kinetic  energy,  have  shown 
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values  smaller  than  0.3  (e.  g.,  Harsha  and  Lee,  1970)  in  the  inner 
shear  layer  of  the  reacting  flow  in  agreement  with  the 
observations  of  Smiths  et  al.  (1979),  Gibson  and  Younis  (1983) 
and  Gibson  et  al.  (1984)  and  values  larger  than  0.3  in  the  outer 
shear  layer.  The  criteria  suggest  that  the  shear  stress  in  our 
reacting  flow  is  primarily  induced  by  streamline  curvature  and 
dilatation  effects,  respectively  in  the  inner  and  outer  shear  layer 
and  that  large  scale  motions  are  likely  to  have  minor  importance 
in  the  balance  of  turbulent  kinetic  energy. 

4  DISCUSSION 

Tlie  results  analysed  m  the  previous  paragraphs  quantify  the 
effect  of  combustion  on  the  velocity  characteristics  of  the 
recirculating  flow  analysed  throughout  this  work.  As  in  other 
combustion  systems,  the  heat  release  accompanying  combustion 
results  in  acceleration  of  the  flow  and  in  higher  levels  of  the 
turbulent  fluctuations  m  the  high  mean  velocity  regions  of  the 
flow.  However,  the  extent  up  to  which  this  is  due  to  "flame¬ 
generated  turbulence"  (e.  g.,  Bilger,  1986)  remains  to  be 
quantified.  This  is  because  in  uniform  density  flows  turbulent 
kinetic  energy  is  generated  by  the  action  of  the  turbulent  shear 
stresses  on  the  mean  velocity  gradients  and  the  presence  of 
combustion  greatly  increases  the  mean  shear  by  the  heat  release 
Reynolds  stresses  are  also  increased  in  line  with  the  increased 
turbulence  levels  and  so  production  of  turbulent  kinetic  energy  by 
mean  shear  is  greatly  increased.  Therefore,  the  so  called  "flame- 
generated  turbulence"  could  merely  be  shear-generated 

turbulence.  . 

The  measurements  of  the  mean  and  turbulent  velocity 
characteristics  reported  in  the  previous  section  allow  to  estimate 
the  convecuon  and  producrion  terms  in  the  transport  equations  for 
turbulent  kinetic  energy  and  for  Reynolds  shear  stresses  and  help 
to  quantify  the  mechanisms  involved  in  the  generation  of 
turbulence.  The  estimates  are  approximate  because  of  the  error  in 
evaluating  the  spatial  gradients,  but  the  values  are  sufficiently 
accurate  for  the  purpose  of  establishing  the  relative  importance  of 
the  separate  terms  in  the  conservation  equations. 


r/Oo 


Figure  3a)  shows  radial  profiles  of  the  production  and 
convection  terms  in  the  equations  for  turbulent  kinetic  energy 
normalized  by  rUo^/Do  for  the  reacting  and  non-reacting  flows, 
with  convection  plotted  so  that  a  negative  value  represents  a  gain 
The  results  show  distributions  in  the  outer  shear  layer  (where 

^  fdr<0)  similar  to  those  observed  in  mixing  layers  free  jf 
curvature  (e.  g.,  Gutmark  and  Wygnanski,  1976,  e.  g., 
Chandrsuda  and  Bradshaw,  1982):  production  is  mainly  due  to 
the  interaction  between  shear  stress  and  shear  strain  and  is 
balanced  by  turbulent  diffusion  and  dissipation.  In  tlie  core  ol  the 
annular  jet  turbulence  production  by  normal  and  shear  stresses  is 
negligible  and  convection  is  the  largest  term  and  represents  a 
gain,  which  is  balanced  by  turbulent  diffusion  and  dissipation. 
For  smaller  radius,  in  the  region  of  the  separation  streamline  and 
upstream  of  stagnation  (i.  e.,  x/Do<2.0),  the  distribution  of  the 
various  terms  for  reacting  and  non-reacting  flows  resembles  that 
of  the  mixing  layer  of  Wood  and  Bradshaw  (1981)  and  upstream 
of  the  reattachment  zone  in  the  backstep  flows  of  Chandrsuda  and 
Bradshaw  (1981)  and  Pronchick  and  Kline  (1983);  convection  is 
small,  production  is  mainly  by  shear  stress  and  turbulent 
diffusion  and  dissipation  are  important  and  represent  a  loss. 
Around  jr/Do=2.1,  the  deflection  of  the  separation  streamline 
(figure  1)  occurs  in  a  zone  where  turbulence  production  by  the 
interaction  of  normal  stresses  with  normal  strain  is  large,  with 
maximum  values  in  the  vicinity  of  the  centre  line  for  the  reaenng 
flow  and  for  larger  radius  for  the  isothermal  flow.  This 

”2  ~~2 

observation  is  in  accordance  with  the  high  values  of  v"  lu" 
measured  in  the  vicinity  of  the  stagnation  point  for  the  reacting 
flow  and  agrees  with  the  results  of  Heitor  et  al.  (1987)  in  a 
baffle-stabilized  flame. 

The  terms  in  the  U'ansport  equation  of  shear  stress  u"v" ^  not 
shown  here  due  to  lack  of  space,  show  that  production  is 
dominated  over  the  whole  length  of  the  measurements  by  the 
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O  -  Production  by  normal  strosses,  A  -  Production  by  shear  stresses,  V  ■  Convection, -  Imbalance 

Figure  3  -  Radial  profiles  of  the  production  and  convection  terms  in  the  conservation  equation  for 
turbulent  kinetic  energy  in  the  non-reacting  and  reacting  (AFR=27)  flows,  Re=49500 


31-5-4 


2  — 

interaction  of  normal  stress  with  shear  strain,  i.  e.,  v"  Idr, 
as  in  the  swirling  jet  of  Ribeiro  and  Whitelaw  (1980)  and  in 
recirculating  flame  of  Heitor  et  al.  ( 1 987).  Anmnd  die  core  of  the 

annular  jet,  where  ‘*"''"=0,  this  term  reverses  its  sign,  but  either 
in  the  inner  or  outer  parts  of  the  flow  is  likely  to  be  balanced  by 
pressure-redistribution  terms. 

It  should  be  noted  that  distributions  of  figure  3  for  the 
reacting  flow  do  not  include  the  source  terms  involving  the  mean 

pressure  gradient,  i.  e.  -« which  are  associated  with  the 
presence  of  "flame-generated"  turbulence  (see,  for  example, 
Bilger,  1986,  Takagi  et  al.,  198.‘5).  It  is  clear  that  the  imponance 
of  these  terms  depends  on  the  co-existence  of  large  values  of 

dPIdxi  with  which  depends  on  the  particular  flame  under 
analysis.  For  example,  they  were  found  to  be  small  in  the  jet 
diffusion  flame  of  Stamer  and  Bilger  (1989),  but  of  the  same 
order  of  the  shear  generation  terms  and  act  as  to  supress  the 
turbulence  and  mixing  in  the  confined  swirling  flame  of  Takagi  et 
al.  (1985).  Also,  Heitor  et  al.  (1987)  have  shown  that  although 
these  terms  may  be  small  in  the  conservation  of  turbulent 
stresses,  the  corresponding  term  in  the  conservation  of  turbulent 
heat  fluxe  is  an  important  source  term  in  baffle-stabilized  flames 
and  gives  rise  to  non-gradient  diffusion  processes.  Estimates  of 
the  present  mean  pressure  gradients  from  the  conservation  of 
momentum,  not  shown  here  due  to  lack  of  space,  have  shown 

that  and  dP/dr  are  of  the  same  order  of  magnitude  in  the  vicinity 
of  the  stagnation  zone,  but  have  opposite  signs  and  act, 

respectively,  as  a  sink  of  u  and  a  source  of  v  .  h  remains 
rather  speculanve  to  conclude  that  the  terms  cancel  each  other  and 
result  in  a  negligible  contribution  in  the  conservation  of  turbulent 


kinetic  energy,  as  in  the  recirculating  flame  of  Heitor  et  al. 
(1987),  but  It  is  clear  that  they  contribute  for  the  increased 
anisotropy  ob'-— -d  m  the  present  reacting  flow.  The  direct 
implication  of  oc  results  to  the  modelling  of  turbulent  flames  in 
swirling  burners  is  that  closure  should  be  achieved  at  the  level  of 
transport  equations  for  the  individual  stresses  and  that  those 
processes  arising  from  variable  density  should  be  represented 
directly. 

Difussion  of  turbulent  energy  and  shear  stress  may  be 
associated  with  the  gradients  of  third-order  correlations  of 
velocity  fluctuations,  which  are  strongly  affected  by  both 
longitudinal  curvamre  and  proximity  of  a  stagnation  zone  and  has 
been  attributed  to  large-scale  motions  (e.  g.,  Castro  and 
Bradshaw,  1976;  Ribeiro  and  Whitelaw,  1980).  Figure  4  shows 
radial  profiles  across  the  recirculation  bubble  of  the  triple 
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products  w  V  _  v"  ,  and  «  v  ^  which  represent  the  turbulent 

^ ^ 

radial  fluxes  of  u"  ,  v"  and  respectively.  The  results 
show  that  the  triple  velocity  correlations  are  one  order  of 
magnitude  smaller  than  the  corresponding  Reynolds  stresses  and 
have  distributions  qualitatively  similar  to  those  in  the  shear  layer 
upstream  the  reattachment  zone  and  within  the  recirculation 
region  in  the  backstep  flows  of  Chandrsuda  and  Bradshaw 
(1981),  Driver  and  Seegmiller  (1983)  and  Pronchick  and  Kline 
(1983)  or  within  the  recmculation  zone  of  the  baffle-stabilized 
premixed  flame  studied  of  Heitor  et  al.  (1987).  The  distributions 
of  figure  4  also  show  that  turbulent  transport  of  both  normal  and 

2 

shear  stresses  is  mainly  in  the  gradient  sense.  In  addition,  «"  v" 

and  v"^  ^  negative  along  the  edge  of  the  recirculation  zone  and 
are  associated  with  the  transport  of  turbulent  kinetic  energy  from 


nonreacvng  flow 


t/Qq 

REACTING  FLOW 


•  -  second  order  velocity  correlations 
O  -  third  order  velocity  correlations 


Figured  -  Radial  profiles  of  third-order  velocity  correlations  at  x/Do=  2.1  for  non-reacting  and 
reacting  (AFR=27)  flows,  Rc=49500 
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the  highly  turbulent  shear  layer  to  the  backflow  region  of  weak 
turbulent  fluctuations,  as  in  other  recirculating  flows  (e.  g., 
Simpson  et  al.,  1981;  Gould  et  al.,  1990).  However,  minimum 

values  of  diffuse  towards  the  centerline  faster  than  those  of 

suggesting  that  the  radial  transport  of  v"  towards  the 

stagnation  point  is  faster  than  that  of  «"  ■  This  observation  is 
similar  to  the  effect  of  streamline  curvature  observed  by  Gibson 
et  al.  (1984)  and  is  consistent  with  the  strong  anisotrppy  induced 
by  combustion  in  the  vicinity  of  the  centerline.  In  the  outer  shear 

layer,  where  dV  ldr<0,  the  distributions  of  the  triple  velocity 
correlations  are  in  agreament  with  those  observed  in 
axisymmetric  flames  (e.  g.,  Stamer,  1986)  and  plane  mixing 
layers  (e.  g..  Wood  and  Bradshaw,  1981). 

5  CONCLUSIONS 

Laser-Doppler  measurements  of  the  flow  downstream  of  a 
model  burner  have  provided  information  about  the  effect  of 
combustion  on  turbulent  transport  processes  typical  of  swirling 
recirculating  flames.  The  results  have  been  obtained  for  a  flow 
dominated  by  the  presence  of  a  large  recirculation  zone,  which  is 
curved  along  its  length  and  imposes  mean  velocity  effects  on  the 
turbulent  field.  The  velocity  characteristics  of  the  combusting 
flow  are  qualitatively  similar  to  those  of  the  equivalent  isothermal 
flow,  although  combustion  decreases  the  recirculated  mass  flow 
rate  and  the  length  of  the  recirculation  zone  and  increases  its 
width.  The  turbulent  flows  are  anisotropic  with  tncrwsed 
deviations  from  isotropy  around  the  rear  stagnation  zone  in  the 
reacting  flow.  Analysis  has  shown  evidence  of  large  scale 
motions  with  a  predominant  frequency  around  30Hz,  although 
their  contribution  to  the  time  average  turbulent  kinetic  energy  is 
shown  to  be  small. 

Inspection  of  the  terms  in  the  conservation  equations  for  the 
turbulent  stresses  show  that  the  interaction  between  normal 
stresses  and  normal  strains  influences  the  turbulent  flow  in  the 
vicinity  of  the  rear  stagnation  point  and  suggest  that  extra  source 
terms,  such  as  those  due  to  the  effects  of  mean  pressure  field  are 
unimportant  in  the  present  unconfined  flame.  The  results  also 
indicate  ih.’>t  turbulent  diffusion  and  dissipation  are  likely  to  be 
important  .n  the  balance  oi  turbulent  kinetic  energy,  particularly 
near  the  stagnation  and  along  tlie  annular  swirling  jet. 
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Introduction. 

The  high  capacity  of  todays  computers  has  enabled  the 
extension  of  turbulence  models  to  strongly  ani.sotropic  flow 
fields,  i.e.  the  interest  has  been  focused  on  the  use  of 
models  based  on  the  transport  equations  for  the  Reynolds 
stresses.  (RST  models.)  To  improve  these  turbulence  models 
well-defined,  simple  and  fundamental  experiments  are 
needed,  in  which  gradients  of  the  different  turbulence  para¬ 
meters  are  determined.  Together  with  direct  simulation  of 
the  Navier-Stokes  equations  these  experiments  yield  a  good 
base  for  the  improvement  of  the  modelling  of  different 
terms  in  the  Reynolds  equations.  An  excellent  presentation 
of  the  closure  problem  and  the  terms  of  interest  for  the 
development  of  turbulence  modelling  has  recently  been 
published  by  Groth  (199  0. 

•A  fundamental,  well-defined  and  simple  flow  case  is  the 
wall- jet,  where  an  interaction  between  a  wall  boundary 
layer  and  a  free  shear  layer  forms  the  anisotropy  as  well 
as  the  inhomogeneous  character  of  the  flow  field. 

A  comprehensive  literature  survey  of  wall-jets  was  carried 
out  already  in  the  beginning  of  the  eighties  by  Launder  and 
Rodi  (1  980),  wlio  studied  a  large  number  of  different  more 
or  less  well-defined  turbulent  wall-jct  e.'periments. 
flic  main  conclusion  of  this  survey  was  a  lack  of  well- 
defined  experiments  in  simple  and  fundamental  geometries. 
If  the  study  is  limited  to  the  two-dimensional  case,  a 
further  conclusion  from  the  work  of  Launder  and  Rodi  was 
that  many  of  the  studied  flow  cases  did  not  fulfil  the  condi¬ 
tion  of  two-dimensionality.  Although  more  than  ten  years 
have  passed  since  the  work  of  Launder  and  Rodi  was 
presented,  very  few  investigations  have  been  reported  in 
which  fundanicnlal  wall-jets  have  been  studied.  Lspecially 
well-defined  turbulence  measuremonls  are  needed,  since 
the  anisotropy  of  the  two-dimensional  wall-jet  yields  a  case 
well  suited  for  the  evaluation  of,  e.g.  new  dissipation 
models,  see  Hallback,  et.al.  (199U). 

The  purpose  of  the  present  work  was  to  determine  the 
turbulence  field  of  a  two-dimensional  wall-jet  in  a  simple 
and  also  well-defined  geometry  without  influence  of  an 
outer  disturbing  flow  field.  To  accomplish  these  measure¬ 
ments  a  wall-jet  rig  was  used.  All  turbulence  measurements 
were  carried  out  using  hot-wire  techniques,  single-  and 
cross-wires.  The  measurements  presented  here  were 
performed  at  a  Reynolds  number  of  If/,  based  on  the  slot 
height,  and  the  extension  of  the  measurements  in  the  flow 
direction  was  in  the  range  of  x/h  -  25  through  x/h  =  156. 
f\'-coordinate  in  the  mam  flow  direction  and  h-slot  height.) 

Experimental  set  up. 

The  wall-jet  rig  consists  of  two  parts,  a  settling  chamber 
and  a  two  dimensional  "wall-jet  purl"..  An  ordinary  fan 
blows  air  into  a  settling  chamber,  inside  which  a  baffle  is 
placed  to  decrease  the  air  motions,  'fhe  outlet  of  the 
chamber  is  designed  as  a  contraction,  according  to  a 
method  suggested  by  Morel  (1975),  with  a  ratio  of  10:1. 
Before  the  contraction,  a  honeycomb  and  two  screens  with 
fine  mesh,  chosen  according  to  .Johansson  and  Alfredsson 
(1987),  are  positioned  Joi  the  accomplishment  of  a  low 
turbulence  intensity  in  'ht  iiitlet.  From  the  outlet  of  the 
settling  chamber,  the  11-  ct  flows  over  a  Hat  horisontal 
plate,  which  in  the  two-c  mcnsional  case  is  surrounded  by 
vertical  side  walls.  An  asicct  ratio  of  50:1  was  employed 
in  the  present  rig.  The  hor.sontal  plate  has  a  thin  plastic 
laminate  for  obtaining  a  smooth  surface. 
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Figure  1.  Mean  velocity  profiles. 

The  measurements  of  mean  velocities,  turbulenee  intensities 
and  triple  correlations  were  carried  out  using  hot-wire 
technique.  Standard  Dantec  equipment,  i.e,  an  anemometer 
svstem,  miniature  single-  and  cross-wires,  were  employed 
throughout  the  whole  experiment.  In  the  calibration  the 
voltages  were  transferred  into  velocities  using  a  standard 
function  suggested  by  Siddal  and  Davies  (1972).  Standard 
method',  which  could  be  found  for  example  in  Perry  (1982), 
were  also  used  for  the  evaluation  of  the  turbulence  com¬ 
ponents  from  the  cross-wire  men  .urements.  All  data 
aquisitions  have  been  tested  in  a  .wo-dimensional  flat  plate 
boundary  layer,  as  has  been  described  by  Lbfd."hl  (1986)  and 
m  Lofdahl  et.al.  (1991). 

The  friction  velocity  i/,  was  determined  using  Preston 
tubes,  calibrated  according  to  Patel  (1965). 

Results  and  discussion. 

To  validate  the  wall-jet  rig,  hot-wire  measurements  in  the 
normal  as  well  as  spanwise  direction  were  carried  out  for 
the  determination  of  the  velocity  distribution  at  the  outlet 
of  the  slot.  These  measurements  showed  that  the  flow  was 
very  uniform,  the  mean  velocity  variations  were  less  than 
1%,  and  had,  as  mentioned,  an  extremely  low  turbulence 
intensity  in  the  main  flow  direction,  of  order  0.3%. 

To  check  the  two  dimensionalities  of  the  rig,  the  momentum 
loss  was  computed  according  to  a  method  suggested  by 
Launder  and  Rodi  (1981).  The  estimated  momentum  losses 
were  found  to  be  less  than  8%  up  to  x/h  =  100,  which  was 
accepted  as  a  criterion  for  a  two-dimensional  flow  by 
Launder  and  Rodi.  Accordingly,  the  present  wall-jet  rig  can 
be  considered  as  a  two-dimensional  flow  case  for  the  inves¬ 
tigated  region. 

Mean  velocity  profiles  were  determined  from  the  outlet  to 
a  downstream  distance  of  the  order  150  xAi.  In  Figure  1, 
these  results  are  shown  at  positions  x/h  =  25.0,  35.0,  41.6, 
80.3,  101.7  and  156.7.  It  can  be  noted  from  these  measure¬ 
ments  that  the  agreement  between  the  profiles  at  different 
downstream  positions  is  very  good,  end  that  the  growth  of 
the  half  width  is  approximately  7%,  which  is  in  full  agree¬ 
ment  with  the  values  mentioned  in  the  literature,  see  for 
example  Launder  and  Rodi  (1981). 
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Figure  2.  Turbulence  intensity  in  the  main  flow 
direction  at  x/h  =  25.0,  41.6  and  101.7 
(Legende  see  Figure  3.) 

The  turbulence  quantities  were  determined  at  the  same 
locations  as  the  mean  velocities.  These  measurements  are 
shown  in  Figures  2  through  6.  In  Figures  2,  3  and  4  the 
turbulence  intensities  at  positions  x/h  =  25.0,  41.6  and  101.7 
are  shown  ns  a  function  of  the  wall  distance.  Here  the 
typical  two  mnxiimims  of  the  normal  stress  in  the  main  flow 
direction  can  be  observed.  One  lower  maximum  in  the  inner 
most  region,  connected  to  the  wall  laver,  and  one  further 
out  in  the  free  shear  layer.  A  tendency  of  these  two  maxima 
can  be  noted  in  the  lateral  component.  Figure  3,  while  only 
the  outer  maximum  is  found  in  the  normal  component, 
Figure  4.  The  reason  of  the  vanishing  inner  iiinximum  is  due 
to  the  large  measuring  volume  and  the  fairly  thin  boundary 
layer  thickness  at  the  studied  positions. 
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Figure  3.  Turbulence  intensity  in  the  lateral 

direction  at  x/h  =  2.5.0,  41.6  and  101.7 

Figure  5  shows  the  shear  stre.ss.  Here  it  can  be  noted  that 
the  change  of  sign  of  the  shear  stress  deviates  from  the 
position  of  the  maximum  of  the  mean  velocity,  in  accor¬ 
dance  with  earlier  observations,  for  example  by  Townsenc: 
(1976).  Further  it  can  be  observed  from  Figures  2  through  0 
that  the  shape  and  the  level  of  the  normal  stresses  as  well 
as  the  shear  stress  agree  quite  well  with  the  corresponding 
quantities  reported  by  Dakos  et.al.  (1984),  who  studied  a 
slightly  similar,  but  more  complex  flow  field.  In  Figure  6 
the  triple  correlations  at  x/h  =  41.6  are  shown.  As  cun  be 
expected,  a  comparison  with  the  Reynolds  stresses  vields  a 
lower  level  of  these  correlations.  It  can  also  be  noted  that 
the  studied  triple  correlations  all  change  sign  approximately 
at  yj^2  "'^•1  above  the  maximum  of  the  mean  velocity. 

These  correlations  can  also  be  found  in  Dakos  et.al.  (1984), 
and  a  comparison  yields  quite  good  agreement. 

Conclusions. 

Turbulence  measurements  in  a  well-defined,  fundamental 
and  simple  two-dimensional  wall-jet  without  outer  disturbing 
flow  fields  have  been  carried  out.  From  these  measurements 
the  following  main  conclusions  can  be  drawn: 


Figure  4.  Turbulence  intensity  in  normal 

direction  at  x/h  =  25.0,  41.6  and  101.7 
(Legende  see  Figure  3.) 
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Figure  5.  Turbulent  shear  stre.ss  at 
x/h  =  25.0,  41.6  and  101.7 
(Legende  .see  Figure  3.) 
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I’lRuro  6.  Triple  correlation';  for  x/h  =  41.6 

*  The  wall-jet  rig  fulfils  the  requirements  of  two 
dimensionality  for  the  studied  region. 

*  The  growth  of  the  wall-jet  in  the  main  flow  direction 
has  been  determined  to  approximately  7%. 

*  The  turbulence  measurements  reveal  that  two  clear 
maximums  can  be  found  in  the  normal  stress  in  the 
main  flow  direction.  A  s'milar  tendency  can  be  found 
in  the  other  two  turbulence  intensities. 

*  The  shear  stress  reveals  a  change  of  sign  at  a  certain 
distance  from  the  wall.  This  change  in  the  shear  stress 
direction,  however,  does  not  concur  with  the  maximum 
of  the  mean  velocity. 

*  Three  triple  correlations  have  been  determined,  and 
all  reveal  a  maximum  in  the  vicinity  of  the  maximum 
mean  velocity.  Approximately  at  y^^g  triple 

correlation  changes  sign. 
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ABSTRACT 

An  improved  zero-equalion  turbulence  model  is  implemented  in 
the  phase-averaged  Navier-Stokes  equations.  This  allows  the 
simulation  of  the  unsteady  flow  with  coherent  structures,  past  a 
rectangular  afterbody  in  the  transition  towards  turbulence. 

INTRODUCTION 

The  numerical  simulation  of  the  onset  of  transition  in  an 
unsteady  wake  past  an  obstacle  at  uniform  stream  has  been  the 
object  of  numerous  experimental  and  numerical  works. 
Especially  in  the  case  of  cylindrical  configuralions,  vortex 
shedding  aiiu  itrouhal  number  mesurements  have  been  done 
(Roshko(1).Tritton(2),  Gerrard(3),  Williamson  (4))  The 
loss  of  symmetry  in  the  flow  pattern  in  the  case  where  Reynolds 
number  increases  beyond  a  critical  value,  and  the  appearance  of 
vortex  shedding,  constitute  a  first  stop  of  the  flow  transition 
towards  turbulence.  Recent  works  by  Williamson  show  the  rote 
of  the  oblique  shedding  in  finding  a  universal  and  continuous 
relation  of  the  Strouhal  number  versus  Reynolds  number  in  the 
low  Reynolds  number  regime. 

In  the  domain  of  numerical  simulation  of  'his  problem,  there 
are  also  numerous  studies  solving  the  unsteady  Navier-Stokes 
equations  and  predicting  the  vortex  shedding  and  the  Strouhal 
number  with  a  relative  agreement  with  the  physical  experiment 
(Lin  &  al.(5),  Martinez(6),  Braza  &  al.(7),  Lecointe  &  al. 
(8)).  In  the  case  of  rectangular  bodies,  the  numerical 
simulation  of  Davies  and  Moore  (9)  predicts  also  the  vortex 
shedding  for  a  uniform  flow  upstream. 

However,  there  are  less  experimental  and  numerical  works 
analysing  the  fundamental  mechanism  in  the  case  of  an 
externally  imposed  velocity  shear.  Experiments  made  by  Brown 
and  Roshko  (10)  studied  in  details  the  onset  and  the  evolution  of 
vortices  in  mixing  layers,  whereas  Winani  and  Broward  (11) 
analysed  pairing  phenomenon  between  vortices  of  a  free  mixing 
layer.  Concerning  the  mixing  layer  dynamics  past  a  rectangular 
body,  the  experimental  study  of  Bourgeois  (12)  indicates 
clearly  a  change  in  the  flow  iransilion  whenever  the  veloci'y 
gradient  imposed  upstream  becomes  higher  than  a  critical  valuj. 
Then  the  double  array  of  Karman  vortices  becomes  a  single 
array  of  vorlices. 


-  A  firsi  part  represented  by  the  phase-averaged 
operator  <  >,  which  regroups  all  organised  characteristics, 
predictable  by  Navier  -  .Btokes  equations. 

-  A  second  part  regrouping  chaotic  characteristics,  due 
to  random  turbulence,  which  develops  simultaneously  with  the 
organised  mo'ion 

Thus,  we  adopt  the  following  decomposition  of  the  flow  field  ; 

Ui  =  <iJi>+u|.  (1) 

This  decomposition  has  been  applied  by  Ha  Minh  and  al.(13)  as 
well  as  by  Franke  and  al.(14),  for  flows  with  a  periodic 
component.  Owing  to  this  decomposition,  and  because  of  the  non 
linear  convective  term  of  the  Navier  -  Stokes  equations,  second 
order  correlations  (uiUj  )  appear  in  the  phase-averaged 
equations.  These  correlations  are  similar  to  the  Reynolds 
stresses,  and  they  are  modelled  according  to  a  turbulent 
viscosity  concept,  as  follows  . 


equations  yields  the  following  set  of  equations  : 
'Continuity  equation  t  div(Ui)=0.  (3) 


’  Momentum  phase-averaged  equation 


di 


ax. 


,_a_ 

'a*i 


H) 


where  <k>  =  <u2+v2+vv2>  is  the  turbulent  kinetic  energy,  and 


V,  is  the  turbulent  viscosity.  In  the  present  work,  a  zero 
equation  model  is  adopted;  we  use  the  Baldwin-Lomax  model  in 
Its  standard  version  (15)  and  in  a  modified  one,  adapted  to  the 
present  flow  with  organised,  coherent  structures.  This  model 
separates  two  regions,  near  and  lar  from  the  wake,  according  to 

two  different  laws  for  v, .  In  this  model  there  is  no  need  to  fix  a 
boundary  between  these  two  regions.  This  boundary  is  computed 
by  the  continuity  of  values.  The  classical  law  for  the  external 

region  gives  unacceptable  high  values  for  the  eddy  viscosity,  for 
the  present  Reynolds  number  range.  For  this  reason  a  scaling 
according  to  the  unsteady  vorticity  field  is  introduced  in  the 
model  (Eq.6).  This  leads  to  physically  valid  results  and 
especially  takes  into  account  important  transition  features 
carried  trough  the  unsteady  vorticity. 


In  this  paper,  an  attempt  to  analyse  this  mechanism  is  carried 
out  related  to  a  velocity  shear  imposed  as  an  inlet  boundary 
condition  for  the  flow  past  a  rectangular  afterbody,  for  Reynolds 
numbers  500  and  574.  Furlhermore  the  transition  to 
turbulence  al  a  higher  value  al  Reynolds  number  (Re=300O)  is 
studied  by  proposing  a  model  based  on  the  phase-averaged  time 
dependent  Navier-Stokes  equations  and  on  the  eddy  viscosity 
assumption.  Tnis  modei  is  adapted  to  lespect  the  slmultariecus 
development  of  organised  periodic  structures  and  of  the  random 
motion,  during  transition  towards  turbulence 

NUMERICAL  PROCEDURE 

Theoretical  equations 

First,  every  unknown  function  field  is  splilted  up  in  two 
separate  parts; 


Modified  Baldwin-Lomax  turbulence  model 


near  region  : 

2 

vt=l  |(o|. 

rsrc  (5) 

far  region  ; 

vt=  0,0269Kg|(o|.  rsrc  (6) 

'  1  =  mixing  length,  for  the  near  wall  region,  yielded  by  Prandll 

-  Van  Driest  relation: 

1  =  04  (r-a)|  1  -  expj 

1-  00385  (r-a) 'y^Jj 

(oq  =  wall  vorticity. 

•  K  =  Klebanoff  variable.  K.max  {  2.5(r-a)n,hm}i 


r-a  =  distance  perpendicular  to  the  wall. 

|ulm“  maxi,  velocity  along  a  section  peqiendicular  to  the  wall. 
hiD  “  max  (h) ,,  with  h  =  I  |o)  [  along  the  same  section. 

(r-a)m  =  r-a  value ,. for h  =  hm • 
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V I  is  then  evaluated  by  continuity  in  the  variation  between  the 
inner  and  outer  law. 

The  numerical  algorithm  D.I.A.N.E.  has  been  developed  by  Brara 
(16).  It  is  based  on  a  finite-volume,  pressure-velocity 
formulation  of  the  governing  equations  and  on  a  predictor- 
corrector  pressure  scheme  by  Chorin  (17),  Amsden  &  Harlow 
(18).  The  finite-volume  epproximations  are  second-order 
accurate  in  space  and  time.  An  Alternating  Direction  Implicit 
method  (Peaceman  &  Raschford  (19))  is  used  for  the  lime 
discretization.  The  momentum  equations  are  solved  for  a  guess- 

pressure  field  P  -  P^.  The  corresponding  approximate  velocity 


CONCLUSION 

Hence,  the  present  study  shows  the  ability  of  the  phase- 
averaged  Navier-Stokes  equations  with  an  improved  eddy 
viscosity  modei  to  preserve  the  organised  unsteady,  periodic 
iT.otion,  developed  simultaneously  with  the  onset  of  turbulence, 
in  the  wake  past  a  rectangular  afterbody.  It  is  shown  that  the 
insiability  leading  to  the  formation  of  organized  vortices  in  the 
wake  is  clearly  obtained  without  and  with  application  of  the 
present  adapted  unsteady  turbulence  model,  inserted  in  the 
phase-averaged  Navier-Stokes  equations  and  taking  into  account 
physical  characteristics  of  the  transition  towards  turbulence. 
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Fig.  1.  Isopressure  field  at  T=120,  for  an  uniform  fiow,  with  a 
Reynolds  Number  of  500.  Direct  simulation. 


RESULTS 

Some  two-dimensional  transition  features  of  the  flow  are 
simulated  at  low  Reynolds  numbers. 

a)  In  the  case  of  uniform  upstream  flow  field  (U1=1  and  U2=1) 
the  onset  of  instability  leading  to  alternating  vortices  is 
generated  naturally  in  the  flow  field  ,.  without  any  externally 
imposed  perturbation  (fig.1).  The  dimensionless  frequency  of 
the  oscillations  (Strouhal  number)  is  in  very  good  agreement 
with  the  experimental  study  of  Bourgeois  for  a  value  of  the 
Reynolds  number  equal  to  500  (Stn„^=0.192  and  Ste,p=0.190j. 

b)  In  the  case  of  an  externally  imposed  shear  (U1  =0.625  and 
U2=1.375)  the  compulation  at  Re=574  and  over  a  long  physical 
time  shows  that  the  flow  pattern  changes  completely  in  fact  the 
double  array  of  vortices  is  transformed  in  a  singie  one(fig.2). 
This  can  be  explained  by  the  action  of  a  global  amount  of 
vorticity  near  the  inlet  section,  which  enhances  the  development 
ot  the  vortices  turning  in  an  opposite  sens,  relatively  to  the 
sens  of  the  inlet  shear.  However,  the  periodic  character  of  the 
present  flow  pattern  (mixing  layer)  is  clearly  pointed  out. 

c)  Finally,  the  performances  of  the  turbulence  model  for  the 
present  flow  is  studied,  for  the  case  of  Re»3000,  where  the 
onset  of  turbulence  motion  is  physically  clearly  pronounced, 
whereas  the  organised  structures  persist.  Computation  is 
carried  out  up  to  1=100  without  any  turbulence  model.  The 
onset  of  instability  is  then  clearly  obtained.  Using  the  final 
results  as  initial  condilions,  the  modified  Baldwin-Lomax  model 
is  applied.  This  leads  to  a  flow  pattern  respecting  the  physics  of 
the  periodic  alternating  vortices  (Fig.3  and  4). 


Fig.  2.  Isopressure  field  at  T=100,  for  a  shear  flow,  with  a 
Reynolds  Number  of  574.  Direct  simulation. 


Fig.  3.  Isopressure  field  at  T=160,  for  an  uniform  flow,  with  a 
Reynolds  Number  of  3000  and  the  modified  Baldwin-Lomax 
turbulence  model. 


Fig.  4.  Time  dependent  evolution  for  velocity  V  component  at  the 
point  (2,149),  with  a  Reynolds  Number  of  3000  and  the 
modified  Baldwin-Lomax  turbulence  model. 
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I  .  Sl  .MMAIlY 

11"  I'MiliHR  i"lr"  lliiw  111  id  It!  an  alifoll  oxikiIIiik  «  mm 
•  md.il  l■><llUtllly  n-iiioii  and  ")(|i"tlriirliiK  dyiikmlc  alall  niidrr 
ni:i>|ii"''d>IIIiy  (oi.dilliina  liaa  Ihtii  aludinl  iialliK  n  iMo  roiii|Ht. 
I  i-nl  I  IIV  l'lm«"  avctagisl  innan  vnlorlty  lln•«alln•lll<•llU 

■  lid  ■.nni"  Him  i|iiaiillllr>  driitrti  fioin  It  nrn  (ih'iH'iilnd  mid  dia. 

I . . .  I  ll"  H-Mdt'  indli'aln  rxIrmtiHv  laftn  nfmlnfiil Iona  of  llm 

I'liA  an-  (ooriii  nrmind  tli"  l"adin)|  wllli  liK'aii  vnlorilv  I'nl- 
I  (•(!'"  liijrloT  than  and  InaiaiitaiK'Oua  vdorlllr«  aaUrKoaa  l.7.*> 
iiiiii-ii  ill"  Ifw  »trraiii  valnrlly.  I  he  vriorlly  prolllna  at  iiTlain 
I  iiiiliMio  over  ih"  airfoil  rro'inht"  that  of  a  uvil'r. 

INTHODIK'TION 

I  h"  (iiolih'iii  of  dynamic  ntidl  of  an  airfoil  U  a  nni<|n"  him- 
I  f  hiiii'.l  'iii«i"iidv  H'liaratml  (lowi.  wiinri'lii  lll(•lradinK  "dR"  (low 
•"(nitiil"  ,  Ini'  'll"  .liifiiil  d<M'^  not  hiM*  lift.  It  la  a  <otil|d<‘X  |indi- 
h'lM  youiii'd  In  III"  "Mri'iin  ly  hire,"  flow  acrrlrrallona  tlinl  ara 
pK'MMit  .ooiiiid  till’  aiifoll  l(•adin|(  "dK"  tliat  ronid  rranit  In  lo 
I  idiv  ni|i"iM>iii<  How  "vcn  at  very  low  frrn*  ttrnain  Marli  nninlii'ra 
"I  tl..'.  How  li.iini'ioii  to  tiirhidoni",  inovrmont  of  tlm  tranai- 
lion  |ioiiil  dll"  III  Ih"  niMli-ady  liiolloii,  formation  of  alioililal 
.  II  I  ilo  ii  ini"tii<  lion  v.'iili  III"  local  hoiindary  Inycr,  ilic  "vcntiial 
I  HR"  >111!"  o-|iarnlioti  ni  lli"  IcadiiiR  (hIr"  with  Inrci' ainoniita  of 
wtiiiciiv  lii'ini  .idd"il  to  III"  How,  di'iHindonr"  of  all  of  th"  alnivo 
|di"iioiii<  iM  on  Ih"  iiatanit'icra  of  I  In*  uiiatnady  motion  aiirli  aa 
iiiii|diiiid".  iii"aii  aiiRl"  of  attack,  d"|(iw  of  iinatnadinraa  and  ao 
I'll  I  In**"  (oin|d"aiii"a  have  dofled  all  atlrmiita  to  romimt"  tin* 
|iiolili  iii  with  am  d"yr"C  of  auccraa  at  th"  rcwiliitlnii  lirciiml.  ’I  h" 

1  nd"t'landin)*,  of  iho  aaaocjatinl  flow  phyalca  la  criirial  lii’forrany 
I'loi’ri'ar  I, III  li"  mild"  III  coiiirolllim  th"  dynanilc  atnil  flow. 

I  h"  work  to  III*  d"icrlli"d  pciinina  lo  th"  m"aaHr"m"nt  of 
|!o.v  li"!d  ill  th"  l"<idiiiK  "<Ir"  rcaloii  of  an  airfoil  oacillaliiiR  at  a 
I  irg"  .iiii|ililild"  wh"ii  idiiipri'aailillity  "(Twta  |iiat  a"l  in. 


.t.  KXI'KKIMKNT  DESCRIPTION 

III"  aludy  la  a  pall  of  th"  dyiiamir  atall  rwarrh  projact 
iiiiiliTwav  at  th"  ,Navy  NA.SA  Joint  Inatltut"  of  Aoronaiillca  Iw- 
ii*.""ii  III"  .Naval  I'oatRraduat"  SrhiHil  and  NASA  .Amw  ll"ararrli 
I '"iii"ri All*’).  I  ll"  "aimrlmi'iiti  wnrr  roniliiclnl  In  th"  Com* 
)||"•aild"  Dyiiaitiic  Stall  facility  {('DSP )  In  th"  riiild  N("rhanirn 
hiilioralorvlKMI.)  iil  AlfC.  Hrf.  I  provldra  a  fall  dcarrlptlon 
of  III"  faiilily  and  ita  capaldlltlpa.  It  la  a  iinii|n"  iinalpaily  flow 
lio  ilji  v  "i|iiip|>"d  with  a  drive  ayal"m  located  at  the  lop  of  ih" 
'"■  I  M’cllon  of  an  indraft  wind  tunnel  cunnecteil  In  an  "varnallon 
loiiiiocaaor.  Th"  drive  oacillalea  an  airfoil  nioniiterl  hetween  two 
optical  (>la«a  wlndowa  aiiiUMddally.  Eiicodera  mounted  on  the 
lime  iHovid"  the  airfoil  poailion  information  conllnttotinly.  Two 
I  oiiipon"ni  l,l)V  data  waa  ohtainni  for  M  ■  0,1  at  a  r"diiri*<!  fre- 
i)nrinv  id  0,01,  Velocilie*  were  innppped  In  a  reRlon  envelopInR 
-  lOT  S  c/c  <:  0,107  and  0,0H3  <  u/c  S  0.107.  The  coniplel" 
ilclaila  of  the  T.UV  aigna]  data  vajidallon  prucediirea  aa  well  aa 
III"  "loeiiihl"  averaging  method  followed  could  he  found  In  Chan- 
'liao’khara  and  Aliini*d. 


’  if«(/iii(/  /l/Wiraa;  ,I/.S  Jlilhl.  S' Xs'A  AiiliTii Utmnirrh  ("Viilr  r. 
Uiiffiii  I'll  III,  ('A  'Hii.ir, 

i  I'irniillli:  ltl•tlllrll  .Sriiiilhl,  .VniW  ll'ritimna  CVnfrr,  China 
/ nil ,  (\A 


4.  RESULTS 


l.l.  I’haae  DialriliulluM  of  Velocity 

rig.  I  ahuwa  Ih"  dtalrihiilicitt  of  lit"  vHocily  willi  Itie  phaae 
angh*  of  <i«cillalloN.d.  at  g/c  •  O.OfIT,  It  alirrahl  It"  notnl  lie* 
drive  ayaleni  rauaea  th"  airfoil  lo  flrat  lo  go  llirough  a  itnwnwaid 
nintiitn  lo  an  angle  of  ntlark,  a  ■  0  ilrg.  at  d  ■  9(P<  and 
then  it  plirliM  III"  airfoil  np  lo  aa  aagi*  of  allath  of  30  drg.  ai 
cv  m  V70*  ihrougli  Ih"  alallr  atall  angle  of  13,4  ileg.  and  hark 
lo  III"  niNn  angle  of  attack  of  10  dr^  The  veloniy  dio|M  in 
li»  Inweal  value  at  d  0(P  (at  n  ■  ^)  and  IncreaMit  taindly. 
I'nr  "X.  al  y/c  «  O.IOia  the  vrloclly  it  approximatrdy  rx|ual  10 
the  free  alrram  veloclly  {/,,.  *>  d  ■  00*  and  reailiea  |.,1f\  al 
<>  w  310*.  where  n  ■  lA.O*.  Tlila  angle  rnrret|innda  lo  lire 
ilynamic  altll  angle  aa  determined  hy  Ihe  aihlieien  aindle*  nf 
rhantlraaekhara  and  Carr,  honi  Ihia  iiolnl.  lit"  velorlty  ilntii* 
taiiidly  In  However.  In  the  Inlly  M*paraleil  fliiw.  llie 

veiocliie*  are  aiill  large,  O  (f/«o). 

One  of  ihe  moat  Inlerealing  reanita  aeen  in  lliia  graph  fa 
the  ilrtmailc  variation  in  Ihe  lienavlor  aeen  In  the  y/c  locationa 
rinaer  lo  111"  aurface  of  ihe  airfoil.  Ibr  y/c  ■  O.On.'l  (tlnrwii  hy 
the  aymliol  V|.lhe  veloclly  ilecreaaea  lo  0.9/'', al  0  ■  00".  and 
hi'gina  to  increaae  aa  expected  during  the  npaimke  of  Ihe  air¬ 
foil,  However,  at  d  ■  1.15®.  al  o  «  5.5*.  Ilie  veloclly  rlix>|»a 
ainidenly  lo  0.4//n»  over  LVI*  S  d  S  '303*.  correaponding  lo 
1..1"  ^  n  13.7*.  Such  a  drop  can  Ire  altrihuteil  to  lire  preaence 
i>f  a  aeparatlon  bubhie  that  Ihe  I.DV  prolie  volume  rncouniera 
aa  Ihe  airfoil  pilchea  up.  Once  lire  huhble  burait,  lire  vrloclly 
increaaea  quickly  aa  the  outer  flulil  guthea  Into  the  void  created 
hv  tlie  huraling  bubhie.  Kienlually  al  thia  location.  Ihe  airfoil 
liltKka  off  Ihe  lieami  and  Ihua  no  data  ran  tie  oblainrd  until  a 
pliaae  angle  of  ai  330*.  when  they  are  unblocked  again.  The  val- 
nea  tern  for  the  phaav  an|^  in  between  are  an  arllfacl  of  Ihe 
data  pmretting  program.  ( Alao,  the  ropy  of  the  proflle  aeen  lie- 
low  it  alio  due  to  aoflwarr  requiring  a  paeudo-reclaniubir  j^d 
with  equal  number  of  poinlt  In  earn  column  of  the  tiala  file.) 
At  the  higher  lorationi,  the  phaae  angle  range  over  which  Ihia 
dramatic  drop  orrura  decreatet  aa  ran  be  experlrd  due  lo  the 
ahape  of  the  bubble.  Fig.  I  aJio  abowt  that  the  bubhie  burait  al 
d  B  20'3",  at  aJI  y/r  loralkmi  at  could  be  expected.  During  ihix 
proreM,  Ibe  vriorliy  increaaea.  In  Ihia  figure,  excepting  at  y/c 
w  0,107,  tJI  other  meaaurement  poinla  aie  wllliin  the  aeparatlon 
bubble  and  the  phaae  variation  aeen  tl  y/c  ■  0.1(17  la  typieal  of 
all  iiolnta  in  Ibe  flow. 

-1.3.  Velocity  Dialribulion  at  x/c  m  0.067 

The  vriocily  profliea  al  variout  phaae  anglea  from  103  de- 
greet  lo  310  degrera  are  thown  la  Fig.  3.  At  d  ■>  103*,  the  fluid 
la  aeen  to  acrelerale  rioarr  to  Ihe  aurface.  Alan,  aleep  rhaum 
can  be  aeen  In  the  velocity  In  the  rare  of  the  bubhie.  I-S'enluailv 
aa  Ibe  bubble  la  cleared  (  at  a  phaae  angle  of  303  ilegreea  and 
lieyond),  the  vetorlly  profile  becomea  wnMlkr.  It  ap|teara  that 
the  fluid  nearer  Ihe  anrfare  arceleralea  both  ahote  and  the  In*, 
low  the  bubble  and  the  low  veladly  fluid  that  waa  In  the  Itublde 
haa  lint  yet  mixed  with  Ihe  NnM  anmmndlng  It  even  though  Ihe 
hnhbte  haa  bural. 

1.3,  Veloclly  Contonra  nt  d  <■  IT4*,»»  ■  S.01* 

The  veloclly  mnlonit  at  all  atatloM  for  a  pkaae  angle  of  IT4 
degtm  and  an  ai^  of  attack  of  8.0)  degreea  ate  ahown  in  Pig. 
3.  1’hr  range  of  the  veloritlei  eneonnleiM  keie  la  Hxmi  Q,9)(V 
In  I  .  The  inieretUng  fratnio  aeen  here  hi  ihat  pocheta  m 
fluid  at  the  higheat  velotlty  ronM  be  fiMnd  HI  •  1)^,  above  Ibe 
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.111  foil  ii|iiKr  hurface,  and  not  ilosc  to  the  surface  as  theorised 
In  the  moving  nail  effect.  This  indicates  tliat  the  effects  of  the 
,siirl<iu’  aueleialioii  arc  not  just  confined  to  the  airfoil  boundary 
l.wer.  which  in  this  case  is  estimated  to  be  about  0.15  mm.  An¬ 
other  inleiesting  result  is  that  at  the  leading  edge,  the  velocity  is 
1  due  to  the  suction  peak.  It  decreases  for  a  short  distance 
immedi.itol\  following  it,  but  increases  again  as  the  streamlines 
are  accelerated  around  the  bubble,  and  iii  the  outer  flow.  It  is 
worth  noting  here  that  the  largest  mean  velocities  measured  were 
about  1  0  tunes  the  free  stream  value  with  the  iiistantaiieous  val¬ 
ues  leaihiiig  about  l.TSf'x,  at  some  locations  in  the  flow. 

5.  CONCLUSIONS 

The  dramatic  changes  in  the  leading  edge  flow  field  of  an 
oscillating  airfoil  undergoing  large  amplitude  dvnamic  stall  has 
been  c,i|itiiied  using  a  non-iiitrusive  iiie.isureiiient  techm(|ue.  Of 
p.irtcK  iihir  interest  are  the  verj  large  time  averaged  mean  veloc¬ 
ities  ('-=  1  fi  (  at  locations  far  avvav  from  the  aiifoil  surface, 
the  formation  and  bursting  of  the  separation  bubble,  and  the 
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1  ig  i  Divliibiitioii  Ilf  \l)Mili|le  Velocitv  with  I’liase  \tlgle  at 
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resulting  wake-like  velocity  distributions.  These  results  indicate 
the  extremely  complex  nature  of  the  flow  being  studied  and  have 
provided  the  first  ever  documentation  of  the  velocitv  field  in  these 
flows. 
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ABSTRACT 

In  turbulent  shear  flows  some  cationic  surfactant 
solutions  show  a  number  of  peculiar  effects  In  this 
experimental  investigation  the  wakes  past  circular 
cylinders  v/ere  studied  by  using  Laser-Doppler- 
velocimetry  based  conditional  sampling  techniques 
and  flow-visualization 

Interesting  details  of  tfie  Koirm^n-  vortex-  street  and 
the  occurence  of  vortex  shedding  were  obtained 

INTRODUCTION 

Some  aqueous  solutions  of  cationic  surfactant  solutions 
show  a  peculiar  behaviour  in  turbulent  shear  flows 
Most  famous  is  the  effect  of  drag  reduction  in  turbulent 
pipe  flows  (Toms  effect)  which  could  be  observed  e  g 
in  rough  pipes  Cl]  Other  investigations  CL  indicate  a 
dramatic  change  in  the  mechanism  of  turbulence  in 
the  presence  of  these  surfactant  additives  Mainly  the 
production  the  developement  and  the  decay  of 
coherent  structures  a  i  influenced  by  the  additives 
The  observed  effects  cannot  be  understood  if  only 
simple  rheological  propei'ies  are  made  responsible 
for  them  The  solutions  show  a  steep  increase  (factor  4) 
in  vijcosity  if  a  critical  shear  strain  is  exceeded  t3] 
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Fig  1  The  Strouhal  number  as  a  function  of  the 
Reynolds  number  obtained  from  Fast-Founer-analysis 
The  critical  Re-number  is  sh'C’ed  An  increased  S- 
number  indicates  a  reduced  size  of  the  ’'ortices 

Another  simple  geome.ry  parameter  is  the  lateral 
spacing  h/1  as  calculated  in  the  theory  of  v  Karman 
At  last  parameters  are  interesting  describing  the 
intensity  of  the  coherent  structures  which  is  related 
to  the  input  into  the  cascade  of  the  turbulence  decay 


Therefore  an  experimental  investigation  of  a  simple 
system  of  vortices  was  performed  the  study  of  the 
Karman  vortex  street  under  the  influence  of  a  drag 
reducing  additive  (24  mM  aqueous  solution  of  teira- 
decyltrimethylammonium  salicylate  with  sodium 
bromide  Cj^TASal+NaBr) 


In  the  Newtonian  case  the  Karman  vortex  street  is  a 
well  known  system  of  two  rows  of  alte.nated  counter¬ 
rotating  vortices  in  the  wake  of  a  circular  cylinder  It 
can  be  described  by  a  set  of  non-  dimensional 
numbers  The  rate  of  vortex  shedding  is  represented 
by  the  Strouhal  number  S  (S  =  f  d/U,  where  f  is  the 
shedding  frequency,  o  the  cylinder  diameter  and  U 
the  mean  flow  velocity),  ine  Strouhal  number  is  related 
to  the  distance  between  two  vortices  Vortex  shedding 
occurs  if  a  critical  Reynolds  nu..  ber  o!  30  is  exceeded 
If  the  Reynolds  number  is  above  the  value  of  300  the 
Strouhal  number  becomes  a  constant  (S  =0  21)  [4)  A 
collection  of  these  data  is  shown  in  Fig  1  as  an 
envelope 


EXPERIMENTAL  SETUP 

In  the  present  investigation  different  cylinders  with 
diameters  of  1mm,  2mm  and  4mm  were  installed  in  a 
test  channel  with  a  mean-flow  veh  city  between  3  m/s 
and  125  m/s,  v/hich  led  to  Reynolds  numbers  in  the 
range  between  300  and  4800  The  upstream 
turbulence  level  was  of  about  1%  in  the  Newtonian 
case  and  about  4%  if  the  surfactant  solution  was  used 
The  flow  held  in  the  testsection  was  examined  by 
using  two  Laser-Doppler-velocimeters  (LDV)  which 
are  operated  simultaneously  with  two  trackers  and 
additional  with  two  burst-''pecttum  analyzers 
Different  methods  were  used  to  describe  the  Karman 
vortex  street  at  different  flow  speeds  and  different 
disiances  downstream  the  cylinder  The  vortex  street 
was  visu-'lized  (d=  5mm)  by  dye  injection  through  a 
hole  at  the  front  stagnation  point 
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EXPERIMENTAL  RESULTS 

To  determine  the  shedding  frequency  the  Fast-Fourior- 
analysis  of  the  velocity  signal  was  used  At  well 
choosen  positions  the  frequency  spectra  show  very 
clear  peaks 

In  the  Newtonian  case  the  obtained  Strouhal  numbers 
show  good  agreement  with  other  published  data  (see 
fig  1)  A  surprising  effect  shows  the  surfac'ant  solution 
The  critical  Reynolds  number  of  about  50  is  shifted 
up  to  a  value  of  about  3500  This  cannot  be  explained 
only  with  an  increased  viscosity  measured  by 
Ohlendorf  et  al  [3]  Strouhal  numbers  of  S=  2<?  (at 
Re=4800)  could  be  detected,  not  having  reached  a 
saturation  value  A  simple  influence  of  an  increased 
viscor'ty  would  only  affect  the  critical  Re- number  but 
not  the  Strouhal  number  S 

Furthermore  two  conditional  sampling  techniques  weie 
used  to  obtain  the  momentary  spatial  velocity  hold 
■;U(x)>  The  velocity  signal  of  a  reference  LDV  was 
examined  for  characteristics  of  the  vortices  In  the  first 
case  this  was  done  by  using  the  window-  average- 
gradient  algorithm  described  b>  Antonia  et  al  [5l 
The  second  method  used  was  a  hardware  application 
consisting  of  a  signal  conditioner  and  a  differentiator 
circuit  Ii  was  installed  to  shorten  the  detection  scheme 
If  a  vortex  was  detected  the  measurement  of  the 
second  LDV  was  triggered  By  variation  of  the  position 
of  this  second  LDV  the  momentary"  conditional 
velocity  field  was  obtained 

This  leads  to  the  knowledge  of  most  of  the  interesting 
details  of  the  flow  The  geometrical  parameters  (size 
and  spacing)  of  the  voitex  street  were  determined 
from  the  spatial  distribution  of  the  vorticity  which  could 
be  calculated  from  the  velocity  field  In  the  same  way 
the  local  contributions  to  the  kinetic  energy  density 
or  the  circulation  of  the  vortices  could  be  calculated 


Fig  2  Visualization  of  the  cylinder  wake  Left  The 
Karman  vortex  street  in  the  water  flow  at  high  Reynolds 
number  (Re  =  5000).  Right  the  wake  in  the  surfactant 
solution  at  similiar  conditions  In  both  cases  the  same 
dye  injection  rate  was  choosen  to  demonstrate  not 
only  the  changed  turbulent  diffusion  but  the  molecular 
diffusion  as  well 

The  molecular  structure  of  the  aqueous  surfactant 
solution  can  be  made  responsible  for  the  observed 
effect  in  turbulent  shear  flows  If  a  critical  micelle 
concentration  is  exceeded  slender  rodhke  micelles 
ate  formed  from  the  monometes  In  turbulent  shear 
flows  the  micelles  orientate  ir'o  flow  direction  and 
the  fluid  becomes  anisotropic  This  behaviour  was 
determined  from  small  angle  neutron  scattering  [6] 
From  own  thermodynamical  experiments  it  can  oe 
concluded  that  the  micelle  -monomete  equilibrium 
depends  from  the  shear  sitatn.  Under  deformation 
conditions  the  equilibrium  is  dropped  to  lower  values 
of  the  critical  micelle  concentration  according  to  an 
increased  length  scale  of  the  anisometric  micelles  or 
an  increased  volume  fraction  of  this  phase  The  shear 
induced  slate  of  the  material  as  discussed  in  li'erature 
(eg  [3])  could  be  confirmed  by  measurements  of  the 
refractive  index  and  optical  turbitity  indicating  a  shear 
induced  phase  transition  Under  shear  strain  the 
materia!  becomes  more  anisotropic  than  expected  only 
from  orientation  effects  of  the  micelles 


The  obtained  data  indicate  some  important  and 
surprising  changes  in  th»  mechanism  of  turbulence 
production  in  the  presence  of  surfactant  additives 
The  flow  field  becomes  anisotropic  with  reduced 
turbulent  motions  in  lateral  directions  The  kinet'c 
energy  density  of  the  vortices  is  reduced  even  if 
there  are  only  small  changes  in  the  strength  of 
vorticity  Fig  2  gives  an  illustrative  impression  of  the 
cylinder  wake 


The  peculiarities  ooserved  in  turbulent  shear  flows  of 
the  aqueous  surfactant  solutions  ate  related  to  the 
occurence  of  this  shear  induced  phase  transitions 
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ABS  I'RAC’T 


Pressure  drag  on  obstacles  in  a  turbulent  boundary  layer 
of  a  \iscous  and  stratified  flow  comes  due  to  deformation 
of  the  Ilou  o\er  obstacles  and  generation  of  turbulence  near 
obstacles,  due  to  the  generation  of  internal  waves,  and  due 
to  blocking  of  heavier  air  masses  on  the  upstream  side  of  the 
obstacle  This  leads  to  a  decomposition  of  pressure  drag  info 
form  drag,  wave  drag,  and  hydrostatic  drag,  respectively  The 
decomposition  is  a  prerequisite  for  parameterizing  the  drag 
In  this  paper  a  scale  analysis  of  the  equation  of  motion  will 
introduce  iiondimensional  minibers  which  govern  the  drag 
Output  from  a  numerical  model  will  show  tlie  dependence  of 
the  drag  on  these  numbers  The  results  for  form  drag  will  be 
I'Uiipared  to  flow  ■  oser  rough  plates  and  iniplKatioiis  for  the 
parameterization  of  pri  ssiire  drag  in  iarger-scale  models  will 
to  adilrt’ssed 


'll  \I  E  \.\A1,VS1S 


Pressure  drag  per  unit  length  of  an  obstacle  (2L)  is  de¬ 
fined  as  the  integral  over  the  horizontal  pressure  gradient  in 
a  lontrol  \olume  containing  the  obstacle  (2D-flow  ia<e) 


u: 


d/i 


I,  o'-r  ' 


(  I  ) 


h{xj  15  the  orographv.  L  is  half  of  the  width  of  the  obi-tacle 
ail'!  p[x,  z)  15  the  deviation  of  the  prchMire  from  a  ba^ic  5tate 
\vithi‘Ut  ob5taLle 

For  statiuiiarity.  the  horizontal  equation  of  motion  (intc- 
i;rak-d  "ver  tiie  20  volume,  iieglevting  horizontal  advection, 
lu-nzontai  turbulent  fluxei,  tml  jnirc  burface  friction  teniib) 
readb 


jj  -~-dldz  -  -  j  pULl’ilx  -  j  pu'w'dx  f  jj  pfvdxdz  (2) 


Here  u.  and  lu  are  velocity  deviations  from  the  basic  state 
due  to  the  presence  of  the  obstacle,  resolved  b>  the  numencal 
model  used  later,  u'  and  xu'  are  subgridscalc  fluctuations  in 
tim  numerical  model  The  integrals  over  wie,  and  xdxu'  arc 
i.ikcn  ,-11  fh/j  upper  bound,'iry  of  the  control  volun.t 

Scaling  the  variables  with  a  basic  state  flow  velocity  scale 
V .  a  turbulent  velocity  scale  2  '160(n,f/^/ L)'/’  (n,  is  turbulent 
vnscosity  set  to  10  m^.s  ',  introduced  m  analogy  to  molecular 
viscobi'y  although  il  is  an  internal  variable  of  the  boundary 
layer),  a  buoyant  velocity  scale  (o  -  N').  and  the 

height  and  length  scales  of  the  obstacle  H  and  L  (EMEIS, 
190(1) 


u-=UH/L  t(-  u'  =  -2  466{uiUyLy/^HIL  u" 

v  =  UHIL  V  w'  =  2  ■m[u^U‘^ I LflHl I L  w'- 

w  =  le-  p  =  pU-HIL  p- 

I  —  L  x' 

y  -  L  y‘ 

z  =  H  z- 

where  the  asterisks  denote  nondimensional  values  which  should 
be  of  order  unity  if  the  scaling  Is  correct,  yields  for  the  pres¬ 
sure  drag  coefTicient  C\y  =  of  a  single  obstacle 

r  -i/t  f  ■  ■  6  082  /•  ,. 

J  ; 

_L//..V, (3) 

The  term  with  r'*'*  {=  —^)  is  present  only  if  we  have 
gravity  waves  (for  stable  stratification  o'*'-  the  usual  Froude 
mimlier)  which  transport  momentum  vertically  ('gravity  wave 
drag'),  the  term  willi  the  turbulent  Reynolds  number  J!r,  ■■= 
k  describes  'viscous  form  drag'  due  to  deformation  of  the 
.viscous  flow,  and  the  term  with  the  Rossby  number  /fo„  - 
jj  describes  a  redistribution  of  moment um  from  the  v-  to  the 
«■<  omponoiit  ('inertial  wave  drag')  For  neutral  stability  and 
no  rotation  (3)  reduces  to 


Civ.v  - 


//•  C  082  r 


u'’w"dr' 


,(3a) 


Including  the  influence  of  blocking  colder  air  masses  by 
a  I'roudc  miniber  Fr//  =  ^  (although  Frji  is  not  indepen¬ 
dent  from  o',  it  indicates  a  dillcrcnt  physical  process),  the 
influence  of  a  rough  surface  by  a  surface  Rossby  iiumber  Ro, 
^  (numerical  results  showed  that  for  Ro,  belrwf  a  certain 
threshold  value,  the  drag  beiame  larger  with  decre.isiug  Ro, 
rills  eflect  cannot  be  separated  from  viscous  form  drag  by 
si  ale  analysis,  but  only  by  numerical  experiments  ),  and  the 
iiiHiieiice  of  the  density  of  obstacles  by  A  =  (n  is  the 
number  of  obstacles  in  Lt),  we  have 


Gir  Ret,  Ro„,Ro,,Fr,i.\)  (du) 

I„.  .  *1  _  _  I 

i  jk  Vl(«0  lAVXUV,!^  *.\.J 

Cw  !z(j,ReuRo„\)  m 

Keeping  Lf  and  i/,  fixed,  Rt't.  and  A  describe  the  defor¬ 
mation  of  the  VISCOUS  flow  f 'viscous  form  drag’),  Ro,  de¬ 
scribes  the  additional  production  of  turbulence  at  a  roiigli 
surface  of  the  obstacles  (’inn  ro-lnrbulcnt  form  drag’),  and  ^ 
additionally  (ontroE  flow  vepar.ition  (’macro-turbulent  form 
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drag')  The  distinction  between  micro-turbulent  and  macro- 
turbulent  form  drag  is  artificial  and  caused  only  by  the  grid 
resolution  of  the  numerical  model  used  to  simulate  the  drag  or 
by  the  design  of  a  field  experiment  Figure  1  shows  schemat¬ 
ically  the  different  parts  of  pressure  drag 


NUMERICAL  SIMULATION' 


Numerical  simulations  were  earned  out  with  a  two-dimensional 
mesoscale,  prognostic,  non-hydrostatic,  primitive-equation  grid- 
point  model  (DORWARTH,  1986),  with  a  turbulence  closure 
using  a  two-equation  model  for  turbulent  viscosity  It  is  iter¬ 
ated  until  the  solution  becomes  stationary 

The  numerical  results  confirm  (3a)  and  (4b)  We  obtain 
by  empirical  evaluation  of  the  numerical  data  for  form  drag 

Cw  = 


30  ^-PO  15.|j)-(l-  35(A  -A,)) 

(5) 

with  Ruc  -  5  10®  (for  Ro;  <  Rej,  this  additive  term  is  not 
f  resent )  and  A^  =  0  02 

2  5  ( in  (5)  instead  of  (f-)^  in  (3a)  includes  the  ef¬ 
fects  of  flow  separation  The  difference  is  the  macro-turbulent 
form  drag  The  term  containing  Ro,  represents  the  micro- 
turbulent  form  drag.  The  factor  3  in  front  of  Re,  shows 
that  the  scaling  of  the  viscous  form  drag  m  (3)  was  not  com¬ 
pletely  correct 

The  effect  of  obstacle  density  has  been  assumed  to  a  first- 
o^der  approximation  to  be  independent  of  the  three  different 
parts  of  form  drag  although  flow  separation  is  likely  to  de¬ 
pend  considerably  on  A 


COMPARISON  TO  PLOW  OVER  ROUGH  PLATES 


over  a  rough  plate  corresponds  to  a  turbulent  flow  with  flow 
separation  over  obstacles  The  dependence  of  viscous  form 
drag  on  for  small  ^  (no  flow  separation)  shows  that 

I  both  VISCOUS  and  inertial  forces  play  a  role  For  larger  ^ 
|further  numerical  experiments  have  shown  that  viscous  form 
drag  more  depends  on  Re,  showing  that  we  approach  flow 
|separalion  (turbulent  flow  over  a  rough  plate) 

I  The  distinction  between  friction  over  rough  surfaces  and 
form  drag  over  obstacles  is  again  artificial  and  is  due  to  the 
'limited  resolution  of  a  numerical  grid  or  an  experimental  net- 
Iwork  which  cannot  resolve  the  single  roughness  elements  of 
the  rough  surface  For  grid  sizes  v/hich  on  the  other  hand  can- 
,not  resolve  mesoscale  obstacles,  form  drag  is  part  of  surface 
Ifnction  and  can  be  parameterized  via  the  roughness  length- 
■..mcept 

This  leads  to  the  introduction  of  an  effective  roughness 
length  for  parameterizing  form  drag  of  mesoscale  orographic 
features  in  larger-scale  models  As  hydrostatic  drag  and  wave 
drag  are  no  boundary  layer  phenomena  they  cannot  be  ir 
eluded  in  an  effective  rougliness  length-concept  but  must  be 
parameterized  by  effective  drag  coefficients  and  respective 


vertical  momentum  source  distributions 
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Viscous  form  drag  nronorlinnal  t<>  Rc,  can  be  compared  to 
flow  resisteiice  over  rough  plates  proportional  to  Re  (Reynolds 
number  formed  with  molecular  viscosity)  h’or  laminar  flows 
dominated  by  viscous  forces  the  rcsistence  scales  with  Re~^, 
for  laminar  flows  dominated  by  inertial  forces  with 
and  for  turbulent  flows  with  (PilANDTL  et  al  ,  1984) 

The  analogy  we  found  is  that  a  laminar  flow  over  a  rough 
plate  corresponds  to  a  turbulent  boundary  layer  flow  without 
flow  separation  over  mesoscale  obstacles  and  a  turbulent  flow 
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ABSTRACT 

Tlie  successful  anelysis  of  the  viscous  flow  field 
through  any  type  of  turbomachine  is  biised  on  the  use 
of  a  closed  analytical  formulation  in  the  primary 
direction.  An  extended  and  unproved  form  of  the 
classical  turbulent  sheai  layei  theory  is  developed 
to  take  into  account  the  c  implex  flow  pattern  through 
intating  and  stationary  parts  of  real  tuibomachines. 
Tile  resulting  model  is  successfully  applied  for  a 
large  variety  of  subsonic  compressors  and  turbines. 

NOMENCUTURE 

F  friction  jiarameter  (-  ur/Wiof^ 

Red  Reynolds  number  (=  Wre^8/v) 

W  analytical  velocity  distribution 

V/s  longitudinal  velocity 

b  shear  layer  thickness 

n  non-til men.sional  (by  S)  normal  distance 

n  Cole's  wake  parameter 

INTRODUCTION 

The  succcssliil  analysis  of  the  viscous  flow  field 
through  any  type  of  turbomachine  using  the 
circumferentially  averaged  Navier-Stokes  equation.s 
(see  for  example  Ka'dellis  et  ai.,  1989,  Kaldellis  et 
al.,  1990,  Ktenidis  and  Kaldellis,  1991,  Kaldellis, 
1991),  is  based  on  two  dilferent  approaches  for  the 
primary  and  the  peripheral  flow  directions, 
respectively.  In  the  peripheral  direction,  the 
velocity  component  is  computed  using  the  corresponding 
meridional  vorticity  distribution  (Kaldellis  and 
Ktenidis.  1990),  resulting  from  the  solution  of  the 
complete  form  of  the  meridional  vorticity  transport 
equation,  written  in  a  partial  differentia'  form. 

On  the  other  hand,  in  the  primary  direction,  i.e.  the 
direction  of  the  external  (inviscid)  flow  field,  lui 
integral  formulation  is  adopted.  Foi  this  fxirpose  a 
non-1 1  near  system  of  integral  equations,  including  the 
meridional  momentum  ana  the  total  kinetic  energy 
equation,,  is  used  in  combination  with  a  two-parameter 
velo.ity  profile  lamily  in  order  to  describe  the 
thar.i  teristics  of  the  existing  turbulent  endwall 
shear  layers.  More  precisely,  the  solution  of  the 
non-lineai  system  of  integral  equations  piovides  the 
necessary  siiear  layer  p,irameters  to  be  u>ed  by  the 
■inalytical  low  in  order  to  reproduce  the  real  flow 
velocity  distributions.  Special  attention  is  also 
payed  to  estimate  the  correct  external-primary  flow 
direction  iitili-ed  as  the  basis  for  the  representation 
of  the  velocity  profiles.  For  this  reason,-  the 
necessary  communication  between  the  external  and  the 
shear  flow  field  is  established  via  a  fast  viscous  - 
inviscid  interaction  scheme  (Kaldellis  et  al .  1990). 


THEORETICAL  ANALYSIS 

Among  the  numerous  analytical  velocity  laws,  the  most 
commonly  used  is  the  one  based  on  the  law  of  the  wall 
and  the  law  of  the  wake,  proposed  by  D.  (kiles  in  his 
early  work  (Coles  D.,19S6a  &  l9S6b).  The  proposed  by 
D.  Coles  standard  equation  for  the  description  of  the 
velocity  profiles  combines  the  two  previously  mention- 
ned  similarity  laws  and  is  based  on  a  detailed  analy¬ 
sis  of  an  enormous  volume  of  experimental  data  for  a 
large  variety  of  tvo-dimensional  turbulent  shear  flows 

In  the  present  work,  the  appropriate  modifications  to 
the  classical  turbulent  shear  layer  theoiy  in  order 
to  take  into  account  the  complexity  of  the  flowpattem 
through  the  configurations  existing  in  real  machines, 
are  briefly  described.  For  this  purpose  the  longitu¬ 
dinal  velocity  profile  (i.e.  in  the  primary  direction) 
can  be  expressed  (.see  also  Kuhn  and  Nielsen,,  1973)  as: 

.439-ln(i-i-t)'/?e,-|  f|  -t-S  .  1 

-'(3. 39 I  El  +5.1)  •exp(-0.37il-.Re,-iEi  ) 

+2.439Ht-Cl-co8  (itT))  ]) 
or  in  a  more  generalized  form  as:- 

(2) 

while  the  corresponding  friction  law  (see  also  fig.  [1 J 
and  Nash  J.,  1965)  can  be  written  as: 

«=0.205/E-0.5dn(l+E©,-|  T’’!  )  -1.0455  (3) 

+  0.205'(3.39'i?ej-|E|  +5 . 1) -exp  (-0 . 37  •Ee,-|  e!  ), 

A  detailed  parametrical  study  is  carried  out  by 
v.arying  one  of  the  shear  layer  parameters  at  a  time 
in  order  to  demonstrate  its  influence  on  the  shape  of 
the  corresponding  velocity  profile.  Only  some  very 
characteristic  results  are  given  here  (see  figures 
(1],(2J)  since  this  study  is  beyond  the  scope  ol  the 
present  work.  However,  it  is  interesting  to  mention 
that  the  choice  of  the  appropriate  primitive 
parameters,  to  be  used  for  the  representation  of  the 
corresponding  velocity  profile,  may  be  sometimes 
crucial.  These  parameters  (e.g.  the  sl-.ear  layer 
thickness  and  the  friction  velocity  at  the  v/all)  must 
lulfil  the  additional  physical  constraint  to  take 
"normal"  values  both  for  strongly  decelerated  and 
highly  .iccelerated  shear  flows.  Accordingly,  the 
classical  two-dimensional  theory  must  be  extended  to 
take  into  accouiH  the  extreme  pressure  gradients 
(figure  (3]),  the  strong  flow  deceleration  or 
acceleration  ttirougii  the  bladings,  and  the  relative 


f'l/iire  I:  Frcscnlition  o!  tie  reltlioi  f=f(i,teSI  Fi/are  2:  Ftruetnej!  preseiUliei  tl 

r.cerdiof  lie  eqiitiot  (J)  ter  -WIJ.  i  f  !  HOO.  tiricts  iicoipreisitle  ftle-il/  prefites 

M(ii,FI  it  t  tmtioi  if  F. 


Fijore  2:  Seienijc  represeilttiei  of  loititu- 
diiil  veheitj  profiles  uli  pressure  grodieal. 
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motion  of  the  successive  blade  rows.  For  the  velocity 
component  Ws,  expressed  in  the  relative  to  the  blades 
of  the  machine  system  of  coordinates,  the  expression 
proposed  by  Mellor  0.(1966)  may  be  used: 


CAirUUTKXJ  RESULTS  -  OONCLUSIOWS 

The  results  from  the  analysis  of  a  large  variety  of 
industrial  configurations  are  systematically 
investigated,  in  order  to  check  the  limits  and  the 
applicability  of  the  simple  similarity  theory  based 
on  the  fundeimental  physical  laws.  For  this  purpose  the 
longitudinal  velocity  distributions,  concerning 
typical  selected  stations,  from  several  test  cases 
including  a  highly  loaded  compressor  cascade  with  and 
without  tip  clearance,  two  high  turning  axial  turbine 
cascades,  a  higlily  accelerated  turbine  stator,  an 
industrial  radial  impeller  along  with  a  modem  axial 
fan,  are  carefully  studied. 


The  majority  of  the  results  obtained  show  that  the 
main  physical  laws,  concerning  the  turbulent  shear 
flow,  are  verified  for  the  Targe  variety  of  the 
investigated  geometries.  The  slightly  decelerated, 
highly  accelerated  and  jet-like  velocity  profiles, 
appearing  at  the  specific  inlet-exit  planes  of  a 
moderately  loaded  (fig. [4])  and  a  high  turning 
(fig.  (51)  axial  turbine  cascades,  covering  a  wide 
range  of  Reynolds  (50,000.lRe6i230,000.)  and  Mach 
(0.05  1  Me  iO  71)  numbers,  are  successfully  reproduced 
by  the  proposed  theoretical  model.  Unusual  values  of 
the  foim  shape  factor  Hi 2  at  the  exit  of  the  stator 
of  an  industrial  axial  turbine  (fig. [6])  are  closely 
related  to  the  existence  of  typical  jet-like  turbulent 
shear  layers  with  very  small  or  even  negative  values 
of  the  corresponding  displacement  thickness,  see  also 
Kaldellis  andKtenidis  (1990). 


The  velocity  profiles,  typical  for  a  strongly 
decelerated  shear  layer  throu;di  a  highly  loaded 
compressor  cascade  are  also  satisfactorily  described 
for  cases  excluding  clearance  (see  for  e.xample  fig. 
(7)).  However,  this  is  not  the  case  when  remarkable 
clearance  exists,  see  Kaldellis  et  al.  (1991). 


The  effect  of  the  rotation  of  the  blades  does  not 
invalidate  the  proposed  model,  since  the  velocity 
profiles  at  the  inlet  and  the  outlet  of  a  radial 
impeller  (fig.  (8)).  along  with  '^he  corresponding 
velocity  profiles  at  the  inlet  eind  the  exit  of  the 
rotor  of  a  modem  axial  fan  (fig.  (9))  are  again 


realistically  represented,  for  the  hub  region. 

The  quality  of  the  theoretical  results,  in  comparison 
to  the  experimental  data,  is  greatly  improved  by  the 
choice  of  the  appropriate  primitive  shear  layer 
parameters.  Only  under  this  condition  is  almost  always 
possible  to  obtain  the  corresponding  velocity  profile, 
using  the  results  from  the  solution  of  the  above 
mentioned  non-linear  system  of  integral  equations.  If 
this  is  not  taken  into  account,  severe  problems  may 
appear. 

Summarizing,  we  can  say  that  according  to  the  analysis 
of  a  wide  variety  of  real  test  cases,  the  simple  laws 
that  dominate  the  classical  turbulent  shear  flows  can 
be  extended  to  describe  with  sufficient  accuracy  the 
velocity  profiles  appearing  through  various  industrial 
configurations,  if  the  proposed  modifications  and 
improvements  are  taken  into  account.  Of  course,  for 
some  special  cases  additional  investigation  is  needed, 
to  include  tip-clearance  effects,  endwall  shear  layer 
merging  and  the  existence  of  strong  shock  waves. 
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ABSTRACT 

The  three-dimensional  compressible,  la¬ 
minar  and  turbulent  boundary  layers  past 
a  pointed  body  and  a  delta  wing  by  super¬ 
sonic  gas  flow  at  the  angle  of  attack  are 
studied.  An  implicit  absolutely  stable  dif¬ 
ference  scheme  for  a  solution  of  the  boun¬ 
dary-layer  equations  is  suggested.  Laminai'' 
and  turbulent  boundary  layers  are  calcula¬ 
ted  for  the  ogive-cylinder  combinations  and 
for  the  delta  wings.  The  skin-friction  co¬ 
efficients  and  the  Stanton  numbers  are  com¬ 
pared  with  experimental  data. 


PROBLEM  POP.MUUTION 

The  pointed  body  surface  is  given  in 
the  cylindrical  coordinates  r-r{i,0.  The 
5-coordinate  coincides  with  axis  of  the 
body,  the  ^-coordinate  is  a  meridional 
ar.gle  in  a  cross  section.  For  the  boundary- 
layer  equations  the  non-orthogonal  coordi¬ 
nate  system  (5,h,5)  is  introduced,  which 
is  orientated  with  respect  to  the  body  sur¬ 
face.  Here  the  p-coordinate  is  a  normal  to 
the  surface  (Vetlutsky  &  Krause  1990). 

The  three-dimensional  compressible  bo¬ 
undary-layer  equations  are  considered  in 
the  region  fi(  0«p^T)g(5,O.  ) 

for  the  following  set  of  boundary  condi¬ 
tions.  At  the  surface  of  the  body  ri=0  the 
conditions  of  no-slip  and  the  constant  of  a 
v/ali  temperatiuce  are  set.  On  the  boundary 
layer  , 5 )  all  parame  ters  are  taken 

from  inviscid  flow  arrind  the  body  previon- 
siy  calculated. 

The  nose  of  the  body  is  supporcd  to  be 
conic.  In  this  case  the  inviscia  flow  past 
the  nose  is  also  conic  and  the  boundary-la¬ 
yer  equations  permit  the  similarity  solu- 
tion  depended  only  on  two  variables  5,  \= 
r/y^  .  The  solution  of  these  similarity 
equations  is  used  as  the  initial  conditions 
at,  5=5g  for  the  full  boundary-layer  equati¬ 
ons  on  the  rest  of  the  body  surface. 

The  regimes  of  the  flow-past  for  a  delta 
wing  with  sharp  leading  edges  are  conside¬ 
red,  when  a  bow  wave  touches  the  leading 
edges.  The  wi^  surface  is  given  in  the 
carttsian  coordinate  system  y=F(x,z).  For 
the  boundary-layer  equations  the  non-ortho- 
gonal  coordinate  system  {5,t),5)  is  intro¬ 
duced. 

5=1,  5=1-=/f(i) 


Here  z-fix)  is  the  equation  of  the  leading 
edge.  The  same  equations  and  the  boundary 
conditions  are  used.  But  in  this  case  it  is 
necessary  to  have  a  boundary  condition  some 
more  on  the  leading  edge.  A  new  variable 
X=ri/ViT"  is  introduced,  which  allows  to 
obtain  an  ordinary  differential  equations 
on  the  leading  edge  5=0  and  the  similari¬ 
ty  equations  for  the  conical  nose  5<5q. 

For  the  solution  of  the  three-dimensio¬ 
nal  boundary-layer  equations  an  implicit 
absolute  stable  finite-difference  scheme  of 
the  second  order  approximation  is  used 
(Vetlutsky  1981).  In  the  region,  in  which 
lar§e  gradients  of  parameters  occur,  a  co¬ 
ordinate  stretching  is  employed. 

Four  eddy  viscositji  models  of  turbulence 
suggested  by  Michel,  Cousteix  &  Quemard 
(1971),  Cebeci  &  Smith  (1974),  Fletcher 
(1969)  and  Baldwin  &  Lomax  (1978)  are  taken 
for  calculating  of  the  turbulent  boundary 
layer.  The  region  of  the  laminar-turbulent 
transition  is  determined  from  a  correlation 
of  the  Reynolds  number  based  on  momentum 
thickness  versus  the  local  Mach  num¬ 

ber  (Thycon,  Neuringer,  Pallone  &  Chen 
1970). 

CALCULATION  RESULTS 

The  calculation  of  the  laminar,  ti^ansi- 
tional  and  turbulent  boundary  layer  on  ogi¬ 
ve-cylinder  combinations  are  carried  out. 
The  stretching  of  the  normal  coordinate  A 
and  the  number  of  steps  of  the  difference 
grid  was  chosen  in  such  a  way  that  3-5  mesh 
points  were  in  the  viscous  sublayer.  The 
calculations  have  shown  that  all  the  four 
models  of  turbulence  yield  almost  the  same 
values  of  the  flow  parameters  for  the  wind- 
v/ard  and  lateral  sides.  The  skin- friction 
coefficients  and  the  Sianton  n”mberc 

St  calculated  were  compared  with  experi¬ 
ments  of  Kharitonov  &  Vasenyov  (1985),  Hor- 
straan-  Owen  (1972),  Dolling-Grey  (1986)  and 
Sturek  &  Schiff  (1982). 

The  comparison  of  the  parameter  with 
the  data  of  the  last  paper  (  «  =3,  a=4.2°, 
Rejj=l . 2 •  1 0  )  shows  that  the  calculation 

v/ith  Baldv/in-Lomax’s  model  (  Pi§.  i ,  dotted 
line)  gives  the  better  results  v/ith  respect 
to  Michel’s  one  (Fig.1,  solid  line).  Pig. 2 
shows  the  skin- friction  coefficient  distri¬ 
bution  for  the  w'nd  side  5=0  and  the  lee 

side  5=3.14  (Af^=2.95,  a=2.9'’,  Rep=3.l  >10^). 
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Pig.1.  The  comparison  of  the  skin-friction 
coefficient  c.  with  experiment  (Sturek  & 
Schiff  1982)'. 


?*g.2.  The  comparison  of  the  skin-friction 
coefficient  c  with  experime.nt  (Dolling  & 
Gray  1986).  ^ 

The  experimental  data  of  Dolling-Gray  are 
indicated  by  the  triangles  and  the  squares. 

The  distributions  of  the  skin-friction 
coefficient  c^-iO^/r'  at  the  wind  side 
(Fig. 3)  and  the  lee  side  (Pig. 4)  of  the 
delta  wir.g  for  ^=4^',  !4^=3-  ,  R©j^=2-10^ 


0  0.5  s/f'x)  1.0 

Pig. 3.  The  distribution  of  the  skin-fric¬ 
tion  coefficient  c“=C^'/r~'  at  the  wind  side 
of  the  wing. 


Pig. 4.  The  distribution  of  the  skin-fric¬ 
tion  coefficient  at  the  lee  side 

of  the  wing. 

are  represented.  One  can  see  that  the  tur¬ 
bulence  arises  at  first  near  by  the  symmet¬ 
ry  plane  and  spreads  further  to  the  lea¬ 
ding  edge.  But  near  by  the  leading  eege  the 
boundary  layer  is  always  laminar. 
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ABSTRACT 

The  mam  ideas  and  hypotheses  formula¬ 
ted  in  the  Kolmogorov  inertial-range  theo¬ 
ries  have  been  verified  in  a  laboratory 
experiment  in  flows  with  a  strong  external 
' ntermittency  The  measurements  are  perfor¬ 
med  at  different  cross-section  points  in 
wakes  behind  a  circular  cylinder  and  an 
axisymmetrio  body,  in  a  mixing  layer,  in 
the  boundary  layer,  in  a  large  wind  tunnel 
return  channel  The  characteristic  dimen¬ 
sions  of  the  most  flow  investigated  are 
rather  great  the  turbulence  integral  scale 
IS  5  m  At  rather  high  Reynolds  numbers 
Re^  <  3000  a  high  spatial  resolution  is 

achieved,  i  e  the  ratio  of  the  length  of 
the  wire  to  the  Kolmogorov  scale  vanes 
within  the  range  of  0  8-2  5. 

RESULTS 

The  main  attention  is  given  to  the 
investigation  of  the  universality  of  the 
fine-scale  turbulence  structure  and  the 
intermittency  field  in  all  regions  inclu¬ 
ding  edge  of  flow  boundaries  Conditionally 
averaged  characteristics  in  a  turbulent 
fluid  (including  two-point  ones  as  well) 
are  determined  using  the  intermittency 
function  It  is  found  that  the  constants 
characterizing  the  inertial  subrange  of  the 
turbulence  spect-  rum,  i  e.the  Koimogorov 
constant  C  in  the  "two  thirds  law" 

<[u^(x^  +  r),-u^(x^)]  "'>  =  C■(<4>r)"''^ 
n  <"■  r  «  L  where  x  -  coordinate,  -  velo¬ 
city,  £  -  dissipation,  L  -  turbulence  inte¬ 
gral  scale,  rt  =  and  the  cons¬ 

tants  p  and  C,,  in  the  energy  dissipation 

correlation  function  ^ 

<£  Cx^)£  ( Xj  +  r)>  =  ,(r/L)  change 

by  a  factor  of  more  than  two,;  i.e  they  are 
not  universal  The  nonuniversality  is  doe 
to  the  external  intermittency  since  all  da¬ 
ta  are  generalized  by  introducing  a  single 
parameter,  namely,  the  intermittency  factor 
f  Fig  1-3,  the  notations  l-aAi»ymmetric 

wake,  Re^ =380-1080,  2-three-dimensional  wa¬ 
ke,  Re^=340-520 3  -mixing  layer, 
Re^=1040-1660  ;  4  -plane  wake,  Rej^  =  160-200  •• 

5  -boundary  layer.  Re,  =70-''50;  6  -return 

cnar.ncl,  =  3000,  the  curve  on  Fig  1 

corresponds  to  the  dependence  C  =  const 

1/9 

y  ,  the  curveon  Fig  3  -  to  the  dependence 


=  const/y )'.  Similar  constants,,  found  from 

conditionally  averaged  characteristics  in 
a  turbulentf luid,  are  universal  within  the 
measurement  accuracy . 

The  formula  p  =  2-q(6),  establishing  a 
relation  between  the  constant  m  and  the 
exponent  q(6)  in  the  structure  function  of 
the  sixth  order,  is  not  confirmed  in  the 
experiments  (  Fig.  4;  the  horizontal 
straight  line  corresponds  to  formula 
tJ  -  2-q(6)), .  The  difference  2-q(6)  exceeds 
the  constant  /j  almost  in  all  cases,  this 
conclusion  being  valid  both  for  the  uncon¬ 
ditional  and  the  conditional  averaging  in 
the  turbulent  fluid.  The  formula  for  the 
rate  of  turbulence  energy  dissipation 

averaged  over  a  sphere  of  the  diameter  r 
~  v*/r  which  underlies  the  deduction  of 

the  relation  p  =  2-q(B)'  did  not  found  a 
convincing  confirmation  either. 

The  hypothesis  of  a  statistical  inde¬ 
pendence  of  small  and  large-scale  motions 
in  the  turbulent  fluid  has  been  verified. 
At  all  points  investigated  no  dependence  of 
conditionally  averaged  energy  dissipation 

moments  <£">.  on  the  conditioned  velocity 

l,U 

1 

is  detected  according  to  the  hypothesis  in 
a  rather  wide  range  of  the  fluctuation 

amplitude  variation  (Fig. 5,, 

n  ,  n 

e  -  <c  >  /  <c  >  , 

n  t.u  I 

1 

O  2  -l/'Z 

u  =  (u^-<Uj>)  <(u^-<Uj>),  >  . 

The  intermittency  field  has  a  scale 
similarity  in  a  wide  scale  range  which  is 
indicated  by  extended  exponential  subrange 

^  r 

in  the  intermittency  spectrum  E^^  "  k 

(Fig. 6).  At  the  most  points,  the  values  ? 
differ  lightly  from  0.25.  With  decreasing  y 
the  value  ?  rises. 

The  boundary  between  the  turbulent  and 
non-turbulent  zones  is  not  sharp  even  at 
those  high  Reynolds  numbers  Re^  that  are 

obtained  in  the  experiments.  The  width  of 
the  transition  zone  from  the  levels  of  the 
parameters  characteristic  of  the  turbulence 
fluid  to  the  levels  characteristic  of  the 
non-turbulent  one  is  equal  to  a  mean  turbu¬ 
lent  zone  length  which  exceeds  the  Kolmogo¬ 
rov  scale  by  two  or  three  orders. 
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Abstract 


generation  source.  In  toroidal  coordinates  (Fig  1),  itcanbcwrillcnas- 


If  the  source  of  strcamwisc  vorlicily  generation  is  analyzed,  a 
lurbulcncc-dnvcn  secondary  i„.  v  is  found  to  be  possible  in  a  curved  pipe. 
Recent  hot-wire  measurements  piovidc  some  evidence  for  its  existence  To 
further  verify  the  fomiation  and  extent  of  this  turbulence-driven  secondary 
flow,  a  near-wall  Reynolds-sucss  closure  is  used  to  carry  out  a  detailed 
numerical  investigation  of  a  flow  in  a  U-bend  with  a  fully-developed 
turbulent  flow  at  the  bend  entrance.  Numerical  results  reveal  that  there  arc 
three  vortex  pairs  in  a  curved  pipe.  The  primary  one  is  the  Dean-type  vortex 
pair  Another  pair  exists  near  the  pipe  core  and  is  a  consequence  of  local 
pressure  imbalance.  A  third  pair  is  found  near  the  outer  bend  and  is  the 
turbuicnee-dnven  secondary  flow.  It  starts  to  appear  around  60°  from  the 
bend  cnuance,  grows  to  a  maximum  strength  at  the  bend  exit,  and  disappears 
altogether  at  about  7  pipe  diameters  downstream  of  the  bend 

I .  Introduction 


It  IS  known  that  Reynolds-strcss  gradients  could  generate 
streamwise  vorticity  in  a  turbulent  flow  The  vortical  motion  thus 
generated  is  classified  as  turbulence-driven  secondary  flow  by  Bradshaw 
(1687)  A  typical  example  of  this  secondary  motion  can  be  found  in  the 
flow  through  a  straight  square  duct  (Gessner  and  Emery  1981,  Demuren  and 
Rodi  1984).  These  investigations  reveal  that  a  counter-rotating  pair  of 
voruccs  arc  present  at  each  comer,  and  they  arc  supenmposed  on  the  primary 
flow.  Other  examples  of  lurbuicnee-driven  secondary  flows  arc  found  in 
three-dimensional  free  jets  (Sforza  ct  al.  1966)  and  wall  jets  (Launder  and 
Rodi  1983). 


Up  to  now,  convincing  evidence  of  lurbuIcncc-drivcn  secondary 
flow  in  a  carved  pipe  has  not  been  found  The  reasons  for  this  could  be 
attributed  to  flow  complexity  and  metsurement  difficulties  According  to 
Bradshaw  (1987),  the  laser  Doppler  vdocimctcr  could  not  be  relied  on  to 
produce  accurate  cross-stream  flow  statisucs  On  the  other  hand,  if  hot-wire 
technique  were  used,  the  stress  measurements  would  be  subjected  to 
calibration  uncertainties  and/or  ill-conditioncd  subuaction  of  hot-wire 
signals  (Anwer  ct  al  1989)  These  difficulties 'vcrc  further  compounded  by 
die  relauvciy  weak  strength  of  the  secondary  mouon  and  by  its  presence  near 
the  pipe  wall.  In  spite  of  these  d'fficultic.s,  hot-wire  measurements  were 
attempted  by  Anwer  ct  al  (1989)  The  measurements  were  obuuned  along 
the  symmetry  line  AA  and  the  venical  line  BB  of  the  pipe  cross-section 
(Tig  1)  Some  of  their  mean  radial  velocity  distributions  along  AA  did 
suggest  the  existence  of  a  secondary  flow  near  the  outer  bend 

The  objective  of  the  present  study  is  to  investigate  the  formation 
and  extent  of  Uirbulcncc-dnvcn  secondary  flows  in  curved  pipes.  The  source 
of  Ibis  generation  is  first  idcnuficd  Tins  is  followed  by  a  detailed  numcncal 
investigation  using  a  suiUiblc  near-wall  Reynolds-strcss  closure. 

2.  Vorticity  Generation  Near  Outer  Rend 


By  considering  the  torque  exerted  on  a  fluid  clement,  tlomung 
(1988)  was  able  to  derive  an  expression  for  the  vorticity  generation  source 
and  thereby  explain  the  secondary  flow  created  by  anisotropy  of  the  normal 
sncsscs  luc  to  turbulence  or  viscoclasucity  in  pipes  of  non-circular  cross- 
section  The  same  approach  is  used  in  the  present  study  to  examine  the 
existence  of  turbulencc-dnven  secondary  flows  in  curved  pipes,  A  mean 
vorticity  transport  equation  obtained  by  taking  the  curl  of  the  mean 
momentum  erjuauon  is  given  by: 


Dm  **  rjtr 
•  u>  V  V 

Dl 


OJ  , 


(i) 


where  to  is  the  mean  vorticity,  V  is  the  mean  velocity,  a  is  the  and 
turbulence  viscous  stress  tensor  and  p  is  liic  fluid  density.  Eq.  (I)  is  wriuen 
in  terms  of  the  usual  Reynolds-averaged  quanutics  It  can  be  seen  that  the 
nght  hand  side  of  Eq  (1)  represenus  the  torque  exerted  ot'  a  fluid  clement  and 
It  IS  this  term  that  is  responsible  for  vorticiiy  generation  in  an 
incompressible  flow  in  the  absence  of  body  forces. 


Vx  V 


a(7-?) 


(2) 


It  can  be_sccn_lhat  the  anisotropy  of  the  cross-stream  turbulent  normal 
stresses  (v^  -  u^)  is  primarily  responsible  for  the  streamwise  vorticity 
generation  near  the  outer  bend  of  a  curved  pipe. 

Experimentally,  it  is  known  that  near  a  wall,  the  normal  sucss 
parallel  to  the  wall  is  always  larger  than  ihejiormaLstrcss  perpendicular  to 
the  wall.  Therefore,  the  behavior  of  the  v^  and  ir*  near  the  wall  for  a 
particular  \g  can  be  postulated  as  shown  in  Fig.  21;,.  A.Similar  curve  for  y 
-f  dy  ean  also  be  constructed.  The  distnbuuon  of  (v^  -  u^)  at  y  and  y  +  dy 
can  now  be  calculated  and  plotted  in  Fig,_2c,_It  should  be  pointed  out  that, 
in  the  immcdiafc  vicinity  of  the  wall,  (v^-  u^  is  higher  for  the  (y  +  dy) 
curve  because  v^  hasjj  higher  gencrauon  due  to  the  Dean-type  secondary 
motion  However,  (v^  -  u^  for  the  (y  +  dy)  curve  would  decrease  faster 
away  from  the  wall  and  at  some  radial  locauon  would  fall  below  the 
corresponding  value  for  the  y  cu-ie.  Therefore,  the  behavior  shown  m  Fig. 
2c  represents  the  consequences  of  the  competing  influence  between  the  near- 
outcr-bend  secondary  flow  and  the  primary  streamwise  flow  The  calculated 
stress  gradient  is  shown  in  Fig.  2d  Finally,  'he  vorticity  generation  term  is 
estimated  according  to  Eq.  (2)  and  shown  m  Fig  2c  This  rather  simple 
qualitative  analysis  shows  that  negative  vorticity  is  generated  in  the  flow 
near  the  outer  lend  on  the  top  half  of  the  pipe. 

3.  Numerical  Verification 

The  flow  through  a  curved  bend  with  o  =  0.077  and  a  Reynolds 
number  of  50,000  he,  been  investigated  numerically  by  Lai  ct  al.  (’991). 
They  used  a  partially  parabolized  numerical  scheme  to  integrate  the 
governing  cquauons  and  tested  various  turbulence  closures  for  then  ability 
to  calculate  such  a  flow.  Low-and  high-RcynoIds-numbcr  Rcynolds-su'css 
closures,  with  different  pressure-strain  models  are  investigated.  The 
calculated  mean  velocities  and  t'irbuicncc  statistics  were  compared  with  the 
measurements  of  Anwer  ct  al.  (1989)  Then  results  show  that  all  closures 
tested  give  reasonable  predictions  of  mean  velocities.  As  for  turbulence 
statistics,  the  best  correlation  with  data  is  given  by  die  low-Reynolds- 
number  Reynolds-strcss  closure  of  Lai  and  So  (1990).  The  other 
calculations  fail  to  predict  correctly,  even  in  a  qualilauvc  sense,  the  increase 
in  anisotropy  of  the  normal  stresses  tn  the  entrance  region  of  the  pipe.  This 
means  that  improving  the  pressure-strain  model  alone  is  not  sufficient  to 
predict  the  increase  in  anisotropy  of  the  normal  stresses.  Therefore,  all 
closures  tested,  except  that  of  Lai  and  So  (1990),  would  not  be  appropriate 
for  use  in  die  analysis  of  secondary  motions  in  curved-pipe  flows, 
particularly  in  dx:  prediction  of  turbulcntc-drivcn  secondary  cells. 

The  low-Rcynolds-numbcr  Reynolds-strcss  calculations  of  Lai  ct 
al.  (1991)  arc  used  to  verify  the  arguments  given  in  §2  To  do  diis,  the 
secondary  flow  pattern  and  norm.al  stress  profiles  near  the  outer  bend  wall  al 
0°  =  112.8  arc  shown  in  Fig.  3.  In  these  plots,  the  normal  sucss 
dislnbulinns  arc  sliown  al  y°  =  9.31  while  their  derivatives  arc  shown  al  y° 
=  12.41.  The  rca.son  is  that  dy  =  6.21°  and  the  y- dcnvalivcs  arc  evaluated 
between  y''  =  9.31  and  y°  =  15.52.  Three  secondary  flow  patterns  arc 
visible,  one  is  the  Dean-type  secondary  moUon,  another  is  the  flow  reversal 
near  the  pipe  core,  while  the  third  occurs  near  die  outer  bend  and  is  the 
lurbulcncc-dnvcn  secondary  flow  Plots  of  the  normal  stresses  and  Mcir 
gradients  show  that  negative  vorticity  gcncrauon  in  the  region  0  <  (l-r/ax 
0  1  IS  about  seven  I  nics  larger  than  that  at  0°  =  21.6  where  llicro  s  no 
secondary  cell  at  the  outer  bend.  Tnis  means  that  the  vorticity  generated  is 
not  sufficient  to  sustain  a  secondary  flow  at  6°  =  21.6  As  expected, 
negative  vorticity  generation  is  obtained  in  the  upper  half  of  the  curved  pipe 
•Since  there  cannot  he  a  net  vorticity  generation  in  a  ciirvcd-pipc  flow,  a 
positive  vorticity  generation  of  equal  strength  would  al.so  develop  near  the 
outer  bend  in  the  lower  half  of  the  curved  pipe 


If  the  radius  ratio,  c  =  a/R,  is  very  small  and  viscous  cffecLs  arc 
neglected,  dimensional  arguments  applied  to  Eq.  (I),  lead  to  the  neglect  of 
all  terms  except  one  turbulent  term  in  the  stream  component  of  the  vortitilv 


The  close-ups  of  the  cross-stream  velocity  vector  near  die  outer 
bend  are  plotted  in  Fig.  4,  while  the  normalized  mean  radial  (U/Wq) 
vclociucs  along  AA  extending  from  the  outer  bend  wall  to  r/a  =  0  arc  shown 
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in  Fig.  5.  In  Fig.  4,  the  length  of  the  arrow-head  line  represents  the 
magnitude  of  the  velocity  at  that  point  and  every  plot  has  the  same  scale. 
Therefore,  this  allows  the  strength  of  the  secondary  cell  to  be  compared 
directly.  These  plow  clearly  show  that  the  tu'bulence-driven  secondary  cell 
starts  to  appear  around  9°  =  60  and  grows  stronger  as  the  flow  moves 
through  the  bend  into  the  downstream  straight  pipe.  Its  strength  reaches  a 
maximum  at  9°  =  180  (Figs.  4  and  S)  and  then  starts  ip  tl^y  exiting  into 
the  straight  pipe.  The  reason  is  the  recovery  of  (v^  -  u’)  to  its  fully- 
developed  straight-pipe  behavior  and  the  approach  to  axial  symmetry.  As  r. 
result,  the  gradient  of  the  normal  stresses  along  y  decreases  sharply  and  so 
IS  the  vcTtieity  generation  source.  It  takes  about  7  pipe  diameters  to 
complete  tiiis  process,  even  though  at  this  location  the  Dean-type  secondary 
motion  IS  still  4uite  evident.  When  the  high-Reynolds-number  Reynolds- 
sucss  calculations  are  analysed  for  turbulence-dnven  secondary  flow,  the  cell 
is  found  to  form  at  about  9°  =  135  and  disappear  at  adout  S/D  =  4.  Even 
then,  the  strength  of  the  cell  is  substantially  weaker  than  that  predicted  by 
the  low-Reynolds-number  closure. 

Finally,  it  should  be  pointed  out  that  So  ct  al  (1991)  have  earned 
out  extensive  calculations  of  developing  laminar  curved-pipe  flows  to 
invesugate  the  formation  and  extent  of  secondary  cells.  Their  calculations 
covered  an  a  range  of  0.04  to  0.143,  a  Dean  number  range  of  277.5  to  1360 
and  a  uniform,  potential  vortex  and  parabolic  inlet  flow.  The  results  show 
that  the  secondary  flow  pattern  in  the  cross-stream  half  plane  vanes  from 
one  cell  to  three  cells  dependent  on  a.  Dean  number  and  inlet  flow.  For 
parabolic  inlet  flow,  a  thrce-ccU  pattern  cxisLs  for  all  a  and  Dean  Number 
tested.  The  three  cells  consist  of  the  Dean  cell,  a  second  cell  near  the  pipe 
center  and  a  secondary  separauon  cell  near  the  inner  bend.  There  is  no 
secondary  cell  formed  near  the  outer  bend  for  all  condiuons  examined. 
Therefore,  these  results  lend  credence  to  the  claim  that  the  secondary  ceil 
formed  near  the  outer  bend  in  developing  curved-pipc  flowis  turbulence- 
dnven 

Research  suppon  from  the  Office  of  Naval  Research  under  Grant 
No.  N0014-81-K-0428  and  from  the  David  Taylor  Research  Center,, 
Annapolis,  MD  under  Contract  No.  N00167-86-K0075  is  gratefully 
acknowledged. 

Reference 

Anwer,  M.,  So.  R.M  C.  and  Lai,  Y.G.  1989  Peru:,bauon  by  and  recovery 
from  bend  curvature  oi  a  fully  developed  turbulent  pipe  flow.  Phys 
Fluids  Al,  1387-1397. 

Bradshaw,  P.  1987  Turbulent  secondary  flows  Ann  Rev  Fluid  Mech 
19,  53-74. 

Demuren,  .\.0  and  Rodi,  W.  1984  Calculation  of  turbulence-dnven 
secondav  motions  in  non-circular  ducts  J.  Fluid  Mech  149,  189- 
222. 

Gessner,  F.B.,  and  Emery,  A.F.  1981  The  numerical  prediction  cf 
developing  turbulent  flow  in  rectangular  ducts  J  Fluids  Eng  103, 
445455. 

Homung,  H  G.  1988  Vorticity  gcncrauon  and  secondary  slows  AlAA 
Paper  No  8S-37SI-CP,  Proc  1  si  Nalional  Fluid  Dynamics  Congress 
1,  566-571,  July  25-28,  Cincinnau.  Ohio. 

Lai,  y  G.  and  So,  R.M.C.  1990  On  near-wall  turbulent  flow  modelling.  J 
Fluid  Mech  221.641-673. 

Lai,  Y  G  ,  So,  R  M.C.,  Anwer,  M.  and  Hwang,  B  C.  1991  Calculauons  of 
a  curved-pipe  flow  using  Reynoids-stress  closures.  Proc  Insi  Mech 
Engrs ,  accepted  for  publication. 

Launder,  B.E  and  Rodi,  W.  1983  The  turbulent  wall  jet  -  measurements 
and  modelling.  Ann.  Rev  Fluid  Mech  15,  pp.  429-459. 

Sfor/a,  P.M..  Steiger,  M.H.  and  Trentacostc,  N.  1966  Studies  on  three- 
dimensional  viscous  jets  AIAA  Journal  4,  800-806. 

So,  R.M.C.,  Zhang,  H.S.  and  Lai,  Y.G.  1991  Secondary  cells  and 
separation  in  developing  laminar  curved-pipe  flows.  Theo.  Comp 
Fluid  Dyn  ,  aceepted  for  publicaUon. 


Figure  2.  Qualitative  behavior  of  the  turbulent  normal  stresses  near 
the  outer  bend  of  a  curved  pipe. 


Figures.  Calculated  secondary  flow  padem  and  the  behavior  of  the 
normal  stresses  and  their  gradients  near  the  outer  bend  at 
9°  « 1 12.8. 


Figure  4.  Calculaled  development  of  the  turbulence-driven  secondary 

flow  near  the  outer  bend. 


(1  ,»)  1'  "■! 


Figure  1 .  Schematic  of  a  curved  pipe  and  the  toroidal  coordinate 

system  used. 


Figure  5.  Calculated  mean  radial  velocity  distributions  along  AA  al 
various  sircamwise  locations. 
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The  attaliimenl  of  fully  developed  flow  conditions 
starting  from  the  clean,  thin  houndary  layer  entry 
condition  has  been  the  subject  of  considerable 
interest  by  a  number  of  research  workers  .le.g. 
BarblniJones  (1963),  Delssler  (1955),  I’rlest  11975), 
MartinuzEi*Pollard  (1989)).  For  a  low  turbulence 
Intensity  flow  a  clear  'overslioot'  of  the  fully 
developed  flow  levels  was  established  following 
boundary  layer  merger  (after  a  development  length  of 
some  35-40  pipe  diameters)  after  which  the  flow  was 
assumed  to  develop  asymptotically  to  Its  fully 
developed  values.  The  duct  length  necessary  to 
establish  'fully  developed'  flow  conditions  is  not 
firmly  established  but  work  by  RelchertiAzad 
(1976,1979)  would  suggest  that  this  could  be  200-300 
pipe  diameters,  considerably  more  than  the  entrance 
length  of  approximately  60  pipe  diameters  considered 
sufficient  by  Delssler  and  Darbln  S  Jones. 

The  K-«  turbulence  model  has  been  shown  to  be 
capable  of  predicting  quite  accurately  the  overshoot 
phenomenon  clearly  established  experimentally 
Beyond  a  development  length  of  40  pipe  diameters 
there  Is  however  an  absence  of  good  test  data  to 
allow  more  detailed  comparison  of  computational  and 
experimental  work.  Even  in  the  early  stages  of  the 
development  where  significant  velocity  and 

turbulence  changes  take  place  the  available  data  Is 
not  sufficient  to  accurately  calculate  axial 
gradients  of  flow  quantities 

In  addition  to  establishing  that  the  entrance  length 
was  considerably  longer  than  had  previously  been 
considered  Reichert  &  Azad  concluded  that  the  flow 
development  was  clearly  non-asymptotlc  even 
following  the  Initial  overshoot  In  this  they  are  In 
agreement  with  earlier  experimental  work  by  Laws.Llm 
S  Llvesey  (1979,1987)  in  an  Investigation  Into  the 
decay  of  highly  distorted  pipe  flows.  Here  the  axial 
development  of  mean  flow  and  turbulence  quantities 
and  their  axial  gradients  were  shown  to  have  a 
pronounced  oscillatory  nature  and  it  was  postulated 
that  this  mode  of  development  was  a  feature  of  most 
wall  bounded  flows. 

In  the  present  investigation  further  experimental 
work  on  the  decay  of  a  distorted  flow  has  been 
carried  out  The  preliminary  experimental  work  has 
focused  on  the  first  12  diameters  of  the 

decay/developraent  of  a  distorted  peaked  profile  with 
(u/n)Qe„trgii|,e  value  of  ol.4  though  further  wor, 
will  cover  in  similar  detail  a  downstream  test 
length  within  the  nominally  'fully  developed'  range 
A  very  detailed  measurement  programme  Involving 
measurements  of  time  mean  velocity,  turbulence 
Intensity  and  ! hear  stress  at  axial  stations  of  J/IB 
pipe  diameter  pitch  has  bc'en  carried  out  The  aim  of 
the  programme  was  to  obtain  good  high  quality  test 
data  against  which  computational  models  of  the 
decay/development  could  be  properly  validated  and 


from  which  accurate  axial  gradients  could  be 
determined. 

The  experimental  results  obtained  Indicate  clearly 
the  two  features  evident  In  the  earlier  studies  by 
the  I,aws,Llm  and  Llvesey, l.e,  the  Intersection  point 
occurrence  (see  fig  1)  and  the  oscillatory  nature  of 
the  development  Because  of  the  closely  spaced 
axial  traverse  planes  it  was  considered  that  the 
data  was  sufficient  to  obtain  accurate  axial 


Fiy.  1  Velocity  Profiles  measured 
every  diameter 


gradients  of  mean  flow  quantities  (<)u/3z,  3*u/3z* 
etc)  to  allow  profiles  of  these  quantities  and  the 
radial  velocity  distribution  v  to  be  obtained  These 
show  (see  fig  <!  )  several  unusual  features 
associated  with  the  decay  process  and  clearly  the 
radial  velocity  profiles  can  be  shown  to  totally 
change  sign  at  specific  z/D  locations  confirming  the 
oscillatory  nature  of  the  flow  development.  Thus 
there  are  a  number  of  axial  locations  associated 
with  the  flow  development  where  the  condition  vmO  Is 
achieved  (a  condition  normally  associated  with  fully 
developed  flow)  but  these  'quasi'  fully  developed 
stations  are  no  more  than  stationary  points  In  the 
overall  flow  development  for  when  3u/3zm0  and  hence 
vmO  the  development  clearly  shows  thafJ^u/Dz'aO, 
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ABSTRACT 

Here  we  report  some  of  the  latest  results  from  (a)  the  LET 
theory,  and  (b)  the  method  of  iterative  averaging. 

INTRODUCTION 

Fundamental  work  on  turbulence  at  Edinburgh  is  divided  into 
the  study  of  renormalised  perturbation  theory  (the  Local  Energy 
Transfer  theory,  or  LET)  and  renormalisation  group  methods 
(implemented  as  the  method  of  iterative  averaging).  In  both 
cases  we  study  the  Fourier  components  of  the  velocity  field  in  k 
space,  so  we  begin  by  writing  down  the  solenoidal  Navier-Stokes 
equations  and  all  the  necessary  definitions  (see,  for  instance, 
McComb(1990)): 

=  M,^(k)  I  u^(k  -  j,f)u.T(j,<)d’; 
+/a(k,t)  (1) 

where  is  the  kinematic  viscosity,  /  is  the  stirring  force,  and 

Map,(k)  =  ^[fcpZ?a.(k)  +  fc,i7<.^(k)l  (2) 

and  the  projection  operator  is  given  by 

Da0W  =  S„0-kak0/k'‘  (3) 

LET 

LET  is  a  general  theory  of  turbulence  and  is  the  only  renor¬ 
malised  perturbation  theory  which  yields  the  Kolmogorov  spec¬ 
trum  as  its  solution  in  an  Eulerian  (i.e.  laboratory)  coordinate 
frame.  It  has  been  investigated  numerically  for  the  case  of  freely 
decaying  isotropic  turbulence  and  has  proved  to  be  capable  of 
predicting  even  the  finest  statistical  details  of  the  turbulence, 
over  a  huge  range  of  Reynolds  numbers  (McComb  and  Shan- 
mugasundaram(1984,1991),  McComb,  Shanmugasundaram  and 
Hutchinson(1989)). 

The  basic  hypothesis  of  LET  is  that  the  turbulent  response 
can  be  represented  by  an  exact  propagator; 

Ua(k,<)  =  (4) 

if  is  an  averaged  quantity.  Then,  forming  a  perturbation  ex¬ 
pansion  for  the  correlation  tensor  Q,  defined  for  homogeneous 
turbulence  as 

(t,„(k,<)u^(k',t'))  =  (3„^(k!t,f')i»(k-fk'),  (5) 


using  Eq.  (4),  and  renormalising  zero  order  quantities,  we  get, 
for  the  isotropic  case; 

H{k-,t,s)Q{kis,t') 

=  I  d^jL(k,i) 

X  dt".ff(fc;t',<'')(?(i;/,t")C?(|k-j|iLf") 

-  dt"  E{r,  t, <")(?(*:  t",  t')Q(|k  -  j|;  t, f")}  ,  (6) 

where  i(k,j)  is  a  geometrical  factor. 

The  same  methods  can  be  applied  to  the  transport  of  a  pas¬ 
sive  scalar,  adding  the  corresponding  hypothesis 

e(k,t)  =  .ff**(k;t,0'’(k.O.  (7) 

resulting  in  the  LET  equations  for  passive  scalar  transport; 

=  Id^JNiKi) 

X  |/J'  d("if"(A;t',t")0(i|Lt")^?(|k-jl;L<") 

-  J‘  dt" t, f")0(*;  t",  t')Q(|k  -  j|;  t,t"))  ,  (8) 

where 

{9(k,t)9{k’,t'))  =  0(k;t,t')«»(k  +  k'),  (9) 

and  iV(k,  j)  is  a  geometrical  factor. 

Scalar  transport  computations  have  been  performed  at  a 
range  of  Reynolds  numbers  and  Prandti  numbers.  At  low  Rx 
we  get  se'.f-similar  spectra  and  two-time  correlation  curves.  The 
velocity-scalar  cross  derivative  skewness  values  are  similar  to 
those  shown  in  Kerr(1985)  Fig.  3,  but  have  rather  different  be¬ 
haviour  with  F'r,  see  Fig.  1 

LET  is  now  being  extended  to  treat  weakly  sheared  flows, 
where  the  departure  from  isotropy  is  small  enough  to  allow  sim¬ 
ple  computations.  The  application  to  strongly  inhomogeneous 
flows  presents  more  severe  computational  difficulties.  Such  an 
approach  is  potentially  important  in  that  it  could  provide  syn¬ 
thetic  boundary  conditions  for  use  with  large-eddy  simulation. 

ITERATIVE  AVERAGING 

Although  the  LET  Theory  off.^rs  a  rather  comprehensive  descrip¬ 
tion  of  turbulence,  without  recourse  to  adjustable  constants,  it 
it  nevertheless  ad  hoc  in  the  tense  that  it  is  derived  by  truncat- 
a  renormalised  perturbation  series  at  a  given  order  without 


i-u-i 


Fig.  1:  Velocity-scalar  cross  derivative  skewness  against  Rx 


any  a  prtort  justification  for  so  doing.  In  contrast,  while  Itera¬ 
tive  Averaging  offers  no  more  than  the  prediction  of  the  subgrid 
stress  which  represents  the  effect  of  eliminated  modes,  it  has 
been  cleat  from  the  first  that  it  also  offers  the  hope  of  basing 
such  a  prediction  solely  on  rational  approximations. 

The  thrust  of  Iterative  Averaging,  and  all  RG  approaches  to 
the  turbulence  problem,  is  to  reduce  the  number  of  modes  that 
have  to  be  explicitly  computed  by  averaging  out  the  smaller  scale 
modes.  We  begin  by  decomposing  the  velocity  field  into  explicit 
scales  for  k  <  ki  and  implicit  scales  for  ki  <  k  <  kg: 


cfa(k)  =  u: 

for  0  <  fc  <  fci 

=  u: 

for  kx  <  k  <  kg, 

(10) 

where  kx  is  defined  by 

kx  = 

(1  -  ^)kg, 

(11) 

with  tiie  bandwidth  parameter  A  satisfying  the  condition  0  < 
A  <  i.  Then  the  RG  approach  can  be  carried  out  as  follows; 

1.  Solve  the  NSE  on  k^  <  k  <  kg.  Substitute  that  solution 
for  the  high-A  modes  back  into  the  NSE  on  I  <  k  <  ki. 
This  results  in  an  increment  to  the  viscosity  ug  -*  ui  — 
Ug  -f  Sug. 


for  the  wavenumber  bands  0  <  fc'  <  1,1  <  j',1'  <  fc-t,  where 
f'  =  |k'-j'|  and 

Q'  =  +  (17) 

The  coefficient  L(k',  I')  contains  purely  geometrical  factors. 

The  Kolmogorov  constant  a  is  defined  in  this  method  by 
Eq.  (14),  and  a  is  plotted  against  the  bandwidth  parameter  in 
Fig.  2. 


Fig.  2:  Dependence  of  Kolmogorov  constant  on  bandwidth 


The  Iterative  Averaging  method  has  now  been  applied  to 
scalar  transport,  with  encouraging  results,  and  work  is  in  progress 
on  its  application  to  inhomogeneous  turbulence. 
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2.  Rescale  the  basic  variables  so  that  the  NSE  on  0  <  ^  <  ki 
look  like  the  original  NSE  on  0  <  k  <  kg. 

These  two  stages  are  then  repeated  to  eliminate  the  effect  of 
high  wavenumbers  progressively. 

A  conditional  average  is  used  which  smooths  out  the  effect  of 
the  high-/;  modes,  while  keeping  the  U~  constant.  We  represent 
it  by  an  operator  A\U'^\U~]  and  denote  its  effect  on  the  first 
shell  of  wavenumbers  to  be  eliminated  by  ()o.  It  then  follows 
that  this  operator  ha*!  the  properties; 


=  u;{]c),  (12) 

<£^a(j)£^p-(k-j)>o  -  (13) 

The  final  result  for  the  fixed-point  viscosity  is  given  by 

u(,k„k')  =  a^/h^/»k~*/»i>„ik'),  (14) 


where  the  coefficient  i>n{k')  is  given  by  the  recursion  relationship 
f^n+)(V)  =  h*I^V^{hk')Ah-^I^SvJik%  (15) 

with 

^  4rr/;'»y 


McCOMB,  W.D.  and  SHANMUGASUNDARAM,  V.  (1991) 
J.  Fluid  Mech.,  submitted  for  publication. 

McCOMB,  W.D.,  SHANMUGASUNDARAM,  V.  and 
HUTCHINSON,  P.  (1989)  J.  Fluid  Mech.,  208,  91. 

McCOMB,  W.D.,  SHANMUGASUNDARAM,  V.  and 
WATT,  A.G.  (1989)  Application  of  RG  methods  to  the 
large-eddy  simulation  of  fluid  turbulence.  Joint  GAMNI- 
IMA/SMAI  Conf.  on  Computational  Aerodynamics,  An¬ 
tibes,  France,  May  17-19,  1989. 

McCOMB,  W.D.  and  WATT,  A.G.  (1990)  Phys.  Rev.  Lett., 
65.  3281. 


I-II-2 


1-12 


EIGHTH  SYMPOSIUM  ON 
TURBULENT  SHEAR  FLOWS 
Teclinical  University  of  Munich 
September  9-11.  1991 


VORTEX  INTERACTION  IN  THE  WAKE 
BEHIND  AN  OSCILLATING  AIRFOIL 

K  Monkawa  and  H.  Gronig 

Shock  Wave  Laboratory,  Technical  University  Aachen 
Templergraben  55,  5100  Aachen,  Federal  Republic  of  Germany 


ABSTRACT 

Vortex  interaction  in  the  wake  behind  a  NACA 
0012  airfoil  with  pitching  oscillation  in  unsteady  flow 
is  investigated.  Two  sets  of  experiments  have  been 
carried  out:  while  the  first  one  concentrates  on  the 
periodic  quasi-steady  state  of  the  flow,  the  second 
one  deals  with  its  starting  stage.  From  the  flow 
visualization  by  the  dye  injection  method,  the  wake  is 
classified  into  six  types,,  depending  on  the  reduced 
frequency  and  amplitude.  Phenomena  of  transition  to 
turbulence  and  reorganization  of  the  wake  type  was 
interpreted  as  a  result  of  vortex  interaction. 

INTRODUCTION 

Large-scale  coherent  structures,  especially  in  the 
turbulent  mixing  layer,  have  been  one  major  topic  of 
turbulence  investigation  since  Brown  &  Roshkos'  ex- 
periments[l].  Bloor[2]  and  Kourta  et  al.  [3]  studied 
the  wake- shear  layer  interaction  behind  a  circular 
cylinder  and  showed  that  a  set  of  non-linear  fre¬ 
quency  interactions  is  progressively  generated  in  the 
wake,  finally  resulting  in  transition  to  turbulence. 
Such  detailed  information  about  a  vortex  interaction 
in  the  wake,  however,  seems  to  be  available  only  in 
the  case  of  a  circular  cylinder.  The  main  purpose  of 
the  present  study  is  to  understand  phenomena  of  this 
kind  also  in  the  more  complex  wake  of  an  oscillating 
airfoil  in  unsteady  flow.  The  flow  configuration  is 
shown  in  Fig.  1.  The  vortices  can  be  classified  into 
two  different  groups;'  1)  the  large  scale  vortex  (LSV), 
which  is  induced  each  half  period  of  pitching  oscillation, 
and  2)  the  small  scale  vortex  (SSV),  which  is  generated 
in  the  shear  layer.  Two  sets  of  experiments  have  been 
carried  out:  while  the  first  one  concentrates  on  the 
periodic  quasi-steady  state  of  the  flow,  the  second 
one  deals  with  its  starting  stage,  where  the  unsteady 
effects  of  the  external  flow  arc-  important.  The  following 
experimental  parameters  are  varied  in  a  wide  range:- 
frequency  and  amplitude  of  oscillation  and  Reynolds 
number. 

EXPERIMENTAL  SETUP 

The  experimental  setup  consists  of  the  vertical 
water-- Ludwieg-tunnel  (Fig.2),  which  was  proposed 
by  Akamatsu  [4]  and  built  at  the  Aachen  Shock  Wave 
Laboratory  [5].  The  principle  of  operation  is  as  follows:- 
the  high  pressure  section  is  separated  from  the  low 
pressure  part  by  a  fast  acting  valve.  When  this  valve  is 
opened,  by  gravity  and  additional  pressure  difference 
the  flow  is  accelerated  to  a  steady  velocity  within 


the  range  of  tens  of  milliseconds.  The  pitching 
oscillation  of  the  airfoil  is  driven  by  a  step  motor, 
being  controlled  by  an  IBM  PC.  Center  point  of  the 
rotation  is  set  50%  of  the  chord  length.  Throughout 
the  present  study  the  onset  of  oscillation  is  fixed 
at  the  instant  of  flow  start.  Applied  experimental 
techniques  are  flow  visualization  with  the  dye  injection 
method  and  velocity  measurement  by  Laser  Doppler 
velocimetiy  (LDV).  The  frequency  is  varied  between 
0.5  ard  20 Hz,  the  amplitude  of  oscillation  between 
1°  and  5°  and  the  Reynolds  number  between  4500 
and  31000.  The  Reynolds  number  is  defined  by  the 
external  steady  velocity  and  the  chord  length.  The 
type  of  oscillation  is  a  sinusoidal  one  around  0°. 


RESULTS 

From  the  flow  visualization  with  the  dye  injection 
in  the  first  part  of  the  experiments,  six  wake  patterns 
can  be  distinguished  as  shown  in  Fig.  3.  Which  type  of 
pattern  occurs  depends  on  the  reduced  frequency  K 
and  the  amplitude  a  [°]  (with  K=7cfc/Uo,  f:-  frequency 
[Hz],  C--  chord  length  [m],  Uo:  steady  external  velocity 
[m/sec]  ).  With  mcreasing  reduced  frequency  K,  the 
wake  patterns  change  from  H)  a  wavy  wake  over 
(2)  a  splitted  wavy  wake,  (3)  a  rolled-up  wake,  (4)  a 
straight  rolled-up  wake,  (5)  a  strong  rolled-up  wake, 
to  (6)  a  fully  turbulent  wake.  This  classification  is  very 
similar  to  the  one,  which  is  made  by  Oshima  et  al. 
[6]  for  the  case  of  heaving  motion.  Integration  of  SSVs 
to  LSV  is  observed  near  the  trailing  edge  region  for 
the  cases  of  rolled-up  wakes  (4,5)  to  fully  turbulent 
wake  (6).  Tl.is  process  is  understood  as  an  onset  of 
the  transition  to  turbulence:  the  LSVs  are  interacting 
on  each  other.  At  a  certain  region  the  wake  loses  its 
two-dimensionality  and  forms  a  turbulent  region  (see 
Fig.4a).  This  region  progresses  upstream  but  does  never 
reach  the  trailing  edge.  Consequently  two  flow-regimes 
can  be  distinguished:  a  strong  rolled-up  one  and  a  fully 
turbulent  one.  In  the  case  of  the  high  reduced  frequency 
and  small  amplitude,  the  following  events  are  observed: 
LSVs  are  interacting  on  each  other  and  form  the  strong 
rolled-up  wake  (5)  (see  Fig.4b).  Within  the  investigated 
region  this  does  not  develop  to  the  turbulent  wake  but 
reorganises  to  a  rolled-up  wake  (3).  The  second  part 
of  experiments  are  focused  on  the  development  of 
the  starting  vortex.  After  the  point  of  inflection  has 
developed  on  the  wavy-like  separated  boundary  layer. 
It  is  rolled  up  in  the  wake.  This  point  is  supposed  to 
become  the  center  of  the  vortex. 
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CONCLUSION 

Phenomena  induced  by  vortex  interaction  in  wakes 
generated  behind  oscillating  NACA  0012  airfoils  are 
investigated.  Six  groups  of  wake  patterns  can  be 
classified:,  wavy  wakes,  splitted  wavy  wakes,  rolled- 
up  wakes,  straight  rolled-up  wakes,  strong  rolled-up 
wakes  and  fully  turbulent  wakes  occurring  with 
increasing  reduced  frequency.  The  bigger  the  amplitude 
of  oscillation  is,  the  faster  the  pattern  changes  to 
fully  turbulent  wakes.  Transition  to  turbulence  and 
reorganization  of  the  wake  is  understood  as  a  result 
of  vortex  interaction.  Detailed  information  of  vortex 
interaction  is  deduced  from  LDV  measurements  and 
spectral  analysis. 
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Fig.  2  Schematic  diagram  of 
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Fig.  4  “(a)  Phenomena  of  the  transition  to  turbulence, 
K=28,  Re=4500,  a=2Ms 


-(b)  Phenomena  of  the  reorganization  of  LSVs, 
K=21,  Re=4500,  a=lMs 
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Fig.  5  The  development  of  the  starting  vortex, 
K-21,  Re=4500,  a=2°,  At=33ms 
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ABSTRACT 

The  experimental  work  has  been  nade  for  Couette 
type  flow  witli  repeated  pressure  gradients  that  are 
realized  in  the  clannel  consisted  of  a  wavy  fixed 
wall  on  one  side  and  a  moving  wall  on  the  other  side 
(see  Fig.  1).  This  vnrk  is  an  extension  of  El 
Telbany  arx3  Reynolds  (1980)  who  investigated  the 
Couette  type  flow  with  a  constant  pressure  gradient. 
Measurements  of  mean  velocities  arri  turbulent  inten¬ 
sities  show  that  tlie  flow  is  largely  affected  by  the 
inertia  force  and  upstream  effect  of  turbulence. 
This  type  of  flow  simulates  the  flow  in  the  high 
speed  journal  bearings  operating  in  turbulent  condi¬ 
tion. 

’mBORBTICAl,  BACKGROUND 

Theoretical  works  on  Couette  type  flows  with  a 
constant  pressure  gradient  were  made  by  El  Ttelbany  & 
Reynolds  (1980)  who  indicated  that  the  stress  gradi¬ 
ent  across  the  cliannel (  r  ;shear  stress, y;wall 
distance)  is  a  dominant  parameter  to  understand  the 
flow.  There  appears  conventional  wall  law,  half 
power  law  and  defect  law  regions. 

In  journal  tjearing  under  loaded  condition,  the 
clearance  clianges  along  moving  direction  thus  tlie 
inertia  force  and  the  repeated  pressure  gradient 
dP/dX  ,  to  appear  and  the  equation  of  motion  can  be 
written  as 


=1.4  m 


/  dP  , 


<  dP  .  <dt 
^  sx  ^  ay  *  '3X  'Pdy 


(1) 


Conditions  dP/dx  =0  and  dP/dx  =dP/dx  correspond  to 
Couette  and  Couette  type  flows  with  a  constant  pres¬ 
sure  gradient  respectively  and  the  shear  stress  can 
be  described  loy  linear  relation  as  T  =  Tur  +  y. 

In  general,  however,  there  appears  an  inertia  force 
eind  the  shear  stress  is  no  more  linear.  However  If 
we  introduce  a  locally  ave’-aged  stress  gradients  as 

»8--  ^  A  i  € 

,  where  yB,  ys  denote  wall  distance  of  )»undary  of 
kxiffer  and  lialf  power  regions,  the  same  velocity 
laws  can  t)e  developed  as  ElTelbany  S  Reynolds. 

Close  bo  wall,  T  does  not  change  significantly 
and  using  Van  Driest  damping  factor  A^  tlie  folicwing 
well  known  relation  liolds 

u^--  (2) 

vdiere  u*  is  friction  velocity  and  u+=u/u*,  y+=yw/u*. 
AS  the  wall  distance  increases,  Z  can  be  expressed 
by  the  relation. 


T 


Applying  the  mixing  length  theory  to  this  region, 
log  law  and  lialf  power  laws  (Ttovaisend  1961)  cure 


.6=4.5  mm 
2h=15mm 

V  V  V  V  V  \  "V  T  VA  \  \A  \  \ 

Ub 

Fig.  1  Test  channel  having  wavy  and  moving  wall. 

We  assume  a  constant  eddy  viscosity  in  core  region 
and  the  following  relation  IxJlds. 


(5) 


The  velocity  laws  developed  a)»ve  were  confirmed  to 
hold  for  constant  pressure  gradient  flows  (locally 
equilibriun  turbulent  flew)  by  ElTelbany  &  Reynolds. 

In  addition  to  the  inertia  effect,  there  may 
exist  upstream  effect  of  turbulence  in  present  flow 
vduch  necessitates  two-point  closure  model  of  turbu¬ 
lence.  Conparisons  between  previous  and  present 
measured  results  in  the  light  of  above  relations 
shew  that  whether  the  present  flows  are  locally 
equilibrium  turbulent  flow  or  not. 

Tab.  I  Non-dimensional  pressure  gradient  p! 
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•1 

M 

0  750 
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-0.023 

i.  )  (3) 


Fig.  2  Shear  stress  distribution.  Balance  among 
various  forces,  including  inertia  force. 
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EXPERIMENTAL  RESUL'RI  AND  DISCUSSIONS 


Figure  1  shows  the  test  channel  and  coordinate 
system  used.  The  mean  velocity  distributions  and 
turbulent  intensities  are  measured  at  various 
stream-wise  positions  of  x/1  for  Reynolds  number  of 
Re=5000  and  8000.  Non-dimensional  pressure  gradient 
parameters  m'=  are  tabulated  in  Tab.  1 
for  Re=8000.  Typical  shear  stress  distributions  are 
shown  in  Fig.  2.  A  broken  line  and  open  circle 
indicate  shear  stresses  obtained  frcm  momentum 
equation  and  Reynolds  shear  stresses  measured  by 
hot-wire  anemometer  respectively.  Significant  con¬ 
tribution  of  inertia  force  on  'C  can  be  seen  unlike 
the  flow  with  a  constant  pressure  gradient. 


10'^  Kb"  10‘^ 


Fig.  3  Variation  of  Karmann  and  Van  Driest 

constants  with  in  buffer  region. 

In  buffer  and  log  regions,  two  parameters  K  and  if 
take  well  known  value  as  fanctions  of  shear  stress 
gradient  parameter  within  buffer  region  for 
equilibriiOT  turbulent  flow  (Huffman  8  Bradsliaw 
1972).  Figure  3  compares  present  results  of  K  and 
p!  with  that  of  Huffman  8  Bradshaw.  A  general  trend 
of  A'  IS  similar  with  the  their  results.  However, 
the  variation  of  «  with  Me  is  quite  different .  They 
insisted  that  K  is  sensibly  constant  vhile  the 
present  results  show  it  increases  when  Mi' 

In  half-power  region,  the  constant  (2A+3B)  depends 
c*i  the  shear  gradient  .  Here  A  equals  (/a: 
and  B  indicates  turbulent  diffusion  coefficient. 
Figure  4  compares  the  present  results  with  others 
for  the  case  of  Kj  >0.  The  quantitative  agreement 
can  not  been  obtained  although  the  general  trend  is 
the  same. 


Figure  b  shows  the  variation  of  constant  D 
with  jut'  ,  A  constant  value  of  D=3.5  was  obtained 
irrespective  of  by  El  Telbany  8  Reynolds  for 
Gouette  type  flow  with  a  ccxistant  pressure  gradient. 
The  variation  of  present  values  of  D  along  the 
stream-wise  direction  follows  the  loop  path  instead 
of  taking  constant  value.  This  means  tiat  the  core 
region  receives  history  effect  of  upstream. 

Figure  6  shows  the  turbulent  intensity  paxifile  in 
wall  region.  A  brokai  line  in  the  figure  indicates 
the  conventional  wall  similarity  curve  for  u’  /u»  . 
The  present  results  deviate  from  this  curve  largely. 
This  implies  tliat  the  effect  of  repeated  paressure 
gradient  penetrates  deep  into  wall  region  although 
it  is  not  quite  large.  Figure  7  compares  turbulent 
energy  production  and  advection.  Unexpectedly  large 
advections  are  existed  which  may  cause  the  locally 
unequilibriin  turbulent  flow  in  present  case. 
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Fig.  5  Hysteresis  change  of  defect  law  coefficient 
along  stream-wise  direction. 


Fig.  4  Coefficient  2A+3B  in  Townsend  type  6  Distribution  of  turbulent 

description  of  half  power  law.  intensity  at  various 

sections. 


Fig.  7  Production  and  advection 
of  turbulent  kinetic 
energy. 
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1 .  Introduction 

As  a  paradigmatic  flow  having  the 
secondary  flow  of  Prandtl's  second  kind, 
much  research  has  been  conducted  on  the 
turbulent  shear  flow  along  a  corner  formed 
by  two  perpendicular  plates.  Although  a 
theoretical  explanation  has  not  yet  been 
developed  on  the  coherent  structure  in  a 
flat  plate  turbulent  boundary  layer,  many 
experimental  and  some  CFD  results  have 
oonvincedly  documented  such  a  structure. 
Bursting  is  detected  even  in  a  rough  wall 
turbulent  boundary  layer.  It  is  therefore 
interesting  tc  investigate  how  and  to  what 
extent  the  coherent  structure  will  be 
modified  by  the  secondary  current.  In  what 
follows  we  will  describe  experimental 
results  of  the  coherent  structure  in  a 
corner  turbulent  boundary  layer,  shown 
schematically  in  Fig.1-. 

2.  Measuring  Method 

Fig.-I  also  contains  the  coordinate 
system  used,  where  y'  denotes  the  corner 
bisector  and  z'  is  perpendicular  to  both  x 
and  y'  axes.  Uo  is  a  constant  free  stream 
velocity  'which  was  so  adjusted  to  give  a 
unit  .Reynolds  number  of  Uo/v=3.5  >' 

,  where  v  is  the  kinematic  viscosity  of 
air.  The  working  section  of  tn  Eiffel  type 
wind  tunnel  is  0.5  x  0.3  m^  and  2  m  long. 
Measurements  were  performed  at  a  section 
1.9  m  downstream  from  the  leading  edge, 
using  a  conventional  hot-wire  anemometer 
set . 


3.  The  Effect  of  a  Corner  on  Burstir " 

To  detect  the  bursting  event  tl  short 
time  variance  is  defined  according  Tio 
Blackwelder  and  Kaplan. 

Figs. 2a  and  2b  show  the  variations  of 
the  conditional  mean  velocity  distribu¬ 
tions  during  one  bursting  cyc'’e,  measured 
at  a  time  elapsed  from  the  onset  of 
bursting,  as  well  as  the  conventional  mean 
velocity  profiles  denoted  by  Jotted  line, 
both  obtained  in  the  two-dimensional  re¬ 
gion.  Well  known  decelerated  and  accele¬ 
rated  profiles  can  be  seen  clearly  just 
before  or  after  t  =0.  The  results  obtained 
at  z=25mm  shou  similar  profiles  as  Figs. 2a 
and  2b.  A  typical  ejection  process  was 
seen  to  occur  at  nearly  t  =-4 'v -2  ms  and 
then  a  sweep  process  follows.  The  ensemble 
averaged  velocity  profiles  differed  from 
those  in  Figs. 2a  and  2b.  At  t=-2  ms  in  the 
section  of  25mm,  a  strong  shear  layer 
develops  near  the  region  y+=30  and  the 
velocity  above  it  shows  a  larger  value 
than  the  conventionally  averaged  profile, 
which  leads  us  to  infer  that  a  strong 
clockwise  vortex  is  generated  there.  The 


Fig.1.  Flow  field  and  coordinate  system. 
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Fig. 2a, b.  Variations  of  conditional  mean 
velocity  distributions  during 
one  bursting  cycle  at  z=100  mm. 


spanwise  vortex  parallel  to  the  wall  is 
lifted  by  the  effects  of  both  ejection  and 
secondary  current  and  may  cause  the  high 
shear  layer.  Figs. 3a  and  3b  show  the 
bursting  process  at  the  position  nearer  to 
the  corner.  Ejection  and  sweep  are  ob¬ 
vious  but  the  velocity  profile  shows  a 


more  complex  pattern.  There  are  two 
changes,  the  one  occurring  in  a  small 
scale  found  at  the  region  near  y+=50  and 
the  other  in  a  larger  scale  at  near  y+=20 
'ulO.  Specifically,  in  the  sweep  stage  of 
■t=0''<4ms,  there  is  a  definite  dent  in  the 
ensemble  averaged  profiles,  which  implies 
inflection  point  instability. 

In  order  to  examine  more  details  of 
the  relation  between  bursting  and  the 
secondary  current,  space  time  correlations 
conditioned  by  bursting  were  measured.  An 
averaging  time  T,  i.e.  the  bursting 
period,  was  estimated  by  Tu  =140. 

Typical  results  of  the  conditioned  space 
time  correlation  at  z=25  mm  are  shown  in 
Figs.4a!;xA  =  xb)  and  4b(xn  =  xa  +  6),  where 
the  burst  detecting  probe  A  is  fixed  at 
y+=15  in  both  figures  and  the  values  of  y+ 
indicate  the  heights  of  probe  B.  In 
Fig. 4a,  the  pattern  of  the  bursting  pro¬ 
cess  changes  significantly  with  the  height 
of  probe  B,  but  it  is  not  found  in 
Fig. 4b.  Also  in  Fig. 4a  the  peak  value  of 
ihe  conditioned  correlation  shows  a  rapid 
decrease  near  y+=58,  indicating  a  loca¬ 
lized  character  of  bursting. 

From  the  results  mentioned  above, 
iso-correlatioh  contours  conditioned  by 
bursting  are  produced  in  Figs. 5a,  b  and  c. 
Comparing  with  the  corresponding  results 
in  the  two-dimensional  region,  it  is  sug¬ 
gested  that  the  eddy  conditioned  bursting 
has  a  smaller  scale  than  that  of  the  con¬ 
ventionally  correlated  eddy.  A  similar 
feature  can  be  found  in  Figs. 5b  and  5c  and 
particularly  Fig. 5c( z=1 5mm)  shows  a  sig¬ 
nificantly  small  spatial  extent  of  the 
coherent  eddy,;  compared  it  with  2-D  region. 

4.  Concluding  Remarks 

From  the  experimental  results  des¬ 
cribed  above,  we  can  say  that  there  is 
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Fig. 3a, b.  Variations  of  conditional  mean 
velocity  distributions  during 
one  bursting  cycle  at  z=15  mm. 


clear  evidence  of  bursting  in  a  turbulent 
boundary  layer  along  a  corner  and  that  the 
bursting  process  is  evidently  modified  by 
the  interaction  with  the  secondary  current 
near  the  corner.  The  effects  of  the  secon¬ 
dary  current  appear  also  in  the  space  time 
correlation  curves  and  the  correlation 
contours  conditioned  by  bursting  show  a 
significantly  smaller  eddy  scale  than  that 
of  a  conventional  one. 


2«25mm  2a25fnm 


a) .  xa  =  Xb  b) .  Xb  =  Xa  +  6 

Fig.  4a, b.  Distributions  of  space  time 
correlation  conditioned  by 
bursting . 
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b).  z=25  mm 


Fig.  5a,b,c.  Eddy  shapes  expressed  as 
iso-correlation  curves  con¬ 
ditioned  by  bursting. 
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ABSTRACT 

This  paper  displays  the  theoretical  form  of 
composite  expansions  for  mean  flow  properties 
and  shows  how  they  depend  on  Reynolds  number. 
It  also  gives  semi-empirical  equations  that  have 
been  fitted  to  channel  flovj  results  .  Reynolds 
number  trends  of  the  experiments  are  well 
represented  bv  composite  expansions. 
INTRODUCTION 

There  has  been  a  interest  in  the  effects  of 
Reynolds  number  on  turbulent  wall  layers.  Much 
of  this  comes  from  the  need  to  interpret  flow 
visualization  experiments  and  direct  numerical 
simulations,  Spalart(1988)  and  Kim  et.  al. 
(1987). 

It  is  accepted  that  turbulent  wall  layers 
have  a  two  layer  structure:  a  classical  singular 
perturbation  situation.  Mathematically  the  two- 
layer  structure  has  an  analogy  with  the  theory  of 
inviscid  flow  and  boundary  layers.  One  practical 
difference  is  that  boundary  layers  and  inviscid 
flow  have  a  thickness  ratio  of  1/100  (or  smaller) 
while  turbulent  wall  layers  the  thickness  ratio 
can  be  as  high  as  1/4. 

Consider  a  layer  of  thickness  h,  centerline 
velocity  U,  viscosity  v  and  friction  velocity  u.. 
The  outer  layer  variable  is  y/h  ,  the  inner  y*  = 
y/u.v  and  the  ratio  is  the  Reynolds  number 
Re-^U’  h/v  .  An  inner  function  for  any  variable  is 
fj(y+)  >  f(y-(-,Re*«  oo) 

Similarly  the  outer  function  is 

fo{h)  =  h 

Matching  between  f;  and  fo  is  aptly  called  the 
common  part;,  fcp  =fo(0)=fi('”).  Neither  fj  nor  fo 
are  uniformly  valid  for  ail  y.  What  is  not 
discussed  in  textbooks  on  turbulence  is  the  idea 
of  a  composite  expansion.  Such  an  expansion  is 
not  only  uniformly  valid,  but  it  contains  the  first 
dependence  of  the  profile  upon  the  Reynolds 
number.  An  additive  composite  expansion  is 

y-i- 

f  ]  composite*  M)^'*')  +  ^o(pg.  )  *  fcp 

The  mean  velocity  law  of  the  wall  plus  law  of 
the  wake  is  a  composite  expansion, 
Panton(1990a). 

Now,  we  apply  this  scheme  to  the  Reynolds 
stress.  For  pipe  or  channel  flow  theory  shows 
that  the  Reynolds  stress  in  the  outer  layer  is 


-<uv> 

U.2 


=  G(S)  =  1- 


1 

h 


From  this  one  can  see  that  the  common  part  is 
Gcp  =  G(0)  =1.  The  inner  layer  function  g(y+)  is 
not  known.  The  composite  function  is 
-<uv>,  v+  _ 

y,2  ]  composite  =  9(7*)  +  G(  pg. )  -  Gcp(  p^) 


-  9(y")  +  ^ 

In  order  to  explicitly  display  the  trends  with 

Reynolds  number  a  curve  fit  to  experimental  data 

was  performed.  The  equation  assumed  was 

•  1  •  C?  0*5 

g(y*)  =■  exp(  )  -I-  Ci[exp(-^  )  -  exp(^  )] 

A  fit  of  this  equation  to  the  Re*  =  860  data  of 
Tiederman  &  Harder(1990).  yielded  coefficients; 
Cl  -  0.517,  Ca  ■  136,  and  63  «2.51.  Figures  1  and 
2  show  the  composite  expansions  and  the 
experimental  data.  The  constants  for  all  of  these 
curves  are  the  same. 

The  fluctuation  u'  was  treated  similarly. 
Since  at  the  centerline  u'  is  symmetric,  a 
hyperbola  was  used  for  the  outer  behavior. 

U’o-Ci-H{C22.hC32[1  -(J)2)}i/2 

The  common  part  of  this  is  the  constant 

u'cp  “  Ci  {  Ca^  +  C32}^^2  _  Qj,p 

The  inner  function  was  taken  as 
u’i(y+)=Ccp{l-exp(-C4y+))+C5[exp(-C6y+)-exp(- 
C7y+)] 

The  composite  expansion  is 

u(y*)composile  “  u’o  +  u’j  -  Ucp 

This  equation  was  fitted  to  the  data  (Re*=860) 

with  values:  Ci»0.527:  Ca=  0.369;  C3=  1.57; 

C4-0.0697;  C5=  90.8;  C6=  0.0905;  C7  =  0.0948. 

The  results  are  compared  to  data  in  Fig.  3  and  4. 

A  model  equation  for  the  vertical  velocity 
fluctuation  v’was  also  a  hyperbola  for  the  outer 
behavior.  The  common  part  of  this  is  another 
constant.  According  to  theory  the  inner  function 
should  rise  away  from  the  wall  ~  y2.  An 
equation  with  this  property  is 

Vi(y+)  -  Cep  [1  -  exp(-C4y+)  ] 

+  C5  exp(-  Ce  y+)  [  exp(-C7y+)  -1  +  C7  y+] 
The  composite  expansion  is 

v(y')composile  “  v'o  +  v'j  -  Vcp 
This  equation  was  fitted  to  the  data  with  values: 
Cl -0.447;  Ca-  0.226;  C3-  0.691;  C4-0.0509:  Cs* 


I-I5-1 


Fig.  1  Reynolds  Stress  st  Vsrious  Re* 


Fig.  3  Re*  Effects  on  u'  Fluctlons 


Fig.  S  Effect  of  Re*  on  v'  Fluctustlons 


22.0;  Ce*  0.539;  Cy  -  0.0850.  hore  the  Re**380 
data  was  used.  Figures  5  and  6  show  the  results. 

From  the  figures  it  can  be  seen  that  the 
composite  expansions  exhibit  considerable 
Reynolds  number  effects,  even  for  y+ values  less 
than  100.  The  ability  of  first  order  expansions 
to  track  these  trends  to  such  low  Re*  indicates 
that  the  physics  of  these  layers  is  much  the 
same  as  those  at  higher  Reynolds  numbers. 

This  paper  was  written  while  the  author 
held  a  visiting  position  at  the  Acoustics  Center 
of  Ecole  Centrale  de  Lyon.  A  fellowship  from  the 
REGION  of  Rhone-Alp  is  greatly  appreciated. 


Fig.  2  Reynolds  Stress  at  Various  Re* 


Fig.  4  Re*  Effect  on  u'  Fluctlons 


Fig.  S  Effect  of  Re*  on  v'  Fluctuations 
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Introduction: 

Doth  Taylor’s  hypothesis  and  the  zissumption  ol  local 
isotropy  are  routinely  applied  to  flows  with  a  range  of  mean  ve¬ 
locity  gradients  and  velocity  intensities.  It  is  well  known  that  the 
use  of  Taylor’s  hypothesis  leads  to  increasing  un-ertainty  with 
increases  in  the  mean  velocity  gradient  and  velocity  intensities 
(cf.  Taylor  (1938)  and  Townsend  (1976)).  The  resulU  presented 
heroin  quantify  this  uncertainty  and  also  indicate  that  the  uncer¬ 
tainty  depends  on  the  integral  length  scale  of  the  flow.  The  recent 
studies  of  Sreenivasan  et.  al.  (1977)  and  Antonia  et.  al.  (1986  a 
&  b)  show  flows  with  moderate  to  small  mean  velocity  gradients 
are  not  locally  isotropic.  The  present  study  complements  those 
of  the  previous  studies  and  quantifies  the  effect  of  mean  veloc¬ 
ity  gradient  and  integral  icngtli  scale  on  departures  from  local 
isotropy. 

Based  on  the  rapid  distortion  theory  of  Batchelor  and 
Broudman  (1954)  and  subject  to  the  same  constrains,  Cauchy’s 
equation  can  be  used  to  relate  the  scalar  gradient  before  and  after 
the  application  of  a  mean  strain  as 


cy 

l)z,  doj  da. 


where  q  corresponds  to  the  spatially  resolved  scalar,  s  refers  to 
measurement  in  the  strainea  field,  and  x,  and  Oj  are  the  com¬ 
ponents  of  the  position  vector,  respectively,  before  and  after  the 
application  of  a  strain  The  strain  experienced  by  the  fluid  is 
equal  to  If  the  strain  in  the  downstream  or  ii  direction  is 
assumed  to  be  equal  to  the  mean  strain,  then  if  is  easy  to  show 
that 


(2) 


Ox,  U{ 

where  U\  is  the  mean  velocity  in  the  downstream  direction  Com¬ 
bining  Eqns.  1  and  2,  squaring  and  averaging,  leads  to  the  fol¬ 
lowing  equation  which  relates  the  variance  of  the  spatial  gradient 
of  the  scalar  in  the  strained  flow  to  that  in  the  unstrained  flow 


Similarly,  it  can  be  shown  that 


The  purpose  of  the  study  discussed  herein  is  to  determine 
experimentally  the  applicability  of  Taylor’s  hypothesis  and  the 
assumption  of  local  isotropy  in  a  low  intensity  flow  for  a  range  of 
downstream  mean  velocity  gradients. 

Experimental  Arrangement  and  Techniques: 

The  flow  used  in  this  study  is  the  nearly  homogeneous 
and  isotropic  flow  produced  downstream  of  a  turbulence  grid  and 
heated  wire  screen.  Fig.  1  shows  the  experimental  arrangement. 


Two  different  ranges  of  mean  velocity  gradients  are  produced  by 
placing  one  of  two  cylinders  downstream  of  the  heat..d  wire  screen. 
The  integral  scale  is  varied  by  using  two  grids  of  different  mesh 
size.  Table  1  provides  flow  parameters  for  the  experiment. 

Two  special,  two  sensor  probes  are  used  to  measure  the 
time  resolved  temperature.  Probe  1  consists  of  two  platinum  wires 
with  a  diameter  of  0.625  pm  which  are  separated  in  the  down¬ 
stream  direction.  The  length  of  the  first  wire  is  1.0  mm  and  the 
second  is  0.75  mm.  The  spacing  between  the  wires  is  1.0  mm. 
Probe  2  is  similar  to  Probe  1,  except  that  the  wires  are  separated 
by  1  mm  in  cither  the  transverse  of  spanwise  directions.  The 
lengths  of  both  wires  are  1.0  mm. 

Both  wires  are  operated  using  two  a.c.  temperature 
bridges  which  have  a  frequency  response  of  8  kHz.  They  are 
supplied  with  a  constant  r.m.s.  current  of  180pA  which  makes 
their  velocity  sensitivity  negligible  (cf.  LaRue  etal.  (1975)).  The 
probes  are  directly  calibrated  using  a  calibration  jet  over  the  range 
of  19  to  24“C 


as 


The  time  resolved  spatial  gradient,  is  approximated 


dx,  ~  60 


(5) 


where  6B  is  the  time  resolved  difference  in  the  temperature  at  the 
two  sensor  positions  which  arc  separated  by  a  distance  60. 


Results: 

The  present  results  indicate  that  in  a  heated  grid- 
generated  turbulent  flow  approaching  two  dimensional  objects, 
along  the  mean  stagnation  streamline,  for  ^  <1,  the  variance  of 
the  temperature  derivative  increases  in  the  streamwise  direction, 
decreases  in  the  spanwise,  and  remains  constant  in  the  transverse 
directions  (Fig.  2).  For  example,  the  variance  of  the  streamwise 
temperature  gradient  normalized  by  its  undistorted  value  is  near 
unity  when  |j-  >  0.75  and  increase  to  about  1.40  for  ^  =  0.15. 
This  increase  in  dissipation  is  higher  for  the  experiment  which  has 
larger  ^  ratio. 


For  large  ^  ratio,  the  dissipation  obtained  based  on 
Cauchy’s  equation  and  from  the  temporal  derivative  and  Taylor’s 
hypothesis  agree  with  the  corresponding  results  obtained  from  di¬ 
rect  measurements  when  ^  is  respectively  larger  than  0.75  and 
1.85.  Near  the  stagnation  point,  resuits  based  on  Cauchy’s  equa¬ 
tion  and  from  the  temporal  deiivative  and  Taylor’s  hypothesis 
differ  from  the  corresponding  result  obtained  from  direct  mea¬ 
surements  by  60%  and  560%  respectively  [Fig.3j. 


For  small  ^  ratio,  the  dissipation  obtained  from  all  meth¬ 
ods  agree  with  each  other  when  ^  >2.0.  However,  for  |j-<2.0, 
near  the  stagnation  point,  results  based  on  Cauchy’s  equation  and 
from  the  tempoial  derivative  and  Taylor’s  hypothesis  differ  from 
the  corresponding  results  obtained  from  direct  measurement  by 
40%. 

Comparing  the  variance  of  the  temperature  derivative  in 
the  streamwise  direction  obtained  from  direct  measurements  and 
the  corresponding  results  obtained  from  the  temporal  derivative 
with  Taylor’s  hypothesis,  it  can  be  concluded  that  in  the  strained 
flow,  when  ^  <  1,  Taylor’s  hypothesis  can  be  used  over  a  wide 
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range  of  mean  \cloiil\  gravlionls  to  estimate  the  \ariance  of  tem- 
peratnr''  iieri\ati\e  in  the  streanmise  dtrection  from  the  temporal 
derivative  However,  wlion  ^  >  1,,  the  region  wheie  lajlois 
hypothesis  hold  starts  at  >1  S5.  wliete  the  mean  strain  late  is 
less  than  ?.S5  [I'ig  -Ij 

For  ^  <2  0.  tlie  nsotropy  paraincteis.  A’l  and  A  jv  de¬ 
crease  witli  decreasing  However,  no  variation  is  semi  for  ^ 
>2.0  (Fig.  5.] 
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The  preliminary  quantitative  measurements  of  the  scalar  field 
in  the  rectangular  jet  mixing  flows 


Gong  Xin  Shen,  Jian  Jin 

Fluid  Mechanic  Institute 
Beijing  University  of  Aeronau"cs  &  Astronautics 


Abstracts 

The  nrchminary  quantitative  measurements  of  the  scalar  field  in  the 
misit’g  flows  of  the  rectangular  jet  using  Laser  Induced  Fiuorcsence 
(LIF)  and  Digital  Image  Capture  &  Proccassing  techneques  arc 
presented. 

Introduction 

Recent  decade,  it  is  well  known  that  the  Laser  Induci  d 
Fluorescence  tcchncque  could  be  and  must  be  a  very  important  and 
potential  approach  for  attack  on  deep  understanding  the  complex 
and  turbulent  flows  .  The  contribution  which  has  been  made  by 
many  researchers  involved  with  itself  development  of 

the  techeques  and  its  application  in  various  flow  Held 
Also,  the  non-axisymmctrical  jet  flows  were  studied  broadly  for  its 
background  on  many  industrial  application  even  the  flows  in  prac- 
uce  could  be  more  complicated  Certainly,  it  would  be  interesting  if 
the  experimental  observauon  on  the  scalar  field  could  be  made 
directly  in  the  rectangular  jet  mixing  flows 
Expcriincntal  Arrangement 

The  schemaucs  of  the  experimental  arrangement  is  shown  in  Fig.l 
The  water  channel  works  like  as  a  water  tank  (water  is  static  here). 
The  jet  flows  was  supplied  by  a  water  storage  tank  in  which  water 
was  premixed  with  fluorescence  species.  The  cntical  diameter  of  the 
rectangular  nozzle  exit  is  and  its  width /height  ratios  arc 
1,3,5,  repectivcly  A  light  sheet  of  laser,  which  crossed  the  axics  of 
jet,  illuiminatcd  a  vertical  or  horizontal  section  view  field  of  the  jet 
flows  The  inner  view  field  of  flows  was  captured  by  a  CCD  camera 
(112  X  512  pixel,  8bit  darkness  level,  25  frames/  see,  the  spatial  reso¬ 
lution  1  22  X  0  92MmV  pixel  here),  then  digitized,  stored  by  a  im¬ 
age  card  (DT-2861,  16  frames  tuffer)  and  processed  by  a  PC-386 
microcomputer 
Measurement  &  Calibration 

According  to  Bear'  law,  the  flourcsccnt  intensity  (Hf)  mainly  de¬ 
pended  on  the  incitcnt  intensity  of  laser  beam  or  sheet  (lol  and  the 
concentration  of  the  fluorescent  species  in  the  solution  (C)  Several 
fluorescent  species  (Rhodaminc  6G,  Rhodaminc  B  and  Sodium 
fluorescein)  were  tested  in  difrcrcnl  conditions  (the  power  of  laser 
(W),  as  shown  in  Fig  2,  the  maximum  concentration  of  the  species 
in  the  solution  (Co),  the  apaturc  of  the  CCD  camera)  It  was  found 
that  among  them,  only  sodium  fluorescein  was  quite  suitable  to 
h.ivc  fine  linear  calibration  curve  at  losv  maximum  concentration 
I  Co)  and  certain  power  of  Lasscr.  Also  the  H~  C  /  Co  curves  were 
cilibratcd  .  -.pcctively  in  vertical  (V)  and  horizontal  (H)  section 
view  fields  as  shown  m  Fig  3  Fc  a  2-D  view  field,  a  fluorescent  in¬ 
tensity  field  H^x,y)  depends  on  not  only  a  concentration  field  c(x,y), 
but  also  the  local  incident  intensity  field  I(x,y) 

(■  y  -i-  Ay  rx  +  Ajc 

n,{x.y) = G  [I  -  c  ^  ]i{x,y) 

when  c  •  cAxAy  am  AxAy«  1,  If  ,{x,y)~(QeAxAy)C{x,y)[(,x,y) 
So  normally  the  solution  of  the  concentration  field  has  to  be  a  result 
of  alternative  procedure  because  of  the  concentration  field  was 
unknown,  Forturnatclly,  the  decay  effect  could  be  neglected  in  cer¬ 


tain  degree,  as  shown  in  Fig  4  ,  if  the  concentration  of  used  species 
was  very  low  and  the  intensity  resolution  of  the  optical  system  was 
enough  high  The  maximum  error  of  concentration  value  due  to  de¬ 
cay  of  incident  intensity  without  alterative  correction  in  our  ease 
was  estimated  roughly  about  ±  4%  (y  and  z  direction)  and  ±  7.5% 
(x-dircction)  for  the  maximum  concentration 
Results  &  Discussion 

The  preliminary  investigation  on  concentration  and  scale  field  for 
the  rectangular  jet  mixing  flows  took  place  in  the  same  condition  for 
the  calibration.  Rcnolds  numbers  is  1000,  2000,  3000,  4000,  and 
5000  The  spatial  and  temporal  resolution  could  be  down  to  the 
Taylar  scale  (for  Re  =  5000,  X  /  d  a;  50-100  ).  The  typical  images  of 
instantaneous  concentration  field  in  a  rectangular  jet  mixing  flow 
were  shown  m  Photo  1  and  2  The  dankness  level  or  pscullo  colour 
correspanded  to  the  dimensionless  concentration  C  /  Co 
(C/Co=l  at  the  exit  of  the  nozzle).  Some  image  processing 
techneques  were  used  for  better  displaying  the  structures  and  em¬ 
phasizing  mam  feature  of  the  flow  patterns. 

It  IS  found  that  one  kind  of  unsteady  and  blended  large-scale  struc¬ 
tures  (from  symmetric  pattern  to  spiral  pattern  or  inverse)  exists  in 
the  ractangular  jet  mixing  flows  as  shown  in  Fig.5(c),  except  the  ex¬ 
isting  symmetric  and  spiral-lar.?c  scale  structure  which  have  been 
found  in  round  jet  flows. 

The  instantaneous  profile  of  the  concentrauon  along  the  axis  y  and 
z,  as  expected,  were  strongiy  intermilent  ,  and  the  instantaneous 
quantitative  distribution  of  concentration  along  the  X  axis  is  very 
mtcrmitcnt  too  Obviously,  all  these  kinds  of  the  intcrmitcncy  are 
connected  directly  with  the  scalar  interfaces  or  scalar  structures 
(Certainly,  including  the  large-scale  structure).  Also  the  results  of 
present  investigation  show  that  the  entrainment  mechanism  in  the 
icctangular  jet  flows  is  dominated  by  large-scale  motions.  These 
large  scales  arc  engulfing  unmixed  ambient  fluid  and  transporting  it, 
m  significant  quantities,  deep  into  regions  in  the  flow  interior  where 
It  can  be  subsequently  mixed  by  smaller  scalar  motion  (Kolmogorov 
and  Batchelor  scales). 

Fig  5  show  the  typical  instantaneous  average  concentration  distri¬ 
butions  along  the  axis  x  with  W/H=  1,3,5  at  vertical  and 
horizontal  section  respectively  By  comparison  with  all  the  results,  it 
could  be  found  that  the  average  mixing  rate  and  the  concentrauon 
pattern  in  rectangular  jet  flows  did  not  simply  monotonously  de¬ 
pend  on  the  width  /  height  ratio,  also  the  average  mixing  rate  along 
the  X  axis  in  the  vertical  section  is  considerable  different  with  that  in 
the  horizontal  section.  Obviously,  the  3-D  effect  on  the  conccnlra- 
Uon  field  in  the  rectangular  jet  flows  is  considerable  strong. 

For  the  further  work.thc  observasion  would  be  down  to  the 
smaller  scalar  field. 
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fig  I  The  schcinalic  of  the  c»pcrimcmal  ' 


F'g'5  The  siructurc  patterns  of  the 

rectangular  jet  flows 


F’K-2  Hf'-'C  curve  with  laser  power  (W)  Ftg,3  The  calibration  curve  of  H—C/ Co  ^*8-4  The  Dye  Obsorpalion  with  distance 


Photo  1  A  typical  concentration  field 

ol  jet  mixing  Ilow 


Photo  2  A  typical  concentration  field  of 

Jet  Mixing  flow  with  Psculo  Colour 
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ABSTIUCT 


T’o  objectives  of  the  prc.sant  paper  are  to  rake  clear  the 
’•GC/niuE'n  of  horseGhvje  vortex  interaction  with  tuo- 
diinensional  turbulent  boundary  layer,  and  to  clarify  the 
effects  of  at  tick  angle  on  log  vortex.  Detailed  Reynolds- 
stress  nfiasurenen t..  at  two  cross-section  planes  close  to 
the  wing  nose  fill  hi  also  helpful  to  evaluate  the  three- 
dirr.onsi  inal  flow  prediction  codes  u' ing  turbulence  models. 

ITiPCDXTION 

This  pacer  presents  t!ie  rreohanisn  of  development  of 
tno  hrrseshoe  vortex  at  a  surface-counted  obstacle  which 
then  inter  lets  with  ttiselage  boundary  layer.  S1ABAKA  made 
clear  the  diffusion  process  of  tlie  horseshoe  vortex,  and 
lOOn  reported  the  natii-os  of  tne  vortex.  The  cohoreico 
ixituoor  tl.c  horseshoe  vortex  and  the  ourvatui’e  at  leading 
edge  X  tne  lang  was  presented  by  "j’iiJJDRAN.  The  key  to 
unaer..tanding  the  secondary  flows  is  that  the  generation 
of  strong  vorte<  is  a  secondary  flow  of  Prandtl's  first 
'•■ind  but  that  subsequent  diffusion  of  the  vortex,  and  its 
interaction  with  the  turbulent  boundary  layer,  doixrnJ  on 
Rej'nolds-strosses.  T'ne  contribution  to  tiro  rotation  of  the 
Poynol  is-stress  tensor  appears  in  t!ie  production  terras  - 
u'v'd'./dz  a-nd  u'w'dV/uz  in  the  Reynolcis-stress  -u*v' 
transport  equation  by  means  of  velocity  gradient  owing  to 
iho  secordary  flor;  dV//dz  and  dV/dz  rospeotivel;^.  The  term 

dl'/dx  in  the  turbulent  kinetic  energy  q*'  transport 
equation  represents  the  effects  of  attack  angle  of  the 
wing  on  the  production  of  q^  by  the  stroairwise  velocity 
gradient  d’J/dx. 

JKPrilL'TTITS  A;.'D  PiYSULTS 

Detailod  mean  flow  and  Roynoldc-otresE  •seasureraents 
wore  conducted  v/ithLn  the  leg  portion  of  the  horseshoe 
vortex.  An  idealized  wing  having  half-circular  nose-cone 
followed  by  a  long  parallel  section  was  used  .(Fig.  1).  The 
nalf-ciroular  uose  can  provide  constant  curvature  at  the 
stagnation  point  oven  if  the  wing  has  an  angle  of  attack. 
The  wing  was  installed  as  an  obstacle  in  the  two- 
di'-.onsional  turbuJent  boundary  layer  over  the  flat  plate. 
The-  angle  of  .attack  could  olange  zero  to  ten  degrees  with 
respect,  to  the  froe-strsan.  Three  components  of  mean  flow 
velocity  and  six  components  of  Reynolds-strcss  were 
meas'ured  using  a  s;xcially  designed  tripilo-array  hot-wire 
probe.  The  center  of  the  three  wires  are  set  in  a  line 
;uirallol  to  the  y-axis(along  the  span  of  the  wing).  The 
rrobe  has  prongs  irith  15  mm  long,  and  the  tips  are  made 
from  corjpor-plaled  snail  prongs  with  50  um  in  diameter  and 
ran  in  length.  Tne  sensing  length  of  1.4  mn  gives  a 
lonrtl  tc  diarutcr  ratio  of  230. 

fig.  2  shows  the  surface  static  pressure.  The 
boundary  1., or  is  disturbed  at  the  junction  of  the  flat 
plate  and  the  wing,  and  spreads  to  downstream  both  in 
the  Pressure-  and  the  Suction-side  of  the  wing.  The 
iressuro  gradient  at  mid-span  of  the  wing  presents  strong 
favorable  pross'ire  gradient  at  the  nose  followed  by 
advorse  pressure  gradient  o-  „r  the  parallel  section  of  the 
winj,  in  the  Suction-side  The  profile  looks  same  but  the 
pressure  gradient  lo/el  is  renarkablly  low  in  the 
?ressurc-s1m- . 


Tlie  location  of  t!ie  vortex  center  determined  by  zero 
Eecond£iry  flow  velocity  is  almost  the  sanio  at  Slot  1,  and 
then  sweeps  away  from  the  wing  as  shovm  in  Fig.  3.  The 
distance  from  the  plate  to  the  center  is  longer  in  the 
Pressure-side.  The  mean  flow  skews  hy  tne  z-direotion 
pressure  gradient  and  the  vortioity  is  strong  in  this 
side.  In  the  Suction-side,  the  vortex  is  swept  avny  from 
the  wing  because  of  the  rapid  development  of  the  boundary 
layer  over  parallel  section  of  trie  wing  by  tne  strong 
adverse  pressure  gradient.  The  scale  of  the  vortex  is 
larger  in  both  cases  oomiiared  witt  zero  angle  of  attack. 

Turbulent  kinetic  energy  is  shown  in  Fip;.  4.  In 
each  case,  the  data  are  normalized  by  the  mean  velocity  at 
the  edge  of  plate  boundary  layer.  Tho  contours  of 
turbulent  kinetic  energy  show  circular  shajxj  centered  on 
the  vortex  center.  The  peak  level  is  laiger  in  the 
Suction-side,  because  the  moan  flow  is  accelerated  at  tho 
nose  of  the  v...ng.  It  proves  that  tho  high  turbulence  is 
caused  by  tho  vortex  motion  of  the  leg  vortex.  T!io  peak 
level  of  the  energy  decays  rapidly  with  relatively  m.inor 
perturbation  remaining  at  Slot  2.  The  Reynolds  nonaal- 
sLress  u'^  and  w’'^  take  larger  level  in  the  Suction-side 
because  of  the  largo  vortex  motion,  "ho  Reynolds  normal- 
stress  v'^,  on  the  other  hand,  takes  larger  level  in  the 
Pressure-.slde  by  tno  strong  vertical  notion  at  the  upurash 

region  of  the  vortex.  _ 

The  primary  Reynolds-s.near  .stress  -u'v'  takes  large 
negative  value  as  shown  in  Fig.  5.  T)ib  region  is  centered 
in  the  vortex  center  and  stretched  away  fbon  the  plate  and 
the  wing.  The  region  of  negative  s.hear  stress  is 
associated  with  the  reversed  velocity  gradient  dU/dy  near 
tho  center  of  the  vortex.  Tne  most  _^portant  production 
term  in  -u'v'  transport  etpuation  is  v'‘-dU/dy.  Tho  velocity 
gradient  dU/dy  at  the  downwash  region  talies  Uie  sane  level 
at  both  sides  of  tho  wing.  The  Reynolds  normal-stress  v'* 
shows  larger  level  in  the  Suction-side  by  the  strong 
vorticity,  and  then  the  -u'v'  takes  larger  value.  The 
wider  region  of  negative  stress  is  observed  in  the 
Pressure-side  of  Slot  2.  In  this  ease,  strong  secondary 
flow  velocity  components  .st  .  .-emains,  and  U.e  velocity 
gr.adient  d'J/dy  takes  negative  or  srall  love]  over  the 
winr. 


CONCLUSIONS 


An  cxjierimental  survey  was  conducted  at  tLi  log 
portion  of  the  horseshoe  vortex  generated  by  interacting 
with  the  idealized  wing,  end  thi  wing  vas  mounted  on  an 
angle  of  attack.  The  diffusing  processes  depond  on  the 
Rcynolds-stresses  distribution  at  the  region  i/itwoen  piate 
and  wing.  The  vortex  motion  of  tho  leg  vortex  is  largely 
influenced  by  the  attack  angle.  The  strong  vertical  motiyn 
m  tne  upr— ash  region  affes— ..  ....c 

in  the  Suction-side.  The  precise  Rcynolds-otro.sn 
measurenents  data  will  contribute  to  model  devolopxcent  as 
test  data. 
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ABSTRACT 

Effects  of  multiple  extra  strain  rates  on  the  structure  of  wall 
turbulence  have  been  investigated  for  the  flow  with  lateral 
divergence  and  streamline  curvature.  The  turbulence  structure 
changed  by  tlie  extra  strain  rates  were  discussed  in  relation  with 
the  bursung  phenomena.  The  most  striking  feature  of  the  present 
turbulent  shear  flow  is  the  nonlinear  interaction  between  lateral 
divergence  and  concave  curvature. 

INTRODUCTION 

The  response  of  shear-layer  turbulence  to  extra  stfali  rates  is 
very  important  as  summarized  by  Bradshaw  (1990).  This  paper 
is  the  second  report  of  our  work  dealing  with  turbulent  shear 
flows  with  lateral  divergence.  While  the  previous  paper  (Yoshida 
et  al  1 989)  described  the  experiment  for  the  pure  effect  of  lateral 
divergence,  the  present  one  focuses  on  the  interaction  between 
multiple  extra  strain  rates,  i  e.,  lateral  divergence  and  streamline 
curvature.  This  is  because  the  authors  were  stimulated  by  the 
study  (Smits  et  al.  1979),  which  discussed  the  interaction 
between  these  two  extra  strain  rates  in  a  turbulent  boundary  layer 
over  an  axisyiiunetnc  cylinder-flare  body. 

In  the  present  oaper,  an  axisymmetnc  annular  flow  with  lateral 
divergence  is  investigated  This  flow  system  has  an  advantage 
that  since  both  stabilizing  and  destabilizing  curvatures  are 
included,  two  kinds  of  interaction  between  divergence  and 
curvature  can  be  simultaneously  observed.  The  effects  of  such 
extra  sbain  rates  on  the  turbulence  structure  are  examined  not 
only  from  time-averaged  quantities  but  also  from  conditionally 
averaged  velocity  signals  obtained  by  the  Quadrant  method  (Lu  & 
Willmanh  1973). 

APPARATUS  AND  EXTRA  STRAIN  RATES 

The  air  channel  built  for  the  present  investigation  is  shown  in 
Fig.l.  The  flow  passes  first  through  an  annular  entrance  section 
(length  le  3000  mm,  outer  diameter  196  mm,  inner  diameter  </, 
1 16mm,  hydraulic  diameter  dh  =  do-d,=  80mm),  and  is  fully 
developed  before  entering  the  distorting  section. 

Figure2  shows  the  flow  geometry  of  the  distorting  section. 
The  centerline  between  the  inner  and  outer  walls  is  expressed  by 
a  sine  curve  and  a  straight  line.  The  sine  curve  (from  0  to  it)  was 
used  so  that  the  radius  of  the  curvature  changes  continuously 
from  the  entrance  to  the  distorting  section.  The  reason  why  a 
circular  curve  was  avoided  in  the  present  work  is  that  such  an 
impulse  was  too  strong  to  fairly  interact  with  divergence. 

The  channel  height  h  vanes  inversely  proportional  to  the 
distance  from  the  symmemc  axis  r,  namely,  h  =  hir\  !  r  =  c ! r 
(ri  and  h\  are  the  channel  dimensions  at  the  start  of  the  distorting 
section).  Hence,  the  cross-sectional  area  remains  constant,  and 
the  stretching  ratio  S  =  r !  r\  =  h\l  h  increases  up  to  5  in  the 
streamwise  direction.  Turbulence  measurements  by  a  hot-wire 
anemometer  were  made  at  the  stations  of  5  =  1 ,  1.2,  2,  3. 

Figure  3  shows  the  extra  strain  rates  e  calculated  from  the 
channel  geometry;  subscripts  d  and  c  denote  divergence  and 
curvature,  respectively.  To  estimate  substantial  contribution  by 
these  extra  strain  rates,  the  effective  extra  strain  rate  eeffii> 
calculated  by  the  lag  equation  (Smits  et  al  1979),  and  the  results 
are  plotted  also  in  Fig.3. 

As  demonstrated  in  the  previous  paper  (Yoshida  etal.  1989), 
lateral  divergence  destabilizes  turbulence.  On  the  other  hand, 
streamline  curvature  exerts  destabilizing  effects  along  concave 
walls,  but  it  exerts  stabilizing  effects  along  convex  walls.  As  a 
result,  influences  by  these  extra  strain  rates  on  turbulence  are 
summarized  as  follows: 


S  =  1:  Turbulence  has  an  ordinary  structure  because  there  exists 
no  extra  strain  rate. 

S  =  1.2;  The  effects  of  streamline  curvature  are  dominant,  and 
divergence  is  negligible.  Consequently,  turbulence  structure 
becomes  highly  antisymmetric  around  the  centerline. 

S  =  2:  According  to  the  duct  geometry,  curvature  vanishes,  and 
alternatively  divergence  becomes  large.  The  effective  extra  strain 
rate  for  curvature,  however,  is  comparable  with  that  of 
divergence.  Hence,  these  two  extra  strain  rates  and  the  basic 
strain  rate  strongly  interact  among  them. 

5  =  3;  The  effects  of  curvature  bKomes  negligible,  and  the  pure 
effects  of  divergence  appear. 


Fig.l.  Schematic  of  Fig.2.  Flow  geometry  of 

experimental  facility  the  distorting  section 


Stretching  rotio  5 

Fig.3.  Streamwise  variations  of  extra  strain  rates 
RESULTS 

The  following  data  were  obtained  for  Reynolds  number  Re  = 
UmdhI  v=  50000,  where  is  the  bulk-mean  velocity.  The 
coordinate  origin  is  taken  on  the  centerline  at  the  start  of  the 
distorting  section;  x  is  distance  measured  along  the  curved 
centerline,  and  y  is  measured  along  straight  lines  normal  to  the 
centerline  and  toward  the  center  of  curvature.  Hence,  ylh  =  - 0.5 
is  on  the  inner  concave  wall,  while  y  /  /i  =  0.5  is  on  the  outer 
convex  wall.  U  and  V  are  the  components  of  mean  velocity  in  the 
X  and  y  directions,  and  «  and  v  the  corresponding  fluctuating 
components. 
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Time-Averaged  Quantities  Figures  4-7  show  the  streamwisc 
variations  of  mea.v  velocity,  turbulent  intensities,  Reynolds 
stress,  turbulent  k;i;etic  eaer^,  respectively. 

Contributions  to  R.-vr.olds  Stress  from  Different  Events  Figure  8 
shows  the  contribution'  of  each  quadrant  to  Reynolds  stress. 
Here,  it  should  be  noted  that  unhke  the  expression  by  Brodkey  t* 
al.  (1974)  we  display  the  results  using  absolute  values  for  each 
qradrant. 

r.imilitinnallv  Averaged  Velocity  Signals  Figures  9  and  10  show 
the  conditionally  averaged  hv  signal  obtained  by  the  Quadrant 
method.  Figures  9a  and  10a  are  the  results  ?Xy !  h  =  0.35  (outer 
convex  side),  while  figures  9b  and  10b  are  those  at  y  /  A  =  -  0.35 
(inner  concave  side).  Each  signal  is  normalized  using  the 
maximum  value. 

DISCUSSION 

■9  =  1  Although  in  the  foregoing  chapter  we  mention  that 
turbulence  is  ordinary  at  this  station,  somewhat  antisymmetric 
nature  is  observed  (especially  in  Fig.Sa).  This  antisymmetry  is 
considered  to  be  ascribed  to  the  anomaly  associated  with  a 
turbulent  flow  in  annuli.  We  now  use  these  data  as  the  base  state 
to  assess  the  effects  by  extra  strain  rates. 

.5  =  1.2  At  the  inner  concave  side  turbulence  is  markedly 
amplified,  while  it  is  attenuated  at  the  outer  convex  side.  These 
tendencies  agree  well  with  those  reported  on  a  curved  channel 
(Kobayashi  et  al.  1989).  Corresponding  to  this  turbulence 
behavior,  the  con-tributions  of  2  and  4  quadrants  drastically 
changes  as  shown  in  Fig.8b.  The  conditionally  averaged  signd 
for  ejection  at  the  concave  side  (Fig.9b)  becomes  broad,  while 
that  for  sweep  af  the  convex  side  (Fig.  10a)  becomes  narrow. 

.5  =  2  Compared  with  the  profile  at  5  =  1.2,  the  streamwise 
turbulent  intensity  Urms  further  increa.ses  at  the  inner  concave 
side,  and  recovers  at  the  outer  convex  side.  At  the  inner  concave 
side,  however,  the  normal  component  Vrms  slightly  decreases, 
and  much  more  remarkable  decrease  is  seen  in  the  Reynolds 
stress  profile.  This  fact  is  very  surprising  because  both 
divergence  and  curvature  are  expected  to  amplify  turbulence:  the 
measured  results  demonstrate  that  a  simple  summation  of  their 
separate  effects  is  not  valid  even  qualitatively.  (Since  the  results 
reported  on  the  similar  flow  system  (Smits  et  al.  1979)  do  not 
show  such  tendencies,  we  first  doubted  our  experiment.  The 
repeated  measurements  for  two  stations  which  are  apart  in  the 
circumferential  direction,  however,  showed  good  reproduci¬ 
bility.)  Whereas  the  mechanism  of  this  nonlinearity  is  not  clear  at 
the  present  stage,  relatively  small  contribution  of  the  4  quadrant 
shown  in  Fig.8c  corresponds  to  decrease  in  Reynolds  stress;  the 


conditionally  averaged  signals  also  show  marked  reduction  both 
in  ejection  (Fig.9b)  and  in  sweep  (Fig.  10b). 

S  =  3  At  this  station,  all  the  turbulent  intensities  and  Reynolds 
stress  increases  owing  to  lateral  divergence,  as  reported  by  the 
previous  paper  (Yoshida  et  al.  1989).  The  conditionally  averaged 
signals,  however,  are  not  so  different  from  those  without  extra 
strain  rates  (5=1). 
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Fig.8  a-d.  Contributions  of  each  quadrant  to  Reynolds  Stress 
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ABSTRACT 

A  scries  of  experiments  (Ref.  1-4)  revealed  that  the  tur¬ 
bulence  behaviour  in  a  pressure-driven  3D  boundary  layer 
may  differ  considerably  from  what  one  would  imagine  with 
the  available  knowledge  about  2D  turbulent  boundary 
layers.  Departure  of  the  turbulence  behaviour  in  3D  bound¬ 
ary  layers  form  that  in  2D  boundary  layers  is  attributable  to 
the  effects  of  longitudinal  vorticity  on  the  turbulence  struc¬ 
ture  in  3D  boundary  layers  (Ref.  S).  A  survey  of  experimental 
data  uncovered  that,  for  a  boundary  layer  which  is  initially 
2D  and  is  driven  into  3-dimensionality  by  a  lateral  pressure 
gradient,  the  effects  of  growth  of  longitudinal  mean  vorticity 
can  be  summed  up  as  follows.  (1)  to  increase  the  dissipation 
rate  of  turbulence  energy;  (2)  to  suppress  the  turbulent  fluc¬ 
tuations  normal  to  the  wall,  hence  to  reduce  the  shear-stress 
magnitude  and  the  turbulent  diffusion  of  various  quantities; 
(3)  to  increase  the  streamwise  fluctuations  keeping  the  level 
of  crosswise  fluctuation  almost  unchanged,  hence  to  cause 
the  momentum  transport  normal  to  the  wall  to  be 
anisotropic. 

The  basic  second-moment  closure  (with  IP  model  for 
the  rapid  part  of  the  pressure-strain  correlation)  is  not 
available  for  modelling  the  above  mentioned  effects  in  3D 
boundary  layers.  It  may  predict  neither  the  lag  of  the 
shear-stress  direction  behind  the  velocity-gradient  direction 
nor  the  reduction  of  the  shear-stress  magnitude. 

Refinements  of  the  basic  closure  arc  introduced  mainly 
in  two  aspects: 


r - —1^11 


where  0^^  is  the  vorticity  tensor,  is  the  second 
invariant  of  the  stress-anisotropy  tensor,  and  r  is  a  freely 
assignable  parameter.  Computational  results  show  that  the 
velocity  fluctuation  normal  to  the  wall  and  the  magnitude  of 
the  shear  stress  are  sensitive  to  the  value  of  r.  In  the  present 
case,  we  assume  r  to  be  a  linear  function  of  the  tangent  of 
streamline-skewing  angle,  i.e. 

r  =  C,,  +  C ^^tan(tp  -  (p 


where  q>  is  the  angle  of  direction  of  the  velocity  in  boundary 
layer,  is  that  at  the  outer  edge  of  the  boundary  layer, 
and  C,,  ,C,j  are  constants. 


2.  A  new  source  term  which  represents  the  increase  m 
dissipation  rate  of  turbulence  energy  due  to  vortex  stretching 
is  added  into  the  dissipation  equation.  This  term  is  supposed 
to  be  simply  proportional  to  (Q  •  F)F,  the  rate  of  increase 
in  mean  vorticity  oue  to  vortex  stretching.  Thus,  the  follow¬ 
ing  modified  form  of  dissipation  equation  is  suggested: 


Dt 

Dt 


k_£E_1 

e  3Xi  \ 


+  c^[(n-  7)V\k 


1 .  A  rationally-developed  model  originally  proposed  by 
Fu  et  al  (Ref6)  is  adopted  for  the  rapid  part  of  the 
pressure-strain  correlation.  This  model  contains  the 
quadratic  and  cubic  terms  of  the  Reynolds  stress  and  the  lat¬ 
ter  explicitly  represents  the  effect  of  3D  vorticity  field  on  the 
Reynolds-stress  transport.  The  resultant  expression  is 
written  as 


where  is  a  positive  constant  to  be  determined.  Obvious¬ 
ly,  the  last  term  on  the  right  of  the  equation  leads  to  a  great¬ 
er  dissipation  rate  when  the  boundary  layer  is  becoming 
more  3D. 

Bradshaw  and  Pontikos'  experiment  (Ref.3)  with  a  sim¬ 
ulated  infinite  swept  wing  was  taken  as  the  test  case  for  the 
refined  second-moment  closure.  The  optimized  values  of 
newly-introduced  constants  are 

C„=0.06,  ^,2=2.5,  C^=0.18 

Other  constants  involved  remain  as  those  in  the  basic 
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second-moment  closure.  Predictions  of  the  profiles  of 
mean-velocity  components,  Reynolds-stress  components, 
turbulenee  energy  and  its  dissipation  rate  using  the  refined 
second-moment  closure  and  the  basic  second-moment 
closure  are  compared  with  the  measurements  as  shown  in 
Fig.l  (at  the  4th  measurement  station  of  Ref.3  for  example), 
where  U,  W  and  u,  w  are  components  of  the  mean  velocity 
and  the  velocity  fluctuation  normal  and  parallel  to  the  lead¬ 
ing  edge  of  the  swept  wing  respectively,  Q,  is  the  magnitude 
of  mean  velocity  at  the  outer  edge  of  the  boundary  layer,  y 
and  V  are  the  coordinate  and  the  velocity  fluctuation  normal 
to  the  wing  surface.  Other  symbols  in  Fig.l  are  the  same  as 
those  in  Ref.3.  It  is  obvious  that  the  prediction  of  the  basic 
second-moment  closure  greatly  overestimates  the  magnitude 
of  every  component  of  the  Reynolds-stress  tensor,  whereas 
the  corresponding  prediction  of  the  refined  second-moment 
closure  is  quite  agreeable  with  the  measuredment  data.  The 
refined  second-moment  closure  may  also  qualitatively  pre¬ 
dict  the  lag  of  the  shear-ctress  direction  behind  the 
velocity-  gradient  direction. 
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Fig.l  Comparison  between  predictions  of  bas:'^  and  refined  second-moment 
closures  and  measurements  (  4th  measurement  station  of  Ref.3  ) 

-  refined  closure  .  basic  closure 

0  measurements 
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ABSTRACT 


LES  MODEL 


A  numerical  study  of  Raylelgh-Benard 
convection  with  large  eddy  simulation  is 
presented.  The  gradient  transfer  hypothesis  is 
adopted  for  the  subgrid  closure.  Calculations  have 
been  performed  using  a  40"^  grid  for  a  14S  cm  x  150 
cm  X  20  cm  computational  grid  box  Some  of  the 
results  are  presented  in  this  summary.  A 
comparison  with  the  experimental  data  of  Adrian 
et.  al.  (1986)  shows  good  agreement.  Some  of  the 
features  of  the  higher  moments  are  discussed.  The 
wall  function  for  temperature  boundary  condition 
IS  examined 


INTRODUCTION 


The  LES  model  used  in  this  study  was 
described  by  Nleuwstadt  and  Brest  (1986),.  which 
was  meant  for  the  study  of  the  decay  of  the 
convective  turbulence  in  the  atmosphere.  The  model 
is  modified  for  the  laboratory  situation  that  is 
presently  under  study.  In  this  model  the  subgrid 
terms  are  parameterized  by  gradient  transfer 
hypothesis.  For  example,  the  deviatoric  subgrid 
Reynolds -stress  T  is  given  as 


where 

field. 


au, 

+  - - 

] 

ij  [  axj 

the  tilde  denotes 

ax, 

the 

resolvable  scale 

The  exchange  coefficient  K  is  expressed  as 


The  type  of  turbulent  convection  that  arises 
by  heating  a  fluid  layer  from  below  is  called 
Raylelgh-Benard  convection.  The  warm  fluid  from 
the  bottom  will  then  raise  and  is  replaced  by 
cooler  fluid  drawn  from  the  top.  This  pattern  of 
hot  updrafts  and  cool  downdrafts  is  referred  to  as 
coherent  structures  in  atmospheric  convection. 
Much  knowledge  about  the  structure  of  turbulence 
has  been  gained  by  large  eddy  simulation  of  such 
coherent  structures  in  the  atmosphere 

Large  eddy  simulation  (LES)  is  an  Important 
computational  tool  in  the  study  of  turbulent  fluid 
flow.  It  has  been  particularly  successful  in 
understanding  the  structure  of  the  turbulence  in 
the  atmospheric  convective  boundary  layer  because 
the  atmospheric  turbulence  comprises  of  large 
scale  eddies  in  the  form  of  thermals.  Its 
application  to  laboratory  models  and  turbulent 
flow  in  devices  is  lagging  far  behind  because 
wall-bounded  turbulent,  flows  pose  their  own 
computational  problems  distinct  from  the 
atmospheric  convection.  In  LES,  turbulent  eddies 
larger  than  the  grid-size  are  explicitly  resolved 
by  solving  the  time-dependent  three-dimensional 
Navier-Stokes  equations  However,  eddies  of  a  size 
smaller  than  the  numerical  grid  cell  have  to  be 
modelled  These  are  called  the  subgrid  scales  of 
the  motion  and  we  must  filter  them  to  solve  for 
the  larger  eddies.  This  spatial  filtering  leaves 
additional  terms  in  the  equations,  which  aj-e 
parameterized.  Nleuwstadt  (1990)  presents  a  review 
of  the  LES  method  and  the  possibilities  of  its 
applications 


In  the  present  study,  we  are  concerned  with 
the  LES  of  turbulent  buoyant  convection  in  the 
laboratory  situations.  The  major  difficulty  in 
this  problem  is  that  we  need  a  wall-function  to 
determine  the  temperature  drop  across  the  first 
grid  cell  adjacent  to  the  wall  in  terms  of  the 
heat  flux  at  the  wall.  Most  of  the  mean 
temperature  variation  normal  to  the  horizontal 
heated  wall  takes  place  within  the  first  grid 
cell,  hence  the  need  for  a  proper  wall -function. 


K  =  0  e'^^  1  (2) 

where  E  is  the  subgrid  kinetic  energy,  for  which 
we  solve  an  additional  equation,  and  1  is  the 
mixing  length,  which  is  related  to  the  grid-size 
as 

1  =  (Ax  Ay  Az)’''^.  ,(3) 

The  constant  o  is  inte’’preted  as  proportional  to 
the  ratio  of  the  filter  width  to  the  grid-size.  In 
the  present  study  its  value  is  0  12. 

The  calculation  domain  is  a  rectangular  box. 
The  horizontal  dimensions  are  145  cm  x  150  cm.  and 
the  vertical  20  cm.  The  number  of  grid  points 
placed  In  each  direction  is  40.  For  all 
fluctuating  variables  the  horizontal  boundary 
conditions  tu-e  prescribed  to  be  periodic.  At  the 
top  vertical  velocity  and  gradients  of  horizontal 
velocity  components.,  and  temperature  are  zero. 
These  satisfy  adiabatic  boundary  conditions  at  the 
top. 

WALL  FUNCTION  FOR  TEMPERATURE  BOUNDARY  CONDITION 
AT  THE  BOTTOM 

For  prescribing  temperature  boundary 
condition  on  the  bottom  side,  we  need  a 
wall-function  that  gives  a  functional  relation 
between  the  wall  heat  flux  and  the  mean 
temperature  drop  across  the  heated  layer  in  the 
vertical  direction.  The  horizontally  averaged  mean 
temperature  drops  sharply  with  height  near  the 
wall,  and  it  is  not  possible  to  resolve  it 
numerically.  In  fact,  most  of  this  tempers ‘ure 
drop  takes  place  within  the  first  numerical  id 
cell  He  have  faced  several  difficultic 

finding  proper  wall  functions.  The  thermal 
structure  of  the  convective  layer  is  quite  complex 
and  multiple  layer  theories  have  been  proposed, 
with  each  layer  exhibiting  its  own  thermal 
c laracteristlcs.  Adrian  et  al.  (1986)  discussed 
the  models. 
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A  matching  analysis  of  a  two  layer  model  has 
been  performed  to  obtain  a  wall-function.  In  this 
analysis  the  Inner  layer  Is  assumed  to  be 
dominated  by  conduction  and  the  outer  layer  by 
convection.  The  {allowing  functional  forms  of  the 
temperature  profile  In  the  overlaying  region  have 
been  obtained  after  matching  of  the  two  layers 


T  -  T  , 

u 

1 
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(4) 
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T  -  'I  , 

r  .-1/3 
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In  the 

above  formulation,  the  subscripts 

0  and  • 

refer 

to  conduction 

and  convection 

scales 

respectively  as  given  In 

Adrian  et.  al.  (1986).  T 

Is  the  mean  surface  temperature.  Extensive 
comparison  Is  made  with  the  available  experimental 

data  to  obtain  the  values  of  C  and  C  .  The  values 

N 

suggested  are  C  «  1.0  and  =  0  (10.0). 
appears  In  the  calculation  of  Nu  as  follows. 


Nu 


C  -  C 

■  H 


Ra  Nu  Pr)" 


4/3 


Ra'/3  Pr'/3 


(6) 


We  have  calculated  Nu  from  Eq  (6)  and  found  that 
the  calculated  values  agree  well  with  the  measured 
values.  Table  1  presents  a  comparison.  Since  Eq 
(6)  Is  an  Implicit  expression  for  Nu,  Iterative 
procedures  have  to  be  employed  for  calculating  Nu 
In  any  case,  the  Immediate  utility  of  Eq  (6)  Is  In 
checking  the  validity  of  the  model  constants  C  and 
C^.  Nu  Is  not  sensitive  to  the  value  of  C  as  can 

be  seen  from  table  1,  but  Its  dependence  or  the 
value  of  C  Is  rather  pronounced.  We  are  carrying 

N 

out  further  calculations  to  fix  the  value  of  C 

K 

that  matches  the  experimental  data. 


In  the  LES,  most  of  the  mean  temperature  drop 
above  the  surface  takes  place  within  the  first 
grid-cell.  Hence  we  need  the  above  empirical  law 
to  prescribe  the  drop  In  the  temperature  across 
the  grid-cell,  as  also  the  temperature  on  the 
surface  In  relation  to  the  heat  flux.  The 
pqiift  I'-'ns  4  and  5  together  provide  this 
I  .’if'oi  ■  i’.  ion 


Table  1 
Pr  =  6  0 


Ra 

Nu 

Cxpt. 

Nu 

Proaent 

C 

1.5  X  lo' 

19.43 

21.  15 

0.75 

10.0 

21.28 

1.0 

10.0 

18.7 

1.0 

11.0 

1  18  X  10® 

38.64 

37.03 

1.0 

11.0 

9.49  X  10 

77.42 

78  73 

1.0 

10.5 

NUMERICAL  RESULTS 


Computations  have  been  performed  for  the 
following  set  of  conditions: 

=  0.0153  cm/sec,  w^  =  0.4S  cra/sec,  z,  =  20  cm, 

e.  =  0.034  °C. 

Here  Is  the  kinematic  heat  flux  at  the  surface,, 
w.  Is  the  convective  velocity,  z.  Is  the  distance 
between  the  two  horizontal  surfaces  and  e.  Is  the 
temperature  scale  given  by  From  the 

convective  velocity  w,,  and  the  length  z,,  we 
obtain  a  time  scale  t,  given  by  z,/w. 


Fig.  1  Root  mean  square  horizontally  averaged 
temperature  at  various  time-levels 


0.0  o.»  os  0  73  1  0 


Fig.  2  Time  evolution  ot  the  vertical  velocity 
skewness 

In  Fig  1  we  present  tue  vertical  profiles  of 
RMS  temperature  at  various  time  levels.  A 
comparison  with  the  experlmoiiLal  data  of  Adrian 
et.  al.  shows  good  agreement  Near  the  lower 
boundary  the  RMS  temperature  starts  at  the  RMS 
value  of  the  plate,;  which  Is  zero  In  this  case,, 
and  reaches  a  maximum,  before  beginning  to 
decrease.  The  decrease  can  be  fitted  Into  a  power 
law  variation.  This  behavior  Is  similar  to  the  one 
observed  by  Doardorff  and  Willis  (1967).  Above 
O.Sz,  the  power  law  variation  Is  no  longer  valid 

since  the  profile  becomes  linear. 

As  a  final  point  of  Interest  In  this  summary, 
we  present  the  evolution  of  skewness  of  vertical 
velocity  In  Fig.  2  There  Is  considerable 
discrepancy  between  the  ..icasurements  In  the 
laboratory  and  the  computations  of  this  tilgi.er 
moment.  There  Is  also  wide  disagreement  among 
different  measurements  and  various  computations. 
Moeng  and  Rotunno  (1990)  recently  discussed  these 
features. 
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ABSTRACT 

Results  of  one  of  <1  seiies  of  numerical  simulations  of 
the  turbulri'.t  flow  over  c  ’eai  ward-facing  step  aie  presented 
and  tiiseussed.  The  large  eddy  simulation  technique  is  used 
to  siimilate  the  statistic!  lly  stationary,  fully-tuibulent,  sep 
ai  ating  and  leattaching  dow.  Statistical  quantities  arc  com 
paied  with  the  results  of  experimental  investigations  of  the 
same  flow  at  similar  Reynolds  numbers. 

In  the  piescnt  contribution  the  instantaneous  flow  field 
piedictions  arc  compared  with  the  mean  flow  field  to  il¬ 
lustrate  the  huge  fluctuations  occurring  in  the  separating 
sheai  layei. 

NOMENCLATURE 

h  chaiacteiistic  length,  .step  height 

L  coiu|nit<itional  domain  length,  L  =  24/i 

Rco  global  Reynolds  No  ,  Rio  =  Uah/i/ 

To  characteiistic  time.  To  =  L/l’o 

Uo  upstream  channel  centerline  velocity 

11.  r,  le  velocities  in  the  i,  y,  r  directions 

A'/i  dimensionle.ss  reattachment  length 

j.  !/,  r  streamwise,  tangential,-  and  vertical 

coordinate  directions. 

INTRODUCTION 

The  fully-turbulent  flow  over  a  backward-facing  .step 
has  been  the  subject  of  many  experimental  iiivc.stigations 
because  of  its  simple  geometry  and  a  well-defined  separation 
point.  It  has  also  served  as  a  henchmark  test-ca.se  for  the 
turbulence  modelling  and  sniiiilation  comniunities. 

In  the  present  stiiily  we  ajiply  the  hirge-eddy  simula¬ 
tion  (LES)  technique  to  predict  the  developing  turbulent 
flow.  In  this  technique  the  large,  energy-rich  structures 
arc  directly  simulated  while  the  smallest,  dissipative  .scales 
are  modelled  Since  the  tinie-dependent,  three-dinieii.sK)nal 
flow  field  is  simulated,  instaiitaneous  distributions  of  the 
re.solvable  flow  quantities  ran  be  obtained.  In  addition,  .sta¬ 
tistical  distribut.  ns  of  the  mean  velocity  field  and  higher- 
order  correhitions  may  he  computed. 

MATHEMATICAL  MODEL 

The  governing  equations  are  derived  by  applying  a  spa¬ 
tial,  lowpass- filter  to  the  Navier-Stokes  equations  for  an 
inrompiessible,  constant- viscosity  fluid.  Among  the  vari¬ 
ous  filter  methods  in  use,  we  employ  Schumann’s  (1975) 
“volume  balance  procedure.”  In  this  case  filtering  is  ac¬ 
complished  by  integration  of  the  governing  equations  over  a 
control  volume  of  an  equidistant,  Cartesian,  staggered  grid. 
Tills  leads  to  a  .set  of  ordiiiaiy  dllTeiential  equations  in  time 
describing  the  resolvable  (grid-scale,  GS)  flow  quantities. 
In  the  present  study  a  subgrid-scale  (SGS)  model  of  the 
Schumann-type  (1975)  is  aclopted  to  close  the  equations. 
This  two-part  eddy-viscosity  model  relates  the  SGS-stress 
to  the  fluctuating  and  statistically-averaged  portiotis  of  the 
filtered  deformation  tensor.  Details  of  the  complete  model 
are  given  in  Friedrich  (1988). 

NUMERICAL  PROCEDURE 

The  momentum  equations  are  integrated  in  time  using 
the  second-order  leapfrog  scheme  with  an  initial  Eulcr-step 
to  start  the  simulations.  The  pressure  field  is  computed 


exactly  with  the  use  of  Chorin's  (1968)  projection  method 
and  a  fast  elliptic  solver.  A  fast  Fourier  transformation  in 
the  spanwise  direction  reduces  the  3-D  problem  to  a  set 
of  decoupled,  2-D  Helmholtz  problems  which  are  solved  in 
parallel  employing  the  cyclic  reduction  technique  Further 
details  of  the  numerical  procedure  as  well  as  a  complete 
discussion  of  the  boundary  conditions  is  given  in  Friedrich 
and  Arnal  (1990). 

RESULTS 

Because  of  space  limitations,  only  a  few  examples  taken 
from  the  extensive  data  set  of  the  rearward-facing  step  flow 
is  presented.  The  computational  domain  consists  of  an  inlet 
channel  upstream  of  the  step  and  an  expansion  chamber 
downstream.  The  Reynolds  number,  based  on  the  step- 
height  h  and  the  maximum  inlet  velocity  Uo,  is  Rco  =  1.55x 
lOU 

In  Figures  1  and  2  a  comparison  is  given  of  our  siinu- 
lixtions  with  experimental  studies  at  similar  Reynolds  num¬ 
bers  from  Tropea  (1982)  and  Durst  and  Schmitt  (1985). 
Two  streamwise  locations  downstream  of  the  step  are  shown 
for  the  mean  streamwise  velocity  and  Reynolds  stress  pro¬ 
files.  The  predicted  mean  reattachment  length  of  Xr  =  8.6 
comiiares  well  'vitii  the  exjierimental  values  of  Xr  =  8.6 
(Tropea)  and  Xr  =  8.5  (Durst  k  Schmitt),  where  the  dis¬ 
tance  is  mea-vured  from  the  step  location.  In  general,  the 
mean  velocity  profiles  show  good  agreement  at  all  stream- 
wise  positif/ns  in  the  flow.  The  Reynolds-stress  profiles 
show  regi.ms  of  larger  disagreement  however,  the  uncer¬ 
tainty  i’l  the  me'isuremcnts  is  also  remarkable.  We  note 
that  t',e  location  of  the  predicted  maximum  stress  is  further 
from  the  reatlachment  wall  than  experimentally  observed 
and  that  the  decrease  in  the  stress  levels  downstream  of 
reatlachment  occurs  more  .slowly  than  in  the  measurements. 

In  Figure  3  the  mean  streamwise  and  cross-stream  ve¬ 
locities  are  compared  with  instantaneous  profiles  of  the  two 
velocity  components.  In  the  figure  the  mean  reattachment 
length  is  at  x/h  =  12.6.  In  this  region  we  note  the  large 
fluctuations  in  the  instantaneous  profiles,  particularly  in 
the  cross-stream  velocity  component.  The  region  of  large 
departures  from  the  mean  corresponds  roughly  with  the  lo¬ 
cation  of  the  shear  layer. 

In  Figure  4  the  instantaneous,  fluctuating  velocity  vec¬ 
tor  field  downstream  of  the  step  is  compared  with  the  fluc¬ 
tuating  pressure  field.  A  comparison  of  the  figures  shows 
that  the  instantaneous  low-pressure  points  are  the  locations 
of  large  vortices  in  the  shear  layer.  As  the  vortices  move 
downstream  of  the  step  they  become  more  inten.  (stronger 
negative  values  of  pressure)  and  interact  with  one  another 
and  with  the  reattachment  wall.  The  turbulent  production 
of  these  large,  energy-bcaiing  structures  m  the  shear  layer 
fiu:  exceeds  the  production  which  occurs  in  the  wall  regions. 
This  leads  to  a  maximum  in  the  turbulence  energy  in  the 
region  of  the  shear  layer  which  decays  slowly  downstream 
of  the  reattachment  region. 

CONCLUSIONS 

The  present  study  has  focussed  on  the  simulation  of 
the  fully-turbulent  flow  over  a  backward-facing  step.  Com¬ 
parisons  of  the  mean  flow  results  with  experimental  studies 
show  good  agreement.  Improvements  are  still  possible  with 
new  SGS  models  and  higher  numerical  resolution.  Of  par¬ 
ticular  value  is  the  availability  of  the  instantaneous  veloc- 


ity  and  pressure  fields  for  improved  underst<andmg  of  the 
physics  of  separating  and  reattaching  flows. 
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Fig.  3  a)  Streamwise  velocity,  u.  b)  Cro.ss-stream  velocity,.  xjh 

w.  Comparison  of  mean  and  instantaneous  profiles. 
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Fig.  4  a)  Instantaneous  fluctuating  velocity  vectors  in  an 
X  —  2  plane,  b)  Contours  of  the  instantaneous  fluctuating 
pres.sure  in  an  x  -  2  plane,  t  =  215.4To. 
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ABSTRACT 

This  paper  presents  some  results  of  wider  prog¬ 
ramme  of  uorl.  to  obtain  an  understanding  of  turbu¬ 
lent  she.ar  r'ous  under  strong  buoyancy  effects  and 
to  develop  mathematical  techniques  for  their  predic¬ 
tion.  The  purpose  of  this  paper  is  to  comoare  signi¬ 
ficance  of  different  approximations  of  turbulent 
heat  flux  and  various  descriptions  of  turbulent  tem¬ 
perature  field. 

TURBULENCE  MODELS 

Turoulent  shear  flows  under  strong  buoyancy  ef¬ 
fects  are  common  in  both  environmental  sciences  a.id 
industrial  engineering  but  a  general  understanding 
of  their  chysics  and  adeouate  modelling  are  still 
far  from  compl ete. 

The  orincipal  turbulence  models  in  use  were  de¬ 
veloped  for  high  Reynolds  number  forced  convective 
flows  In  this  case  the  two-parameter  '.A-,;-*  model 
exhibited  a  surprising  degree  nf  predictive  ability. 
Fcr  ‘•urcuienf  buoyancy  driven  flows  however  the  sit- 
u3*ion  is  quite  different.  The  main  difficulties  are 
due  to  the  influence  of  buoyancy  forces  strongly 
changing  the  flow  behavior  and  the  heat  transfer 
oha racrer  IS t los.  Furthermore,  differen'  tvoes  of 
flows  with  various  interactions  between  turbulent 
fields  exist  simultaneously,  in  particular,  in  a  en¬ 
closed  rectangular  oaviV  there  are  the  narrow  boun¬ 
dary  layers  near  the  vertical  walls  ano  under  (over) 
the  horizontal  plates,  large  stagnant  core  ir.  the 
middle  of  cavity,,  regions  w.th  stable,  neutral  and 
unstable  stratification.  This  fact  reo_ui.-es  univer¬ 
sality  and  high  predictive  ability  of  physical  and 
comouta  t  lona  1  models,,  but  also  simplicity  and  suita¬ 
bility  for  practical  computations  with  the  present 
generation  of  computers.  For  the  attainment  of  our 
purpose  we  analyzed  in  detail  two  problems  of  clo¬ 
sure  technique:  description  of  turbulent  temperature 
field  and  approximation  of  turbulent  heat  flux. 
Throe  different  models  were  used. 

Tne  first  model  is  modified  two-pai  loeter  low- 
-Reynolds-number  model.  Turbulent  temperature 


field  is  characterized  by  only  eddy  Prandtl  number 
which  must  be  known  a-priori.  The  description  of 
turbulent  heat  flux  uses  giadient  approximation. 

The  second  model  is  four-parameter  one  of  "eddy 
diffusivity'  type.  The  turbulent  energy  £,  tempera¬ 
ture  variance  c*  and  their  dissipation  rates  fx  and  i 
are  determined  by  differentia!  equations. This  allows 
to  obtain  the  expressions  for  turbulent  viscositv  u 

t 

and  turbulent  thermal  diffusivity  Independent 
description  of  turbulent  temperature  field  and  esti¬ 
mation  of  eddy  Prandtl  number  became  possible. 

The  third  model  is  four-parameter  differential- 
-algebraio  one  with  non-gradieiU  approxunations  of 
turbuien*  hea‘  flux  f  and  its  dissipation  rate  Q  : 

I  I 


=  7,  T  -0.7"  e  ,  *  |/i[2y 

I  l  lit.  l.  I  i  "  ‘  '  I 


l.q  y 

X  1  I 


c  n  n,  >  tne 
2  ■■  i ' )  a  ■ 


'='m^  O' 

~  n  <n  ,1  ♦  ri  n  n,  y,  ♦  n  e  n,  l-i'  ’i  i  ]  1, 

oil  Zikl.  ai  km  V  m  M  J 

D  ,  /D  -  6  ,  /3  =  b  (F.  ,  /E  -  Ei-  /3)  . 

<.r  l)  V.V  vl 

Here  f '  ,  -  Reynolds  stresses,  i  ,  -  oissipation  rate 

•.V 

of  f  .  ,  -e  ,  “  mean  strain  rate,  and  i  -  values 

Vr  MM 

of  <7*  and  i'  on  the  wall,,  g  -  gravitational  accelera* 
tion,  >  -  unit  vertical  vector,  n  -  unit  normal  vec¬ 
tor  of  solid  wall,  f'-i  -volumetric  expansion  coeffici¬ 
ent.  The  influence  of  wall  is  described  by  function 


=  exp  {  -6  J  <  v  >  dx 

X 

M 

•6  -  boundary  layer  thickness,,  x  -  normal  coordinate. 
Source  terms  in  the  heat  dissipation  equation  are: 


=  =  (7  7  Ti^ 

i  k  k  2  _3  k  i-  E  id*  i  k  m 


d..,  c  ,,  o  ,.  c  ,  n  ,  n  ,  n  -empirical  constants., 
All  the  models  are  derived  by  the  reduction  me¬ 
thod  from  a  full  second-order  mode,  which  includes 
the  transport  equations  for  second  single-point  mo¬ 
ments  of  velocity  and  temperature  fluctuations  and 
their  gradients:  the  Reynolds-stress  tensor,,  turbu¬ 
lent  heat  flux,  temperature  variance  for  fluids  and 
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surrounding  solid  and  relative  dissipation  functions 
In  this  model  Cll  tne  finite  thermal  conduct- iv  i  ty  of 
the  surrounding  walls  and  the  influence  of  the  lat¬ 
ter  on  pressure  fluctuations  are  taken  into  account. 
The  tensor  approximation  method  is  the  basis  of  clc- 
s’tre  procedure.  Some  closure  coefficients  are  deter¬ 
mined  from  T.ne  best  comparison  of  computat  lonal  anc 
excerimentai  data  for  homogeneous  turbulence, 

CALnjLATlTN  RESISTS 

The  different  'turbulent  natura'  convectiv® 

flows  in  plane  horisortai  anc  ve;lii.al  layers  and 
enclosures  were  inves  1 1  gat<rd  by  r.jme.  wol  methods. 
Evaluations  of  stationary  and  ncn-stat icnar  /  flows 
we.-^e  made  C2j.  The  numerical  experimerts  enabled  us 
to  test  cifferent  c'osures. 

The  results  of  nuirerical  sir.u.ation  indicate 
that  a  I  tne  models  oreclict  correc’lv  the  qualita¬ 
tive  features  of  the  nature  convection  flews.  How¬ 
ever  tne  first  model  overor edicts  tne  vai -es  *or  the 
neat  trarsfe;  and  for  the  rate  of  its  growth  with 
the  increase  of  the  Grashof  number  iFig.l  -  horicon- 
tal  'aver  heated  from  beiow),  wnereas  t.ne  other  cha- 
racterist.cs  are  in  gooc  accord  with  only  if  the 
.slue  or  e::d/  Frandti  nunre:  t- 

as  1*3  mean  value  in  real  fiow.  The  indeoer.dent  tur- 
oulen^  temperature  field  descnction  in  seconc,  model 
produces  the  center  results.  Furthermore  tne  graoi- 
ent  approx ima t ion  of  turouient  heat  flux  leads  to 
strong  increase  of  mean  emoerature  graiie.nt  in  the 
core  while  in  case  of  stable  stratification  -  to 
weakening  and  e.^en  to  t^rai  damping  of  tjrbulence. 

Considerably  better  .'“esuits  are  yielded  by  third 

t 

model  with  non-gradient  approximation  of  turbulent 
heat  flux  and  its  dissipation  rate.  Onlv  this  model 
allows  to  describe  the  effect  'negative*  turbulent 
thermal  conductivity  existing  in  horizontal  layers 
under  horizontal  temperature  gradient.  This  makes 
possible  to  predict  advective  flows  in  fluid  layer 
between  adiabatic  horizontal  solid  boundaries  C3K 
Regions  with  heat  transfer  toward  the  temperature 
growing  direction  are  clealy  seen  near  the  walls. 


Fig.  2. 

The  turbulence  intensity  is  sufficient  everywhere  in 
the  layer, ^  despite  a  stable  stratification.  In  all 
problems  yielded  temperature  gradie.Tts  in  the  flow 
core  regions  are  small  and  lie  close  to  experimental 
data.  For  the  horizontal  layer  heated  from  below, the 
d"  orofile  in  the  third  mode!  simulation  have  an  ex¬ 
pressed  maxima, and  D  profile  -  minima  near  *he  waMs. 
Maxima  of  wich  was  observed  in  exneriments  af  the 
moderate  Rayleigh  number  values,  was  obtained  in  a 
iwo-dimensiona;  simulation  for  all  the  models  used. 

Evaluations  of  turbulent  Prandtl  number  for  the 
second  and  third  models  show  in  good  accordance  with 
existing  excerimenta!  data  that  its  value  is  non- 
constant,  but  depends  significantly  on  flow  type, 
coundary  conditions,  value  of  similarity  criteria, 
and  soace  coordinates.  Fo:  example,  on  Fig. 2  the 
turbulent  Frandti  number  soace  distributions,  calcu¬ 
lated  bv  third  modei,  with  typical  maxima  in  near- 
-wa! I  region  are  presented  (  1,2  ■  horizontal  layer 
heated  from  below,  Pr-0.7,7;  3  -vertical  slot  heated 
from  aside;  ^,£  -  advective  flow  between  ideally 
thermoconductive  and  insulated  boundaries). 

The  most  reasonable  aj^orcach  to  problem  of  ade¬ 
quate  prediction  of  turbulent  shear  flc-s  under 
strong  buoyancy  effects  at  the  current  time  seems  tc 
be  the  use  of  few-paiameter  d i f f er ent la i -a  1 gebra ic 
low-Reynolds  /  Fee  I et- number  models. 

REFERENCES 

FAINBURG,  G.2.  1976  Towards  natural  convection  tur¬ 

bulence  equations  of  incompressible  fluid  //  Hvd- 
rodynamics  (PGPl  Scientific  Report  N  152),  Perm. 
100* 112  (in  Russian ) . 

BAYANDIN,  D.V.,,  FAINBURG,,  G.2.  tc  UEF.TGEIM,  i.l.  1938 
Mathematical  modelling  of  turbulent  natural  c 'n- 
vection.  Preprint  N  83(88),  jverdiovsk.  62  p.  (in 
Russian).  Translation  submitted  for  Heat  Transfer 
-  Soviet  Research  (in  the  press). 

BAYANDIN,,  D.V.  1988  Modelling  of  turbulent  advective 
flows  in  fluid  horizontal  layers  //  High  Tempera¬ 
ture  Thermophysics,  USSR  Acad.Sci.  25,  1128-1134. 


n-3-2 


TURBULENT  SHEAR  FLOWS  II*‘4 

Technical  Univeisity  of  Munich 
September  9- 1 1,  1991 


LARGE  EDDY  SIMULATION  OF  CUMULUS  CLOUDS 


J.W.M.  Cuijpera  *)  and  P.G.  Duynkerke  **) 

*)  Royal  Netherlands  Meteorological  Institute,  P.O  Box  201, 
3730  AE  DEBILT,  The  Netherlands 

**)  University  of  Utrecht,  Institute  of  Meteorology  and  Oceanography, 
P.O.  Box  80  000,  3508  TA  UTjRECHT,  The  Netherlands 


ABSTRACT 

A  large  eddy  model  used  for  studying  the  dry  convective 
boundary  layer,  has  been  extended  with  an  equation  for  the 
specific  humidity  and  a  condensation  scheme,  to  simulate  the 
moist  convective  boundary  layer  A  simulation  has  been  made 
based  on  the  observations  gathered  near  Puerto  Rico  on  15 
December  1972.  Starting  from  a  clear  air  situation  the  model 
evolves  to  a  situation  with  small  cumulus  clouds.  Vertical 
profiles  of  vanances  and  fluxes  show  satisfactorily  agreement 
with  the  expenmental  data 

INTRODUCTION 

In  buoyant  updrafts  of  the  convective  atmospheric 
boundary  layer  (ABL)  the  temperature  decreases  with  height 
Provided  that  there  is  enough  water  vapor  this  leads  to 
condensation  and  the  formation  of  clouds  The  latent  heat  that 
is  released  during  this  formation  enhances  the  buoyancy  of  the 
updrafts  and  thus  the  production  of  turbulence.  So,  turbulence 
generation  and  cloud  formation  are  strongly  coupled. 

Furthermore,  due  to  the  enhanced  buoyancy  clouds  are 
able  to  penetrate  into  the  stable  layer  capping  the  ABL.  This 
causes  mixing  over  greater  depth  than  would  be  possible  in  a 
situation  without  clouds. 

It  is  the  purpose  of  this  study  to  investigate  the  influence  of 
non-precipitating  cumulus  clouds  on  the  turbulence  structure. 


Fig.  1  The  icniporal  evolution  of  Uic  maximum  value  of  the 

horizontally  averaged  cloud  waicr  <q|>nia)i  (fuh  hne)  and  the 
loial  amount  of  cloud  water  averaged  over  the  whole  domain 
«qi>>  (dashed  line). 


MODEL  DESCRIPTION 

The  model  we  use  is  based  on  the  large  eddy  model  of 
Nieuwstadt  and  Brost  (1986),  who  simulated  the  dry 
convective  boundary  layer.  In  our  model  the  liquid  water 
potential  temperature  6|  is  used  as  a  conservative  variable  in 
the  thermodynamical  equation.  Because  of  the  low  cloud  cover 
it  does  not  seem  necessary  to  use  a  detailed  computation  of  the 
radiational  flux  divergence  term  in  the  thermodynamical 
equation.  Instead  we  fixed  the  radiational  cooling  to  a 
ainstant,  which  was  chosen  such  that  the  radiational  cooling 
balances  the  vertical  flux  of  potential  temperature.  This  means 
that  the  surface  heat  flux  will  remain  constant  and  a  stationary 
situation  will  be  reached 


q  (kglkg) 


Fig  2  The  horizonlally  averaged  profiles  of  the  loial  water 

specific  humidity  at  1=0*’  (full  line)  and  1=3**  (dash-doued) 
compared  with  the  observed  values  (circles).  The  dolled  line  is 
the  horizonlally  averaged  profile  of  the  saturauon  specific 
humidity  at  1=3**. 

The  model  has  been  extended  with  an  equation  for  the 
specific  humidity  (with  the  total  water  qj  =  qy  +  qj  as 
conservative  variable,  where  qy  is  the  specific  humidity  for 
vapor  and  qj  is  the  liquid  water  specific  humidity). 

The  condensation  scheme  we  use  is  the  one  described  by 
Sommeria  and  Deardorff  (1977),  in  which  it  is  assumed  that  a 
grid  volume  contains  no  liquid  water  until  the  total  water 
specific  humidity  exceeds  the  saturaiion  value  q^.  This  means 
that  a  grid  volume  is  either  entirely  saturated  or  entirely 
unsaturated. 


( 
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In  the  model  there  are  40  grid  points  in  each  direction;  a 
gnd  volume  has  horizontal  dimensions  of  125  m  by  125  m  and 
a  vertical  dimension  of  50  m. 

The  initial  conditions  are  chosen  such  as  to  reproduce  the 
observed  conditions  during  the  NCAR  1972  Puerto  Rico 
experiment.  The  observations  shown  here  are  from  the  data 
gathered  m  the  suppressed  regions  on  15  December  [Case  II  in 
LeMone  and  Pennell  (1976)). 

RESULTS 

Initially  there  are  no  clouds  in  the  model  They  appear 
after  about  1  hour  of  model  time  and  are  ciimnlitorm.  The 
temporal  evolution  of  the  total  amount  of  cloud  water  averaged 
over  the  whole  domain  «q|»,  and  the  maximum  va' ae  of  the 
honzontally  averaged  cloud  water  <qi>tnax  shown  in  Fig. 
1.  After  an  aiitullly  inciease  in  cloud  water  content  <qi>niax 
becomes  more  or  less  cot  stant  after  1  1/2  hours.  The  cloud 
cover  IS  10  -  15  %.  About  half  an  hour  later  there  is  a  small 
minimum  A  second  ano  larger  minimum  occurs  after  another 
half  hour  period  of  more  or  less  constant  <q|>tnax  Periods 
with  fewer  cloud  activity  after  periods  with  larger  cloud 
activity  might  be  explained  by  enhanced  buoyancy  due  to  the 
release  of  latent  heat.  This  will  cause  more  turbulence  and 
moie  mixing  of  cloud  air  with  unsaturated  air. 

The  lowest  level  where  clouds  fomi  is  at  550  m.  Some 
clouds  are  able  to  penetrate  into  the  stable  layer  which  explains 
the  increase  in  total  water  specific  humidity  above  1 100  i.. 
(Fig.  2)  The  decrease  in  potential  temperature  in  this  stable 
layer  might  be  explained  by  evaporation  of  these  clouds 

The  virtual  potential  temperature  flux  is  shown  in  Fig.  3 

for  t  =  2*'30''’  and  t  =  3*'00'"  It  decreases  linetu’ly  with  height 
from  surface  up  to  cloud  base,  where  it  reaches  a  negative 
value  of  about  10  %  of  the  surface  flux.  This  Is  close  to  the 
7  %  found  from  the  observations  The  heat  flux  in  the  mixed 
layer  docs  not  vary  with  cloud  activity  This  is  in  contrast  with 
the  vcrtic.il  flux  of  total  water  (Fig  4),  which  varies  in  the 
mixed  layer  as  well  as  in  the  cloud  layer 
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Fig.  3  Profiles  of  the  hori/onially  averaged  viauaJ  potential 

Icnipcraiorc  flux  at  i  =  2^30”^  (full  line)  and  i  =  3^00*”  (dolled 
line)  compared  with  observations  (circles). 


Fig.  4  Profiles  of  ihc  horizontally  averaged  lolal  water  fiux  ai  l  = 
2'’30"'  (full  line)  and  t  =  3''00"'  (dotted  line) 
eompared  with  ihe  observed  water  vapor  flux  (eireles). 


CONCLUDING  REMARKS 

The  agreement  between  the  profiles  produced  by  the 
model  and  the  observations  are  generally  satisfactory. 
Differences  between  observations  and  model  output  can 
probably  be  explained  by  large  scale  influences  in  the 
observations,  that  are  not  taken  into  account  in  the  model. 
Clouds  produced  by  the  model  are  rather  similar  to  those 
observed. 
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ABSTRACT 

The  set  of  two  numerical  models  of  the  atmospheric 
planetary  boundary  layer  flow  over  the  slanting  slopes  is  pre¬ 
sented.  Models  are  basing  on  the  alternative  two-parameter 
closure  schemes  for  the  turbulent  flow  thermodynamics  equa¬ 
tions  in  the  boundary  layer  approximation.  The  model  results 
obtained  in  the  framework  of  (l,b)  and  (£,b),  where  1  is  char¬ 
acteristic  scale  of  turbulent  fluctuations,  b  is  turbulent  kinetic 
energy  and  t  is  turbulent  kinetic  energy  dissipation  rate  are 
discussed.  Numerical  experiments  carried  out  have  shown  the 
essential  influence  of  the  slosure  scheme  on  the  over  slope  flow 
patterns. 


INTRODUCTION 

The  formation  of  the  local  atmospcric  circulations  in 
the  planetary  boundary  layer  (PBL)  is  rather  typical  phe¬ 
nomenon  under  conditions  of  the  thermal  and  orographical 
non-uniformity  of  the  underlying  surface.  Even  in  the  case 
when  the  surface  is  uniform  from  thermal  point  of  view,  but 
has  some  inclination,  the  component  of  buoyancy  force  paral¬ 
lel  to  the  slope  surface  appears,  acting  upon  the  airflow  and 
leading  to  so-called  slope  effects  in  the  atmospheric  PBL.  In 
more  general  case  effects  of  slope  and  thermal  non-uniformity 
superpose,  forming  complex  flow  pattern  in  the  atmospheric 
boundary  layer  over  slope. 

First  works  on  the  mathematical  description  of  slope 
effects  refer  to  middle  of  this  centuiy,  when  analytical  so¬ 
lutions  of  corresponding  hydrodynamical  problems  were  re¬ 
ceived  (for  example:  Monin, 1919;  Dorodnitsyn,1950).  In  ma¬ 
jor  part  of  that  time  works  the  turbulent  exchange  in  the  air 
flow  over  slopes  was  parameterized  by  constant  turbulent  ex¬ 
change  coefficient.  More  complex  schemes  of  turbulent  trans¬ 
fer  description  (two-parameter  closure  schemes,  for  example), 
that  appeared  later,  were  just  rarely  applied  to  the  modeling 
of  the  slope  effects  in  the  PBL.  First  of  all  it  refers  to  the 
schemes,  containing  turbulence  dissipation  rate  as  one  of  the 
parameters.  Mainly  such  schemes  were  used  in  the  models  of 
PBL  over  flat,  horizontally  non-homogeneous  terrain  and  over 
rather  steep  orography,  where  dynamic  effects,  caused  by  form 
drag,  prevail  over  effects  of  thermal  non-uniformity  of  the  flow. 
In  the  presented  paper  the  pure  problem  of  the  slope  effect 
in  the  PBL  over  slightly  inclined  terrain  is  solved  within  the 
framework  of  two  alternative  turbulence  closure  schemes  on 
the  basis  of  two-parameter  approach  towards  turbulence  de¬ 
scription.  One  of  scopes  of  this  paper  is  the  comparison  of  over 
slope  flow  patterns,  obtained  with  the  aid  of  different  closure 
schemes. 


We  consider  the  atmospheric  flow  over  long,  slanting 
(I  tga  I  not  more  than  0.01-0.02)  slope  facing  up  the  flow  (fac¬ 
ing  down  the  flow)  and  infinite  in  the  direction,  normal  to  the 
flow.  It  is  assumed,  that  flow  disturbances,  stipulated  by  its 
interaction  with  the  slope  are  located  within  the  PBL,  depth 
of  which  H  is  the  external  parameter  of  the  model  The  dis¬ 
tributions  of  roughness  and  temperature  along  the  underlying 
surface  are  expressed  by  pi  escribed  functions  of  horizontal  co¬ 
ordinate.  Problem  is  solved  in  the  stationary  approximation, 
the  values  of  meteorological  values  above  PBL  are  considered 
to  be  known.  While  deriving  the  model  equations  system  we 
use  the  boundary-layer  approximation.  The  horizontal  com¬ 
ponents  of  turbulent  friction  are  not  taken  into  account  due  to 
the  small  value  of  slope  inclination  angle  The  third  equation 
of  motion  is  written  in  hydrostatic  approximation.  The  model 
system  has  the  following  initial  form: 


du  du  dp'  ,  r  ,  ^  I  du 

ax  az  ax  az  d'. 

dv  ,  dv  c)  ,  dv 

du  dw 

~  d"  ~  9> 

dx  dz 


dz 


=  do', 


do  do  d  ,  do 

dx  dz  dz  dz 


(1) 

(2) 

(3) 

(4) 

(5) 


where  u,v,w  -  wind  velocity  components  along  axes  x,y  and 
z  respectively,  f  -  Coriolis  parameter,  k  -  turbulent  exchange 
coefficient,  p'  -  pressure  deviation  from  hydrostatic  ralue,  d  - 
buoyancy  parameter,  0  -  potential  temperature.  O'  -  deviation 
of  0  from  background  profile,  G  -  geostrophic  wind  velocity 
modulus  (oX  in  our  case  is  poarallel  to  the  geostrophic  wind 
vector),  as  ■  relation  between  turbulent  exchange  coefficients 
for  heat  and  momentum.  To  carry  out  the  closure  of  Eqs.(l)- 
(5)  we  have  to  define  the  method  of  k  determination.  In  the 
framework  of  two-parameter  turbulence  closure  schemes  this 
coefficient  is  expressed  through  two  parameters  of  turbulence. 
There  are  two  main  alternative  sets  of  such  characteristics, 
used  in  PBL  modeling  practice:  (l,b)  set,  where  1  -  charac¬ 
teristic  scale  of  turbulent  fluctuations,  b  -  turbulent  kinetic 
energy,  and  (e,b)  set,  where  e  -  turbulent  energy  dissipation 
rate.  In  the  first  case  k  can  be  expressed  through  1  and  b  in 
following  form: 

k  =  c^'^lVb.  (6) 

In  the  second  case  k  is  evaluated  from  e  and  b  by  the  formula: 
c6’ 


k  = 


(7) 
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where  c  -  non  dimensional  constant,,  which  value  is  usually 
assumed  be  equal  to  0.016.  For  each  characteristic  1,  b  or  « 
additional  relation  has  to  be  constructed.  The  value  of  c  is 
determined  from  the  balance  equation  for  this  characteristic 
(Launder  et  al,1975;  Claussen,1988;  Beijaars  et  al,lC87): 


dt  dt  ,9i  .21 


(8) 


-  -ae0kf^+a,-~kf--c,j. 


The  similar  equation  can  be  derived  for  the  balance  of  b  (Zil- 
itinkovich,1970): 


db  db  ,,,5u  j  ,3u  ,,  dO 
u~  +  w-  =  k[{  —  Y  +  (-fl  -  kao0-_ 


dx  dz 

d  ,  db 

+  at 


^dz‘ 


(9) 


in.  I 

dz^dz 


In  the  case  of  (l,b)  closure  scheme  the  mostly  widespread  for¬ 
mula  for  1  determination  can  be  obtained  on  the  basis  of 
Laikhtman  -  Zihtinkevich  (Zihtinkevich,1970)  gradient  rela¬ 
tion;. 


dl  _ 

dz  2632’ 


(10) 


where  k  is  the  von  Karman  constant.  Some  improvements  of 
the  Eq.(lO)  were  offered  in  scientific  literature,  for  example 
those  of  (Dubov  et  al,1978): 

nil 

dz  1  -f  rijr  ^  'Ibdz' 


where  ui  =  ai(/?o),  Ro  -  Rossby  number. 

We  use  the  following  values  for  the  parameters  in  the 
equations  for  turbulent  characteristics:  a  =0  4,  C|  =1.44,  Ci 
=  1.92,  O;  =0  l.T  -  it  can  be  seen  that  Launder  relation  between 
these  parameters  is  adopted  (Launder  et  al,  197.5) 


e..,e(c2  -  Cl) 


=  a,. 


(12) 


where  a:  1.1 

The  transformation  of  coordinate  system  is  carried  out, 
while  solving  the  system  of  Fqs.(l)-(5)  with  Fqs  (7)-(9)  and 
alternative  system  of  Eqs.(l)-(5),(6),(9),(1 1)  This  transfor¬ 
mation  let  us  transfer  model  area  into  rectangle  and  use  the 
uniform  step  in  the  vertical  direction  while  realizing  the  nu¬ 
merical  algorithm  Boundary  conditions  arc  set  in  the  form, 
traditional  to  PBL  model  studies.  The  profiles  of  meteorolog¬ 
ical  values  in  undisturbed  flow  are  evaluated  from  the  model 
systems  in  the  approximation  of  horizontally  homogeneous 
flow. 

The  example  of  calculations  with  (t,b)  scheme  referring 
to  the  flow  over  a  slope  of  0.01  steepness  facing  up  the  flow,  at 
boundary  layer  depth  11  equal  to  1200m  and  G=I1.8  m/sec, 
is  presented  in  the  Fig.l.  The  wind  components  profiles  over 
slope  are  restored  at  the  distance  of  12000m  from  the  foot  of 
the  slope. 

The  results  of  performed  numerical  experiments  with  the 
both  model  systems  brought  us  tc  the  following  conclusions; 

1.  The  choice  of  closure  scheme  es.scntially  tells  on  the 
over  slope  flow  patterns. 

2.  The  behavior  of  the  flow  in  the  upper  part  of  the  PBL 
over  slope  highly  depends  on  the  type  of  the  upper  boundary 
conditions  for  b  and  r. 

3.  Divergences  in  turbulence  characteristics  profiles,  re¬ 
ceived  on  the  basis  of  various  parameterization  schemes  can 
be  commensurable  with  variations  caused  by  the  influence  of 
the  slope.  The  velocity  profiles  are  less  sensible  to  the  closure 
scheme  choice. 


Z/H 
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Fig.l  Modification  of  horizontal  velocity  components  pro¬ 
files  in  case  the  potential  temperature  of  the  slope  is  by  lOK 
higher  than  the  flat  surface  temperature.  The  continuous  curves 
present  the  profiles  in  the  upward  undisturbed  flow,,  profiles 
over  slope  arc  marked  with  dashed  lines 
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INTRODUCTION 

The  aim  of  this  work  is  to  investigate  the  response  of  near 
wall  coherent  structures  to  imposed  oscillations  of  the  flow  rate 
(or  of  the  pressure  gradient)  in  order  to  gain  insigiit  into  the 
mechanisme  of  nirbulent  momentum  transfer  and  production  in 
unsteady  turbulent  wall  flows.  From  the  response  of  stiucture.'  to 
forced  perturbations  one  may  also  expect  to  learn  something 
about  their  dynamics  in  general.  The  difficulty  of  the  detection  of 
the  structures  with  probes  which  is  a  problem  in  itself  already  in 
steady  flow(l-2)  is  compounded  in  unsteady  fIow(S-8).  Since 
visualizations  provide  the  least  objectionable  means  of  detection 
(1)  It  seemed  a  priori  promising  to  resort  to  this  technique  in 
unsteady  flow  despite  the  labor  required.  Furthermore,  an 
extensive  set  of  data  with  various  probe  detections  in  forced  flow 
has  already  been  gathered  in  our  laboratory  and  has  led  to  some 
interesting  conclusions.  The  present  work  also  anemps  to  bring 
additional  support  to  these  conclusions  by  means  of  independent 
observations. 

EXPERIMENTAL  SET-UP 
FLOW  CONDITIONS 

•  Unsteady  water  channel  (5). 

Centerline  mean  velocity;  Ug=18  cm/s  corresponding  to 
Re|,=9()00,  u.j=0,80cm/s. 

Oscillating  flow:  amplitude  a(jj.=13%;  20%;  frequency 
f^xl0'*  =  5;  10.6;  24;  31.7;  73.1 
-  Visualization  technique(dimensions  in  viscous  units) 

dye  slot  in  wall:  1.5x300;  fluorescine,  argon  laser  sheet 
thiclmess:  z‘''=27;  CCD-Video  camera,  25  frames/s,  ^'*■=0.43. 
The  phase  reference  is  provided  by  a  flash  of  light  (duration  0.1s) 
triggered  by  the  pulsator  and  simultaneously  recored  on  the 
video. 

DETECTION  OF  EJECTIONS 

The  ejection  detection  is  based  on  tlie  maximum  lift-up  hj, 
h2  and  the  corresponding  times,  which  are  manually  recorded,  at 
two  stations:  Xi'''=840  and  X2‘*'=940  (distance  from  the  dye 
injection  slot)  where  nearly  all  ejections  are  marked  by  the  dye. 
The  number  of  events  resulting  from  a  record  of  length 
T^«20000  was  phase  averaged  in  10  bins  covering  the  cycle 
with  the  help  of  a  PC.  The  detection  of  ejections  is  done  in  two 
steps; /)  an  event  is  counted  when  hj'*’>15  and  Ah=h2'*’-  hj"*" 
>5;  2)  <Ah>  is  determined  and  only  events  with  Ah>0.9<Ah> 
are  retained.  The  factor  0.9  has  been  chosen  so  that  f^^  in  the 
quasi-steady  case  (1^=5  x  10*'^)  is  the  same  as  in  steady  flow, 

i.e.  =0.0125.  The  puiposc  of  this  second  step  is  to  take  some 
account  of  the  modulation  of  the  turbulent  intensity. 


RESULTS 

1.  Time-mean  ejection  frequency 

Figl.  shows  that  f^'*'  is  independent  of  forcing  frequency  and 
close  to  the  steady  flow  value  0.012  (7). 

2.  Modulation  of  the  ejection  frequency 
AMPLITUDE 

The  fact  that  a{^a~is  about  one  when  f*"  0  and 

decreases  by  at  least  a  factor  5  when  f*"  reaches  the  value  0,003 
and  then  stays  roughly  constant(Figure  2.)  shows  that  the 
turbulent  structures  respond  less  to  high  frequency  forcing  as 
was  previously  observed  with  the  turbulent  intensity(8).  The 
common  trend  of  ag/a;^ resulting  from  the  two  different  centerline 
amplitudes  proves  that  the  scaling  with  a^is  appreciate. 
PHASE-SHIFT 

Despite  the  larger  scatter,  one  may  distinguish  a  common 
trend:  first  a  decrease  from  zero  (expected  value  in  the  quasi¬ 
steady  limit)  to  about  -100°  and  then  a  jump  to  positive  v^ues. 
Tie  first  pait  implies  a  roughly  constant  time  delay  (At''‘=140) 
between  the  ejections  and  Uk  wall  shear  stress  which  should  be 
the  finite  time  required  by  the  ejections  to  react  to  the  additional 
stretching  imposed  by  the  oscillating  shear  du/9y,  i.e.  x 

3. Modulation  of  the  lift-up  (Figure  4-5) 

The  relative  amplitude  of  Ah'*'  normalized  with  a^  is 
roughly  of  order  of  one  and  compares  fairly  well  with  the 
modulation  of  the  turbulent  wall  shear  stress  fluctuations. 

The  phase  shift  of  Ah’*"  follows  the  turbulence  response 
quite  well.  This  is  an  a  posteriori  justification  for  the  second  step 
in  the  detection  sheme. 

4.  Modulation  of  the  bursting  frequency 

Because  of  the  small  phase  averaged  populations  (»20 
ejections  in  each  bin  on  the  average),  the  methods  of  grouping 
proposed  in  (7)  do  not  work  with  the  visualization  data.  The 
following  iterative  method  is  developed:  step  1:  group  ejections 
satisfying;  Ai<0.2t^  where  is  the  mean  interanival  time.  From 
this  grouping,  determine  <t^}  the  interairival  time  of  ejections 
belonging  to  bursts  with  multiple  ejections(BME);  step  2: 
recalculate  grouping  with  critera:  At<  0.7  <t5>2:  step  3:  from  the 
previous  grouping  determine  At^p  time  between  last  ejection  and 
previous  one  in  BMEs  and  At^,,  time  between  last  ejection  of 
burst  and  next  ejection.  Recalculate  grouping  on  critera  for  last 
ejection  in  a  burst  if:  At  >  0.5(<Atjp>+<Aitg„>).  Iterate  step  3  till 
convergence  (10  to  20  iterations). 

It  is  seen  on  Figure  6-7  that  the  amplitude  and  phase  shift  of 
the  BME’s  vary  little  with  the  forcing  frequency  while  for  the 
bursts  with  sin^e  ejection(BSE)  the  an^litude  drops  by  a  factor 
3  to  5  and  the  phase  lag  with  respect  to  x  increases  to  about  250° 
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when  the  forcing  frequency  increases  from  0  to  0.002. 

The  two  types  of  burst  do  clearly  not  react  in  the  same  way 
to  the  forcing  in  this  frequency  range.  It  is  also  seen  that  the 
amplitude  and  the  phase  shift  of  the  two  families  take  on  similar 
values  when  f^>0.006 . 

CONCLUSION 

The  visualization  data  presented  in  this  paper  confirm  the 
previous  results  obtained  from  hot  film  signals  on  the  response  of 
ejections  and  bursts  to  forced  oscillations._When  the  forcing 
frequency  changes  from  quasi-steadiness  to  f^4,  the  amplitude 
of  the  ejection  frequency  droos  by  a  factw  four  to  five  from  the 
quasi-steady  value  and  the  amplitude  of  the  BSE’s  by  nearly  as 
much.  The  response  of  the  BME’s  on  the  contrary  varies 
relatively  little  with  the  forcing  frequency.  The  difference  in  the 
response  of  the  BME’s  and  BSE’s  suggests  that  they  result  from 
different  mechanisms. 
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Figure  Time-mean  ejection  frequency  vs  forcing  frequency. 
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Figure  2.  Relative  amplitude  of  ejection  frequency 

modulation  vs  forcing  frequency  For  legend  see  Figure  1 . 


Figure  3.  Phase  shift  ofejection  frequency  modulation 
vs  forcing  frcquency.For  Icgcrid  see  Figure  1. 
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Figure  4.  Relative  amplitude  ofejectionbft-up  modulation  vs  foicmg 
frequency.*  *{^=0.20;  •  *(£=0.13:  -  •Fi'/«ft'(q,) 


Figure  5.  Phase  shift  of  ejection  lift-up  modulation  vs 
forcing  frequency.  For  legend  see  Figure 


F  igu  re  6.  Relative  amplitude  of  burst  frequency  modulauon  vs  forcing 
frequency.  A  BMEa(j^=0.13;  ■  BMEa(j^.20: 

+  BSE  ajj£=0.13;  •  BSEa3£=0.20.  x  BME TarduA Binder 
A  BSE  TarduABindcr 


Figure  7.  Phaseshifiofburttfrequency modulationvsforcing 
frequency.For  legend  see  Figure  6. 
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ABSTRACT 

The  convective  atmospheric  boundary  layer 
during  a  specific  case  of  the  field  experiment 
LOTREX  is  investigated  by  Large  Eddy  Simu¬ 
lation  (LES).  The  numerical  simulations  are  ini¬ 
tialized  using  measured  profiles  of  wind  and 
temperature.  The  lower  thermic  boundary  con¬ 
dition  is  obtained  by  extrapolating  measured 
heatflux  profiles  down  to  the  surface.  The  calcu¬ 
lated  vertical  profiles  of  turbulent  quantities 
compare  generally  well  with  the  corresponding 
measurements. 

INTRODUCTION 

During  the  last  years  several  LFS-models  have 
been  developed  and  applied  to  various  prob¬ 
lems,  but  the  simulated  turbulent  quantities  are 
not  very  often  compared  with  measurements  In 
Deardorff  (1974)  the  simulation  results  are  com¬ 
pared  with  data  from  the  Wangara-experiment. 
Moeng  and  Wyngaard  (1989)  found  good  agree¬ 
ment  of  the  calculated  velocity  variance  with 
corresponding  field-  and  laboratory  measure¬ 
ments  in  the  upper  boundary  layer,  whereas  in 
the  lower  boundary  layer  differences  have  been 
obtained.  The  model  used  in  this  paper  is  vali¬ 
dated  for  pure  convective  situations  (Schmidt, 
1988).  The  influence  of  the  results  on  the  par¬ 
ameterization  scheme  is  discussed  in  Schmidt 
and  Schumann  (1989).  In  this  paper  we  simulate 
the  CBL  for  a  specific  day.  Data  for  model 
initialization  and  intercomparison  have  been 
collected  during  LOTREX.  The  series  of  field 
experiments  LOTREX  was  conducted  in  North 
Germany  to  study  land  surface  processes  (Roth 
et  al.,  1988).  The  effect  of  inhomogeneous  heat- 
flux,  sheared  mean-flow  and  vertical  resolution 
on  the  turbulence  statistic  is  investigated  in  Graf 
and  Schumann  (1991). 

METHOD  AND  PARAMETERS 


For  the  present  study  we  use  the  LES-model  as 
described  in  Schmidt  and  Schumann  (1989).  The 
model  integrates  the  equations  for  mass  and 
momentum  balances  and  the  first  law  of  ther¬ 
modynamics  in  three  space  dimensions  and  in 
time.  Here,  we  are  using  100  x  100  x  40  grid 
cells.  The  subgrid-scale  fluxes  are  parameter¬ 
ized  using  a  second  order  closure  model.  The 
computational  domain  extends  horizontally  over 
an  area  of  10  x  10  km*  and  vertically  to  a  height 
of  2500  m  (  3  z,)  The  horizontal  gridspace  is  100 
m  in  all  simulations.  Vertically,  the  gridspace  is 
either  100  m  or  50  m.  The  results  after  a  total 
integration-time  up  to  5  t-,  when  the  turbulence 
is  quasi  stationary  are  compared  with  available 
measurements  (Jochum  et  al.,  1990).  The  exper¬ 
imental  area  is  15  km  by  15  km,  almost  flat  with 
varying  landuse;  essentially  agricultural  with 
field  sizes  on  the  kilometer  scale.  For  the  mode! 
initialization  and  comparison  data  from  the  qua¬ 
sistationary  period  around  noon  on  July  13,  1988 
are  chosen.  This  day  was  characterized  by  light 
winds  and  no  clouds.  The  convective  boundary 
layer  has  a  height  z,  of  800  m.  In  addition  to  5 
surface  stations  5  research  aircraft  were  taking 
measurements  .  Three  powered  gliders  and  a  jet 
all  equipped  for  turbulence  measurements  were 
simultaneously  flying  along  the  same  horizontal 
flight  legs  with  fixed  vertical  spacing.  Vertical 
profiles  of  mean  meteorological  parameters  and 
of  selected  concentrations  were  obtained  from 
a  twin-engined  aircraft.  The  data  from  the  differ¬ 
ent  aircraft  are  combined  to  yield  vertical  pro¬ 
files  of  mean  parameters,  fluxes  and  spectral 
characteristics.  The  measurement  uncertainly  is 
estimated  to  be  around  30%  for  fluxes,  and  20% 
for  variances.  Scales  included  in  the  turbulent 
fluxes  and  variances  range  from  17m  to  3.5km. 

RESULTS 

Generally,  good  agreement  Is  found  with  respect 
to  vertical  profiles  of  the  turbulent  heatflux,  of 
temperature  and  vertical  velocity  fluctuations. 
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The  simulated  profiles  of  the  turbulent  quantities 
correspond  with  the  measured  profiles  up  to  the 
error  ot  the  experimental  data.  In  Figure  1  the 
simulated  and  measured  profiles  of  the  vertical 
velocity  variance  are  shown.  Model  and  field 
data  agree  closely  in  the  lower  and  upper  thirds 
of  the  CBL.  Around  4z,  the  model  seems  to 
underpredict  the  data  In  order  to  assess  the 
sensitivity  of  the  model  two  different  surface 
heatfiuxes  (80Wnr',  100Wm“’)  have  been  used. 
Better  agreement  has  been  obtained  using  the 
larger  value,  which  is  closer  to  observed  values. 


w 


Fig  1.  Vertical  profiles  of  the  nondimensionalized 
vertical  velocity  variance  in  comparison  to  measure¬ 
ments  for  two  different  surface  heatfiuxes. 

From  the  power  spectra  of  the  vertical  velocity 
fluctuations  one  can  see,  that  the  smaller  eddies 
are  predominant  in  the  lower  boundary  layer 
and  that  there  is  a  second  minimum  at  the 
inversion  height  (Figure  2)  Obviously  surface 
and  inversion  have  a  similar  effect  on  the  verti¬ 
cal  motions.  This  reproduces  well  the  same  fea¬ 
tures  seen  in  the  field  data. 

With  respect  to  inhomogeneities,  the  measure¬ 
ments  reveal  a  horizontal  variation  of  the  heat- 
flux  by  20  %.  Corresponding  to  a  unidirectional 
trend  suggested  by  some  of  the  data,  we  model 
the  inhomogeneity  by  assuming  a  sinusoidally 
varying  healflux,  which  varies  in  only  one  direc¬ 
tion  at  a  vi^avelenglh  of  10  km  Our  simulations 
show  a  weak  decrea;  e  of  vertical  variance  over 
inhomogenous  surfaces.  The  sensitivity  studies 
show  very  iittle  effect  of  the  mean  wind  with  a 
maximum  of  5  m/s.  This  was  to  be  expected, 
because  the  resultant  friction  velocity  is  still  very 
small  in  comparison  to  the  convective  velocity. 


Fig  2.:  Maximum  wavelength  of  the  spectra  of  the 
vertical  velocity  fluctuations  as  a  function  of  z/z,.  The 
dots  denote  the  calculations  (constant  healflux  of 
80Wm  ’),  the  crosses  the  measurements. 


CONCLUSIONS 

A  case  study  of  a  comparison  between  field  and 
LES  model  data  for  an  undisturbed  CBL  over 
moderately  inhomogeneous  terrain  was  per¬ 
formed.  Generally,  the  model  reproduces  well 
the  observi^  d  turbulent  fluxes  and  variances  and 
the  spectral  structure. 
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ABSTRACT 

A  LES(Large  Eddy  Simulation)  program  based  on  a  finite  difference 
method  is  developed  to  compute  the  turbulent  flow  around  or  in  a 
complex  geometry.  A  turbulent  channel  flow  is  computed  to  verify  our 
LES  program  A  mean  velocity  profile  in  the  streamwise  direction  is 
excellent  agreement  with  the  logarithmic  velocity  profile.  Flows  around 
flat  plate  rows  are  computed  to  understand  the  mechanism  of 
aerodynamic  sound  generation.  Results  of  both  mean  velocity  and 
turbulent  Intensity  agree  with  theory  and  experiment. 


because  other  method  such  as  FFT  used  by  Horiuti(1987)  and  Moin  & 
Kim(l962)  is  not  able  to  applicable  to  the  complex  geometry  due  to  its 
numerical  method.  Adams-Bashforth  and  central  difference  schemes 
are  used  for  time  and  space  derivatives  using  the  staggered  grid 
arrangement.  An  algorithm  of  the  present  solution  procedure  is 
based  on  the  SMAC  (Simplified  Kriarker  and  Cell)  method.  Pressure  Is 
obtained  from  the  Poisson  equation  solved  by  ICCG(lncomplete 
Conjugate  Cholesky). 

CHANNEL  FLOW 


INTRODUCTION 

Sound  IS  generated  by  movement  of  vorticity  predicted  by 
Powell(l964)  In  this  situation,  the  two-equation  turbulence  model  is 
not  adequate  to  simulate  the  flow  due  to  its  time  averaged  model.  LES 
or  OSjOirect  Simulation)  is  applicable  as  higher  turbulence  models, 
because  these  irxtdels  do  not  include  time  averaging  in  models.  DS 
takes  much  more  CPU  time  than  LES  due  to  a  requirement  of  a  fine 
resolution  at  high  Reynolds  number  flows,  so  that  LES  is  chosen  as 
an  adequate  turbulent  model.  On  the  other  hands,  the  let  noise 
generated  by  high  speed  compressible  flow  has  been  investigated  to 
clarify  the  mechanism  of  aerodynamic  sound  generation,  but  sound 
generation  by  low  speed  incompressible  flows  in  such  as  air 
conditioners  is  different  from  that  in  compressible  flows.  Flat  plate 
rows  are  chosen  to  simplify  the  geometry  of  wings 
LES  is,  therefore,  made  on  a  turbulent  flow  over  flat  plate  rows  as  a 
first  step  to  understand  the  mechanism  of  sound  generation  that  is 
closely  related  to  organized  structure  of  turbulence 


A  turbulent  channel  flow  is  computed  to  verify  our  LES  program 
FLOWLENS  (FLOW  bv  Large  Eddy  Numerical  Simulation).  The 
com)  utarictial  condition  is  the  same  as  that  in  boundary  layer  splitting 
nxxlel  by  Harada  (1988).  A  comutational  domain  Is  Lx(=3.2L), 
Ly(-0.8L)  and  Lz(-L)  in  x,y,z  directions,  where  the  channel  width  is 
taken  as  the  characteristic  length  L'>62mm  The  horizontal  plane  is 
divided  into  uniform  mesh  sizes  of  64  gnd  points  in  each  x  ,y  direction 
The  mesh  sizes  increase  from  the  minimum  mesh  size  near  the  lower 
or  upper  wall  to  keep  a  ratio  of  mesh  sizes  to  be  constant  without 
using  hypeibolic  function  by  Horiuti(1987)  and  Moin  S  Kim(1982), 

A  set  of  values  is  chosen  such  as  characteristic  velocity  U>>6.67nVs, 
friction  velocity  u  r  »0.309m/s,  Re-27800,  C-0  10,  and  a  time  mesh 
At-0.008.  Non-slip  and  cyclic  conditions  are  imposed  on  both  plates 
z«0,  L  and  planes  x-O,  Lx,  y-O,  Ly  as  boundary  conditions.  An  initial 
velocity  is  given  by  superimposing  the  uniform  streamwise  velocity  U 
to  fluctuations  produced  by  random  number  smaller  than  0  OSU.  The 
long  temi  time  integration  is  made  until  t-496  to  reach  a  statistical 


=  0 


+  -- 
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dx, 


rA  i4l- 
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BASIC  EQUATION 

Let  us  take  characteristic  velocity  U  ,  'ength  L ,  time  L/U  . 
nondimensional  SGS(subgrld  scale)  e  juations  given  by  Oeardorif 
(1970)  are 

0Ui 

Ox, 

ou,  .3_,  ,  _  ap_ 

K  ^  Ox, 

'  2‘ox,  Ox, 

v,  =  (CA)  *  iTs,  ,  S,  j  >, 

where,  u,'ls  the  velocity  component  of  the  coordir.ate  x  I,  p  the 
pressure,  I  the  lime,  A  (»  V"  A,  A^ Aj)the  averaged  SGS  grid  interval, 
C(-0.i)  the  universal  constant,  Re(>UL/ » )  the  Reynolds  number 
defined  by  characteristic  tength(channet  width  or  plate  pitch)L ,  and  » 
the  dynamic  viscosity.  The  turbulent  viscosity  is  given  by  the 
Smagorinsky  model(l967).  Van  Driest(19S6)  wall  damping  function 
(A-25)  is  used  as  the  boundary  condition  of  the  wall. 

NUMERICAL  METHOD 

A  finite  difference  method  is  chosen  for  solving  basic  equations. 


equilibrium  slate.  The  tii  te  integration  of  62000  cycles  required  762 
minutes  CPU  time  with  102MB  on  HIT AC  S820/60  supercomputer 
(1  5  GFLOPS  at  the  maximum  speed). 


Figure  1  shows  the  streamwise  mean  velocity  averaged  in  x-y  plane. 
The  profile  agrees  well  with  both  viscos  sublayer  a  kI  logarithmic  layer. 
The  Karman  constant  k  -0.40  and  a  constant  U-E  5  are  good 
agreement  with  an  experiment  B-5.0-5.5.  The  same  result  *  -0.40 


and  B«5.5  is  obtained  by  Moin  &  Kim(l982)  using  the  residual  stress 
model  that  is  limited  to  application  than  the  damping  model. 

FLOWS  OVER  FLAT  PLATE  ROWS 

Flows  over  Hat  plate  rows  are  computed  using  a  similar  condition  to 
that  of  a  channel  (low.  Figure  2  shows  a  computational  domain  of  flat 
plate  rows  The  flat  plate  is  placed  at  the  center  of  computational 


Fig  2  A  computational  domain  of  flat  plate  rows 


domain  Lx  x  Ly  x  Lz.  The  plate  is  defined  by  the  length  Cx,  the 
thickness  Cz  and  the  infinite  width  in  y  direction  i  he  periodic 
boundary  condition  is  imposed  on  x»0,Lx  in  the  streamwise  direction 
and  on  y=0,Ly  in  the  spanwise  direction  The  symmetry  condition  is 
given  on  upper  and  lower  planes  z=«0,Lz.  Table  1  shows  parameters 
used  for  present  computations  The  thickness  ratio  Cz/Ox  is  varied 

Table  1  Parameters  used  (or  present  computations. 


Lx/L 

(•) 

Ly/I 

(') 

(as) 

Cx/L 

(■) 

Cy/L 

(-) 

Ci 

(■a) 

Ci/Cx 

iX) 

X  tX  xl 
directton 

CASl-l 

3  15 

2.36 

63 

1.58 

2.36 

1.0 

1.6 

64x64x68 

fASt  2 

^  n 

2.40 

62 

1  61 

2.10 

0 

0 

64x64x64 

USt  3 

1,8: 

2.36 

63 

1  58 

2.30 

1.0 

1  6 

98x48x64 

(ASh-l 

3. 10 

2.32 

61 

1  SO 

2.32 

2.0 

3  2 

64x48x66 

from  zero  to  3  2%  The  results  are  essentially  similar  to  each  other  so 
that  the  CASE-1  is  chosen  as  the  typical  case  The  computational 
domain  is  divided  by  64x64x68  grid  points  in  x,y,z  directions.  CPU 
time  required  789  minutes  for  a  cycle  number  46000  at  l•276  to  reach 
statistically  equilibrium  state  on  HITAC  S820/60  super  computer  with 
107MB  using  a  time  mesh  At=0.006 

From  a  view  of  aerodynamic  sound  generation,  velocity  fluctuations 
in  the  wake  play  an  important  role.i.o  .Fukano  et  al  [8]  obtained  by  the 
experiment  that  the  turbulent  intensity  in  the  wake  well  corresponds 
to  the  sound  intensity. 


Figures  3(a)and  (b)  show  streaks  visualized  by  marker  particles 
generated  at  upstream  in  the  vertical  planes  y/Ly.0.20  and  0.47.  This 
corresponds  to  hydrogen  bubbles  visualization  in  experiment 
Fluctuations  are  observed  behind  the  rear  edge  in  the  wake.  The 
structure  is  similar  to  Karman  vortex  street  growing  in  between  flat 
plates.  Figure  4  shows  streaks  in  honzontal  plane  z/Lz=0.5l  near  the 
upper  surface  of  the  plate.  The  streaks  show  the  typical  structure  of 


Fig  4  Streaks  in  horizontal  plane  z+-28  from  the  upper  surface 


peak  and  valley  in  tuibulent  boundary  layer  Figures  5(a)  and  (b)  show 
streamwise  velocity  profiles  averaged  in  horizontal  plane  of  the  wake 
The  mean  velocity  of  present  resutts  agrees  well  with  theory.  The 
structure  is  kept  until  the  rear  edge  where  shear  force  reaches 
maximum  in  horizontal  plane.  This  (act  explains  that  the  turbulent 
intensity  becomes  large  near  the  rear  edge  in  experiment[8].  The 
maximum  turbulent  intensity  averaged  in  the  wake  region  is  about  4.0 
that  agrees  roughly  with  5  2  of  experiment 


fa;  Haan  volocity  (b)  Turbulent  intensity 
Fig.5  Streamwise  mean  velocity  profiles  of  the  wake 


As  is  shown  by  present  computations,  results  of  LES  provide  us  a 
clue  to  the  mechanism  of  sound  generation  produced  by  turbulence. 
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ABSTRACT 

A  numerical  experimeniallon  Is  used  to  tind  out  some 
density  and  viscosity  etfects  in  round  turbulent  heterogeneous 
isothermal  and  non  reactive  gas  jets.  The  values  ot  the 
jel/ouler-flow  density  ratio  vary  from  0.4  to  4.88. 

NOMENCLATURE 

Ui  Instantaneous  velocity  (I  >  1,2,3  ) 

u'i  Instantaneous  fluctuating  velocity  (i  «  1,2,3  ) 

p'  Instantaneous  density 

C  Instantaneous  mass  fraction 

y  Mass  fracllon  fluctualion 

X  Longitudinal  coordinate 

R  Radius  of  the  jet 

Subscripts: 

ax  Values  along  the  axis 
0  Values  al  the  exit 
ext  Values  outer  of  the  jet 

INTRODUCTION 

To  our  knowledge,  the  effects  of  global  density 
differences  remain  poorly  characterized.  References  collected 
about  different  nature  of  gases,  give  conclusions  cross-checking 
experimental  and  bibliographical  results.  Due  to  the  difficulties 
of  controlling  the  outlet  conditions  when  dealing  with 
experimental  sludies,  a  numerical  approach  is  chosen,  which 
allows  us  to  study  the  influence  of  one  parameter  only. 

CALCULATION  PRESENTATION 

Because  of  the  non  linearity  of  the  convection  terms,  new 
correlations  are  introduced  when  averaging  the  instantaneous 
equations  of  a  variable  density  turbulent  motion.  Thereby,  the 

quantity  pD^j  becomes: 

M.j=pU.Uj  =  pUlu;-Tp^u',u']-t-^iU}f^tb-t-pu',u’j 

Except  Lumley/1/,  most  of  the  authors  use  the  mass-weighted 
averages  as  proposed  by  Favre  in  1958.  In  1985,  Chassaing/2/ 
suggested  an  alternative  to  the  formulation  of  turbulent  motion 
equation  for  a  variable  density  fluid,  using  the  conventional 
averages.  This  leads  to  a  similar  formulation  as  in  the 

incompressible  case.  The  new  proposition  regroups  Mij  as: 

^ij“ 

Aj^=pU^Ujcan  be  considered  as  characterizing  the  mean 
contribution,  considering  thal  only  mean  values  of  the  function 
appear. 

Bij=pu'iu'j  Is  a  contribution  which  implies  the  fluctuating 
motion  through  a  correlation  related  with  a  flux  term  by 
classical  adveclive  non  linearity. 

Ciy  =  plTiUj-t-  p  u'jUi  is  a  contribution  that  appears  as  the 
main  component  that  singularizes  the  variable  density  fluid 
motion.  It  is  henceforth  considered  as  an  "external  flux"  to 
recall  that  the  equalions  have  no  longer  a  conservative  form. 

Due  to  the  thermodynamical  state  equation,  the  pu'iandpY 
correlation  are  exactly  linked  with  the  transportable  fluxes, 
when  considering  the  isothermal  turbulent  mixing. 


Second  order  models  were  Implemented  by  Chassaing- 
H6rard-Chibat/3/,  considering  the  Lumley's  development 

technique.  The  treatment  is  restricted  to  the  situation  Uj  ,  =0 
which  results  from  the  high  turbulent  Reynolds  number 
assumption.  The  transport  equations  are  solved  numerically 
using  the  Patankar  and  Spalding's  procedure.  The  additional 
terms,  resulting  from  the  choice  of  the  Reynolds  decomposition, 
have  been  included  by  new  treatments  of  the  "source"  terms. 

COMPARISON  WITH  EXPERIMENTAL  DATA 

The  code  was  first  tested  by  comparison  with  the 
experimental  results  of  Chassalng/4/  for  a  80%  of  C02/alr  jet 
discharging  into  a  quiescent  atmosphere.  Gravity  acts  in  the 
same  direction  as  the  mean  momentum  and  the  exit  conditions 
correspond  to  a  fully  developed  pipe  flow. 

Heo«55100  5o»80%  (conceniralion  of  CO2)  Fro  -35 


Ro  -  0.018  m  po/pext»1.39  Vg  «  0.85  10'^  m^/s 


According  to  the  imprecisions  of  the  parabolic 
calculation,  the  agreement  between  the  calculation  and  the 
measurement  is  fairly  correct.  Uslr.^  this  model  and  this 
numerical  procedure,  we  shall  now  investigate  some  effects  of 
the  physical  properties  of  the  jet  on  the  turbulent  mixing. 
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Fig  3  :  longitudinal  turbulent  intensity  along  ins  axis 
GLOBAL  DENSITY  VARIATIONS  EFFECTS  ON  THE  MIXING 


decrease  as  Rp  increases.  This  tendency  cannot  be  observed  with 
the  literature  values  because  of  the  flows  conditions 
discrepancies(Fig.5). 


A  strict  analysis  shows  that,  in  a  variable  density  flow, 
self-similarity  is  never  reached.  But,  tac  from  the  exit,  when 
transversal  density  gradients  are  small  ano  if  grcvily  effects 
are  negligible,  the  self-similarity  condition  is  approached. 
Introducing  an  equivalent  diameter,  Thring  and  Newcy/S/ 
deduced  the  following  relations  for  the  velocity  and  the 
concentration  respectively: 


with 


U  aj  _ 

Rev'S 


and 


C_  ..  n  (X-Xd 

ea“  "  Ra, 


Xi,  6t  xc  :  vi'tual  ofigi.as 


Chen  and  Rodi/6/  give  relations  for  the  halfwidth  of  the 
velocity  and  the  concentration  profiles  respeclively: 

5U  =  A'(x-x^)  8C=B'(x-Xc) 

An  other  important  quantity  is  the  entrainment  rate  Ricou  and 
Spalding/7;  snow  that. 

O  K  X 

^  =  With  K  =  0.28  for  gas  jets  in  air 

Vo  Vit 


From  the  experimental  data  of  ChassaingM/,  we 
implement  numeimal  experiences  whore  aii  parameters  are 
fixed,  except  the  density  at  the  exit.  VJn  choose  J 
in  computations  to  ensure  the  simiianiy  laws  validity. 


Fig  4  :  Density  effects  on  the  mean  velocity  along  the  axis 


The  table  1  regroups  the  constants  calculated  with  our  results- 


Table  1  :  Density  effects  on  the  similitude  constants 


B 

B 

B 

B’ 

Bl 

0,40 

0.0976 

0.125 

0.090 

0  152 

0  325 

1 

0.096 

0.086 

0.314 

1,54 

0.0944 

0.123 

0.085 

0.140 

0.297 

2,44 

0.0912 

0.116 

0.083 

0.131 

0.292 

4,88 

0.0780 

0.092 

0.069 

0.102 

0.250 

Experiences 

EESn 

0.282 

First,  we  can  see  that  results  are  in  good  agieemeni  with  the 
similarity  laws  since,  from  40  Rq,  the  evolufions  are  linear  for 
the  concerned  quantities(Fig.4).  But,  as  experimentally 
observed  by  Pitls/8/  for  the  constant  B{Fig.5),  the  values 


Fig  6  .  Density  effects  on  longitudinal  turbulent  intensity 

Fig  6  shows  that  foi  high  density  jets,  the  turbulent  intensity 
maximum  is  blunted  and  retarded  . 

Moreover,  we  have  investigated  the  viscosity  effects 
which  are  often  neglected.  VJe  observed  that  increasing  the 
molecular  viscosity,  tends  to  increase  the  simiiarity  constants 
values  and  v/e  noted  also  that  the  turbulent  intensities  grow  up 
w'ih  ihe  viscosity. 

CONaUSION 

Considering  a  mudo'  which  results  were  previously 
compared  with  experience,  some  specific  density  and  viscosity 
effects  were  numerically  found  out  wifhoui  bLioyar-cy 

For  the  density,  we  have  shown  that  similitude  consiants 
are  in  good  agreement  with  averaged  literature  values  bu* 
decrease  for  high  density  jets.  And  more  generally,  we  observed 
that  the  mixing  is  much  better  when  the  density  ratio  Rp  is  less 
than  one. 

REFERENCES 

1/  SHIH  T.H  .  LUMLEY  J.L,  JANICKA  J.  1987  Second-order 
modelling  of  a  variable  density  mixing  layer  J.  Fluid  Mech. 
180,  93-116. 

2/  CHASSAING  P.  1985  Une  alternative  ^  la  formulation  des 
Equations  du  mouvement  turbulent  d'nn  fluide  8  masse 
volumique  variable.J.  de  M6c.  Th.  et  Ap.  4,  375-389. 

3/  CHASSAING  P.,  HERARD  J.M  1987  Second  order  modelling  of 
a  variable  density  turbulent  mixing.  Sixth  symposium  of 
lurbulent  shear  flows  17-8. 

4/  CHASSAING  P.  1979  Melange  turbulent  de  gaz  inertes  dans 
un  jet  do  tube  libre.  Th6se  INPT  Docteur  fes-Sciences  . 

5/  THRING  M.W., NEWBY  M.P.  1953  Combustion  length  of 
enclosed  lurbulent  jet  flames  Fourth  Symp.  of  combustion, 
Piltsburg,The  Standing  committee  of  combustion  789-796  . 

6/  CHEN  C.J,RODI  W.  1980  Vertical  turbulent  buoyant  jets-a 
review  of  experimental  data.  Pergamon  Press,  New  York 
7/  RICOU  F.P,  SPALDING  D.B  1961  Measurements  of 
entrainment  by  axisymmetrical  jets.  J.  Fluid  Mech.  11,  21-32. 
8/  PITTS  W.M.  1986  Effect  of  global  density  and  Reynolds 
number  variations  on  mixing  in  lurbulent  axisymmelric  jets. 
Rapporf  NBSIR,  86-3340,  Dpt  of  commerce  Washington. 


1 1-9-2 


II-IO 


EIGHTH  SYMPOSIUM  ON 
TORBHLENT  SMEAR  El.OWS 
T'echnica!  University  of  Munich 
Sepif mber  Q- 1 1,  1991 


AN  ASYMPTOTIC  ANALYSIS  OF  TWO-DIMENSIONAL  CURVED  TURBULENT  FLOWS 
AT  HIGH  REYNOLDS  NUMBERS  BY  USING  REYNOLDS-STRESS  EQUATIONS 

B.  Jeken 

Institut  fiir  Thermo-  und  Fluiddynamik 
Ruhr-Universitat  Bochum 
W— 4630  Bochum  1,  Germany 


SYMBOLS 

U,  outer  flow  velocity 

L  chord  length 

u  mol.  viscosity 

u  friction  velocity 

U,o  L 

Re  =  — - —  Reynolds  number 

INTRODUCTION 

Turbulent  boundary-layers  over  curved  surfaces 
have  been  calculated  by  many  authors  applying  the  so 
called  boundary-layer  ’approximation’  and  various 
turbulence  models.  Since  the  governing  equations  are  free  of 
curvature,  and  because  of  substantial  disagreement  with 
measurements,  curvature  corrections  of  different  kinds  have 
been  implemented.  However,  no  information  is  available, 
when  and  how  curvature  has  to  be  taken  into  account  for 
the  calculation  of  turbulent  boundary-layers. 

The  purpose  of  this  paper  is  therefore,  to  show  by  a 
systematic  asymptotic  analysis  how  curvature  effects  have 
to  be  taken  into  consideration. 

ASYMPTOTIC  ANALYSIS  OF  TURBULENT  FLOWS 

This  asymptotic  analysis  is  an  extension  of  the  work 
by  MeUor(t972).  Consideration  of  surface  curvature  and  the 
necessary  turbulence  model  in  the  analysis  are  the  main 
further  developments  of  the  above  mentioned  basic  work. 

The  closed  system  of  time-averaged  Navier-Stokes 
equations  and  modelled  Reynolds-stress  equations  after 
Gibson  et  al.(1981)  are  used  to  describe  turbulent  flows  over 
curved  surfaces.  For  high  Reynolds  numbers  this  system 
leads  to  a  singular  perturbation  problem.  The  perturbaliou 
parameter 

e  =  v/cfo/2 

tends  to  zero  when  the  Reynolds  number  Re  goes  to  B.  VISCOUS  SUPERLAYER 

infinity,  where  Cfo  is  the  skin-friction  coefficient  at  a  fixed  (scales  :  1*  =  t’/v,,*,  v,,* ,  pv,,*^ ) 

location  So  on  the  wall  (e.g.  start  of  the  fully  turbulent  Non-turbulent  inviscid  fluid  of  the  outer  flow  region 

regime).  The  singular  perturbation  problem  is  solved  by  the  can  become  turbulent  only  by  viscosity.  While  the  outer 


Fig.  1;  Four-layer  structure  of  curved  turbulent  flow 

A.  INVISCID  OUTER  FLOW  REGION 
(scales;  L  ,  U,o ,  pU,o* ) 

Assuming  that  the  ffee-stream  turbulence  level  is 
zero,  the  first  order  of  the  outer  flow  region  describes  the 
potential  flow  subject  to  the  kinematic  flow  condition  at  the 
wall.  Since  there  is  no  contribution  of  the  second  order,  the 
third  order  again  describes  a  potential  flow  but  with  a 
nonzero  normal  velocity  V3(S,0)  at  the  wall,  corresponding 
to  the  displacement  effect  of  the  defect-layer  up  to  second 
order. 


method  of  matched  asymptotic  expansions  and  leads  to  a 
four-layer  structure(Fig.  1): 

A.  Inviscid  outer  flow  region 

B.  Viscous  superiayer 

C.  Inviscid  defect^ayer 

D.  Viscous  sublayer. 

Each  layer  has  its  own  scales  with  respect  to 
thickness,  velocities  and  stresses  and  hence  its  own  system 
of  equations. 

The  main  analytic  results  of  the  analysis  are  as 
follows,  see  also  Table  1. 
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flow  region  and  the  defect-layer  are  not  influenced  by 
viscosity  at  high  Reynolds  numbers,  both  layers  cannot  be 
matched  without  the  occurrence  of  singularities  The 
introduction  of  a  viscous  layer  is  therefore  necessary  to 
overcome  this  mismatch.  The  characteristic  length  1*  is 
proportional  to  the  Kolmogorov  length  scale  and  the 
velocity  v^j’  is  the  entrainment-velocity,  which  appears  to 
be  constant  across  this  layer.  The  viscous  superlayer  is  not 
influenced  by  curvature  and  can  be  solved  universally  for 
given  entrainment-velocity  and  Reynolds  number.  The 
singularity  defines  a  finite  thickness  i(S)  of  the 
defect-layer. 

C  INVISCID  DEFECT-LAYER 

(scales:  S  =  L-O(f) ,  Uk,  ,  pU,o^ ,  pnj  ) 

The  first  order  solution  coincides  with  the  first  order 
of  the  outer  flow  solution  for  N  — >  0.  The  values  u,(S,n)  and 
p,(.S,n)  are  constant  across  the  layer,  whereas  v,(S,n)  varies 
linearly. 

In  the  second  order  the  S-momentum  equation  is 
linear  and  the  normal  velocity  Vj(S,n)  occurs  only  in  the 
continuity  equation.  Curvature  enters  at  this  stage  via  the 
turbulence  model.  An  essential  requirement  to  the  model  is 
the  capability  to  cope  with  curvature  effects.  The  dominant 
parts  of  the  stress-equations  are  the  production  terms, 
which  are,  in  case  of  a  Reynolds-stress  model,  exact. 
Curvature  alters  the  nn-componeiit  of  the  stress-tensor, 
and  together  with  the  ss-component  both  determine  the 
production  of  the  shear-stress  and  consequently  the  velocity 
field  Although  the  momentum  equations  themselves  are 
free  of  any  normal-stresses  the  Reynolds-stress  equations 
clearly  state  that  normal-stresses  must  be  taken  into 
account  as  far  as  curvature  is  concerned  All  turbulence 
models  unable  to  describe  the  interactions  between  all 
components  of  the  stress-tensor  (eg  all  eddy-viscosity 
models)  must  therefore  lead  to  unsatisfactory  results. 

D.  VISCOUS  SUBLAYER 

(scales,  i  =  i//u,o ,  u,, ,  paj  ) 

The  universal  sublayer  solution  for  the  streamwise 
velocity  U2(S,n)  is  linear  for  n  — i  0  and  logarithmic  for 
f.  — I  00,  as  has  been  shown  by  many  authors  The  sublayer 
as  well  as  the  superlayer,  both  very  thin  at  high  Reynolds 
numbers,  are  not  influenced  by  curvature. 

SOLUTION  OF  THE  DEFECT-LAYER  EQUATIONS 

The  main  interest  is  focussed  on  the  solution  of  the 
governing  set  of  equations  in  the  defect-layer  to  second 
order,  while  the  first  order  is  completely  solved  without  any 
turbulence  modelling.  As  a  result  of  the  foregoing 
asymptotic  analysis  curvature  effects  only  appear  in  the 
combination  K(S)-U,(S,0),  where  U|(S,0)  is  constant  with 
respect  to  this  layer.  Hence  curvature  has  to  be  included  if 
K(S)  =  0(1)  and  can  be  dropped  if  K(S)  =  0(e), 


Now  the  second  order  of  this  asymptotic  expansion  is 
comparable  to  classical  boundary-layer  theory  Without 
taking  curvature  into  account  this  theory  is  incomplete  as 
far  as  turbulent  flows  are  concerned.  In  the  laminar  flow 
case  curvature  is  a  higher-order  efft  ■  t,  and  not  included  in 
classica.  boundary-layer  theory.  In  ci  ntrast  to  the  different 
influenci'  of  curvature,  the  displace  rnt.it  effect  is  a  higher 
-order  efect  in  both  flow  regimes. 

A  .  harcteristic  feature  of  the  governing  equations  in 
the  defect  -layer  is  the  linearity  of  the  momentum  equa¬ 
tion  The  normal  velocity  Vj  can  be  calculated  separately 
after  solving  the  momentum-  and  stres.=-equations.  The 
boundary  conditions  as  n  — i  0  are  deduced  from  the  mat¬ 
ching  condition  with  the  sublayer,  which  leads  to  the 
logarithmic  law  of  the  wall  and  the  local  equilibrium  of 
production  and  dissipation  £„  in  the  overlapping  region. 

At  the  outer  edge  (n  =  S)  the  detect  velocity  tu  and 
all  turbulent  quantitie.«  go  to  zeri,  or  to  their  free-stream 
values  respectively,  leading  to  a  local  discontinuity.  There¬ 
fore,  following  Rotta(198S),  the  solution  domain  is 
transformed  into  a  rectangular  grid  by  relating  n  to  the 
local  thickness  ^(S)  of  the  defect-layer.  The  numerical 
scheme  is  based  on  Keller’s  box  method. 

The  results  show  good  agreement  with  measurements 
and  with  other  Reynolds-stress  model  calculations 
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Table  1:  Asymptotic-Solution  Scheme  for  Curved 

Turbulent  Flows 
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ABSTRACT 

A  direct  numericaJ  simulation  (ONS)  of  the  fully  developed  ther¬ 
mal  held  in  a  two-dimensional  turbulent  channel  flow  was  carried  out 
The  simulation  was  made  at  a  molecular  Prandtl  number  of  Pr  =  0  025 
to  examine  the  low  Prandtl  number  effect  on  the  thermal  turbulence 
statistics.  The  computation  was  executed  on  1,589,248  grid  points  using 
a  spectral  method.  The  statistics  obtained  include  rms  Icmperatore  fluc¬ 
tuations,  turbulent  heat  fluxes  and  so  on.  They  arc  compared  with  those 
obtained  at  Pr  =  0  71  Instantaneous  thermal  fields  are  also  examined 
to  investigate  the  structure  of  the  scalar  field. 


NOMENCLATURE 


Pr 

Pr, 

fie™ 

fler 


U,  t,  UI 
X.VyZ 


O' 

(U 

(  )fW 

INTRODUCTION 


molecular  Prandtl  number 
turbulent  Prandtl  number 
Reynolds  number, 

Reynolds  number,  UrSlu 
bulk  mean  velocity 
friction  velocity 

velocity  components  in  the  x-,  y*  and  z*  directions 

streamwise,  wall-normal  and  spanwise  coordinates 

channel  half  width 

temperature 

friction  temperature 

kinematic  viscosity 

fluctuating  component 

normalized  by  the  wall  variables,  tir,  v  and  9r 
root-mean-square  value 


In  recent  numerical  simulations  of  turbulent  heat  transfer  in  a 
channel  flow  of  air  (Kim  k  Moin,  1989;  Kasagi  et  al.,  1991),  it  was  found 
that  the  temperatur<*  fluctuation  was  highly  correlated  with  the  stream- 
wise  velocity  fluctuation.  Furthermore,  it  wa<.  shown  that  the  turbulent 
heat  fluxes  and  the  Reynolds  stresses  were  also  highly  correlated,  and 
controlled  by  the  same  transport  mechanisms  throughout  the  flow  field. 
As  for  low  Prandtl  number  fluids,  however,  the  balance  in  the  transport 
equations  seems  to  be  different  from  that  of  moderate  Prandtl  number 
fluids.  Although  this  is  an  important  question  in  turbulent  heat  transfer, 
the  current  knowledge  is  not  satisfactory  mainly  owing  to  difficulties  in 
performing  experiments  (especially,  of  liquid  metals). 

The  sum  of  this  investigation  is  to  offer  new  information  on  turbu¬ 
lent  heat  transfer  in  very  low  Prandtl  n::mber  fluids.  For*  we  simulate 
a  fully-developed  turbulent  thermal  field  in  a  two-dimensio.'al  channel. 
Mean  flow  paran.eter*  nr.  well  as  various  statistics  of  the  velocity  and  tem¬ 
perature  fields  ere  uaJculated  and  compared  with  previous  experimental 
and  numerical  result^  In  particular,  extensive  comparison  is  made  with 
the  DNS  data  for  =  0.71  (Kasa^  et  al.,  1991)  in  order  to  examine  the 
•'randtl  number  dependence  of  thermal  turbulence  statistics. 


NUMERICAL  PROCEDURE 

The  flow  geometry  and  the  coordinate  system  are  shown  in  Fig.  1. 
The  Reynolds  numbei  based  on  the  wall  friction  velocity  Ur  and  the  chan¬ 
nel  half  width  6  is  set  to  be  150.  The  resultant  bulk  Reynolds  number  is 
4580.  Referring  to  the  numerical  procedure  used  by  Kim  et  al  (1987),  i 
fourth-order  partial  differential  equation  for  v,  a  second-order  partial  dif¬ 
ferential  equation  for  the  wall-normal  component  of  vorticity  u>y  an.*  the 
continuity  equation  are  used  to  solve  the  flow  field.  A  spectral  mithod, 
i.e.,  Fourier  series  in  the  x-  and  z-directions  and  a  Chebyshev  polyno¬ 
mial  expansion  in  the  y-direction,  is  used.  For  the  time  integration,  the 
second-order  Adams-Bashforth  and  Crank-Nicolson  schemes  are  adopted 
for  the  nonlinear  and  viscous  terms,  respectively  Once  the  velocity  field 
is  calculated  at  each  step,  the  scalar  field  is  obtained  by  integrating  the 
energy  equation.  This  is  done  also  by  the  spectral  method.  Mercury  is 
chosen  as  a  test  fluid,  and  the  Prandtl  number  is  0.025.  Iso-flux  bound¬ 
ary  conditions  are  imposed  so  that  the  bulk  mean  temperatu;e  linearly 
increases  in  the  streamwise  direction  The  local  temperature  is  defined 
as  the  difference  from  the  wall  temperature  so  that  periodic  boundary 
conditions  are  used  in  the  streamwise  and  spanwise  directions 


RESULTS  AND  DISCUSSION 

The  dimensionless  mean  velocity  profile  is  shown  as  a  function 
of  y'*'(=  ttrV/*')  in  Fig.  2,  where  good  agreement  is  obtained  with  the 
numerical  result  at  Re^  =  180  (Kim  et  al.,  1987).  figure  3  shows  the 
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distribution  of  di.nensionless  mean  ten.peraluio  The  previous  DNS  data 
of  Pr  =  C  71  (Kasagi  et  aJ  ,  1991)  and  thf  K  vler's  formula  (1981)  are  also 
included  in  the  figure.  In  the  case  of  f'r  =  0  71,  the  logarithmic  region 
IS  visible,  but  for  Fr  “  0  0£5  tl  does  r.vX  exist  owing  to  thickening  of  the 
conductive  sublayer  il  e  calculated  Nusselt  number  agrees  well  with  the 
value  recemmended  by  Kays  Sc  Crawfoid  (1980)  Dgure  4  shows  the  root- 
mean-square  temperature  flu-tuation  It  is  found  that  the  legation 
of  the  peak  value  moves  away  from  the  wall  as  the  Prandtl  number  is 
decreased  Figure  5  shows  the  distribution  of  streamwise  and  wail-noimal 
turbulent  heat  fluxes,  ^n  the  case  of  Pr  =  0  T  i,  the  wall-normal  heat  flux 
is  by  an  order  of  magnitude  smaller  than  the  streamwise  one  However, 
the  difference  between  them  becomes  relatively  smetll  when  the  Prandtl 
number  is  very  low.  The  turbulent  Prandtl  number  Prj  is  shown  in  Fig.6 
For  Pr  =  0  71,  Pti  vanes  moderately  across  the  channel  and  reaches 
its  maximum  of  about  1.1  near  the  wall.  For  Pr  =  0  025,  however,  it 
increases  rapidly  from  the  wall  and  gives  a  maximum  value  of  3.27  at 
y"*"  =  37.  Figure  7  shows  contour  surfaces  of  0  "*■  =  0.15  at  Pr  =  0.025  in 
an  instantaneous  computational  subvolume,  while  Fig.  8  shows  those  of 
^  =  4.0  at  Pr  =  0.71.  Although  the  so-called  streaky  structures  clearly 

exist  in  the  temperature  field  for  Pr  =  0.71,  similar  structures  appear 
much  different  in  the  case  of  Pr  =  0  025.  They  arc  thichker  in  diameter 
and  not  so  much  elongated  in  the  streamwise  direction  It  is  also  noted 
that  the  angle  between  the  high  temperature  mass  and  the  wall  Is  larger 
theji  that  for  Pr  =:  0.71. 


CONCLUSIONS 

A  direct  nuinencal  simulation  of  a  fully  developed  two-dimensional 
channel  flow  at  =  4580  and  Pr  =  0.025  has  been  carried  out.  Vari¬ 
ous  turbulence  statistics  are  calculated  and  the  following  conclusions  are 
derived 


(1)  The  effect  of  molecular  conduction  on  the  mean  temperature  profile 
is  appreciable  even  in  the  channel  central  region  and  the  thermal  loga¬ 
rithmic  region  does  not  exist. 

(2)  As  the  Prandtl  number  becomes  very  low,  the  magnitude  of  temper¬ 
ature  fluctuation  is  decreased  with  its  peak  value  moving  away  from  the 
wall,  and  the  anisotropy  of  turbulent  heat  fluxes  is  also  decreased 

(3)  The  turbulent  Prandtl  number  for  Pr  =  0.025  roaches  its  maximum 
of  about  3.27  at  =  37.  It  is  much  larger  than  that  for  moderate 
Piandtl  number  fluids. 

(4) Much  difference  is  observed  between  the  thermal  streaky  structures 
visualized  at  Pr  =  0.71  and  Pr  =  0.025.  Th^'se  in  the  low  Pr  fluid  are 
thick  in  size  and  not  so  much  elongated  in  the  streamwise  direction. 
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Fig.  7  High  temperature  regions  in  the  lower  half  volume 
of  the  channel  (Pr  =  0.025). 


Fig.  8  High  temperature  regions  in  the  lower  half  volume 
of  the  channel  (Pr  =  0.71). 
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ABSTRACT 

Effects  of  channel  rotation  and  curvature  on 
the  turbulent  motion  are  examined  experimentally. 
Flows  in  the  channel  are  stabilized  or  destabilized 
corresponding  to  the  exerting  direction  of  the 
Coriolis  or  centrifugal  forces. 

NOMENCLATURE 

1  •:  mixing  length 

lo  value  of  1  on  a  flat  stationary  plate 
N  rotation  rate(Eq.  (1)) 
r  :  local  curvature  radius 
Rir:  Richardson  number  for  channel  rotation 
Ric:-  Richardson  number  for  channel  curvature 
Ue  :  velocity  outside  of  boundary  layer 
Urn  longitudinal  mean  velocity 
u,v,w:.  turbulent  velocity  components 
n  angular  velocity  of  channel 

INTRODUCTION 

In  curved  rotating  channels  such  as  impeller 
passages  of  turbomachinery,  turbulence  exhibits  a 
quite  different  natuie  between  the  pressure  and 
suction  sides  due  to  the  Coriolis  and  centrifugal 
forces  exerting  on  the  flow.  This  paper  concerns 
the  stabilizing  or  destabilizing  effect  of  these 
forces  on  the  boundary  layer  inside  a  rotating 
curved  channel  and  the  relation  between  the  mixing 
length  and  Richardson  numbers  is  discussed. 

EXPERIMENTAL  APPARATUS  AND  METHOD 

Figure  1  shows  the  configuration  of  the 
channel ,  which  has  an  aspect  ratio  of  4  and  is 
mounted  on  a  rotating  table.  Time-mean  and 
turbulent  velocity  components  were  measuied  at  the 
mid-height  of  the  section  by  traversing  hot  wire 
probes.  The  outputs  of  the  hot  wire  anemometer  were 
amplified  in  the  rotating  system  and  transmittea 
to  the  stationary  system  through  slip  rings.  In 
order  to  make  the  boundary  layer  turbulent , 
tripping  wires  of  I. 5mm  diameter  were  located  at 
the  inlet  of  the  curved  channel . 

Experiments  were  conducted  at  the  Reynolds 
number  of  Re(=  UmD/o  )  ^  10‘‘  and  rotation  number 
of  N(=  fiD/Um)  =  0,  and  ±0.15. 

ROTATION  RATE  AND  RICHARDSON  NUMBER 

The  magnitude  of  the  channel  rotation  was 
expressed  by  the  following  dimensionless  parameter 
as 

N  =  «D/Um  (1) 

whore  N  is  defined  to  be  positive  or  negative 
according  to  the  clockwise  or  counter-clockwise 
rotation  of  the  table,  respectively.  The  effects 
of  the  centrifugal  and  Coriolis  forces  on  the 
turbulence  ore  expressed  in  terms  of  Richardson 
numbers  given  by  the  following  equations(Brad.shaw, 
1969): 


for  the  channel  rotation 

Ric  =  (2U3(Ur)/3y/(r3U/3y)2  (2) 

and  for  the  channel  curvature, 

Rir  =  -2n(3U/3y  -  2Sl)/(3U/3y)^  (3) 

where  the  positive  or  negative  P.ichardson  number 
corresponds  to  the  suppression  or  promotion  of  the 
turbulent  motion,  respectively.  Then,  the  mixing 
length  in  the  rotating  curved  channel  was  assumed 
to  be  a  linear  summation  of  these  two  Richardson 
numbers  as( Johnston  and  Eide,  1976) 

l/lo  =  1  -  6c  Ric  -  6r  Rir  (4) 

and  the  validity  of  the  above  relation  is  examined 
in  this  paper. 

RESULTS  OF  EXPERIMENTS  AND  DISCUSSIONS 

Time-mean  and  turbulent  velocity  components 

Figure  2  shows  the  profiles  of  time-mean 
velocity  and  turbulent  components  in  the  convex 
side  of  the  section  of  ''  for  N  =  0  and  0.15. 
The  turbulence  intensities  are  largely  suppressed 
when  N  =  0  and  0.15,  but  increases  when  the 
channel  rotates  at  N  =  -0.15.  The  stabilizing 
and  destabilizing  effects  of  the  Coriolis  force  are 
moie  clearly  seen  in  the  distribution  of  Reynolds 
.shear  stress  component  of  (-uv)  as  shown  in  Fig.  3. 
In  the  concave  side  the  tangential  stress  (-uv)  for 
N  =  0  and  0.15  exhibits  large  values  by  the 
destabilizing  effect  of  the  centrifugal  force  but 
IS  suppressed  by  the  Coriolis  force  when  N  =  -0.15. 
On  the  other  hano  in  the  convex  side  the  turbulent 
motion  IS  largely  suppressed  by  the  centrifugal 
force  in  the  stationary  state  but  destabilized  when 
the  channel  rotates  in  the  counter-clockwise 
direction,,  N  =  -0.15. 

Mixing  length 

The  values  of  the  mixing  length  1  determined 
from  the  Reynolds  stress  and  time-mean  velocity 
gradient  are  plotted  in  Fig.  4,  which  shows  that 
the  mixing  length  depends  on  the  wall  curvature  and 
rotating  direction  of  the  channel.  The  relations 
between  the  mixing  length  and  the  Richardson 
numbers  are  examined  using  the  relation  of  Eq.  (4). 
Figures  5(a)  and  (b)  .show  the  changes  of  (i/io)c  (  = 
l/lo  +  BrRir)  and  (l/lo)r  (=  l/lo  +  BcRic)  against 
Ric  and  Rir,  respectively.  The  values  of  6r  and 
8c  are  determined  experimentally  to  be  2.4  and  3.0. 
As  seen  from  these  figures,  the  validity  of  the 
relation  of  Eq.(4)  is  better  in  the  concave  side 
rather  than  in  the  convex  side. 


(1)  The  effects  of  the  Coriolis  force  on  the  flow 
become  dominant  when  the  channel  rotates  counter¬ 
clockwise  so  as  to  destabilize  the  boundary  layer 
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in  the  convex  side  and  stabilize  in  the  concave 
one. 

(2)  The  modified  mixing  length  model  is  found  to 
be  feasible  on  the  concave  surface  when  the  flow  is 
subject  both  to  the  Coriolis  and  centrifugal 
forces . 
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ABSTRACT 

Aerial  photographs  of  a  flood  flow  were  analyzed 
using  picture  processing  to  obtain  two-dimensional 
distribution  of  velocity  vectors  on  the  water  sur¬ 
face.  Using  the  obtained  data,  the  structure  of  a 
train  of  large  scale  vortices  appearing  near  the 
edge  of  a  flood  plain  and  its  relationship  to  sedi¬ 
ment  deposition  which  results  in  a  spanwise  shift 
of  a  river  channel  are  examined. 

U'TRQFUCTION 

Kinoshita  (l^FA)  surveyed  the  sediment  deposi- 
tv.n  on  tbs  ■^leod  olam  ef  th"-  Irhik’n  Riv=“r  ii'st 
aft°r  a  major  flood  in  IROl.  Some  of  the  results 
ar?  shown  in  Fig.l.  It  is  noted  that  th're  is 
heavy  sediment  deposition  aloi.g  the  bank  of  the 
deep  river  course  (main  channel)  downstream  of  the 
convex  bank.  A  train  of  large  vortices  was  found 
in  the  ae'"ial  photographs  (Fig. 2)  of  the  flood  flow 
at  that  point.  In  Fig. 2  broken  lines  nark  the  bank 
of  the  deep  river  course. 

Trains  of  large  vortices  are  generated  by  the 
’ntoraction  between  the  mam  channel  flow  and  the 
flow  on  the  flood  plain.  I'hen  the  river  is 
meandering,  the  point  where  the  vortices  are  gen¬ 
erated  IS  fixed  en'"'  the  vnrt-icas  are  sometimes  en¬ 
hanced  to  reach  the  scale  of  the  river  width. 
These  vortices  cause  a  large  amount  of  sediment 
deoosition  along  the  bank  of  the  mam  cnannel , 
which  results  in  a  spanv/ise  shift  of  the  river 
channel . 

In  this  paper,  the  aerial  ohotograohs  of  flood 
flow  were  analyzed  using  picture  processing  to  ob¬ 
tain  ,wo-cliriensional  (hstrihution  of  velocity  vec¬ 
tors  on  the  water  surface.  The  structure  of  a 
train  of  large  vortices  appearing  near  the  edge  of 
a  flood  plain  is  eUic’dated  and  its  relationship  to 
sediment  deposit’on  is  discussed. 

PICTURE  PROCESSIMG 

Fig.l  shows  the  land  configuration  of  the 
Isbikari  River  near  Uraus,  -'bore  meandering  of  the 
mam  channel  is  noticeable.  A  rectangle  outlines 
the  analyzed  area. 

Tlie  density  di  stri  butions  of  a  pair  of 
ohotograohs  of  the  flood  flow  taken  over  a  short 
S"an  of  time  (about  4  sec)  were  digitizeo  using  a 
PPS  Pii rro-dens  1  tometer.  Two-dimensional  cross- 
cor  r  tflat  iuus  were  taken  of  the  density  dlStr'lbutlOi", 
over  a  small  area  of  the  pair  of  photographs  to 
calculate  a  two-dimensional  mstribution  of 
velocity  vectors  (Utami,  Blackwalder  ?■  Ueno  1991, 
''inoshita,  Utami  ?  Ueno  19''0).  The  obtained  vec¬ 
tor's  are  shown  in  Fig. 3  together  with  the  stream¬ 
lines  that  were  calculated  using  the  data. 

0'AP''CTF.RISTICS  I'F  Ti'f-  ''ORTFX  ^TrilCTURE 

In  Fig.3  and  the  following  figures,  the  outlines 
of  large  scale  vortices  are  marked  by  shadowed 


lines  and  the  boundary  of  the  mam  channel  by  solid 
lines.  Streamline  are  noticeably  wavy  around  the 
vortices  m  phase  with  the  vort'ces  arrangement. 

Fig  4  shows  the  streamlines  observed  From  the 
frame  moving  in  the  mean  velocity  in  the  mam  chan¬ 
nel.  The  regions  where  the  absolute  value  of 
divergence  exceeds  0.01  (1/s)  are  also  shown  in 
this  figure.  It  is  noticeable  that  the  streamline 
patterns  coincide  fairy  well  with  the  outline  pat¬ 
terns  of  vortices,  which  suggests  the  vortices  are 
convPCt“d  downstream  with  the  mean  velocity  of  the 
mam  channel.  It  is  also  noticeable  m  Fig. 4  that 
div-rgpnce  has  a  positive  large  value  inside  the 
vortices,  and  around  the  outline  of  vortices  where 
streamlines  ccnvnr.ge,  divergence  is  negative..  This 
means  strong  boils  exist  inside  the  vortex  and 
sinks  around  the  outline. 

Fig. 5  shows  the  map  of  vorticity  calculnt.d 
using  the  obtained  velocity.  The  vorticity  is  con¬ 
centrated  locally  at  sr,-.e  points,  suggesting  the 
existence  of  small  sc.ale  vortices.  As  the  small 
scale  vortices  are  convected  downstream,  those 
which  are  adjacent  eaci  other  gather  in  groups  and 
the  peak  value  of  vorticity  decays,  resulting  in  a 
larger  scale  vortex. 

LARGE  SCALE  VORTICES  AMD  RIVER  CHAMMEL  FORI'ATICN 

The  conceptual  patterns  m  Fig. 4  and  Fig. 5  can 
be  given  as  Fig. 6,  which  sugges'  ''  mechanism  of 
growtn  of  the  deposition  on  th*-  slope  of  the 
mam  channel.  The  highly  concent'  ,  d  flow  carryinr 
a  suspended  load  (se^iiments)  near  the  river  bed  is 
lifted  up  by  boils  mside  the  vortices.  Near  the 
water  surface,  they  are  transported  to'wards  the 
outline  of  the  vortices  and  then  sink  down.  As 
flow  velocity  near  the  bank  slope  is  low  due  tc 
large  scale  vortices,  sediments  are  deposited 
there.  Thus,  deposition  on  the  bank  slope  of  the 
mam  channel  would  increase.  This  prccess  occurs 
on  the  bank  just  dowr -  -earn  of  the  convex  bank. 
The  bed  of  the  opposite  bank  is  scoured  as  flow 
velocity  IS  higher.  Thus,  tne  river  channel  shifcs 
spanwise. 

Considering  that,  on  the  flood  plain,  the  flow 
velocity  IS  low  and  the  flow  is  clear.  Fig.  6  also 
shows  why  large  vortices  become  visible  in  the 
river  flow. 
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Investigations  or  convective  atmo¬ 
sphere  turbulence  in  the  scale  range 
Above  that  of  the  small-scale  turbulence 
are  presented. 

Experimental  measurements  of  well 
developed  convection  in  the  tropical 
atmosphere  (in  Western  part  of  Pacific 
Ocean)  by  Doppler  radar  set  based  on  the 
ship  were  made.  The  computer-oriented 
experimental  instrumenta tion  gives  the 
output  informations  in  the  forms  of 
tields  of  Doppler  velocities  or  cloud 
drops  trapped  by  atmospheric  turbulent 
flows,  floments,  up  to  order  six,  of  the 
longitudinal  structure  function  of  the 
5tre«^mwise  Doppler  velocity  fluctuations 
have  been  measured  for  two-dimensional 
Doppler  velocity  maps  made  in  operating 
time  Q'.er  I  min.  Investigation  of  the 
spatial  and  temporal  var i ao i 1 i t les  of 
the  structure  function  due  to  mesoscale 
ciOud  evolution  from  its  appearance  to 
the  cloic  collapse  hours)  are 

presen  ted . 

An  iffiportant  special  detail  the 

structure  tunctions  COnsiS'  in  non- 
rodular  spatial  ard  temporal  variabi¬ 
lities.  Tne  slope  of  the  structure 
function  (moments  up  to  the  order  six) 
does  net  agree  with  Kolmogorov  s  model 
log-normal  model,  b-mcdel  and 
mu  1 1 .  -  f  r «*c  ta  1  models.  Distmcuished 
CL'T^eiateo  scales  (spatial  "  thici-enmc" ) 
i’unviej  out  against  a  bact  O''our.d  ot 
r  1  uc  tu «.  1 1  ug  variability,  their 

Generation',  and  tnei''  evoluiio..  ootti 
•oward  ic."ce  sct.lec  t.nverse  ca>cade) 
and  to  STi.il  1  scales  (Kclmcqorov  s 
f.usc<*de)  may  be  observed.  During  of  the 
jrow'h  c  mesoscale  cloud  and  their 
collapse  the  structure  fusctici.^  become 
t/Pical  of  the  like  "whiie  noise"  random 
process.  Analysis  of  the  altitude 
dependences  of  the  structure  function 
:/iows  that  mesoscale  turbulence  nas  a 
Tlat-layer  character. 

The  reasons  of  such  strong  lotermit- 
tency  of  atmosphere  turbulence  will  be 
discussed.  It  will  be  shown  that  multi¬ 
plicative  noise  and  its  influence  on 
large-scale  Kinematics  are  of  great 
importance.  It  results  in  faster  va¬ 
riabilities  of  high-order  velocity 
structure  functions  owing  to  fluc¬ 
tuations  of  helicity  and  viscosity. 


Pig.l.  structure  function  of  n-oder  Dn 
(n=6),  multiplied  by  5“^,  with  the 
turbulent  scale  R  in  4  min.  Vertical 
lines  indicate  90;»  confidence  limits. 


Fig. 2.  Variation  of  scale  exponent  as 
a  function  of  the  Oder  n,  1  -  Kolmogorov 
model,  2  -  log  normal,  3  -  p-model  when 
D=2.83,  4  -  multifractal  when  D=2.83, 
5-7  -  experimental  results  for  R=5  km 
and  in  4,  31  and  71  min. 
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ABSTRACT 

This  work  considers  the  combined  wake  of  an  array  of 
oscillating  ribbons  oriented  parallel  to  a  uniform  flow. 
The  characteristics  of  this  wake  are  documented  with  flow 
visualization  and  hot-wire  anemometry  for  various 
excitation  frequencies  and  amplitudes. 


INTRODUCTION 

The  wake  behind  multiple  bluff  bodies  exhibits 
characteristics  and  vortex-shedding  patterns  that  can  be 
similar  to  or  quite  different  from  characteristics  of  the 
wake  from  a  single  body.  An  understanding  of  the  wake 
behind  multiple  bluff  bodies  is  important  for  analyzing 
flows  about  heat  exchangers,  skyscrapers,  marine 
structures,  and  ribbon  parachutes.  Williamson  (1985) 
showed  that  the  symmetry  of  wake  patterns  and  the 
synchronization  of  the  vortex  shedding  behind  a  pair  of 
cylinders  depends  critically  on  the  gap  size  between  the 
bodies.  In  their  studies  of  flows  behind  arrays  of  flat 
plates  oriented  normal  to  the  flow,  Hayashi,  Sakural,  & 
Ohya  (1986)  found  that  the  gap  flows  are  biased  to  one 
side  or  the  other  in  a  stable  manner.  Higuchi  & 
Takahashi  (1989)  demonstrated  that  arranging  flat  plates 
so  that  the  plates  form  a  porous  curved  surface  normal  to 
the  flow  has  a  stabilizing  and  drag-reducing  effect  on  the 
wake  flow  relative  to  an  arrangement  with  no  curvature. 

In  this  work  we  consider  the  combined  wake  behind 
an  array  of  oscillating  ribbons  oriented  parallel  to  the 
flow.  This  work  is  particularly  motivated  by  the  need  to 
understand  and  control  multiple  wake  interactions  and  by 
the  need  for  a  well-defined  vortical  disturbance  for 
boundary  layer  transition  studies.  In  his  analysis  of  the 
receptivity  of  a  laminar  boundary  layer  to  free-stream 
turbulence.  Kerschen  (1990)  models  the  free-stream 
turbulence  as  a  superposition  of  periodic  vortical 
disturbances  of  varying  wave  number  and  orientation. 
Parekh,  Puivin,  and  WIezien  (1991)  found  that  an  array  of 
oscillating  ribbons  can  produce  a  controllable  vortical 
disturbance  useful  for  receptivity  experiments.  This  work 
focuses  on  the  far-field  characteristics  and  vortex  patterns 
of  the  combined  wake  of  an  array  of  oscillating  ribbons. 


APPROACH 

The  facility  used  in  this  work  is  a  low-disturbance, 
closed-return,  blower-driven  wind  tunnel.  The  test 
section  of  this  tunnel  measures  0.91 -m  wide  by  0.66-m 
high  by  5.5-m  long,  and  its  inlet  contraction  has  a  9:1 
area  ratio.  The  typical  streamwise  velocity  fluctuations 
from  D.C.  to  10  kHz  are  about  0.1%  of  the  freestream 
velocity,  and  the  transition  Reynolds  number  on  a 
polished  flat  plate  in  this  tunnel  is  over  2.6  million. 


A  schematic  of  the  array  of  ten  nbbons  is  shown  in 
Fig.  1.  The  0.051 -mm-thick  stainless  steel  ribbons  span 
the  entire  width  of  the  tunnel.  The  vertical  spacing,  s, 
between  adjacent  ribbons  is  4.76  mm,  and  the  total 
height,  H,  of  the  array  is  43  mm.  The  local  area  blockage 
associated  Aiith  this  array  is  1 .07%;  however,  the  total 
blockage  is  only  0.077%  of  the  tunnel  cross-sectional 
area.  The  relative  streamwise  position  of  the  ribbons  can 
be  adjusted  to  produce  periodic  gusts  of  various 
inclinations.  When  all  the  ribbons  are  aligned  vertically, 
as  they  were  in  this  work,  a  0-degree  inclination  of  the 
vortical  disturbance  is  produced. 

A  pair  of  electro-magnetic  shakers  drove  the  ribbons 
in  phase.  The  fundamental  resonance  frequency  of  the 
ribbons,  which  was  set  by  adjusting  ribbon  tension, 
ranged  from  90  to  110  Hz.  By  using  excitation 
frequencies,  f,  below  this  fundamental  resonance,  nearly 
uniform  motion  of  the  ribbons  was  obtained  over  their 
entire  span  of  the  tunnel.  The  tension  in  the  ribbons  was 
sufficient  to  avoid  aerodynamically  induced  oscillations  at 
flow  velocities  up  to  10  m/s. 

Velocity  was  measured  by  an  x-wire  probe  mounted 
on  an  automated  traversing  system  utilizing  micro- 
stepper  motors  and  a  precision  linear  position  indicator. 
Traverse  control  and  all  data  acquisition  were  performed 
on  a  VAXlab  data-acquisition  and  processing  system. 
The  hot-wire  signal  was  directly  digitized  and  linearized 
using  a  fourth-order  polynomial  and  temperature 
compensation.  Accelerometers  placed  on  top  of  each 
drive-block  assembly  provided  a  detailed  measurement 
of  the  motion  of  the  ribbon  array.  Visualization  of  the 
wake  behind  the  ribbon  array  was  achieved  by  strobe 
illumination  of  a  compact  stream  of  smoke  introduced 
upstream  of  the  inlet  contraction. 


RESULTS 

With  no  excitation,  the  flow  behind  the  ribbons 
appears  undisturbed.  With  excitation,  the  individual 
wakes  of  the  ribbons  rapidly  merge  to  produce  a 
combined  wake.  The  general  shape  of  the  cornbined 
wake  resembles  a  sine  wave  as  seen  in  Fig.  2. 
Visualizations  at  different  excitation  amplitudes  and  fixed 
Reynolds  number.  Re,  indicate  that  the  wake  possesses  a 
similar  shape  for  ribbon  acceleration  amplitudes.  A,  up  to 
78  m/s2.  Reducing  the  flow  velocity  below  about  4  m/s, 
while  keeping  the  frequency  and  absolute  amplitude 
fixed  at  f=70  Hz  and  A=49  m2/s,  respectively,  results  in 
vortex  shedding  patterns  similar  to  a  Karman  vortex  street 
(Fig.  3). 

To  characterize  the  combined  wake,  a  set  of  velocity 
profiles  spaced  20  mm  apart  in  the  streamwise  direction 
was  measured.  The  mean  wake  profile  has  a  symmetric 
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velocity  deficit  which  decays  with  x,  resulting  in  the 
acceleration  of  the  flow  surrounding  the  wake  (Fig.  4). 
The  amplitude  of  the  fundamental  component  of  both  the 
streamwise  and  normal  velocity  fluctuations,  u'  and  V, 
remained  nearly  constant  with  x  up  to  the  end  of  the 
measurement  domain,  which  was  1  m  downstream  from 
the  ribbons.  The.  variation  in  y,  however,  was  not 
Identical.  The  u'  component  has  peaks  at  the  edge  of  the 
wake  and  a  180-degree  phase  shift  across  the  wake. 
The  V  component  is  constant  in  amplitude  within  the  core 
of  the  wake  and  is  essentially  uniform  in  phase  across  the 
wake  at  any  given  streamwise  position.  Combining  the 
mean  flow  and  the  u'  and  v'  pioflles,  one  can  compute  the 
streamlines  of  the  velocity  field  as  shown  in  Fig.  5.  The 
characteristic  wavelength,  x,  of  the  wake  remains 
essentially  constant  in  x  in  the  domain  considered.  The 
phase  speed  (fx/Uo)  of  the  wake  over  a  range  of 
velocities,  Uo,  (6  to  10  m/s)  and  excitation  frequencies,  f, 
(50  to  70  Hz)  and  amplitudes.  A,  (9.8  to  49.0  m/s2)  is  0.94. 


CONCLUDING  REMARKS 

This  work  considers  the  combined  wake  of  an  array  of 
oscillating  ribbons  oriented  parallel  to  the  flow.  Over  a 
range  of  Reynolds  numbers  and  excitation  amplitudes 
and  frequencies,  the  wake  flow  exhibits  a  stable 
sinusoidal  pattern  with  an  invariant  phase  speed  of  0.94. 
The  visualizations  are  consistent  with  the  velocity 
measurements  which  also  indicate  a  sinusoidally 
oscillating  flow  with  a  characteristic  wavelength 
dependent  on  excitation  frequency.  Other  wake  patterns 
can  be  obtained  by  appropriate  adjustment  of  the  flow 
velocity  and  relative  excitation  amplitude. 
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Fig.  1 .  Front  view  of  gust-generating  device  and  test 
section. 


Fig.  2.  Smoke  visualization  of  excited  wake  for  Uo=8  m/s, 
f=70  Hz,  and  A-49  m/s2. 


Fig.  3.  Smoke  visualization  of  excited  wake  for  Uo=3  m/s, 
f=70  Hz,  and  A=49  rn/s2.  The  magnification  is  1 .5 
times  larger  than  that  of  Fig.  2. 
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Fig.  4  Mean  velocity  profile  of  multiple  ribbon  wake  for 
Uo=7  m/s,  f=70  Hz,  A=49  m/s2,  and  Xo=400  mm. 


Fig.  5  Streamlines  correspondirig  to  the  mean  velocity 
plus  the  fundamental  component  of  the 
perturbation  veiocity  at  a  fixed  phase  of  the 
excitation  signal  for  Uo=7  m/s,  f=70  Hz,  A=49  m/s2, 
and  Xo=400  mm.  The  V  component  Is  amplified  by 
ten  for  clarity. 
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AliSTUACT 

Results  are  presented  of  a  Large  Fddy  Simulation  (LES)  of  the  2D 
spatially  dc\elopHig  plane  mixing  layer  The  numerical  approach  is  based 
upon  a  finite  difTcronces  numerical  solution  of  the  Navier-Stokcs  equa¬ 
tions  for  the  large  scales  in  primitne  variables  forinulatioii  Simulations 
are  pcrforiiied  for  both  natural  and  forced  mixing  layers  and  the  results 
compared  with  experiments  results  and  Direct  Numerical  Simulations 
(DNS) 

LN’TRODUCriON 

The  interaction  between  two  co-flowing  fluid  streams  having  dilfer- 
ont  velocities  gives  birth  to  the  Plane  Mtzmg  Layer,  which  has  been  de¬ 
fined  in  a  recent  work  (Lowery  L  Reynolds  198G)  as  “one  of  the  building- 
block  flows  upon  which  the  field  of  fiuid  mechanics  is  based”  Resides 
their  importance  for  a  number  of  pract'cal  applications  piano  mixing  lay¬ 
ers  arc  of  paramount  interest  to  the  re.*  jarcher  for  the  insigni  they  olfer 
into  the  physics  of  turbulence  and,  in  particular,  into  the  development 
of  large  scale  vortical  structures  and  their  interaction  through  the  vortex 
pairing  process 

One  attractive  characteristic  of  the  plane  mixing  layer  is  its  geo¬ 
metrical  simplicity,  which  makes  it  amenable  to  numerical  investigations 
using  DNS  or  LDS  techniques  Lowcr>  k  Reynolds  and  Sandham  ^ 
Reynolds  19S9  liavc  performed  DNS  of  mixing  laye.s  subjected  to  a  pe¬ 
riodic  forcing  at  the  inlet  to  promote  the  growth  of  periodic  large  struc¬ 
tures  {forxed  mixing  layer),  while  Comte  A.  a!  1989  have  studied  with 
LKS  the  Cl.  where  the  vortical  structures  are  allowed  to  grow  natu¬ 
rally  from  a  random  initial  perturbalion  {natural  mixing  layer)  In  the 
present  study  both  niRuru/  and  forced  cases  are  considered  in  order  to 
attain  a  more  complete  understanding  of  the  physical  aspects  of  mixing 
and  assess  the  performances  of  LLS  for  this  class  of  flows 

LARGE  EDDY  MODEL 

The  transport  equations  for  the  large  scale  variables  ((/,,  P)  can  be 
written,  with  obvious  meaning  of  the  symbols,  ’<ts 


(Ijh 

Or, 


=  0 


dl-i  ^  dl\bj  _  OP  O'^Ut 

dt  Oxj  Or,  Ozj  £j  dxj 


(1) 

(2) 


which  is  consistent  with  a  finite  differences  discretisation  over  astaggered 
mesh  (Schumann  1979,  Mason  1989) 

The  contribution  ufuj  of  tiie  small  scales  is  modeled  using  the  wc’l 
known  Srnagorinsky  snbgrid  viscosity  approach 


along  Xi  and  a  centered  scheme  (4th  order  accurate  on  an  uniform  mesh) 
for  the  advection  along  all  otlier  terms  are  discretised  using  2nd  order 
centered  formulae. 

Eq  (2)  IS  advanced  in  time  with  the  Adams-Bashforth  predictor- 
corrector  scheme  and  a  Direct  Poisson  Solver  is  used  to  solve  the  pressure 
equation  and  find  the  pressure  distribution  for  which  the  U,  verify  Eq. 
(1) 

BOUNDARY  CONDITIONS 

On  the  boundary  x,  =  0  the  mean  streamwise  velocity  t/,  is  as¬ 
sumed  to  follow  a  tank  profile  t 

y  1  =  5  [I  +  (an/i(2xj)j  (5) 

where  A  is  the  ratio  between  the  difference  and  the  sum  of  the  two 
freestrcam  velocities  U^,p  and  Ui„ 

On  the  boundary  x\  ^  L  both  velocity  components  are  obtained 
from  the  wave  equation  •*' 


ov,  dVx 
dt 


0 


(6), 


where  c  is  the  advection  velocity  of  the  wave  computed  from  the  values 
of  the  velocity  at  the  previous  timcstep 

On  the  two  transversal  boundaries  Ui  is  determined  using  a  stress- 
free  condition,  while  the  transversal  velocity  U2  found  applying  Eq 
(0. 

RESULTS 

The  conditions  for  the  calculation,  chosen  to  allow  comparison  with 
Lowery  k  Reynolds  and  the  experimental  results  by  Oster  &  Wygnanski 
1982,  arc  r  =  0  5,  where  r  is  the  lower  stream  to  upper  stream  velocity 
ratio,  and  Re  =  100,  where  Re  is  the  Reynolds  number  based  upon 
the  velocity  difference  between  the  two  streams  and  the  inlet  vorticity 
thickness  ^0  Tlie  computational  domain  was  130  units  long  and  35 
high,  discretised  witli  a  310x40  grid  The  subgrid  stress  coefficient  C, 
was  taken  equal  to  0  06 

Forced  mixing  layer 

The  forced  mixing  layer  is  obtained  superimposing  to  the  mean  inlet 
velocity  a  perturbation  of  the  type  . 

«i  =  a  -t- cos{witf))  (2) 


u.«;  =  -21/(5, j  (3) 

^  C/A^(25.;5,;)“^  (4) 

where  S,j  is  the  strain  rate  of  the  largo  scales  ,  A  the  typical  inesh  size 
.ind  C',  the  coeffieiciit  relating  mesh  size  to  filter  size  (see  Mason). 

NUMERICAL  TECHNIQUES 

Eqs  (1)  to  (3)  arc  discrctiscd  over  a  staggered  grid  with  uniforin 
mesh  spacing  in  the  longitudinal  direction  zi  and  non  uniform  spacing  in 
the  transversal  direction  2:2  using  finite  dilTcrcnccs  ;  a  3th  order  upwind 
biased  discretisation  (Kawainu'-a  k  al  19?*))  is  used  for  tin  advection 
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where  a  is  a  coefficient  and  wt  the  fundamental  frequency  obtained  from 
linear  instability  Ihooiy  and  ltd  fit&l  twu»  ainiumua 

Formation  of  periodic  vortical  structures  and  vortex  pairing  were 
observed,  as  shown  in  Fig  I,  siructurc  wavelength  and  position  of  the 
two  pairings  agree  well  with  the  boundaries  of  the  different  regions  identi¬ 
fied  by  Oster  k  Wygnanski  in  their  experimental  study  of  a  forced  layer. 
The  rms  values  of  the  streamwise  velocity  fluctuation  (Fig.  2)  show  the 
lack  of  self-similarity  typical  of  the  forced  mixing  layer,  computed  values 
are  sensibly  higlier  than  corresponding  ones  from  experiments  and  direct 
simulation 

Natural  mixing  layer 

The  natural  mixing  layer  is  obtained  superimposing  a  random  per¬ 
turbation  with  divergence  equal  to  0  to  the  initial  flowficld 


Formation  of  large  scale  vortical  structures  was  observed  at  ran¬ 
dom  locations  m  space  and  time  (Figs  3  and  4);  vortex  wavelengths 
agree  well  witii  the  ones  found  by  Oster  h  Wygnanski  The  rms  values 
of  the  streamwisc  velocity  fluctuations  are  in  good  agrt^ment  with  the 
experimental  ones  as  shown  in  Fig  5. 

CONCLUSIONS 

The  present  LES  has  shown  that  it  is  possible  to  reproduce  numeri¬ 
cally  the  main  pliysical  features  of  both  forced  and  natural  plane  mixing 
layer  :  the  process  of  formation  and  evolution  of  vortical  structures  is  m 
good  agreement  with  the  experiments  performed  by  Oster  k  Wygnan- 
ski  A  significative  disagreement  however  subsists  for  the  forced  case, 
where  the  numerical  solution  does  not  reproduce  the  typical  two-pcaks 
profile  of  the  longitudinal  rms  fluctuation  Causes  of  this  discrepancy 
are  presently  under  investigation. 
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Fig  1  Isovorticily  contours  t=269  5.  Forced  layer 
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Fig  3.  Isovorticity  contours  1—162  5.  Natural  layer. 
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Fig  4  Isovorticity  contours  1=245  Natural  layer. 


Fig  5  Resolved  longitudinal  velocity  fluctuations  Natural  layer. 


Fig.  2.  Resolved  longitudinal  velocity  fluctuations  Forced  layer. 
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ABSTRACT 

A  cell  dynamical  system  model  for 
aLmo£p''eric  flows  is  summarized^  The  model 
pred-  Vo  quantum-like  mechanical  laws  for 
atmosi  here  flows  manifested  as  the  obser¬ 
ved  long-range  spatiotemporal  correla¬ 
tions,  now  identified  as  signavures  of 
self-organized  criticality  or  determin¬ 
istic  chaos.  Ti'.e  model  predictions  are  in 
agreement  with  power  spectrum  analysis  of 
annual  mean  COADS  surface  pressure  time 
series  for  100  grid  points  around  the 
Indian  region.  The  power  spectra  follow 
the  universal  and  unique  inverse  power  law 
form  of  the  statistical  normal  distri¬ 
bution  . 

INTRODUCTION 

Long-range  spatiotemporal  correlations 
manifested  as  the  selfsimilar  fractal 
geometry  to  the  spatial  pattern  con¬ 
comitant  with  inverse  power  law  form  for 
the  power  spectrum  of  temporal  fluctua¬ 
tions  is  ubiquitous  to  real  world  dyna- 
mica’  systems  and  is  identified  as 
signatures  of  self-organized  criticality 
(Bak,  Tang  and  Wiesenfeld,  1988)  or 
deteriuinist  ’  0  chaos.  Such  non-local 
connections  are  manifested  i.n  atmospheric 
flows  as  the  selfsimilar  fractal  geometry 
to  the  global  cloud  cover  pattern  con- 
condtant  with  inverse  power  law  form  for 
the  atmosp.heric  eddy  energy  spectrum 
documented  by  Lovegoy  and  Schertzei 
(Ltve^oy  and  Schertzer,  1986).  Mathe¬ 
matical  models  of  atmosphern.  flows  are 
by  convention  based  on  tne  nonlinear 
[,a. y ier-.Scokes  equations  which  do  not  have 
analytical  solutions.  I'lnitc  precision 
computer  realizations  of  such  nonlinear 
moaels  for  atmospheric  flows  are  not 
totally  realistic  oecause  of  deterministic 
chaos,  i.e.,  sensitive  dependence  on 
initial  conditions.  Such  sensitive  depen¬ 
dence  Oh  initial  conditions,  nairely, 
long-range  spatict emporal  correlations  are 
also  exhibited  by  real  world  dynamical 
systems  and  is  now  identified  as  seif- 
orgunized  criticalii-y  as  mentioned 
earlier  ■  he  physics  of  deterministic 
chaos  or  sell- arqanizeo  criticality  in 
L'cal  won...  and  model  dynamical  systemo  is 
nut  yet  identified.  In  this  paper  a 
non-dstermiristic  cell  dynamical  system 
model  for  'xtmospheric  flows  (Mary  Selvam 
i990.a)  IS  summarized. 

MODEL  PREDICTIONS 

( i )  The  signatt'es  of  deterministic 
chaos  in  atmospheric  flows,  namely 


long-range  spatiotemporal  correlations  are 
inherent  to  the  quantum-like  mechanics 
governing  atmospheric  flows.  The  apparent 
wave-particle  duality  is  attributed  to  the 
bimodal,  namely,  formation  and  dissipation 
respectively  of  the  phenomenological  form 
for  energy  display  in  the  bidirectional 
energy  flow  intrinsic  to  eddy  circula¬ 
tions,  e.g.,  formation  of  clouds  in 
updrafts  and  dissipation  of  clouds  in 
downdrafts  giving  rise  to  the  discrete 
cellular  geometry  to  cloud  structure.  (2) 
The  global  atmospheric  flow  structure 
consists  of  a  nested  continuum  of  vortex 
roil  circulations  with  ordered  energy  feed 
back  between  the  larger  and  smaller 
scales.  A  complete  quantitative  descri¬ 
ption  of  the  atmospheric  flow  structure, 
namely,  the  strange  attractor  can 
therefore  be  given  in  terms  of  the 
component  periodicities  and  their  phases. 
Such  a  concept  of  an  eddy  continuum  for 
the  fine  structure  of  the  strange 
attractor  has  recently  been  put  forth  by 
Cvitanovic  (Cvitanovic,  1988).  The  model 
predictions  are  in  agreement  with  the 
results  of  continuous  periodogram  analysis 
of  the  annual  mean  surface  pressure  data 
for  28  years  (1961-1988)  available  for 
about  100  grid  points  over  the  Indian 
region  in  the  Comprehensive  Ocean- 
Atmosphere  Data  Set  (COADS,  Release  1, 
Climate  Research  Program,  ERL,  Boulder, 
Colorado).  Tlie  percentage  contribution  to 
total  variance  and  the  cumulative  per¬ 
centage  contribution  to  total  variance  for 
normalized  standard  deviate  t  values  for 
20  representative  grid  points  are  shown 
in  Figure  1.  Since  the  model  predicts 
logarithmic  spiral  circulation  pattern  for 
atmospheric  flows,  the  t  values  are  obtai¬ 
ned  ns  t  =  (]ogX/  logXjQ)-!  where  X  is  the 

period  and  the  period  at  wnich  the 

cumulative  percentage  contribution  to 
total  variance  is  equal  to  50  and  t=0.  The 
normal  and  cumulative  normal  probability 
density  distributions  are  also  plotted  in 
Figure  1.  It  is  seen  that  the  percentage 
contribution  to  total  variance  follows 
closely  tile  normal  distribution.  The 
"goodness  of  fit'  was  tested  u.sing  the 
standard  statistical  cni-square  test.  The 
arrows  at  tne  top  and  bottom  in  the  figures 
indicate  respectively  the  values  of  t  up 
to  which  the  fit  is  good  at  95%  level  of 
significance  for  the  normal  and  cumulative 
normal  probability  density  distributions. 

Incidentially ,  the  power  spectrum  of 
the  chaotic  Lorenz  attractor  (Lorenz  1963) 
also  exhibits  the  universal  inverse  power 
law  form  of  the  statistical  normal 


dist  ibution  as  shown  at  Figure  2.  The 
cell  dynamical  system  model  concepts 
described  in  this  paper  may  therefore  be 
applied  to  quantify  deterministic  chaos 
or  self-organized  criticality  in  model 
dynamical  systems  also  (Mary  Selvam 
1990b) . 

CONCLUSION 

The  signature  of  self-organized  critica¬ 
lity  or  deterministic  chaos/  namely,  the 
inverse  power  law  form  for  the  power 
spectrum  of  nonlinear  fluctuations  in  real 
and  model  atmospheric  flows  is  the  same 
as  the  universal  and  unique  statistical 
normal  distribution  with  the  normalized 
standard  deviation  of  the  fluctuations 
expressed  as  a  function  of  the  corres¬ 
ponding  wavelengths  (eddy).  Such  a  uni¬ 
versal  quantification  for  the  nonlinear 
vari.'.bj  lity  of  real  and  model  atmospheric 
flows  is  a  natural  consequence  of 
quantum-like  mechanics  governing  the 
dynamical  evolution  and  implies  predic¬ 
tability  of  the  to.al  pattern  of  fluctua¬ 
tions  . 
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Figure  1  :  Power  spectra  of  annual  mean 
surface  pressure  for  28-years 
(1961-1988)  for  4  grid  points 
whose  locations  in  degrees  lat¬ 
itude  and  longitude  are  indica¬ 
ted  at  the  top. 
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Figure  2  :  The  power  spectrum  of  the  Lorenz 
attractor  follows  the  universal 
inverse  power  law  form  of  the 
statistical  normal  distribution. 
The  data  series  consists  of  1000 
successive  means  of  25  y  co¬ 
ordinate  momenta  values  starting 
from  the  1001  value.  The  program 
written  by  Blackadar  (1990)  was 
used  for  computing  the  Lorenz 
attractor.  The  crosses  refer  to 
the  cumulative  normal  distri¬ 
bution.  i 
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D'spersion  in  a  turbulent  boundary  layer  was  measured  in  a 
wind  tunnel  downstream  of  a  long  thin  heated  wire  placed  norma! 
to  the  flow.  The  boundary  layer  was  formed  on  the  floor  of  the 
wind  funnel  and  was  tripped  at  the  entrance  of  the  working 
section.  Pan  of  the  tunnel  floor  was  occupied  by  a  low  symmetric 
two-dimensional  hi!!  of  the  Jackson  and  Hunt  (1975)  type,  y  = 
H/(1  +  (x/l)^),  where  H  is  the  height  of  the  hill,  see  Fig.  1.  Thus 
the  boundary  layer  experiences  changes  in  curvature,  from 
concave  to  convex,  separating  in  the  leeward  side  of  the  hill 
before  reaching  the  convex  part.  The  importance  of  curvature  In 
a  similar  type  of  flow  was  discussed  by  Baskaran  et  al.  (1987), 
who  also  noticed  the  formation  of  an  internal,  'sub-boundary 
layer*.  Our  case  is  different  in  that  the  boundary  layer  height  to 
the  height  of  the  hill  near  the  upstream  foot  of  the  hill  is  about  2.0 
while  in  their  case  was  0.4.  However  the  boundary  layer 
characteristics  are  qualitatively  the  same  i.o.  the  skin  friction 
reaches  a  minimum  near  the  foot  of  the  hill,  rises  to  a  maximum 
before  the  top  and  drops  to  a  minimum  close  to  zero  near 
separation^  The  boundary  layer  displacement  thickness,  denoted 
here  by  5*  (and  by  0*5  its  value  at  the  source),  changes  in  a 
reverse  manner. 

The  positions  of  the  line  source  with  respect  to  the  hill  are 
denoted  by  the  letters  A,  B,  C,  D  in  Fig  1.  The  source  was 
placed  at  various  distances,  Vj.  from  the  wall,  resulting  in 
dimensionless  wall  units  y'^,  between  5  and  90.  At  position  D, 
where  the  flow  has  separated  y^/H  -  0  017.  In  all  cases  U^H/v 
«  1.2x10'*,  where  Ug  is  the  free  stream  speed  well  upstreaui  of 
the  hill. 

The  purpose  of  tills  experiment  was  twofold:  To  simulate 
corresponding  environmental  flows  and  provide  data  for  the 
vaiiditation  of  numerical  work  ,  oaoeo  on  a  laqrangian  Random 
Flight  Model  (RFM).  We  are  interested  in  the  effects  of 
inhomogeneity  and  curvature  on  turbulent  dispersion.  The 
intensity  of  concentration  fluctuations,  far  downstream 

of  a  line  source  appears  to  aporoacn  a  constant  value  in  grid 
turbulence,  Stapountzis  et  al.  (1ub6)  while  continuously  decays 
in  a  'nearly  homogeneous"  turbulent  shear  flow,  Stapountzis  and 
Britter  (1989).  In  a  piano  turbulent  bounoaiy  layer  inhomogoneity. 
which  causes  concentration  fiuciuations  to  increase,  competes 
against  shear  and  according  to  Sawford's  (1984)  calculations  the 
intensity  of  concentration  fluctuations  should  tend  to  be  constant. 

The  results  of  the  experimental  part  of  this  work  are  shown  in 
Figures  2  to  6  and  compared  with  other  people’s  work  refering 
to  dispersion  from  line  or  point  sources  in  flat  terrain.  The  non- 
d'r^c.isionalizing  concentrailon.Cg,  is  not  common  to  all 
experiments,  therefore  there  a.'e  some  differences  in  the  levels  of 
maximum  and  wall  concentrations  C  and  respectivoly.  In 
our  case  Cg  =  P/(pU(yj)c  yj,  where  Pis  the  power  fed  into  the 
wire  per  unit  length,  p  is  (he  air  density  and  c  the  specific  heat 
at  constant  pressure. 

Figure  2  shows  the  variation  of  the  mean  maximum 
concentration  (temperature)  downwind  of  the  source  at  distances 
Xj,  measured  along  the  surface  of  the  hill.  For  elevated  sources 
such  as  ours  the  initial  decay  rate  of  0^,3^  is  close  to  x,*,  as 
found  by  other  workers,  it  Is  followed  by  an  increased  rate  of 
decay  in  the  leeward  side  of  the  adverse  pressure  gradient  of  the 
hill,  by  a  considerably  slower  rate  in  the  separated  region  and 


again  a  rapid  decay  after  the  “end',  E,  '  the  hill.  For  source 
position  D,  within  the  recirculating  separated  region, 
concentrations  are  roughly  constant  up  to  the  end  of  the  hill. 
Beyond  that  point  significant  drop  In  the  concentrations  occur,  as 
aisc  observed  by  Castro  and  Snyder  (1982)  for  three  dimensional 
hills  The  distance  f'om  the  surface  where  the  maximum  occurs 
(not  shown  here)  generally  decreases  as  the  top  of  the  hill  is 
approached  and  then  Increases. 

The  ground  level  concentrations,  shown  in  Figure  3  drep 
with  increasing  x^  for  all  but  the  mostly  elevated,  y^/C,  =  0.9, 
souice  position  where  a  maximum  Is  observed  at  the  top  of  the 
hill.  The  intensity  of  concentration  fluctuations,  presented  in 
Figure  4,  Initially  exhibits  a  dependence  on  y,,  and  source  size. 
Our  data  are  in  qualitative  agreement  with  the  predicted  values 
from  the  Random  Flight  Mode' '  jr  a  flat  boundary  layer  (SaMord 
1981)  the  main  difference  being  in  the  location  of  the  maxima. 
The  stroamwise  position  where  the  intensity  is  maximum 
depends  on  the  ratio  of  the  source  size  to  the  turbulence  length 
scale  at  the  source  elevation,  y^.  m  the  region  of  the  top  of  the 
hill  the  intensity  tend  to  increase  and  drop  again  in  the  leeward 
side. 

The  centroid  of  the  mean  concentration  profiles,  Y,  (Y  = 
L  yCdy/J*  Cdy)  which  is  a  measure  of  the  mean  heated  particle 
displacement  from  the  wall  (Chatwin,  1978),  is  initially  of  the  order 
of  yj  and  then  incieases  as  see  Fig.  5.  However  as  the 
maximum  height  of  the  hill  is  approached  it  decreases  and  in  the 
separated  region  it  increases  again  but  faster  than  x  .  A  clow 
decrease  is  observed  after  the  end  of  the  hii|.  A  similar  behaviour 
is  noticed  for  the  second  centroid  centered  moment  of  the 
concentration  profiles  (  ‘-f  (y-^'Cdy/j  Cdy,  a  measure  of  the 
dispersion  of  marked  particles)  which  is  shown  in  Figure  6. 

ag.!.e(gng.e£: 

BASKARAN  V.,  SMITS  A  and  JOUEERT  F.N.,  1987,  J.  Fluid 
Mech.,  vol  182,  pp  47-83 

CASTRO  I.P.  and  SNYDER  W.H.,  1982,  Atm.  Env.,  voi  16,  po 
1869-1687. 

CHATWIN  P.C.,  1978,  Int.  J.  Heat  Mass  Tr.,  vol  21,  pp  367-368 
DURBIN  P.A,  and  HUNT  J.C.R.,  1980,  Journ.  de  Mecanique,  vol 
19,  pp  679-695. 

FACKRELL  J.E.  and  ROBINS  G.,  1982,  J  Fluid  Mech.,  vol  117, 
pp  1-26. 

JACKSON  P.S.  and  HUNT  J.C.R.,  1975,  Quart.  J.  Roy.  Met.  Soc. 
vol  101,  pp  929-955 

PARANTHOEN  P  ,  FOUARI  A  .  DUPONT  A  and  LECORDIER 
J.C.,  1988,  Int.  J.  Heat  Mass  Tr.,  vol  31,  pp  IbC  i65. 

RAUPACH  M.R.  and  LEGG  B.J.,  1983,  J.  Fluid  Mech.,  vol  136,  pp 
111-137. 

SAWFORD  B.L.,  1984,  Workshop  on  Updating  App.  Diff.  Models, 
Clearwater,  Florida,  U.S.A. 

SHLIEN  D.J.  and  CORRSIN  S.,  1976,  Int.  J.  Heat  Mass  fr.,  vol 
19,  pp  285-295. 

STAPOUNTZIS  H.,  SAWFORD  B.L,  HUNT  J.C.R.  and  BRIHER 
R.E.,  1986,  J.  Fluid  Mech.,  vol  165,  pp  401-424. 

STAPOUNTZIS  H.  and  BRIHER  R.E.,  1989,  Turb.  Sh.  Flows  6, 
Springer  Verlag,  pp  97-108. 


II-I8-I 


C»/ Co 


S  slcrt  of  working  section 

A.  3.  C  0  source  locotions 
E  end  of  meosunng  ronge 


r  0  \  locotion  of  hill  on  wind  tunnel  floor  s  (mm) 


Tig  2  Peok  mcon  concentrotions  for  line  ond  poml  sources  m  ptone 
ond  curved  (present  work)  surfoces  B  beginning  of  hill,  T  Top  of 
hill,  E  End  of  full  Xo=48H 


OOOOO  Poronlhoen  et  ol  y^tf*-0  055 


AOOAA  Poronlhoen  el  ol  0  6 

Roupoch  ond  Logg  0  89 

00000  Fockrell  ond  Robins  1  52 

+++f+-Shlien  ond  Corrsm  0  0 

xxxxx  Shiten  ond  Corrsm  J  66 

■  ■■••Present  experiments  005 

-  Sfope  - 1 

-  -  -  slope  “0  5 


X./6; 


Fig  2  (concluded)  Peak  mean  concentrations, 
present  experiments 


oaoDO  y,/fe,=0  06 
•••••  y,/fe.=0  90 

. y.A.=o  !6 

00^00  Source  oi 


o  « 

°t%E 

tai 

0 


1  to  100 

X./6',  or  x,/H  (for  source  in  D) 


Xa=64  5H 
Xo=b4  5H 
Xo=56.8H 
Xo=59  04H  (D) 


Fig  3  Woll  mean  concentrot'ons  for  fmc  and  point  sources  m  plone 
and  curved  (present  work)  surfoces  B  beginning  of  hiK.  T  Top  of 
hill  f.  End  of  hill  Xo=:48H  Other  symbols  defined  in  Fig  2 


Rg  3  (concluded;.  Well  meon  concentrotions. 
present  esperiments  Symbols  as  m  Rgure  2 


or  h,/H  (for  source  m  0) 


X 

X 


E  'T 


■  +  .i.++++ 5hlien  ond  Corrsm  y,/6*,!=0  00 

xxxxx  Shlien  and  Corrsm  y,/6\-1  66 

«  ^  -  Durbin  ond  Hunt  R.F  M  ^  1.66 

■  ■••a  Present  experiment  05 


Fig  6.  Second  centred  centered  moment  of  mean  concentrotmn 
profiles  (  =  particle  dispersion)  Symbols  os  in  Fig  1 


II-I8-2 


EIGJITH  SYMPOSIUM  ON 
TURBULENT  SHEAR  FLOWS 
Teclinical  University  of  Munich 
September  9-11,,  1991 


11-19 


Large  Eddy  Simulation  of  Fully-Developed  Turbulent  Flow 


in  a  Straight  Duct 


M.  D.  Su  and  R.  Friedrich 
Lehrstuhl  fur  Fluidmcchanik 
Technische  Universitat  Milnchen,  Geiinany 


Abstract 

Large-eddy  simulations  have  been  performed  in  straight  ducts 
with  square  cioss  section  at  a  global  Reynolds  number  of  49000 
m  order  to  piedict  the  complicated  mean  and  instantaneous 
flow  involving  turbulence-driven  secondary  motion.  Isotropic 
grid  systems  were  used  with  spatial  resolutions  of  128  ♦  32^ 
and  more.  The  secondary  flow  not  only  turned  out  to  develop 
extremely  slowly  from  its  initial  conditions  but  also  to  demand 
for  fairly  high  resolution.  The  obtained  statistical  results  arc 
compared  with  measurements  wherever  possible. 

1.  Introduction 

The  study  of  fully-developed  turbulent  flow  in  straight  ducts 
of  square  cross-section  is  of  fundamental  interest  to  fluid  dy- 
namicists  and  of  practical  importance  in  many  engineering  ap¬ 
plications.  Ill  the  past  a  considerable  number  of  experimental 
and  numerical  investigations  have  been  carried  out  Only  few 
of  the  experimental  data  refer  to  really  fully-developed  flow 
and  can  be  used  for  comparison  with  confidence  The  reason 
IS  that  the  secondary  motion  encountered  in  such  noiicircu- 
lar  ducts  takes  very  long  distances  to  reach  a  developed  state 
{certainly  more  than  150  hydraulic  diameters  )  and  that  the 
secondary  velocities  are  very  small  (  of  the  order  of  2  -  3%  of 
the  streainwise  bulk  velocity  )  and  thus  difficult  to  measure 
accurately.  Most  of  the  numerical  investigations  aie  based  on 
the  three-dimensional  time-averaged  Navier-Stokes  equations 
incorporating  different  turbulence  models  up  to  SOC  models 
The  state  of  the  art  till  1982  is  reviewed  in  Demuren  k  Rodi 
(1984)  The  nonlinear  k  —  I  model  of  Speziale  (1987)  which 
has  recently  been  applied  by  Ilur  et  al.  (1990)  predicts  the 
flow  fairly  well,  however  furthei  work  on  model  development 
is  still  desirable. 

2.  Basic  equations  and  SGS  model 

We  follow  SchumaniTs  apj,.  ach  (1975)  of  integrat.n-  '  c  Navi¬ 
er-Stokes  equations  over  the  grid  volume  AT  =  AxAyAz  to 
obtain  the  basic  filtered  equations  describing  the  transport  of 
mass  and  momentum.  In  non-dimensional  form  they  are 

t  AA,  (  V,{x,  +  Ax, 12)  -  V,{x,  -  Ax, 12))  =0  (1) 

;=1 

j=i  _ 

-AA,(V,V,  +  v;v:  +  p6„  -  j  =  u 

(2) 

The  filtered  stress  tensor  is  proportional  to  the  filtered  defor¬ 
mation  tensor  D,,  and  reads; 

=  =  ^  ■  (3) 

In  (2)  and  (3)  the  1.  -re  averages  over  the  cell-surface  A  A, 
whereas  p  is  defined  as  a  cell-volume  average  and  related  to 
the  cell  center.  (3)  is  solved  in  a  staggered  grid.  The  subgrid 
scale  (SGS)  stress  g'V('  is  computed  from  a  two-part  eddy- 


viscosity  model  of  the  Schumann  type,  see  Schmitt  (1988). 

A  leapfrog-scheme  serves  to  integrate  (3)  in  time.  Chorin’s 
projection  method  leads  to  a  Poisson  equation  for  the  pres¬ 
sure  correction  which  is  solved  at  each  time  step  with  direct 
methods.  A  FFT  of  Poisson  equation  provides  a  set  of  decoup¬ 
led  two-dimensional  Helmholtz  problems  which  are  solved  with 
a  cyclic  reduction  technique  dueto  Schumann  k  Sweet  (1976). 
Artifical  wall  boundary  conditions  are  used  following  ideas  of 
Schumann  (1975)  and  Piomelli  et  al.  (1989). 

3.  Results 

The  (low  and  computational  parameters  refering  to  the  pre¬ 
sented  results  are  summarized  in  Table  1. 


Reynolds  number  Rei,  =  HUtli/ 

49000 

Domain  size  Lx  ■  Ly  ■  L, 

(4-1  •1)//=’ 

Numbers  of  grid  points  N]  *  N2*  Nj 

128*.32’*32 

Mesh  volume 

(1/32)® 

Numbers  of  time-steps 

52000 

CPU  hours  for  time  averaging,  Ciay  YMP 

24hr 

Dimensionless  time  increment  At  = 

0.025 

Table  1.  LFS  parameters 


Uh  IS  the  bulk  velocity.  Figure  1  compares  the  computed  mean 
streamwise  velocity  profile  along  the  corner  bisector  (dashed 
line)  with  measurements  of  Brundett  k  Baines  (1964),  Ges- 
sner  k  Emery  (1980)  and  with  data  of  Demuren  k  Rodi's 
(1984)  turbulence  model.  The  LES  result  agrees  well  with 
these  data  but  also  with  the  turbulence  model.  Mean  secon¬ 
dary  velocity  distributions  alony  the  wall  bisector  are  shown 
in  figure  2.  The  LES  (dotted)  profile  is  close  to  Naot  k  Rodi’s 
(1982;  prediction  and  Gessner  et  al’s  (1980)  merisurement  at 
least  what  the  maximum  is  concerned.  Contours  of  the  mean 
primary  velocity  (<  UjUmax  >=  0.8, 0.9)  are  plotted  in  fi¬ 
gure  3  for  comparison  with  experimental  data  of  Gessner  et 
al.  (dashed-dotted  line)  and  predictions  discussed  in  Demuren 
k  Rodi  (1984).  The  LES  result  (—  •  — )  shows  undulations 
in  the  contour  lines  which  are  due  to  insufficient  spatial  reso¬ 
lution.  Finer  grids  will  remove  this  effect.  Mean  secondary 
flow  streamlines  are  presented  in  figure  4.  The  lower  half  of 
the  diagram  corresponds  to  the  LES  result,  whereas  the  upper 
half  is  taken  from  Hur  et  al.  (1990)  showing  predictions  with 
Speziaie's  nonlinear  model  (1987)  (  curve  C,  Re  =  42000  )  and 
computations  of  Nakayamaet  al.  (1983)  (  curve  B  Re  =  83000 
),  as  well  as  measurements  of  Gessner  k  Jones  (1965)  (curve  A, 
Re  =  15000).  The  Reynolds  stress  -  <  U''W”  >  is  compared 
in  figure  5  (upper  half)  with  Speziaie’s  model  (1987)  (curve  C) 
and  measurements  of  Melling  k  Whitelaw  (1976)  (curve  D). 
Undulations  in  the  contour  lines  obtained  from  the  LES  arc 
again  a  result  of  the  central  finite  difference  scheme  used.  In¬ 
stantaneous  V-  fluctuations  in  fig.  6  taken  from  plane  y  =  ///2 
give  an  impression  of  large  scale  turbulence  structures  being 
convected  through  the  duct. 
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Figure  dt-  Mean  secondary  flow  in  straight  square  duct:-  A  -  Gessner 
and  Joncs(Ue=  15000);  B  -  Nakayama  ct  al.  (Re=83000);  C  ■  Hur 
et  al.  (Re=42000);  Other  -  Present  LES  (nc=49000) 
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Figure  5-  Contours  of  <  -U"W^  >:■  D  -  Melling  fc  Whitlaw;  C  - 
Hur  et  al.;  upper  half,  present  LES. 
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Figure  2:  Secondary  velocity  <  V  >  jUj  along  wall  bisector 


Figure  6;  Contours  of  V”  at  y  =  ///2 
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ABSTRACT 


Theoretical  model  of  tliermocline  is  proposed  based  on  heat 
transfer  equation,  balance  equation  for  turbulent  kinetic  en¬ 
ergy  and  hypothesis  on  governing  parameters  of  intermittent 
turbulence  generated  in  a  tliermocline  by  breaking  of  inter¬ 
nal  waves  and  turbulence/waves  interaction.  The  solution  of 
a  propagating-wave  type  obtained  on  this  basis  explains  the¬ 
oretically  the  approximate  self-similarity  of  temperature  pro¬ 
file  m  a  tliermocline  of  Kitaigorodskii  k  Miropolsky  (1970) 
type  The  model  contains  two  dimensionless  constants  whose 
values  are  found  by  means  of  comparison  of  the  solution  with 
the  results  of  laboratory  experiments  on  penetrative  convi-c- 
tioii  (Deardorff  ct  al  1980).  The  results  of  numerical  simula¬ 
tion  of  the  tliermocline  in  Deardorff  k  Willis  (1982)  expei- 
iments  on  shear  flow  in  aniuilus  show  rca,sonable  agreement 
with  the  laboratory  data 


1  Two  sinking  empiric<il  facts  leprcsent  a  starting  point  of 
the  discussion' 

(i)  vertical  temperature  profile  in  a  tliermocline,  a  icgion 
of  supercritical  stability  adjoining  a  tiiibulizctl  layer,- piovcs 
to  be  self-siiiiilai  in  a  seiies  of  laboratory  experiments  and, 
though  with  much  less  accuracy,  in  natural  watei  rescrvoiis 
(Kitaigoiodskii  k  Miropolsky  1970), 

(ii)  comparison  of  the  experimental  d,ata  on  kinematic  heat 
flux  Q  and  vertical  temperature  gradient  dTjdz  shows  ti’.it 
the  effective  heal  conductivity  K  =  -QI(dTfdz)  is  much 
higher  than  the  molecular  one,  and,  rather  unexpectedly,  is 
higher  the  higher  is  —dTfdz,  iii  contrast  with  the  well-known 
inverse  dependence  of  K  on  -dTjdz  which  takes  plate  in  a 
weakly  stable  shear  flows  (Gill  k  Tiefethen,  unpublished; 
'I’lirner  1978) 

2  The  following  phenomenological  expression  for  the  tem¬ 
perature  profile  m  the  oceanic  sea.sonal  tliermocline  was  sug¬ 
gested  by  Kitaigorodskii  k  Miropolsky  (1970): 

I  7’  at  i)<z<h  . 

\  T,~  A7’d(C)  at  h<z<h  +  M.  ’ 

Here  z  is  the  depth;  h  is  the  mixed  layer  thickness,  A/i  is 
the  thickness  of  the  tliermocline;  AT  is  the  temperature  dif¬ 
ference  across  it;  i)  is  a  function  of  dimensionless  variable 
(  =  (z  -  /;)/A/i  satisfying  the  following  boundary  condi¬ 
tions-  i?(n)  =  0  ,  t7(l)  =  1 

Laboratory  experiments  on  deepening  of  the  mixed  layer  in  a 
stably  stratified  fluid  (Linden  1975;  Wyatt  1978)  confirmed 


Eq  (1)  very  well.  The  subsequent  processing  of  the  oceanic 
data,  however,  revealed  so  great  a  scatter  of  points  on  the  em¬ 
pirical  curves  tJ(C)  that  the  idea  of  self-similarity  of  a  tlier- 
moclinc  became  doubtful  (Miropolsky  et  al.  1970;  Res'  ova 
k  Clialikov  1977).  Malkki  k  Tarnsalu  (1985)  rehabilitated 
this  idea  to  a  certain  degree  on  a  phenomenological  basis. 
They  noted  that  the  form  of  the  function  d(Q  considerably 
depends  on  the  behaviour  of  the  mixed  layer  and  obtained 
the  following  expressions  as  a  result  of  processing  the  Baltic 
Sea  data; 


I-(I-C)’ 

1-4(1  -  OH  3(1  -0^ 


at  dh/dt  >  0 
at  dhjdtSO. 


3.  The  theoietical  explanation  of  the  sclf-similaiily  of  thei- 
moclinc  in  case  of  the  mixed  layer  growth  dhjdt  >  0  was 
given  by  Turner  (1978).  He  noted  that  the  heal  tiansfer  equa¬ 
tion 


^  -  £/'£! 
dt  ~  dz  '  Oz 


wlicie  K  IS  the  effective  heat  conductivity,  has  the  following 
self-similar  solution  of  a  piopagatiiig-wave  type  in  the  icglon 
z  >  h{t)  at  dh/dt  =  const  >  0. 


T(z,t)  =  T(z'),  where  z' =  z  -  h(t}  ,  (4) 


wiiich  is  c.usih  reduced  to  the  form  given  by  Eq  (1). 

Turner  look  A'  =  — \P (dh/dt) j AT]dTldz  ,  where  I  is  a 
length  scale,  and  examined  the  thermochne  development  m 
a  two-layer  fluid,  wlicn  the  boundary  conditions  are 


T  =  T,  atz  =  h,  T  =  7’„,.  dT/dz  =  at  z  =  h  + Ah  (5) 


The  thud  one  allows  to  deteimine  the  Iherniocliiie  lliickncss 
Ah.  At  7’a  =  const,  AT  =  const  and  I  =  const  the 
solution  of  the  problem  belongs  to  a  class  given  by  Rq.(4) 
and  can  be  written  as  the  second  line  of  Eq.(l),  where  I'l  = 
1  —  (1  -  0^,  Ah  =  21  If  T,  varies  slowly  with  time  such 
that  dT,jdt  >  2(dhjdt)AT j Ah,  the  above  expression  is  no 
longer  exact  but  an  approximate  solution 
In  support  of  his  formula  for  the  effective  heal  conductivity, 
Turner  referred  to  Gill  and  Trefelhen,  who  discoveied  lliat 
K  in  a  tliermocline  increases  with  the  increase  of  —dTjdz  (in 
contrast  with  the  usual  inverse  dependence  of  K  on  -dTjdz 
ill  weakly  stable  shear  flows). 


4.  The  direct  dependence  of  K  on  —dTjdz  in  tliermocline 
can  be  caused  by  the  following  mechanism.  The  disturbances 
al  the  lower  boundary  of  the  mixed  layer  generate  internal 
waves  which  tiansfer  kinetic  energy  downwards.  The  occur¬ 
rence  of  breaking  waves  manifests  itself  in  generation  of  tur- 
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bulence  spots,  i.e.  the  waves  expend  a  part  of  their  energy 
for  maintenance  of  intermittent  turbulence.  It  is  precisely  the 
same  mechanism  as  was  implied  in  Turner  (1978).  Neverthe¬ 
less  in  his  formula  for  K  the  buoyancy  parameter  =  gar 
(where  g  is  acceleration  due  to  gravity  and  ay  is  thermal  ex¬ 
pansion  coefficient)  was  somehow  overlooked. 

Thus,  the  list  of  parameters  governing  the  intermittent  tur¬ 
bulence  in  a  thermocline  must  include  dTjdz  and  '.he 
length  scale  I,  in  which  capacity  Zilitinkevich  et  al.  (1988)  as¬ 
sumed  the  amplitude  of  disturbances  at  the  mixed-layer/ther- 
mocline  interface.  Then  the  following  formula  for  K  is  ob¬ 
tained  due  to  the  reasons  of  dimensionality: 

K  =  C'Ql\-midz)'l‘^ (6) 

where  C’q  is  a  dimensionless  constant. 

Using  Eq.(6)  and  solving  Eqs  (3), (5),.  we  obtain 

i7  =  l-(l-C)\  A/l=gc(^-^(M7’)-‘(rf/<A«)^  (7) 

where  the  half  thickness  of  the  thermocline  jA/i  serves  as 
the  vertical  scale  /  for  disturbances  at  the  external  boundary 
of  the  mixed  layer. 

The  first  formula  of  Eq.(7)  coincides  with  the  upper  line  of 
the  empirical  Malkki  and  Tamsalu  Eq.(2).  The  second  one 
IS  confiinied  by  the  data  of  laboratory  experiments  on  deep¬ 
ening  of  the  mixed  layer  due  to  the  current  shear  (Kreiman 
1982)  and  penetrative  convection  (Deardorff  et  al.  1980).  At 
{/3A77i)"'(d/i/dt)*  >  10^  these  data  are  reliably  approxi¬ 
mated  by  the  expression  Ah/A  =  7600(/3A7’/i)"‘(d/i/d<)^, 
which  gives  Cq  =  10'^. 

■5.  To  include  /  into  tlie  set  of  unknown  quantities,  we  make 
another  step  by  supplementing  Eqs  (3), (6)  with  the  balame 
equation  of  tuibulent  kinetic  energy 

dejdt  =  -dFjdz  -PQ-t,  (8) 

where  e  is  the  turbulent  kinetic  energy  per  unit  of  fluid  mass; 
PQ  =  -QKdTIdz  is  the  energy  loss  for  overcoming  of  the 
buoyancy  forces;  t  and  F  are  viscous  dissipation  rate  and 
vertical  flux  of  this  energy. 

VVe  use  the  hypothesis,  according  to  which  /J,  df/dz  and 
I  are  the  governing  parameters  of  the  turbulence  regime  un¬ 
der  consideration.  Then,  due  to  dimensionality  reasons,  the 
following  expressions  for  e,  0Q  ,  e  and  F  hold  true: 

e=CEl^N\  0Q  =  CqFN\. 

e  =  CfN\  F  -Cf0N-^FN\  (9) 

Oz 

where  N  -- {-0dT/dzy^'^  is  the  buoyancy  frequency;  Ce, 
Cq,  C,  and  Cp  are  dimensionless  constants;  /  is  the  tur¬ 
bulence  length  scale.  The  same  expressions  for  e  and  Q  were 
obtained  earlier  by  Ozmidov  (1983)  from  consideration  of 
the  energy  budget  in  a  turbulent  spot.  The  third  expres¬ 
sion  of  Eq  (9)  presents  the  vertical  flux  of  energy  in  a  tradi¬ 
tional  form  as  a  pioduct  of  a  turbulent  exchange  coefficient 
(a  FN)  and  the  vertical  gradient  of  turbulent  energy. 

The  system  of  Eqs. (3), (8), (9)  is  closed.  With  respect  to  the 
vertical  coordinate  it  is  of  the  second  order  relative  to  both 
T  and  /. 

6.  The  suggested  theoretical  model  is  applied  to  calculation 
of  the  vertical  structure  of  thermocline.  The  analytical  solu¬ 
tion  of  the  propagating-wave  type  is  obtained  and  compared 
with  the  results  of  Deardorff  et  al.  (1980)  penetrative  convec¬ 


tion  experiments,  which  allo’  jd  to  determine  the  dimension¬ 
less  constants.  Using  these  constants,  numerical  simulation 
of  the  temperature  profile  evolution  in  Deardorff  &  Willis 
(1982)  shear  flow  experiments  in  annulus  showed  the  quali¬ 
tative  agreement  between  theoretical  and  laboratory  results. 
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Abstract 

A  thiee  equation  turbulence  model  is  presented.  Two  scale 
equations  are  used,,  foi  the  large  and  for  the  small  eddies. 
The  viscous  wall  sub-layer  is  treated  by  a  reduced  one- 
equation  model,  which  produces  correct  asymptotic  behav¬ 
ior  near  the  wall.  The  predictions  of  turbulent  qurmtities 
near  walls,  are  better  than  those  obtained  by  previous  two- 
equation  models. 


only.  In  the  inner  region  we  follow  the  practice  of  Chen  emd 
PateU®*,  and  use  a  single  equation  modeU®^  The  two  scales 
are  CcJculated  in  the  inner  layer  from  algebrtiic  relations  2md 
matched  with  the  external  solution  at  the  interface.  The 
algebraic  scales  are  so  devised  as  to  ensure  that  they  exhibit 
tne  correct  asymptotic  solution  on  the  wall. 

2.  Presentation  of  Model 

2.1  Outer  domain  Two-Scale  Model 


1.  Introduction 

1.1  Scale  Formulation 

Most  two  equations  models  use  the  dissipation  rate  as  a 
mcasuie  of  scale.  Modeling  of  this  equation  is  often  con¬ 
sidered  unsatisfactory  Thus  Bernard  reported  poor 
modeling  of  the  pressure  diffusion  term,  while  Mansour 
et  al.  and  Patel  et  al.  reported  incompatible  Low- 
Rpynokls  number  damping  functions,  and  wrong  asymp¬ 
totic  behavioi  of  turbulent  quantities  neai  walls  la  par- 
ticulai  these  drawbacks  cause  poor  prediction  of  the  near¬ 
wall  peaks  of  the  turbulent  kinetic  energy  and  dissipation 
rate 

A  possible  cause  may  be  that  single-point  two-equation 
model  requires  the  assumption  of  spectral  similarity  The 
problem  may  be  oveicome  by  a  solution  of  the  energy  equa¬ 
tion  in  the  wave  number  siiace.  Hanjalic,  Launder  and 
Schi'tel  suggested  a  simplification  by  the  use  of  a  small 
nunibei  of  domains  in  the  wave  number  space,  and  a  typical 
scale  foi  each  domain  Following  we  use  in  the  present 
woik  two  spectral  domains,  for  the  large  and  small  eddies 
•A.  majoi  difficulty  is  the  rapid  change  in  flow  ehaiacteristics 
with  the  distance  from  solid  walls.  Wall-functions  or  solu¬ 
tion  up  to  the  wall  using  Low  Reynolds  number  coirections 
weie  seveiely  criticized  by  several  authors  On  one 

hand  it  was  shown  that  the  existing  Low  Reynolds-number 
models  do  not  jirovide  correct  asymptotic  behavior  near 
solid  walls  and  on  the  other  hand,  ir.  many  flows  the  va¬ 
lidity  of  the  Wall  Functions  assumptions  is  questionable 
.An  alternative  appioach,  the  use  of  double  layer  model 
enables  the  diffusion  of  turbulent  energy  down  to  the  wall, 
while  the  known  length  scale  profile  near  the  wall  may  be 
easily  retained. 

1.2  Present  contribution 

In  this  work  we  use  two-scale  model,  a  time  stede  equation 
for  the  big,  eneigy  carrying  eddies  and  a  dissipation  equa¬ 
tion  for  the  small  dissipative  eddies.  However,  as  the  energy 
content  of  the  small  eddies  is  negligible,  only  one  turbulent 
energy  equation,  for  the  big  scales,  is  solved.  The  turbu¬ 
lent  diffusion  and  production  of  energy  are  related  to  the 
energy  and  scale  of  the  big  eddies,  (the  time  setde  r  in  this 
jiaper  ^"*),  while  the  decay  term  in  the  energy  equation  is 
obtained  from  the  high  wave  number  serde  (the  dissipation 
rate  e).  The  triple  equation  model  utilizes  partial  differen¬ 
tial  equations  in  the  external  part  of  the  boundary  layer 


The  variables  of  the  triple  equation  model  are  the  turbulent 
kinetic  energy  k,  the  turbulent  time  scale  t  and  the  dissipa¬ 
tion  rate  e  The  energy  equation  is  written  in  the  following 
form: 


£t-  J- 

^  Dt  ~  dx, 


(1)' 


Pk  is  the  production  term  and  depends  on  the  mean  strain. 
The  turbulent  viscosity  p(  is  calculated  by  the  large-scale- 
model  k  —  r,.  while  the  decay  term  is  related  to  the  dissipa¬ 
tion  rate  model: 


=  Cfipkr  Dk  =  t  (2) 


The  time  scale  equation  is  written  after  Zeierman  and  Wolf¬ 
shtein 


Dkr  d 
^  Dt  ~  dx, 


-f  Cg,  Tpk  -  pCdr  k 


(3) 


The  dissipation  rate  equation  is  written  in  high  Reynolds 
number  form. 


using  ip,  the  energy  transfer  rate  related  to  the  large  scales, 
defined  as  follows: 


The  energy  dissipation  rate  now  responds  only  slowly  to 
the  applied  mean  strain,  giving  a  better  representation  of  a 
rapidly  changing  turbulence  field.  The  decay  term,,  on  the 
other  hand,  depends  only  on  the  high  wave  number  region. 


2.2  Inner  Domain 


In  the  thin  wall  layer,  a  single  equation  for  the  turbulent 
energy  is  solved  (eq(l)).  Algebreiic  scales  are  used  for  cal¬ 
culation  of  the  turbulent  viscosity  fti  tmd  the  decay  term: 

Pt=  p{Cpfpy)k^  -  pLpk^  e=|-  (6) 

Like  in  the  externed  two-setde  model,  different  length  scales 
are  specified  for  pt  and  e.  It  is  also  consistent  with  asymp¬ 
totic  analysis  of  scales  near  the  wall.  It  can  be  shown  that 
the  scales  behave  in  the  following  manner  for  j/  -♦  0: 

Lp  =  A„y‘^-Bpy^  +  0{y^) 

L,  =  A.y^  -B,y*  +  0(y^) 
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It  may  be  noted  that  at  very  small  distances  from  the  wall 
L,,  varies  as  while  L,  varies  as  y^.  In  the  outer  pari  of 
the  mnet  layer  the  scales  are  continuously  approaching  the 
\  alues  of  the  outer  layer.  The  scheme  is  not  sensitive  to  the 
location  of  matching  interface,  as  long  as  it  is  kept  beyond 
the  viscous  dominated  zone. 

3.  Numerical  Method 

The  piesent  papci  is  limited  to  parabolic  boundary  lay¬ 
ers  flow  The  solver  used  belongs  to  the  OCI  family  and 
was  developed  by  Israeli  and  Livne  I®**  The  scheme  is  of 
fourth  Older  accuracy,  and  can  produce  rather  accurate  re¬ 
sults  with  coaise  mesh.  The  method  retains  the  tri-diagonal 
foim  of  the  matrices,  and  is  easy  to  solve.  Implementation 
of  the  scheme  to  boundary  layers  was  described  in  previous 
publications 

4.  Results  and  Discussion 

The  test  cases  displayed  below  are  a  flat  plate  boundary 
layer  and  a  2D  diffusei  .4F0141  (with  strong  ad¬ 
verse  piessure  giadient).  The  flat  plat  boundary  layer  is 
a  case  which  allows  reasonable  agreement  with  experimen¬ 
tal  data  In  the  diffuser  flows,  large  discrepancies  have  ex¬ 
isted  between  computation  and  measurements  Con- 
sideiing  fiist  the  flat  plate  case,  the  solutions  obtained  by 
the  two-scale  double-lajer  method  are  compaied  witl  solu¬ 
tions  obtained  b\  two-equation  models.  The  later  are  per- 
foiincd  with  either  wall  functions  (WF)  or  Low  Reynolds 
number  solution  up  to  the  wall  (S\V).  The  measurements 
of  Klebanoff  aie  also  plotted.  It  is  shown  in  figuie  1, 
that  the  quality  of  the  picdictioii  of  the  eneigy  peak  near 
the  wall  IS  imiiroved  The  improv'ement  is  more  significant 
111  the  presence  of  advetse  pressure  gradient;  Plots  of  the 
kinetic  turbulence  eneigy  for  two  x  stations  (Figures  2-3) 
show  good  agiei'incnt  with  experiment  of  the  present  model, 
while  the  k-1  Low-Reynolds  model  fails  to  predict  the  energy 
peak.  Good  agreement  was  also  obtained  for  other  turbu¬ 
lent  vaiiables,  like  shear  stress  oi  c,  but  the  results  are  not 
displayed  heie  because  of  limitation  of  space. 

5.  Conclusions 

The  two-scale  model  is  highly  flexible  in  treating  wall  fiow'.s 
Yet  it  does  not  requite  much  more  computational  resources 
than  two-equation  model  Computational  results  presented 
show  that  this  model  predicts  well  the  turbulence  quantities 
neai  the  wall,  where  other  models  perfoitnance  is  poor.  The 
model  is  now  evaluated  for  other  types  of  wall  flows. 
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Fig  li  Turbulence  kinetic  energy  profiles  for  a  flat  plate 
flow 


Fig  2’  Turbulence  kinetic  energy  profiles  for  a  2D  diffuser- 
flow,  X=l,04  (AFOSR0141  <■>) 


Fig.  3  Turbulence  kinetic  energy  profiles  for  a  2D  diffuser 
flow;  x=2.38  (AFOSR0141  <>>) 
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ABSTRACT 

The  predictions  of  various  turbulence  models  are  com¬ 
pared  for  different  compressible  boundary  layer  experiments 
Algebraic  models  seem  to  be  superior  in  the  wall  region  while 
transport  equations  are  required  in  the  outer  part  of  the  bound¬ 
ary  layer  A  two-layer  model  is  thus  proposed  to  improve  the 
prediction 

INTRODUCTION 

For  hypersonic  airbreathing  aircrafts,  a  good  knowledge 
of  the  boundary  layer  development  is  important  to  precisely 
determine  the  boundary  layer  thickness  at  the  engine  inlet  as 
well  as  the  friction  drag  or  the  wall  temperature 

Such  turbulent  hypersonic  boundary  layers  have  some  spe¬ 
cific  features  the  wall  region  can  be  thick  and  fill  an  impor¬ 
tant  part  of  the  boundary  layer,  compressibility  effects  on 
the  turbulent  motion  are  to  be  expected  and  should  be  ac¬ 
counted  for  in  the  turbulence  model  while  significant  heat 
transfer  occurs  in  the  boundary  layer  and  must  be  accurately 
represented 

Turbulence  models  commonly  used  to  compute  compress¬ 
ible  boundary  layers  have  first  been  reviewed.  The  key  con¬ 
clusion  IS  that  these  models  are  often  crude  extensions  of  in¬ 
compressible  models  and  that  compressible  turbulence  effects, 
when  accounted  for,  are  generally  modelled  by  us  ng  approx¬ 
imations  which  are  not  Galilean  invarients 

COMPARISON  WITH  EXPERIMENTS 

In  order  to  evaluate  the  capabilities  of  models  and  to  iden¬ 
tify  their  mam  advantages  and  drawbacks,  various  algebraic, 
one-  and  two-equation  models  have  been  tested  on  a  set  of  rel¬ 
evant  experiments,  using  a  boundary  layer  approech  to  have  a 
fast,  cheap  and  accurate  numerical  prediction  Tne  drawback 
of  a  boundary  layer  approach  is  that  only  a  few  test  cases  are 
available  which  really  satisfy  boundary  layer  hypothesis  In 
addition,  data  on  turbulent  stresses  and  heat  fluxes  are  rare 
The  tested  turbulence  models  are  . 

•  A  simple  mixing  length  model,  using  Michel’s  mixing 
length  formulation,  Van  Driest  damping  function,  and  a  con¬ 
stant  turbulent  Prandtl  number  is  used  as  a  reference, 

•  The  Cebeci-Smith  model,  with  Pletcher’s  correction  for 
lo’v  I^synolds  number  eiTect? 

•  The  Baldwin-Lon.ax  model, 

•  The  CLIC  model,  which  uses  Cebeci-Smith  model  in  the 
inner  region  and  Michel’s  mixing  length  in  the  outer  region, 

•  The  one-equation  model  of  Rubesin,  in  the  compressible 
version  used  by  Viegas  and  Horstman, 

•  The  Jones- Launder  k  —  e  model, 

•  The  compressible  version  of  this  model,  as  developed 
by  Galmes  and  Dussauge,  with  a  somewhat  different  set  of 
coefficients  tuned  at  CERT/DERAT, 

•  The  Wilcox  q  ~  w  model 


The  prediction  of  three  cases,  which  exhibit  characteristic 
features  encountered  in  the  hypersonic  boundary  layers  dis¬ 
cussed  above,  are  mainly  detailed,  i.e. 

•  An  experiment  performed  by  Owen  and  Horstman,  of 
an  hypersonic  boundary  layer  ,  at  a  Mach  number  about  7.2, 
without  pressure  gradient,  on  a  cold  wall,  to  investigate  the 
influence  of  high  Mach  numbers  and  compressiblity  effects  on 
turbulence, 

•  A  supersonic  boundary  layer  experiment  performed  by 
Garvin,  at  a  Mach  number  about  2,  without  pressure  gradient, 
on  a  hot  wall,  to  investigate  the  influence  of  a  hot  wall  and 
hence  a  thick  wall  region, 

•  A  supersonic  boundary  layer  experiment  performed  by 
Lewis,  Gran  and  Kubota,  with  adverse  and  then  favourable 
pressure  gradients  and  Mach  numbers  ranging  between  2.3 
and  4,  on  an  adiabatic  wall,  to  investigate  the  influence  of 
severe  pressure  gradients  in  compressible  flows 

The  mam  conclusions  of  this  comparison,  which  are  now 
used  as  guidelines  in  the  development  of  hypersonic  turbu¬ 
lence  models,  are  the  following  ■ 

•  As  in  transonic  or  incompressible  flows,  algebraic  models 
are  well  suited  to  compute  the  wall  skin  friction  or  the  wall 
heat  flux,  as  the  turbulence  is  in  equilibrium  in  the  wall  re¬ 
gion  but  give  poor  predictions  of  the  velocity  or  temperature 
profiles  for  boundary  layers  submitted  to  severe  pressure  gra¬ 
dients  (Fig.  1).  On  the  contrary,  transport  equations  models 
give  poor  predictions  of  wall  values  but  fair  predictions  of  the 
velocity  or  temperature  profiles  for  boundary  layers  submitted 
to  severe  pressure  gradients  (Fig.  2). 

•  In  the  hypersonic  case,  a  large  discrepancy  is  observed 
between  the  experimental  and  computed  turbulent  stresses 
and  heat  fluxes  A  part  may  be  due  to  experimental  un¬ 
certainties  The  best  prediction  is  achieved  with  the  k  —  e 
models  The  scatter  between  the  various  predictions  evidence 
the  importance  of  compressibility  corrections. 

•  A  model  which  accounts  for  the  increase  of  the  turbulent 
Prandtl  number  in  the  wall  region  is  needed  to  better  predict 
the  wall  region  over  a  hot  wall.  Viegas  model,  which  predicts 
a  decrease  of  the  turbulent  Prandtl  number  in  the  wall  region, 
behaves  poorly.  The  turbulent  Prandtl  number  variations  af¬ 
fect  significantly  the  shape  of  the  enthalpy/ velocity  diagram 
for  adiabatic  walls  but  have  little  influence  on  cold  walls 

•  In  the  outer  region  of  the  boundary  layer,  the  enthalpy/- 
velocity  diagram  is  poorly  reproduced  as  the  decrease  of  the 
turbulent  Prandtl  number  in  the  outer  region  and  the  sharp 
intermittency  profile  in  hypersonic  flows  are  not  well  repre¬ 
sented  by  the  models  (Fig.  3). 

•  Many  models  are  calibrated  to  reproduce  the  slope  of 
the  logarithmic  law  but  usually  fail  to  reproduce  the  intercept 
value.  It  is  however  possible  to  extend  Granville’s  analysis  to 
compressible  flows  to  improve  the  ntercept  value  prediction 
for  algebraic  models 


JUULipi^ptJL 


-1 


■1 


*10 


*10 


Fig  1  •  Lewis  et  al  experiment  -  Prediction  of  the  velocity  Fig  2  Lewis  et  al  experiment  -  Prediction  of  the  velocity 

profile  at  the  beginning  of  the  favourable  pressure  gradient  profile  at  the  beginning  of  the  favourable  pressure  gradient 
region  -  Algebraic  models  region  -  Transport  equations  models 


Fig  3  Lewis  et  al  experiment  -  Prediction  of  the  en¬ 
thalpy/velocity  diagram  -  Algebraic  models 


Table  2  -  Two-layer  model  -  Evolution  of  the  skin  friction 
coefficient  versus  Mach  number  for  a  Mach  5  flat  plate  flow 
(iJe  =  10000  ) 


•  The  Baldwin-Lomax  model,  which  is  often  presented  as 
a  derivation  of  Cebeci-Smith  model  to  allow  an  easier  im¬ 
plementation  in  Navier-Stokes  codes,  does  not  include  some 
features  of  the  Cebeci-Smith  model  such  as  a  variable  tur¬ 
bulent  Prandtl  number  or  a  pressure  gradient  term  in  the 
wall  damping  function  and  behaves  quite  poorly  at  high  Mach 
numbers.  The  numerical  properties  of  the  model,  especially 
for  transport  equation  models,  are  important  to  allow  an  easy 
implementation. 

TWO-LAYER  MODEL 

From  the  above  conclusions,  a  two-layer  model  is  pro¬ 
posed.  In  the  wall  region,  a  simple  one-equation  model,  which 
is  a  revised  version  of  the  Norris-Reynolds  model,  is  used  to¬ 


gether  with  a  revised  form  of  the  Galmes  and  Dussauge  k  -  e 
model  in  the  outer  region  A  constant  turbulent  Prandtl  num¬ 
ber  is  presently  used  but  this  must  be  improved.  Results  of 
first  tests,  on  the  skin  friction  coefficient  and  Stanton  number 
variations  for  a  flat  plate  flow  at  fJ©  =  10000  ,  are  presented 
on  tables  1  and  2 
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Abstract 

An  experimental  study  of  the  effect  of  swirl  on  the  turbulent  flow 
in  a  tube  is  presented  herein.  The  mean  rotation  is  produced  by 
means  of  small  spiral  flutes  on  the  tube  wall.  The  flutes  are  found 
to  lead  to  a  mean  fluid  rotation  rate  which,  except  very  near  the 
fluted  surface,  is  much  less  than  that  which  would  correspond 
to  the  mean  velocity  and  flute  angle  The  flutes  also  have  an 
unexpected  effe.t  on  the  mean  axial  velocity.  For  example,  near 
the  flute  valley,  the  radial  gradient  of  the  mean  axial  velocity  is 
significantly  reduced  relative  to  that  for  a  smoothe  tube  at  the 
same  Reynolds  number  and  relative  distance  from  the  tube  wall 
while  that  near  the  crest  is  unchanged.  As  expected,  the  effect 
of  swirl  on  the  turbulent  velocity  fluctuations  is  to  reduce  the 
radial  component.  The  azimuthal  turbulent  velocity  component 
IS  also  reduced  while  at  some  radial  locations,  the  axial  turbulent 
velocity  component  is  increased. 

Introduction 

The  goal  of  the  present  study  is  to  investigate  the  effect  of  swirl 
on  the  turbulent  velocity  field  in  a  tube  flow  where  the  swirl  or 
mean  azimuthal  velocity  does  not  vary  with  downstream  distance. 
This  type  of  flow  is  of  both  fundamental  and  applied  interest. 
From  a  fundamental  point  of  view,  it  is  expected  (cf.  Bradshaw 
( 1973))  that  the  swirl  should  lead  to  a  reduction  in  the  root  mean 
square  of  the  turbulent  radial  velocity  component.  Tubes  with 
swirling  flows  have  been  produced  by  means  of  tangential  injec¬ 
tion,.  twisted  tape  inserts,  wall  slots,  rotating  tubes,  and  spiral 
flutes.  However,  only  tube  flows  with  swirl  produced  by  means 
of  small  spiral  flutes  are  found  to  have  pressure  drops  that  are 
nearly  the  same  as  found  in  corresponding  smoothe  tube  flows 
(cf  Yampolsky  (1979))  For  this  reason,  a  spirally  fluted  tube, 
similar  to  that  used  by  Yampolsky  is  used  in  the  present  study. 

Apparatus  and  Procedure 

A  centrifugal  air  compressor  is  used  to  supply  filtered  labora¬ 
tory  air  at  a  steady  flow  rate.  The  air.  which  is  heated  to  about 
30°C  above  ambient  by  the  air  compressor,  is  sent  through  a  set 
of  flow  straighteners  located  in  a  5.1cm  diameter  pipe  that  is  just 
upstream  of  the  4.0m  long  test  section.  The  downstream  2.4m  of 
the  test  section  is  centrally  placed  in  a  7.0cm  diameter  tube.  Wa¬ 
ter  at  a  constant  flow  rate  is  passed  through  the  annulus  formed 
by  the  two  tubes  so  as  to  maintain  a  constant  test  section  wall 
temperature  of  about  38.4°C.  The  sensing  volume  of  the  probe 
IS  placed  0.5mm  downstream  of  the  exit  plane  of  the  test  section 
and  is  mounted  on  a  vertical  traverse  which  has  a  radial  position 
resolution  of  0  2.54mm. 

A  sketch  of  the  spiral  multi-fluted  aluminum  tube  is  shown 
in  Fig.  1.  The  mean  radius,  R,  of  the  tube,  which  is  measured 
from  the  centerline  to  a  position  midway  between  the  crest  and 
the  valley,  is  1.4cm.  The  flute  height,  h,  is  0.168cm  and  the 
flute  spacing,  5,  is  0.235cm.  There  are  30  flutes  equally  spaced 
around  the  tube  circumference.  The  angle  of  the  flutes  relative  to 
the  tube  axis,  <t>j,  is  30°.  The  length  to  diameter  ratio  of  the  test 


section  is  about  142.  Thus,  the  flow  should  be  fully  developed  at 
the  measuring  station. 

The  average  or  bulk  velocity  and  corresponding  Reynolds  num¬ 
ber  are,  respectively,  29.8m/s  and  2.64x10^.  Comparisons  are 
made  to  the  smoothe  tube  dataof  Laufer  (1953),  Sandborn  (1955), 
and  Schildnect  et  al.  (1979)  which  corespond  to  bulk  Reynolds 
numbers  of  4.49,4.48,  and  1.72x10^. 

The  probe  used  for  the  measurements  consists  of  three  sensors. 
Two  hot  wire  sensors,  1.25mm  in  length  and  3.8pm  in  diam.,  in 
an  ”X”  configuration  which  are  sepaiated  by  0.5mm,  are  used 
to  measure  two  time-resolved  velocity  components.  In  addition, 
a  cold  wire  sensor,  1.0mm  in  length  and  0.625pm  in  diam.,  is 
mounted  normal  to  the  plane  of  the  ”X”  array,  0.6mm  upstream 
of  the  center  of  the  ”X”  array.  The  frequency  responses  of  the  hot- 
and  cold-wires  are  30  and  SkH z  respectively.  All  are  calibrated 
both  before  and  after  the  collection  of  data. 

The  voltages  from  the  two  constant  temperature  anemome¬ 
ters  and  the  A.C.  Wheatstone  bridge  are  passed  through  cali¬ 
brated  buck  and  gain  amplifiers  which  remove  the  mean  voltage 
and  amplify  the  fluctuating  portion  of  the  signal  so  for  recording 
on  an  FM  instrumentation  tape  recorder  which  has  a  frequency 
response  of  10fc//r.  The  recorded  signals  are  played  back,  low 
passed  filtered  at  lOkJh,  and  digitized  at  a  sample  rate  of  10240 
samples/sec  by  means  of  a  Tustin  14  bit  AD  converter  which  is 
equipped  with  simultaneous  sample  and  hold  circuits.  The  data 
triplets  corresponding  to  30scc  of  data  are  analyzed  an  LSI  11/23 
computer. 

fwo  types  of  data  sets  arc  obtained  and  analyzed.  The  first 
set  starts  at  a  flute  crest,  called  hereafter  crest  data,  and  extends 
past  the  center  of  the  tube  The  second  set  starts  at  the  flute 
valley,  called  hereafter  valley  data,  and  extends  past  the  center  of 
the  tube 

Results  and  Discussion 

The  radial  profiles  of  the  mean  axial  velocity  normalized  by  the 
centerline  mean  axial  velocity  plotted  as  a  function  of  distance 
from  the  centerline  are  shown  on  Fig.  2.  For  (1  -r/R)  >  0.15, 
the  mean  axial  velocity  profiles  for  the  crest  and  valley  data  are 
nearly  the  same.  Howi'ver,  at  the  same  position  relative  to  the 
centerline,  the  mean  axial  velocities  for  both  the  crest  and  valley 
data  are  generally  lower  than  the  values  for  the  corresponding 
smooth  tube  flow.  For  (1  -  r/R)  <  0.15,  the  radial  gradient  of 
the  mean  axial  velocity  for  the  flute  data  is  less  than  that  for  the 
crest  data. 

The  radial  distribution  of  the  mean  azimuthal  velocity  nor¬ 
malized  by  the  centerline  velocity  for  both  the  crest  and  valley 
data  are  presented  in  Fig.  3.  As  expected,  the  azimuthal  velocity 
is  nearly  zero  at  the  centerline  and  rises  to  a  maximum  at  a  cir¬ 
cumference  corresponding  to  the  crest.  The  apparent  differences 
in  the  mean  azimuthal  velocity  for  the  valley  and  crest  data  in  the 
range  0.2  <  (1  -  r/R)  <  0.6  are  small  and  probably  correspond  to 
the  uncertainty  in  the  data.  The  gradient  in  the  mean  azimuthal^ 
velocity  in  the  radial  direction  varies  as  a  function  of  position. 
Thus,  the  fluid  is  not  in  solid  body  rotation. 

The  intensities  of  the  axial,  radial,  and  azimuthal  velocities 


normalized  by  the  local  mean  velocity  along  with  ihe  correspond¬ 
ing  smooth  tube  data  are  shown  in  Fig.  4.  For  both  the  crest  and 
valley  data,  the  distributions  of  the  root  mean  square  (rms)  axial 
velocity  normalized  by  the  centerline  velocity  are  a  few  percent 
higher  than  the  corresponding  smooth  tube  data  of  Schildknecht 
et  al.  (1979)  and  for  the  mid-radius  positions  are  about  12% 
higher  than  the  corresponding  smooth  tube  data  of  Laufer  (1953). 
This  slight  increase  in  the  axial  rms  velocity  may  be  due  to  the 
swirl  which  is  anticipated  tc  lead  to  a  transfer  of  turbulent  kinetic 
energy  from  the  fluctuating  radial  velocity  to  the  fluctuating  axial 
velocity  component  (cf.  Bradshaw  (1973)). 

Consistent  with  the  hypothesized  stabilizing  or  reducing  effect 
of  swirl  on  the  radial  velocuy  fluctuations,  the  normalized  rms 
radial  velocity  foi  (1  -  r//f)  >  0.1  for  both  the  crest  and  valley 
data  is  found  to  be  about  14%  less  than  the  corresponding  smooth 
tube  data. 

The  normalized  rms  azimuthal  velocity  for  (1  -  r/R)  >  0.1 
IS  about  20%  less  than  'he  corresponding  smooth  tube  data  and 
about  60%  of  tiie  rms  .ix.al  velocity.  The  reason  for  the  reduction 
in  the  rms  azimuthal  velocity  is  not  clear. 


Conclusions 

The  mean  axial  velocity  profiles  in  the  spiral  fluted  tube  differ 
from  those  in  a  smooth  tube.  This  difference  is  especially  obvious 
in  the  valley  data  where  it  can  be  seen  that  the  mean  axial  velocity 
can  be  reduced  by  as  much  as  40%  compared  to  the  smooth  tube 
values  at  the  same  relative  distance  from  the  tube  surface.  Away 
from  the  fluted  surface,  the  mean  velocity  profiles  for  both  the 
crest  and  valley  data  are  nearly  the  same. 

The  radial  gradient  of  the  mean  axial  velocity  for  the  valley 
data  IS  about  40%  of  the  corresponding  smooth  tube  value  while 
the  radial  gradient  of  the  mean  axial  velocity  for  the  crest  data  is 
only  slightly  less  than  the  corresponding  smooth  tube  value. 

The  presence  of  the  flutes  does  induce  a  mean  swirl  to  the 
flow  but  the  flow  is  not  in  solid  body  rotation.  Near  the  crest,  the 
rotation  rate  is  only  about  35%  of  that  which  would  correspond 
to  solid  body  rotation. 

The  rotation  of  the  flow  is  seen  to  lead  to  a  transfer  of  turbu¬ 
lent  kinetic  energy  from  the  radial  to  the  axial  component. 
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Figure  1:  Sketch  of  spiral  fluted  tube. 


Figure  4:  Radial  variation  of  rms  axial  velocity  (top),  rms  radial 
velocity  (middle),  and  rms  azimuthal  velocity  (bottom)  normal¬ 
ized  by  the  local  mean  axial  velocity.  Symbols  have  the  same 
meaning  as  in  Fig.  2. 


1 1 1-3-2 


EIGHTH  SYiHPOSIUM  ON 
TURBULENT  SHEAR  FLOWS 
Technical  University  of  Munich 
September  9-11,  I99| 


ni-4 


A  new  model  for  premixed 
turbulent  combustion  based 
on  direct  simulation  results 

By  Boudier  P.>,  Dillies  B.’, 
Veynante  D.,  Lacas  F.  and  Poinsot  T. 

Laboratoire  EM2C,  Ecole  Centrale  de  Paris 
Chatenay  Malabry  92295,  FVance 
'  IFP,  Rueil  Malmaison,  FRANCE 
’  PSA,  Velizy,  FRANCE 


1.  Introduction 


Turbulent  combustion  models  based  on  the  flamelet  concept 
assume  that  the  turbulent  reaction  zone  may  be  viewed  as  a  col¬ 
lection  of  laminar  flame  elements.  Under  this  approach,  a  central 
parameter  for  combustion  modelling  is  the  stretch  of  a  flame  sur¬ 
face  A  which  is  defined  by  (Candel  and  Poinsot  1990): 


1  dA 
=  A  dT- 


(1) 


Small  to  moderate  flame  stretch  creates  active  flame  surface 
while  high  stretch  leads  to  flame  quenching.  Different  expressions 
may  be  found  in  the  literature  for  the  mean  flame  stretch  (av¬ 
eraged  along  the  flame  front)  A'.  Considering  that  small  scales 
control  flame  stretch,  Cant  and  Bray  (1987)  propose 


A'  =  v^- 


(2) 


where  (  is  the  dissipation  of  turbulent  kinetic  energy  and  v  is  the 
kinematic  viscosity. 

Candel  et  al.  (1990)  assume  that  large  scales  are  more  relevant 
to  estimate  flame  stretch  and  use 


A'  =  (/k.  (3) 

where  k  is  the  turbulent  kinetic  energy. 

These  expressions  do  not  take  into  account  any  of  the  flame 
characteristics  and  neglect  partial  quenching  of  the  flame  front. 
A  more  precised  analysis  is  proposed  by  Meneveau  and  Poinsot 
(1991)  who  combine  a  spectral  approach  with  results  of  direct 
simulations.  The  resulting  model  for  the  stretch  W  is  implemented 
here  in  the  Coherent  Flame  Model  (CFM)  and  used  to  compute 
a  turbulent  premixed  flame  stabilized  by  a  stream  of  hot  gases. 


2.  The  CFM  for  premixed  turbulent  combustion 

In  the  Coherent  Flame  Model  (Candel  ct  al  1990),  the  reaction 
zone  is  viewed  as  a  collection  of  flamelets  embedded  in  the  turbu¬ 
lent  flow.  The  mean  turbulent  reaction  rate  iii  is  expressed  as  the 
product  of  the  flame  area  per  unit  volume  E  by  the  consumption 
rate  per  unit  of  flame  surface  wi. 


til  =  uii,£. 


(4) 


The  Coherent  Flame  description  combines  three  elements: 

1)  a  model  of  the  turbulent  flow. 

2)  a  local  model  providing  uir,  which  is  a  function  of  temper¬ 
ature,  local  stretch  rate,  local  equivalence  ratio  and  may  be  ob¬ 
tained  from  numerical  computations  through  a  laminar  flamelet 
library  (Darabiha  et  al  1987). 

3)  a  balance  equation  for  the  flame  area  density  which,  following 
the  initial  work  of  Marble  and  Broadwell  (1977),  may  be  written: 


as  dtu, 

dt  dx, 


dl,  Oj;  dx, 


)  + 


A'E  -  Qc, 


(5) 


whore  K  is  the  mean  stretch  rate  and  Qc  corresponds  to  flame 
surface  annihilation  by  mutual  interaction  of  flame  fronts. 


3.  A  model  for  flame  stretch  based  on  direct  simulation 

Meneveau  and  Poinsot  (1991)  propose  an  estimate  of  the  flame 
mean  stretch  by  combining  different  approaches: 

(1)  Use  of  direct  simulations  of  flame  /  vortex  interactions  to 
predict  the  effect  of  a  given  isolated  structure  on  a  laminar  flame 
front  (Poinsot  et  al  1990). 

(2)  Use  detailed  experimental  data  about  intermittent  turbu¬ 
lence  to  detcimine  the  distribution  of  stretch  along  the  flame  front 
(Meneveau  and  Sreenivasan  1987). 

(3)  Define  a  net  stretch  of  the  flame  surface  by  substracting  the 
rate  of  destruction  by  quenching  from  the  rate  of  increase  due  to 
hydrodynamic  straining. 

This  ITNFS  model  accounts  for  viscous,  curvature  and  tran¬ 
sients  effects  but  neglects  non-linearities  and  flame  generated  tur¬ 
bulence  when  deducing  the  net  stretch  rate.  However,  it  repre¬ 
sents  a  substantial  improvement  on  classical  estimates  of  the  flame 
stretch.  For  the  present  work,  it  is  combined  with  the  CFM  to  pro¬ 
vide  (see  Meneveau  et  Poinsot  1991)  an  expression  for  the  flame 
stretch 

7r=/(^,jt)  (6) 

where  u'  is  the  RMS  turbulent  velocity,  L  is  the  integral  length 
scale  in  the  fresh  gases,  s/,  is  the  laminar  flame  speed  and  If  is  the 
laminar  flame  thickness.  A  typical  set  of  ITNFS  results  is  given 
in  Fig.  1 .  1?  is  scaled  by  the  small  scales  stretch  Regions 

where  H'  is  negative  indicate  global  flame  quenching. 


II 1-4-1 


4  Numerical  validation 


230  O' 


The  model  is  tested  in  the  case  of  a  two  dimensional  turbulent 
premixed  flame  stabilized  in  a  square  duct  (100  mm  x  100  mm) 
by  a  parallel  flow  of  hot  gases. 

The  experimental  setup  (Fig.  2)  was  built  by  T.  Moreau  at 
ONERA  (France).  The  combustion  of  a  premixed  air-methane 
flow  -  60  m/s  fast  and  600  K  hot  -  is  ignited  and  stabilized  by  a 
flow  of  stoechiometric  burnt  products  -  120  m/s  and  2000  K  hot 
•  .  The  turbulence  level  of  the  premixed  gases  is  about  10  percent 
and  the  equivalence  ratio  is  0.8  .  The  experimental  data  which 
were  obtained  arc  two  transverse  profiles  for  axial  velocity  (Laser 
Doppler  Velocimetry)  and  two  transverse  profiles  for  temperature 
(Coherent  Anti  Stoke  Raman  Spectroscopy). 

The  agreement  between  numerical  results  and  experimental  data 
is  fairly  good  both  for  temperature  profiles  (Fig.  3)  and  axial  ve¬ 
locity  profiles  (Fig.  4).  This  approach  combining  the  ITNFS 
analysis  of  Meneveau  and  Poinsot  and  the  Coherent  Flame  Model 
reems  to  be  promising  but  needs,  of  course,  further  validations. 


r>i9a*vi 


Fig  2  .  Experimental  setup. 


Fig  3  .  Comparison  of  tempciature  profiles. 
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Fig  4  .  Comparison  of  axial  velocity  profiles. 
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As  a  first  step  toward  a  better  understanding  of  NO* 
formation  in  turbulent  flame.s,  a  partial  equilibrium  chemical 
model  for  hydrogen-air  combustion  is  incorporated  into  a 
hybrid  pdf  methori.  in  which  the  flow  field  is  calculated  based 
on  a  second  monrent  model.  Production  of  NO*  is  assiimcrl 
to  be  dominated  by  the  Zeldovich  mechanism 

Ni  +  0  -  NO  +N  (Rl) 

N  +  NO  +  0  (i?2) 

N  +  OH  ^  NO  +  H.  (R3) 

With  the  assumption  of  a  steady  state  for  the  N  atom  and 
NO/NOctiuii  <  L  the  NO  formation  rate  cmi  be  approxi¬ 
mated  by 

Sa'O  2/'/,rl  •  A's  •  0 

Other  possible  routes  for  NO  formation,  such  as  reactions  in¬ 
volving  intermediate  N-iO,  are  not  considered.  To  evaluate 
the  possible  effects  of  radiation  heat  loss  on  the  NOz  for¬ 
mation,  a  radiatron  model  that  approximates  the  maximum 
heat  loss  is  included  (i  e.,  with  the  assumption  of  oirtically 
thin  limit). 

Numerical  calculations  have  been  performed  for  turbu¬ 
lent  jet  flames  with  a  fuel  mixture  of  78%H2  and  22%Ar. 
In  the  past,  extensive  measurements  of  these  flames  have 
been  performed  (e.g.,  Magre  and  Dibble,  1988)  providing  us 
data  for  comparisons  with  predictions  for  flow  and  scalar- 
fields.  Figure  1  presents  a  comparison  of  predicted  and 
measured  centeiline  profiles  for  mean  velocity  and  density 
showing  reasonable  agreement.  For  adiabatic  flames,  Figure 
2  shows  the  predictetl  NOz  emission  index  profiles  versus 
(Uf  —  Uco)/Df,  which  is  proportional  to  the  reciprocal  of 
the  Damkohlcr  number  if  the  chemical  time  setde  is  con¬ 
stant  Two  different  normalization  parameters  are  used.  In 
Fig  2a,  the  NOz  emission  index  has  been  normalized  by 
a  group  of  Variables  which  scales  with  the  global  flame  resi¬ 
dence  time  if  tlie  flame  volume  scales  with  the  cubic  of  the 
flame  length.  However,  the  normalized  NOz  emission  index 
profiles  do  not  collapse  to  a  single  curve  indicating  that  in 
the  present  rmconfined  coflowing  turbulent  jets,  the  flame 
volume  does  not  remain  similar  in  shape  as  the  jet  diameter 
is  changed.  In  Fig.  2b,  the  global  flame  residence  time  sug¬ 
gested  by  Becker  and  Liang  (1978)  is  used  for  normalization, 
and  all  the  results  collapse  to  a  single  curve.  More  impor¬ 
tantly,  the  current  model  predicts  the  1/2  slope  trend  over 


the  lexge  Damkohler  regimes  as  has  been  observed  in  the  ex¬ 
periment  by  Chen  and  Driscoll  (1990).  Howevei,  the  model 
predicts  a  flat  trend  when  the  Dairikoliler  becomes  small. 

Figure  3  presents  the  predicted  NOz  emission  ndex 
profiles  obtained  with  and  without  the  radiation  heat  loss 
for  a  fixed  jet  diameter.  Duj  to  the  complex  nature  of  ra¬ 
diation  transfer,  the  current  radiation  model  represents  the 
maximum  possible  heat  loss  that  would  occur  in  the  flame 
With  the  radiation  heat  loss,  the  NOz  emission  index  re¬ 
duces  significantly  for  low  velocity  jet  flames.  Moreover,  the 
NOz  emission  index  trend  is  totally  opposite  to  that  for 
aciiabatic  flames  in  the  low  jet  velocity  range.  This  reverse 
trend  has  been  observed  in  turbulent  hydrocarbon  jet  flames 
(Turns  and  Lovett,  1989)  where  substantial  radiation  heat 
loss  may  occur  due  to  the  presence  of  soot.  As  the  jet  veloc¬ 
ity  increases  (the  flame  residence  time  decrea.ses),  the  effect 
of  radiation  heat  loss  become  less  important  but  it  still  has 
influence  on  the  magnitude  of  the  NOz  emission  index. 

Fig.  4  shows  the  emission  index  obtained  with  the  non- 
equilibrium  model  and  the  equilibrium  model  for  round  jet 
flames  (upper  part  of  the  figure)  and  for  plane  jet  flames 
(nonequihbrium  model  only,  lower  part  of  the  figure).  In 
contrast  to  the  nonequilibrium  jet  flame.s,  EIno^/tr  for 
equilibrium  remains  almost  constant  (within  the  statistical 
uncertainty)  for  all  jet  velocities.  As  suggested  in  the  scal¬ 
ing  parameter  section,  in  the  limit  of  equilibrium  chemistry, 
EIno,Itr  approaches  a  constant  value  only  if  the  flame  ge¬ 
ometry  is  not  a  function  of  flow  parameters.  This  implies 
that  the  one-half  jiowcr  dependence  is  due  to  the  dependence 
of  thermal  NO  on  the  flame  Damkohler  number. 
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Fig.  1  Centerline  velocity  and  density  profiles  for  a  78%H2 
+22%Ar  turbulent  jet  flame  with  U/=225  m/s,  Uco=  9-2 
m/s  and  Z)/=5.2  mm.  Symbol:  e.xperimental  data;  lines- 
predictions 


Fig.  2.  Predicted  NOi  emission  index  profiles  vs.  1/Dam- 
kohler  number  with  various  fuel  jet  diameters;  U  10.4  mm; 
O  5.2  mm;  X?  2.6  mm:  o  1  3  mm  (la)  normalized  by  flame 
length,  jet  diameter  and  jet  velocity.  ( 2a)  normalized  by  the 
residence  time  for  jet  flames  (Becker  .nd  Liang,  1978).  Re¬ 
sults  show  an  approximate  1/2  slope  .lependence  for  large 
Damkdhler  numbers  consistent  A’ith  t  .  experimental  obser¬ 
vation  by  Chen  and  Driscoll  (1990). 
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Fig.  3.  Predicted  NOj  emission  index  profiles  vs  fuel  jet 
velocity  and  l/Damkohlet  number  for  flames  with  5.2  mm 
jet  diametei.  Q  adiabatic  flames;  A  with  maximum  radia¬ 
tion  heat  loss.  S'K>  ificant  reduction  in  the  NOj  formation  is 
observed  when  the  radiation  heat  loss  is  included,  and,  foi 
low  jet  velocity  flames,  the  NOj  tieiid  becomes  opposite  to 
that  of  adiabtic  flames. 


between  axisymmctric  jet  flames  (7S%H2-t-22%Arj  and  pla¬ 
nar  jet  flames  (47%H2-)-53%Arj  for  various  jet  diameters.  U 
10.4  mm,  O  5.2  mm,  2.6  mm,  o  1.3  mm:  round  jets  with 
a  partial  equilibrium  chemistry  model;  ®  5.2  mm:  round  jet 
with  the  equilibrium  chemistry;  U,  2.6  mm;  Q  5.2  mm; 
planar  jets  using  the  same  nonequilibrium  chemistry  but 
with  8  different  fuel  mixture.  Different  power  dependence 
of  EIho^Itr  on  {Uf  -  Uco)/Df  is  observed  consistent  with 
the  results  from  analyses  based  on  self-similar  laws  foi  jets. 
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ABSTRACT 

Turbulent  pipe  flows  in  which  the  mass  flow  rate 
varies  in  time  in  the  form  of  a  sinusoid  imposed  upon  a 
steady  level  are  computed  using  the  turbulence  model  of 
Launder  and  Sharma  (1974).  Comparison  is  made  with 
the  experimental  data  of  Tu  and  Ramaprian  (1983)  and 
Burnel  et  al.  (1990). 

INTRODUCTION 

The  present  study  investigates  the  performance  of 
the  low-Reynolds-number  k~6  turbulence  model  of 
Launder  ana  Sharma  (1974)  in  the  calculation  of  periodic, 
spatially  fully-developed  isothermal  pipe  flows.  The  mass 
flow  rate  varies  as  a  pure  sinusoid  of  frequency  a  imposed 
on  a  steady  flow  (at  amplitudes  such  that  the  flow 
remains  uni-directional). 

The  cases  we  examine  from  the  two  sets  of  data 
were  obtained  at  approximately  the  same  mean  Reynolds 
number,.  Re  ~  4.7  x  lO**.  To  a  limited  extent  (because  of 
different  bulk  velocity  amplitude  modulations,  y)  the  data 
allow  a  study  of  the  effect  of  a  single  parameter.,  the 
imposed  frequency,  characterized  here  in  terms  of  the 
Stokes  number,  rj  =  D  (a/v)'^^  (Table  1 ).  The 
experimental  data  (and  present  calculations)  raise 
interesting  questions  in  relation  to  the  occurrence  of 
’frozen'  turbulence  patterns  at  higher  oscillation 
frequencies:  it  is  seen  from  Table  1  that  Case  2  of  Tu  and 
Ramaprian  and  Case  2  of  Burnel  et  al.  are  at  similar 
Stokes  numbers,  however  very  different  Reynolds  stress 
distributions  are  reported  in  the  two  papers. 

MODEL  FORMULATION 

The  phase-averaged  momentum  equation  for 
periodic  fully-developed  pipe  flow  may  be  written  as 
follows: 


aw 
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dp  1  a 

—  -I- - [r  (v 

dz  r  ar 
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where  r  and  z  are  radial  and  axial  cylindrical 
coordinates,  W  is  axial  velocity,  <vw>  is  phase-averaged 
Reynolds  stress  rmd  other  symbols  have  their  usual 


meanings.  Reynolds  stress  is  supplied  by  the  turbulence 
model,  the  k-  and  c-  equations  being  written  in 
appropriate  form  with  all  advective  terms  omitted.  An 
implicit  finite  volume/finite  difference  discretization 
scheme  following  Leschzine-  (1982)  has  been  employed. 
The  radial  grid  consists  of  100  nodes  and  the 
wall-adjacent  node  is  located  at  y'*'  <  0.25. 

RESULTS  AND  DISCUSSION 

In  the  following  presentation  of  results,  phase 
positions  are  defined  in  terms  of  a  cosine  variation  of  bulk 
velocity  (which  necessitated  a  shifting  of  the  time  origin 
in  treating  the  data  of  Burnel  et  al.).  W  is  the  long  time 
mean  bulk  velocity  and  vw  is  the  phase-mreraged  periodic 
component  of  Reynolds  stress  (i.e.  the  long  time  mean  is 
subtracted  from  the  simple  phase  average),  y  is  distance 
from  the  wall  and  R  is  pipe  radius  (=D/2). 

Experimental  measurements  are  represented  as 
points  in  the  figures  below  and  present  computations  are 
shown  as  lines. 

Comcarison  with  the  data  of  Tu  ,-nd  R.nniffpniin 

Reynolds  stress  profiles  at  two  frequencies 
examined  by  Tu  and  Ramaprian  (1983)  are  shown  in 
Figs.  1  and  2.  In  the  lower  frequency  case  (Fig.  1),  the 
present  calculations  are  in  reasonable  accord  with  the 
experimental  measurements  of  strongly  phase-varying 
Reynolds  stress  distributions.  In  contrast.  Fig.  2  shows 
computed  profiles  which  are  frozen  over  the  cycle  (except 
close  to  the  wall),  whereas  the  experimental  points  exhibit 
considerable  variation  with  phase.  It  should  be  noted, 
however,,  that  the  experimental  points  on  Figs.  1  and  2  do 
not  represent  direct  measurements  of  Reynolds  stress,  but 
are  obtained  instead  from  integrations  of  equation  (1) 
using  measurements  of  wall  shear  and  velocity.  Tu  and 
Ramaprian  report  direct  LDA  measurements  of  the 
streamwise  normal  Reynolds  stress  which  reveal  a  frozen 
structure,  similar  to  that  apparent  in  the  present 
computed  results  for  vw.. 


liuiS-i  Conditions  of  the  experiments  of  Tu  and  Ramaprian  iT983i  and  Buri.el  et  al.  (19901 
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Comparison  with  the  data  of  Burnel.  Raelison  and 
Thomas 

The  experimental  data  of  Burnel  et  al.  (1990)  were 
obtained  for  different  dimensional  conditions  than  those 
of  Tu  and  Ramaprian.  It  is  seen  from  Table  1 ,  however, 
that  the  Reynolds  and  Stokes  numbers  of  the  low  and 
high  frequency  tests  of  Burnel  et  al.  are  close  to  the 
corresponding  Re  and  a  values  of  Tu  and  Ramaprian’s 
experiments. 

Burnel  et  al.  measured  Reynolds  stress  directly 
using  cross  hot  wire  probes.  Experimental  data  and 
present  computational  results  for  phase-averaged  periodic 
Reynolds  stress  profiles  in  the  two  test  cases  are  shown 
in  Figs.  3  and  4.  At  fl  =  76  (Fig.  3),  data  and 
calculations  show  variation  with  phase  over  the  entire 
pipe  radius.  Results  are  therefore  qualitatively  in 
agreement  with  Tu  and  Ramaprian’s  Case  1  (a  =  90).  In 
the  higher  frequency  case  (u  =  253,  Fig.  4)  the 
measurements  of  Burnel  et  al.  and  present  calculations 
reveal  Reynolds  stress  distributions  that  are  essentially 
fro2en  in  the  core  region.  This  result  is  in  marked 
contrast  to  Tu  and  Ramaprian’s  Case  2  (fl  =  242,  Fig.  2). 
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CONCLUSIONS 

Computational  results  for  periodic  pipe  flow  are 
compared  against  the  experimental  Reynolds  stress  data 
of  Tu  and  Ramaprian  (1983)  and  Burnel  et  al.  (1990). 
Agreement  is  acceptably  close,  except  in  the  higher 
frequenc7  case  of  Tu  and  Ramaprian.  In  the  light  of  the 
Burnel  et  al.  data  and  considering  the  indirect 
measurement  technique  used  by  Tu  and  Ramaprian,  it  is 
thought  likely  that  the  source  of  these  di.screpancies  lies 
principally  with  the  data. 


E&A 


Phase-averaeed  periodic  Rcvnolds_str.esa..(.Iu. 


(Burnel  et  al.  Case_L). 


Fig.  4  Pha.se-averaged  periodic  RevnoldS-StlttSS. 
(Burnel  et  al.  Case  21. 
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This  paper  presents  a  combined  experimental  and 
numerical  investigation  of  the  flows  in  internal 
combustion  engine  manifolds.  The  flow  pattern 
thiough  a  single-branch  manifold  (T-junction)  was 
calculated  using  a  three-dimensional  finite- 
difference  numerical  code  incorporating  the  k-e 
model  of  turbulence.  The  flowfield  was  measured 
m  a  steady  water  flow  rig  using  laser-Doppler 
aneinometry.  Detailed  measurements  of  the  mean 
velocity  components  and  correspoiiding 
turbulence  levels  were  obtained  in  order  to 
characterise  the  flow  and  provide  benchmark  data 
appropriate  for  the  development  and  assessment 
of  the  accompanying  calculations.  Calculations 
were  also  performed  foi  two-  and  three-branch 
manifolds. 

The  flow  configuration  consisted  of  a  square  duct, 
50  8  mm  x  50.8  mm  in  cross-section,:  with  four 
branches,  30  mm  x  30  mm  in  cross-section.  Foi 
some  of  the  work  presented  here  three  of  the 
branches  were  blocked,  so  the  geometry 
corresponded  to  a  T-junction  with  a  main 
duct/side  branch  area  ratio  of  2.87.  The  flow 
Reynolds  number,  based  on  the  mam  duct  bulk 
flow  velocity  and  hydraulic  diameter,  was  60,000. 

The  simulation  was  performed  with  a 
computational  mesh  size  of  77  x  18  x  10  in  the 
streamwise  and  two  cross-stream  directions 
respcvtively  in  the  main  duct.  In  the  branch  the 
corresponding  grid  size  was  42  x  12  x  7.  The 
streamline  pattern  in  the  symmetry  plane  of  the 
duct  IS  shown  in  Figure  1.  The  results  show  that 
the  flow  IS  very  uniform  up  to  30  mm  upstream 
of  the  junction  and  an  elongated  recirculation 
region  of  110  mm  length  and  18  mm  width  is 
formed  in  the  side  branch. 

Figure  2  shows  the  predicted  mean  velocity 
vectors  in  a  cross-stieam  plane  in  the  side  duct.  A 
single  vortical  motion  occupies  the  duct  cross- 
section.  Figure  3  shows  a  comparison  of  predicted 
(solid  lines)  and  measured  profiles  of  kinetic 
energy  of  turbulence,  k,  in  the  plane  of  symmetry 
of  the  flow.  The  highest  values  are  found  in  the 
vicinity  of  the  recirculation  region  in  the  branch, 
as  expected.  The  comparison  of  the  measured  and 
preuicted  profiles  of  k  shows  excellent  agreement 
between  the  data  and  predictions  in  the  main  duct 


and  good  agreement  downstream  in  the  side 
branch;  however  in  the  first  profile  in  the  side 
duct  there  is  some  disrepancy  with  the  data  in  the 
reverse  flow  region  where  the  k  values  are 

overpredicted. 

In  the  branch,  the  cross-stream  flow  comprises 
two  vortical  motions,  as  indicated  by  the  profiles 
shown  in  Figure  4.  The  predicted  profiles  of 
velocity  are  shown  as  solid  lines  and  are 

compared  with  the  LDA  measurements: 
notwithstanding  the  small  magnitudes  involved, 
the  agreement  is  very  good  acrors  most  of  the 
duct  cross-section. 

Figures  5-8  show  a  characteristic  sample  of 
results  from  the  three-branch  calculations.  The 
velocity  vectors  in  the  plane  of  symmetry  are 
shown  in  Figure  5  and  a  three-dimensional 
diagram  of  the  flow  configuration  in  Fig.  6.  The 
pressure  at  the  exit  of  each  branch  was  set  to  the 

same  value  in  the  calculations,  but  the  predictions 

showed  that  about  18%  more  mass  flowed  through 
the  middle  branch;  such  findings  show  the 
suitability  of  three-dimensional  calculation 

methods  for  the  prediction  of  manifold  flows. 

The  predicted  velocity  vectors  in  a  cross-section 
of  the  side  and  of  the  mam  duct  are  shown  in  Figs. 
7  and  8  respectively.  In  the  upstream  plane  (Fig. 
7)  the  flow  pattern  is  similar  to  that  in  Fig.  4  in 
that  two  senses  of  circulation  are  evident, 

whereas  in  the  main  duct  there  is  only  one 

vortical  motion. 

In  general  the  simulations  yielded  results  which 
showed  excellent  agreement  with  the  pressure 
drop  data  (to  within  2  Pa  or  0.5  %  of  the  total 
pressure  drop  along  the  duct).  The  streamwise 
mean  velocity  values  in  the  main  duct  are 
predicted  to  within  2  -  3  %  of  the  experimental 
values.  In  the  side  branch  the  streamwise 

velocities  are  in  very  good  qualitative  and 
quantitative  agreement  with  the  experimental 
data,,  except  for  the  reverse  velocities  in  the 
recirculation  region  near  the  junction  which  are 
overpredicted.  The  comparison  of  the 
experimental  and  numerical  results  indicates 
clearly  the  suitability  of  the  combined  approach 
used  for  the  study  of  branched  flows. 
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Figure  1  Single-branch  configuration:  streamline  Figure  2  Single-branch  configuration:  predicted 
contours  in  the  plane  of  symmetry  .  velocity  vectors  in  side  duct. 


I  igiire  3  Single-bianch  configuration'  comparison  Figure  4  Single-branch  configuration:  comparison 
ol  measured  and  piedicted  piotiles  of  kinetic  of  predicted  and  measured  mean  velocities  in  the 

eneigy  of  turbulence  m  the  itlane  of  .symmetry,  side  duct,  •  measured  _  predicted 


Figure  5  Three-branch  configuration:  Predicted 
velocity  vectors  in  the  plane  of  symmetry. 


Figure  6  Three-branch  configuration:  three- 
dimensional  view. 


Figure  7  Three-branch  configuration:  predicted  Figure  8  Three-branch  configuration:  predicted 
velocity  vectors  in  branch  1.  velocity  vectors  in  main  duct. 
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ABSTRACT 

The  expenm eiits  are  carried  out  to  investigate 
the  flov  structure  of  jets  in  tiie  near-nozzle  region. 
Time  mean  static  pressure  and  pressure  fluctuation 
are  measured  bv  the  newly  developed  static  pressuie 
probe  with  a  hot-wire  aneiiiometet.  A  schheren 
photograph  technique  is  applied  to  the  flow 
visualization.  Axial  and  radial  velocities  are  measured 
b\  LDV.  The  following  results  are  obtained.  The 
mean  static  piessure  and  the  pressure  fluctuation 
distribuaons  and  the  velocity  distribution  are  gotten 
bv  the  measurement.  The  mean  static  pressure 
distributions  in  the  cross  sections  have  a  remarkable 
transition  toward  the  stream-wise.  The  static  ptes-sure 
lower  than  the  atmo-spheric  pressure  around  the  jet  is 
one  of  the  important  causes  of  the  jet  entrammont. 

1.  INTRODUCTION 

Many  experimental  and  analyucal  studies  of 
turbulent  free  jets  and  ihea  diffusion  process  have 
been  presented  (Kalaoka,  1986)[1].  There  is  tlie 
complex  stiucture  as  the  entrainment  and  the 
cohoient  eddy  both  spatially  and  temporally  in  the 
near-nozzle  region  (Kimura,  Ono  and  Saima,  1990)[21. 
The  coherent  structure  has  been  approached  bv  the 
flow  Msualiz.aUon  (Roshko,  i975)[3l  and  the  analysis 
ol  measuied  velocity  component  (Yule,  1981)[4!.  Savas 
and  Gollahalli  (1986)[5l  iii\ estigated  the  reciprocity  of 
the  coherent  structure  and  jet  flames.  Higaki  and 
Saima  (1983)[61  pointed  out  the  importance  of  the 
mvestigaaon  on  the  ITow  .sfucture  ne  ir  the  nozzle 
for  the  stabilization  mechanism  of  lifted  diffusion  gas 
flames.  It  can  be  considered  that  the  momentum  and 
the  mass  diffusions  relates  to  the  mean  static 
piessure  distribution  and  the  pressure  fluctuation.  It  is 
important  to  investigate  the  jet  behavior  on  the  near- 
nozzle  region.  This  experimeital  study  aims  at 
approaching  a  jc-t  diffusion  proce.ss  in  the  near-nozzle 
region,  from  the  potential  core  to  the  transitional 
region  winch  sits  up  stream  the  fully  developed 
region.  Ue  inve.stigate  the  relaUorw,^ip  of  the  velocitv 
field  and  the  distnbution  of  the  time  mean  static 
pressure  and  the  pressure  fluct  ation.  This  paper 
reports  Uie  first  stage  of  the  in'  isDgaaon. 


Fig.l  Static  pre.ssure  probe. 


2.  EXPERIMENTAL  APPARATUS 

Air,  carbon  dioxide  and  helium  are  separately- 
jetted  into  still  au'  from  a  vertical  round  nozzle. 
These  gases  are  supplied  from  gas  cylinders  oi  a 
compressor  tank.  Their  flow  rate  are  controlled  by 
pressure  reducing  valves  and  measured  by  the 
CtihbraLed  orifice.  The  nozzle  diameter  (d)  is  10 

[mm).  The  exit  flow  Reynolds  number  is  between  200 
and  20000. 

For  measuring  the  velocity,  the  laser  doppler 
velocimeter  (LDV)  i&  used  as  back-scattenng  mode. 
Its  hght  source  is  a  He-Ne  laser  with  a  power  output 
of  10  [mWl.  The  condensed  oil  ls  seeded  with  mean 
diameters  of  0.5  to  1  [Um]  and  a  density  of  840 
[kg/  m  ’]. 

A  new  probe  to  measure  the  static  pressure 
was  developed  by  the  authors.  The  static  pressure 
probe  IS  designed  to  measure  the  mean  static 

pressure  and  the  pressure  QuetuaUon  at  the  same 

time.  The  static  pressure  measuring  system  is 
composed  of  a  Prandtl-type  static  pressure  probe 
(Fig.l),  an  air  supply  system  with  a  constant  pressure 
and  a  constant  temperature  hot-wire  anemometer.  The 
static  pressure  probe  consists  of  a  static  pressure 
tube  and  a  hot-wire  spanning  the  cross  section  of  the 
static  pressure  tube  inside  as  shown  in  Fig. 2.  The 
probe  IS  connected  to  the  constant  pressure  air  supply- 
system.  This  system  suppbes  the  constant  pressure 
(Pi).  The  constant  pressure  (Pi)  is  sbghtly  above  the 
atmosphenc  pres-sure  (Po)  in  order  to  create  a  bias 
Qow  at  the  stanc  pressure  holes  through  the  hot-wire 
section.  The  pressure  difference  (Pi-Po=ll  [Pa])  can 
be  kept  constant  witli  this  device.  The  static  pres-sure 
probe  can  be  used  for  any  gas,  because  of  the  bias 
flow.  The  air  velocity  at  the  hot-wire  is  settled  by  a 
pressure  difference  (Pi-Ps)  between  a  static  pressure 
(Ps)  and  the  inside  pressure  (Pi).  Air  flow  velocity 
from  the  statu  pressure  holes  is  ver',  slow.  So  the 
effect  of  It  IS  negbgibly  .small  lor  the  measured 

flow.  When  pressure  fluctuations  are  incident  an  the 
static  pressure  holes,  induced  velocity  fluctuation  is 
uniquely  determined  and  a  voltage  is  produced.  The 
relation  between  the  pressiivs  difference  and  the 
probe  output  voltage  is  linearized  from  -10  to  -I-IO 
[Pa]  under  the  atmosphenc  pressure. 


Po.  Atmospheric  pressure 


Static  pressure  tube 


Flg.2  Static  pressure  tube  with  hot-wire. 
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3.  RESULTS  AND  DISCUSSION 

Schheren  photoguiph  of  carbon  dioxide  jel  into 
stiU  air  IS  shown  in  Fig. 3.  The  flow  field  is  quite 
complex.  The  jet  flow  is  laminar  near  Uie  nozzle  at 
small  Reynolds  number.  The  break  point  where  the 
free  boundary  layer  undergoes  a  remarkable  transition 
from  the  laminar  to  the  turbulent  flow,  approaches  to 
the  nozzle  as  Revrio'ds  number  increases. 

The  Stream-wise  variation  of  the  time  mean 
radial  velocity  distnbiition  is  shown  in  Fig.4  in  the 
case  of  tlie  carbon  dioxide  jet  at  Re=5000.  X  is  thi 
axial  coordinate,  r  is  the  radial  coordinate.  V  is  the 
mean  radial  velocity.  Urn  is  the  mean  axial  velocity 
on  the  jet  a.xis.  The  mean  radial  velocity  is  about 
zero  (V/Um=0)  under  the  jet  center  region  in  the 
cross  section  from  X/d=0.06  to  3.  This  range  overlaps 
the  potential  core.  Thus,  the  condition,:  which  mean 
radial  velocity  profile  is  flat  and  almost  zero,  is  one 
of  the  potential  core  characteristics.  There  u  mean 
radial-flow  out  side  the  potential  core,  and  its  flow 
IS  toward  the  surrounding.  The  further  outer  region  is 
figured  by  hatching,  and  there  is  mean  radial-ELow 
from  the  surrounduigs  toward  the  jet  center.  The 
further  outer  flow  region  overlaps  the  jet 
entrainment.  The  spread  of  this  region  shows  that  the 
entrainment  ranges  largely. 

The  Stream-wise  variation  of  time  mean  static 
pressure  and  pressure  fluctuation  distributions  are 
shown  in  Fig. 5  (a)  and  (b)  in  the  case  of  the  cirbon 
dioxide  jet.  p'  is  the  rms  pressure  fluctuation.  Three 
remarkable  characteristics  aie  observed.  (1)  The  mean 
static  pressure  distribution  at  the  hrait  of  jet  canter 
IS  the  positive  staac  pressure  (Ps>Po)  in  the  cross 
section  X/d=3  and  4.  Out  of  this  limit  region,  the 
mean  static  pressure  distribution  is  the  negative 
pressure  (Ps<Po).  (2)  This  characteristic  distribution  of 
the  mean  static  pressure  in  the  jet  center  exists  only 
in  the  potenaal  core  region.  For  reference,  the 
potential  core  length  is  about  5  times  as  long  as  th? 

exit  diameter  in  the  case  of  the  carbon  dioxide  jet. 

(3)  The  pressure  fluctuation  vanaaon  in  the  cross 
section  IS  intensive  in  the  location  where  the  mean 
static  pressure  changes  from  negative  to  positive. 

We  discussed  the  relation  between  the  mean 
negative  pressure  (Ps^Po)  and  the  jet  entrainment. 
For  example,  in  Uie  case  of  the  carbon  dioxide  jet, 

the  region  where  the  mean  radial  velocity  flows  from 

the  surrounding  toward  the  jet  center  is  expanded. 
The  negative  pressure  (Ps<Po)  region  expands  as  large 
as  the  spread  of  the  mean  radial  velocity  region.  It 
seems  that  the  negative  pressure  (Ps<Po)  is  one  of 
the  important  causes  of  the  jet  entrainment. 


4,  CONCLUSION 

In  the  near  zzle  region,  the  experiments  are 
earned  out  to  investigate  the  diffusion  structure  of 
gas  jets.  The  following  results  are  obtained.  The 
potential  core  and  the  entrainment  regions  can  be 
described  by  the  time  mean  radial  velocity 
distributions.  The  negative  pressure  (Ps<Po)  in  tlie  jet 
diffusion  IS  one  of  the  important  causes  of  Che  jet 
entrainment. 
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F;g.3  ScWieren  photograph;  carbon  dioidile,  Re=5000. 
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Fig.4  Stream-wise  variation  of  mean  radial  velocity  Fig.5  Mean  static  pressstre  (a)  and  pressure  fluctuation 

distribution;  carbon  dioxide,  Re=5000.  (b)  distributions;  carbon  dioxide,  Re=5000. 
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INTRODUCTION 

Although  a  number  of  investigations  concerning 
aerodynamics  of  two  dimensional  or  axisymmetric  bluff 
body  have  been  reported  in  literature,  the  corresponding 
infoimation  for  an  elliptic  geometry  has  received  lelatively 
little  attention  By  systematic  variation  of  eccentricity  (f) 
of  the  elliptic  geometry,  one  can  obtain  both  circular((  =  1) 
and  flat  plate  (t  =  0)  geometries  as  limiting  cases.  The 
elliptical  wakes  has  general  flow  characteristics  which  can 
not  be  found  in  the  axisymmetric  or  two-dimensional 
geometries  As  far  as  wake  behind  an  elliptic  bluff  body, 
there  have  been  few  investigation  Kuo  and  Baldwin  (1967) 
studied  elliptical  wakes  behind  elliptic  disks.  They  found 
that  the  wakes  have  elliptical  cross-sections,  and  the  major 
axis  of  the  wake  is  aligned  with  the  minor  axis  of  the  body. 

Bearman  and  Takamoto(1988)  investigated  the  wake 
stiuctuie  of  ring  models  (f  =  1)  with  various  cross-sections 
They  observed  a  regular  and  coherent  axisymmetric  vortex 
ring  with  d/w  >5  0,  where  d/w  is  the  ratio  of  mean 
diameter  to  ring  width. 

EXPERIMENTS 

The  experiments  were  carried  out  at  m  a  closed  return, 
low  turbulence  wind  tunnel  having  a  -3  ft  square  test  section 
The  r.rn.s.  turbuience  intensity  in  the  working  section  is 
about  0.03%.  A  cross-sectional  view  of  a  typical  elliptic 
ring  model  used  in  this  study  is  shown  in  Fig.  1. 

The  models  were  sharp  edged  with  a  45'  angle  of 
inclination  on  the  back  face  and  has  a  thickness  of  4mm. 
The  elliptic  ring  model  was  classified  by  the  body 


eccentricity  c  (=  bo/ao),  where  ao  is  the  major  outer 
diameter  (200mm  for  all  models).  Three  different  elliptic 
ring  models  with  body  eccentricities  of  0.5,  0.667  and  0.8 
were  employed.  Ring  width  w  is  constant  along  the  elliptic 
circumference  (w  =  bo/7).  The  elliptic  ring  model  was 
mounted  normal  to  the  free  stream  in  the  center  of  the  wind 
tunnel.  Throughout  the  experiments,  the  mean  velocity  Uo 
was  maintained  at  8  m/sec.,  giving  Reynolds  numbers  based 
on  the  ring  width  between  4><10^  and  6.4x10'',  depending  on 
the  model.  Velocity  fluctuations  were  measured  by  using  a 
TSI  hot-wire  anemometer.  A  x-wire  probe  was  traversed 
along  the  y  and  z  axis  at  x  =  3.4w  and  8.0w  downstream 
from  the  elliptic  ring. 


RESULTS 

Some  of  the  results  of  mean  velocity  profiles  at  x  =  3.4w 
and  8.0w  aie  shown  in  Fig.  2-4.  The  location  of  maximum 
velocity  defect  moves  toward  the  central  axis  with 
increasing  stieamwise  distance  in  the  major  axis(Z)  plane 
and  moves  outward  in  the  minor  axis(Y)  plane.  The 
velocity  defects  at  x=3.4w  and  x=8.0w  have  similar 
magnitude  in  the  minor  axis.  But  the  velocity  defect  in  the 
X-Z  plane  decreases  as  the  wake  width  is  increased  at 


Fig.  I  Oou*scctional  view  of  a  (ypical  eUipoc  nni  model 
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fig  2  Mean  ifftamwiseNelocityprofilcJ  in  ihcrrunor  axis  plane 


x=8.0w  Mean  velocily(V,\V)  profiles  at  3.4w  show  that  the 
wake  is  concentrated  on  the  wake  center  in  tlie  minor  axis, 
but  expands  outward  in  the  major  axis. 

Streamwise  tuibiilence  intensity  profiles  at  x=3  4w  are 
sliown  in  Fig  5.  'I'he  turbulence  intensities  aie  characteiized 
by  a  double-peak  profile,  with  a  laiger  inside  [Xiak  With 
increasing  streamwise  distance,  the  profile  changes  into  a 
parabolic  shape  and  the  location  of  the  peak  values  moves 
toward  the  wake  center.  Turbulent  intensity  in  the  minor 
axis  plane  is  about  20%  larger  than  that  of  major  [ilane 

The  Reynolds  sheai  stiess  u ' v '  and  iTV  have 
I  laximmn  values  of  about  0.0.5,  but  their  profiles  are 
opposite  to  each  othei  From  the  velocity  measurements, 
the  wake  stitictiire  was  found  to  have  elliptical 
configurations  The  wake  behind  the  minor  axis  of  the  body 
increases  steadily  in  the  downstream  direction  and  the  wake 
behind  the  major  axis  decrea.ses  rapidly.  These  flow 
characteristics  becomes  stronger  with  increasing  eccentricity 
of  the  ring  models. 


ri|  3  Mean  $trcamwijcv€locify  profiles  in  the  ma/3r  MIS  pUnc 
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Fig  6  Profiles  of  Reynolds  shear  stress  GV  and  ITw  M  X  -  3  4W 
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INTRODUCTION 

Turbulent  flow  in  a  straight  non-circular  duct  is  characterized 
by  the  occurrence  of  secondary  flow  caused  by  the  turbulence. 
Brundrett  and  Baines  (1964),  and  Perkins  (1970)  have  shown 
from  their  expenmental  studies  that  this  turbulence-dnven 
secondary  flow  results  from  the  anisotropy  of  each  Reynolds 
stress  in  the  cross-sectional  plane.  Turbulent  flows  in  a  straight 
square  duct  are  thus  of  special  interest  to  modellers,  since  this 
particular  flow  situation  provides  a  natural  vehicle  for 
examining  the  validity  of  existing  turbulence  models.  The 
widely  used  (isotropic)  k-e  model  has,  however,  no  built-in 
mechanism  for  the  development  of  secondary  flow  due  to  its 
inherent  isotropic  characteristics.  In  view  of  this  shortcoming  of 
the  k-e  model,  this  problem  has  been  mostly  attempted  by  using 
the.  algebraic  stress  models,  since  they  certainly  have  a  much 
greater  potential  for  predicting  the  anisotropy  of  Reynolds 
suesses  (e.g.  Demuren  &  Rodi,  1984).  But,  these  models  are 
simplified  from  the  original  forms  of  Reynolds  stress  models 
with  drastic  assumptions;  the  principles  and  basic  techniques  for 
their  modelling  has  not  been  established  yet,  at  least,  in  the  near- 
wall  region  (Myong  &  Kobayashi,  1990).  Recently,  the  author 
has  proposed  an  anisotropic  low-Reynolds-number  k-e  model 
(e  g,  Myong  &  Kasagi,  1990a).  It  is  just  an  extended  form  of  its 
(isotropic)  version  but  broadens  the  range  of  applicability  whilst 
maintaining  most  of  popular  features  of  the  latter. 

In  the  present  study,  numerical  predictions  are  presented  of 
fully-developed  turbulence-dnven  secondary  flow  in  a  square 
duct  with  the  author's  anisotropic  low-Reynolds-number  k-e 


Table  1  Anisotropic  low-Reynolds-number  k-e  model 


Dt  3x,  Okaxj 


C,uj  =  2  k  8,  -  v,(^'+  k  V,  5;  Cf,  (Sp,,  -  i  5,,) 

ax,  3x,  p,i  •> 

+  2vk.(^)  W,,(n.ni) 

3  E  ax 

Bxydxy  ^  ax,  dxy  ax,  dxy  3x,  dxy 


v,  =  C„VirL  =  C,. 

f^  =  (1  +  3  45//RI)  (1  ■  exp(-  y*770)l 

f2  =  ( 1  -  (2/9)exp|-  (R,/6)2|)|l  -  exp(-y*/.S)|- 


W,j(n,  m)  =  -  S|J  -  6ui  5,„  +  4  5,m  5, 

Ok  =  1 .4,  Oj  =  1 .3.  Cel  =  1 .4,  Ce2  =1.8,  -  C  09 

Ci=0.8,  C2  =  0.45.  C3  =  -0.15 

Note  that  the  indices  n  and  m  denote  ihe  cooidinale  normal  to 
ihe  wall  and  the  streamwise  coordinate,  respectively  summation 
convelion  does  not  apply  to  n  and  m. 


model.  Special  attention  has  been  given  to  both  regions  close  to 
the  wall  and  the  comer,  which  are  known  to  influence  the 
characteristics  of  secondary  flow  a  great  deal.  Hence,  instead  of 
the  common  wall  function  approach,  the  no-slip  boundary 
condition  at  the  wall  is  directly  used.  Predicted  contours  of  all 
three  mean  velocity  components  and  six  Reynolds  stresses  arc  in 
detail  compared  with  previous  experimental  data.  It  is  found 
that  most  features  of  this  flow  are  simulated  excellently  by  the 
present  anisotropic  k-e  model.  Then,  attention  is  directed  to  the 
predicted  contours  of  the  turbulence  quantities  responsible  for 
the  secondary  flow  generation,  such  as  anisotropy  of  normal 
Reynolds  stresses  and  the  secondary  secondary  Reynolds  shear 
stress  acting  in  the  cross-sectional  plane.  Finally,  the  formation 
01  secondary  flows  is  numerically  investigated. 

TURBULENCE  MODEL 

The  author’s  anisotropic  low-Reynolds-number  k-e  turbulence 
model  introduced  in  the  present  study  is  shown  in  Tablel.  It 
should  be  recognized  that,  contrary  to  the  previous  Reynolds  (or 
algebraic)  stress  models,  the  present  anisotropic  model  is 
substantially  derived  from  the  standard  (isotropic)  k-e  model; 
i.e.,  the  latter  one  is  obtained  in  the  limit  as  C,  ->  0,  and  also 
directly  applicable  up  to  the  wall.  This  model  has  already  been 
proven  to  perform  satisfactorily  in  several  flow  situations, 
including  turbulent  pipe  and  channel  flows,  two-dimensional 
boundary  layer  flows  with  and  without  pressure  gradients 
(Myong  &  Kasagi,  1990b).  Furthermore,  even  for  developing 
and  fully-developed  three-dimensional  turbulent  flows  in  a 
square  duct,  it  is  found  that  the  performance  of  the  present 
model,  including  the  anisotropic  normal  Reynolds  stresses  and 
distributions  of  U,  k  and  uv,  is  by  no  means  inferior  to  that  of 
the  previous  higher-order  models  (Myong  &  Kobayashi,  1990). 

The  resulting  set  of  governing  equations  are  simplified  only  by 


Fig.  2  Primary  Reynolds  shear  stress. 


Fig.  3  Predicted  contours  of  the  anisotropy  of  norma!  Reynolds 
tliear  stress  components  w-  -  and  the  secondary 
Reynolds  shear  stress  vw. 


tile  boundary  layer  assumption  and  solved  with  a  forward 
matching  numerical  procedure  for  three-dimensional  shear 
layers.  Tnc  details  of  the  numencal  methods  are  found 
elsewhere  (Myong  &  Kobayashi,  1990). 

RESULTS  AND  DISCUSSION 

Because  of  the  limited  paper  length,  typical  results  are  only 
presented.  The  predicted  contours  of  turbulent  kinetic  energy 
and  primary  Reynolds  shear  stress  are  shown  in  Fig.  1  and  Fig. 
2,  respectively,  along  with  the  experimental  data  of  Fujita  et  al. 
(1986)  The  predictions  confimt  the  experimental  evidence  as  a 
whole.  The  present  model  also  predicts  reasonably  well  their 
flow  patterns  in  regions  close  to  the  comer  and  the  wall,  where 
the  experimental  measurement  is  difficult. 

The  predicted  contours  of  the  anisotropy  of  normal  Reynolds 
stress  components  w2- v^  and  the  secondary  Reynolds  sheai 
stress  ^  are  shown  in  Fig.  3.  The  predictions  show  clearly  the 
experimental  behavior  of  Brundrett  and  Bains  (1964)  and  Fujita 
et  al.(1986). 

The  relative  magnitude  of  the  secondary  to  the  primary 
velocity-gradient  terms  (or  the  isotropic  to  the  anisotropic 
terms)  in  the  algebraic  relations  forw^-v^  and  w  are 
compared  for  the  present  model  in  Fig,,  4.  The  present 
predictions  confirm  the  fact  that  the  secondary  velocity 
gradients  contribute  significantly  to  the  generation  of  the 
secondary  shear  smess  as  pointed  out  by  Perkins  (1970). 

Figure  5  shows  the  contours  of  magnitude  of  each  term  in  the 
streamwise  vonicity  equation.  Ibe  present  model  has  confirmed 
the  fact  that,  in  the  streamwise  vorticity  equation,  the  production 
tenns  by  both  normal  and  shear  stress  terms  are  dominant  ones, 
being  both  of  the  same  order  of  magnitude  and  of  opposite  sign 
with  much  larger  magnitude  than  the  convection  terms,  while 
the  viscous  tenns  are  negligible  except  for  the  regions  very 
close  to  the  comer  and  the  wall. 

Finally,  note  that  this  paper  has  paid  particular  attention  to  the 
predictions  in  regions  close  to  the  comer  and  the  wall,,  where 


Fig.  4  Relative  magnitudes  of  the  secondary  to  the  primary 
velocity-gradient  terms  in  the  algebraic  relations  for 
w^  -  v7  and  w  . 


Fig.  5  Streamwi.se  vorticity  budget. 


little  experimental  data  have  been  reported  due  to  the  difficulty 

of  experimental  measurement. 
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The  present  work  is  associated  with  the  expansion 
of  the  applicability  of  the  Stress  transport 
models' ' '  as  well  as  the  related  methods  such  as  the 
algebraic  stress  models'  or  the  subgrid  turbulence 
models,  to  roagnetohydrodynamic  flows.  Exposing 
hydrodynamic  turbulence  to  a  magnetic  field  induces 
two  processes:  According  to  the  An^re  law  the 
velocity  fluctuations  induce  electric  current 
fluctuations.  Simultaneously,  according  to  the 
Lorents  law,  the  electric  current  fluctuations 
induce  force  fluctuations.  A  feedback  mechanism  is 
formed  changing  the  structure  of  the  velocity 
fluctuations  in  conparison  with  the  same  non 
magnetized  hydrodynamic  turbulence.  The  results  are 
twofold:  electro-magnetic  induced  laminarization*’* 
and  an  enhancement  of  anisotropy  even  to  the  extent 
of  turning  turbulence  two  dimensional* ‘ . 

Generally,  the  electromagnetic  fluctuations  are 
classified  according  to  the  value  of  the  magnetic 
Reynolds  number.  For  high  magnetic  Reynolds  number 
the  fluctuations  are  termed  "Frozen",  and  for  low 
magnetic  Reynolds  number  the  fluctuations  are  termed 
"Diffusional".  The  present  work  is  restricted  to 
the  diffusional  mode,  interpreted  as  the  case  in 
which  the  electromagnetic  fluctuations  are  driven  by 
the  hydrodynamic  turbulence  enforcing  time 
microscales  typical  of  the  velocity  fluctuations  on 
the  electromagnetic  fluctuations’ .,  With  this 
assumption,  followed  by  an  order  of  magnitude 
analysis,  the  closure  of  the  model  equations  becomes 
possible.  Apparently,  this  limits  the  model. 
However,  interpretation  in  terms  of  the  hydrodynamic 
Reynolds  number  showed’  for  some  important  liquid 
metals,  such  as  Hg,  Na,  NaK  and  others,  a  reasonably 
wide  range  of  applicability. 

In  developing  the  present  theory*’  use  was  made 
of  three  concepts:  local  equilibrium,  local 
homogeneity  and  quasi-isotropy.  Consequently,  it  was 
suggested* “  to  distinguish  between  the  early  stage 
of  laminarization  of  channel  flow  high  level 
turbulence,  and  the  final  stage  of  laminarization  of 
low  level  turbulence,  and  apply  the  present  model  to 
the  first  only. 

Although  the  theoretical  case  of  shear  flow  in 
local  equilibrium  with  no  wall  proximity  effects  is 
an  idealization  of  reality,  it  is  still  an  inportant 
test  case  as  it  contains  the  most  inportant  feature 
of  wall  turbulence,  -  a  large  velocity  gradient 
perpendicular  to  the  flow  direction.  Ihe  case  was 
studied*’  and  the  influence  of  the  magnetic  field 
was  demonstrated  by  elaborating  analytic  solutions 
for  three  cases  with  different  orientations  of  the 
magnetic  field.  Equilibrium  structure  was  derived 
for  various  Hartman  numbers,  as  well  as  limiting 
structure  for  high  Hartman  number.  Two  practical 
and  inportcint  steps  towards  the  nuaerical  simulation 
of  magnetohydrodyrwunic  channel  flow  were  made*  ° :  An 
eddy  viscosity  suitable  for  a  k-c  presentation  of 
turbulence  was  derived  from  the  stress  transport 
model  for  the  three  cases  analyzed,  and  an  algebraic 
stress  model  was  developed  for  the  case  of  channel 
flow  with  Longitudinal  magnetic  field. 


Recent  numerical  iterative  evaluations**  for  the 
case  of  unidirectional  two  dimensional  shear  flow 
subjected  to  transverse  magnetic  field,  that 
coincides  with  one  of  the  coordinates  showed 
somewhat  puzzling  characteristics: 

The  description  of  the  main  shear  stresses  uv  and 
uw,  associated  with  the  streamwise  velocity  U, 
demand  two  substantially  different  eddy  viscosities, 
which  are_  practical^  independent  of  the  ratio 
between  3U/3y  and  3U/3z.  The  lateral  stress  vwA, 
associated  with  the  lateral  secondary  motion,  is 
practically  independent  of  the  magnetic  field 
Intensity.  Although  the  magnetic  field  effects  the 
difference  (w'  -  v’ )  ^  k,  which  is  the  main  source 
for  the  secondary  currents,  this  effect_  is 
practically  independent  of  the  ratio  between  3U/3y 
and  3U/3Z. 

In  the  present  work,  a  coordinate  transformation 
is  used  to  relate  the  solutions  for  the 
unidirectional  two  dimensional  shear  flow  with 
tilted  tremsverse  magnetic  field  to  the  solutions 
for  one  dimensional  shear  flow  with  transverse 
magnetic  field  also  tilting  with  respect  to  the 
coordinate  system.  With  this  transformation,  it  is 
shown  that  the  abovementioned  invariances  are  due  to 
effects  that  neutralize  each  other.; 

SHEAR  FLOW  SUBJECTED  TO  TRANSVERSE  TILTED  MAGNETTC 
FIELD 

The  numerical  solutions  for  the  turbulent 
stresses  in  the  {*)  coordinate  system  where  the 
model  reduces  to  the  case  of  one  dimensional  shear 
flow  subjected  to  transverse  magnetic  field  tilted 
with  respect  to  the  coordinates  show: 


(1)  Unlike  the  non  magnetized  shear  flow  where  the 
shear  stress  uw  and  vw*  do  not  exist  and  the 
relative  proportions  of  the  normal  stresses  are 
constant,  now  the  shear  stresses  uw*  and  vw*  are 
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produced  by  the  electromagnetic  interactions  vrtiich 
also  effect  the  normal  stresses. 


(2)  The  ratio  between  the  shear  stresses  uw‘  and  uv“ 
vdiich  control  the  streamwise  flow  is  function  of  the 
inclination  angle  6  and  the  turbulent  Hartman  number 
H  .  A  limiting  line  for  high  H  shows  a  maximum 
value  of  0.592. 

(3)  The  sum  of  the  normal  stresses  (w^*  +  v**)/  ^  k 


shows  moderate  monotonic  increase  with  increase 
which  may  reach  up  to  40  percent  for  high  ,  and 
weak  dependency  on  6  that  does  not  overpass  7 
percent  for  high  .  However,  _yie  difference 
between  the  normal  stresses  (w^*  -  v^*)/  ^  k  shows 
very  large  alternating  sign  trend  depending  on  6 
that  may  reach  up  to  440  percent  for  high  H^ . 

(4)  Finally,  the  electromagnetic  interactions  also 
produce  lateral  shear  stress  vw* .  The  limiting  line 
for  high  H^  shows  a  maximum  value  of  0.57  for  the 
vw*/  k  ratio. 
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ABSTRACT 

A  closure  model  for  the  von  Karman-Howarth-Equation  (K-H-E)  is  introdu¬ 
ced,  which  describes  homogeneous  isotropic  turbulence  in  physical  coordina¬ 
tes  The  model  holds  for  a  wide  range  of  well  accepted  turbulence  *hec'ies  for 
homogeneous  isotropic  turbulence,  as  there  is  Kolmogorovs  first  and  second 
similarity  hypotheses  and  the  invariant  theory,  which  is  a  generalization  of 
Loitsianskiis  and  Birkho^s  integrals  The  invariant  theory  makes  assumptions 
on  the  asymptotic  decay  of  the  correlation  function  at  infinity  Experimen¬ 
tal  verification  of  the  closure  model  brings  up  good  agreement  in  a  range 
of  reliable  data  By  neglecting  the  viscous  terms  in  the  K-H-E,  the  k  e- 
equation  for  isotropic  turbulence  can  be  deduced  as  an  integral  formulation 
of  the  model 


NOMENCLATURE 

C  Kolmogo.ov  constant 

S  dissipation 

/  normalized  longitudinal  double  correlation 

k  normalized  longitudinal  triple  correlation 

^•o  model  constant 

L  integral  length  scale 

u  kinematic  viscosity 

pressure-velocity  correlation 
/?,;  two-pomi  double  correlation  function 

twopoint  triple  correlation  function 
mean  square  velocity  fluctuation 

TWO-POINT  CORRELATION  EQUATION 

Turbulence  shows  a  wide  range  of  length  scales  spreading  over  several  deca¬ 
des  Common  closure  models  like  the  k  -  c  model,  which  cannot  be  derived 
from  basic  principles,  use  a  single  turbulent  length  scale  the  integral  length 
scale  To  account  for  length  scale  variations,  a  two-pomt-correlalion  equa¬ 
tion  can  be  derived  [l],  which  can  be  iiiterpreted  as  a  generalization  of  a 
multi  scale  mode!  Based  on  this  equation,  closure  models  for  length-scale 
equations  can  be  introduced  on  a  more  reliable  basis  Defining  the  two-point 
double-  and  triple-correlation  functions 


which  are  functions  of  the  physical  and  the  correlation  space 
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the  two-point  correlation  equation  reads  as  follows 
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The  hrst  seven  terms  are  similar  to  those  used  in  one-point  closu'es  such  as 
the  Reynolds-stress-equations  The  six  additional  terms  arise  from  the  fact, 
that  the  equation  generally  has  to  be  solved  in  physical  and  in  correlation 


space  No  c'osure  has  to  be  introduced  for  the  pressure  velocity  correlations, 
because  a  Poisson  equation  for  pressuie  fluctuation  can  be  used  that  brings 
up  no  additional  unknown  term  Owing  to  the  fact,  that  Eq  (4)  includes 
three  extra  dimensions,  the  equation  Implies  an  infinite  number  of  length 
scales  in  contrary  to  common  turbulence  models  The  only  remaining  term, 
to  be  modelled  is  the  gradient  of  the  tiiple  correlation  in  correlation  space. 


ISOTROPIC  TURBULENCE 

Prediction  of  the  decay  law  of  homogeneous  'sotropic  turbulence  is  one  of  the 
basic  problems  in  turbulence  theory  and  a  first  test  for  a  closure  assumption 
used  in  the  above  correlation  equation  Rewriting  the  correlation  equation 
under  the  assumption  of  isotropic  turbulence.  Eq  (4)  can  be  reduced  to  the 
von  Karman-Howarth  Equation  (K-H-E)  [2] 
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A  closure  model  has  to  be  introduced  for  the  dimensionless  triple  correlation 
k  in  terms  of  known  quantities  and  widely  accepted  turbulence  theories 
Former  closure  models  where  those  of  Hasselmann  [3]  and  Domaradski  and 
Mellor  [4]  While  the  latter  showed  some  intersting  results,  it  did  not  Include 
all  the  following  behaviour  of  k  at  the  origin 


i  -(•  (6) 

Here  we  will  use  Kolmogorov’s  similarity  hypotheses  for  r  <<  //  and  neglect 
the  unstationa^y  term  in  the  following  form  of  Eq  (5) 
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This  parametrises  the  solution  by  f  and  1/  A  first  Integration  yields 


„  t7(H^(l  -  /))'  , 

iv - - - h  ii'  k  = 

Or 

Kolmogorov's  first  and  second  law  are 
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for  r  — >  0  and  _ 

1,2(1 -/)  =  C(cr)2/3 

for  rj  <<  1  <<  L.  where 

V  = 


(0) 

(10) 

(II) 


IS  the  Kolmogorov  scale 


In  contrary  to  the  properties  of  the  correlation  funtlons  for  small  r.  one 
can  introduce  a  class  of  invariant  integrals  which  are  a  generalization  of 
Loitsianskiis  [5]  and  Birkhoffs  [6]  integrals  The  latter  make  assumptions  for 
the  behaviour  for  r  -•  cx)  Continuity  requires  that  /  decays  faster  than 
at  infinity 

We  propose  a  closure  for  the  K-H-E  by  gradient  flux  approximation,  which 
satisfies  Eqs  (9)  and  (10) 


lb  =  i/f 


i 

(12) 
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In  order  to  deduce  from  the  K-H-E  information  about  a  or  one-step  closure 
model  an  integral  formulation  is  sought  Eq  (14)  yields  after  one  integration 
the  following  form 

=  (15) 

To  evaluate  the  integrals,  an  ansatz  for  /(r,<)  similar  to  the  Karman-Pohl- 
hausen  method  must  be  introduced 

Experimi-ntal  verification  for  the  closure  model  was  done  at  different  levels  A  first  step  is  to  approximate  Eq  (8)  together  with  the  closure  Eqs  (12) 

Fig  1  and  2  shows  measured  values  for  k  [7]  with  increasing  time  compared  and  (13)  .  This  leads  to  an  equation  which  is  only  valid  for  0  <<  r  <<  L 

with  the  closure  hypotheses,  while  the  /  function  in  bq  (12)  and  (13)  have 
been  recorded  during  the  same  experiment  In  a  second  step.  Eq  (14) 
was  integrated  numerically  and  compared  with  experimental  data  [8)  for 

(Fig  4)  Initial  conditions  have  been  taken  from  the  same  experiment  Rescaling  and  changing  the  dependent  and  independent  variables,  one  ob- 

Within  the  measuring  range  excellent  agreement  was  achieved  tains  Abel’s  differential  equation 


=  {i>  +  .•  b  =  u^{l-f) 


vr  =  2Koyu2(i  _ 

”  5  (7^72  ^  0.0811 

The  resulting  equation  is  of  parabolic  type 

F(r,i)  =  u’/(r,() 


Tig.  1  Th«  tripl*  correlation  function 


Fig  2  The  tnple  correlation  function 


0  0  005  0  01  ^  C0,5  0  02  0  025 

Fig  3  Mean  square  velocity  fluctuation  during  deca,  cl  turtxilonce 


dy  .Jve 


y  (17) 


Because  no  exact  solution  of  Eq.  (17)  is  known,  an  approximation  satisfying 
the  limits  y  0  and  y  -*  oo  is  used 

y  =  \/^i  +  |.y?  (18) 

The  inverse  of  Eq  (18)  is  given  by 

+(y+V'^  +  y’j  |  (j)  ' 

(19) 

Now  /  will  be  approximated  by 


which  satisfies  the  limit  /  =  1  —  ax  for  i  — »  0  and  /  — ♦  0  for  x  —•  oo 
Introducing  Eq  (20)  in  Eq  (15)  and  neglecting  the  viscous  term  in  Eq  (15) 
one  obtains  after  some  manipulations  the  k  -  f-mode! 


dt  ” 


dr  ■”  k 


Cc,  =  1  89  (23) 

The  standard  k  —  e-modcl  requires  1  92  for  which  is  very  close  to  the 
value  aoove 


CONCLUSIONS 

A  closure  model  for  the  K-H-E  is  introduced  whith  a  gradi  'iit  flux  approxima¬ 
tion  for  the  triple  correlation  k.  satisfying  the  first  and  second  Kolmcgorcv 
law  and  the  invariant  theory  Comparison  with  experiments  give  excellent 
agreement  in  the  range  of  reliable  data  As  an  example  for  an  integral  for¬ 
mulation  of  this  model  the  t  — f-model  for  isolrop'C  ♦'irbulence  is  recovered 
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Abstract 

The  unsteady  tiow  properties  of  the  wake 
produced  jy  a  vortex  shedding  cylinder  of 
unusual  cross-sectional  shape,  developed  as  a 
result  of  a  visualisation  study,  h,  ve  been 
quantitative!)  tested  Comparison  has  been  made 
with  the  wake  produced  by  a  triangular 
cross-sectioned  cylinder  using  an  ensemble 
averaged  frequency  spectra  loerbod  The 
increased  strength  and  stability  of  the  wake 
from  the  new  body  are  deraonstiated 

Introduction 

The  complex  mechanism  ot  vortex  formation  in 
the  wake  of  a  bluff  body  has  attracted  wide 
intere.'jt  [e  g  Fage  and  Johansen  (1928), 
Geiiard  (1966),  Bearraan  (1967)]  Recently 
methods  of  quantitatively  comparing  the 
strength  and  strtbility  of  coherent  wake 
stiuctures  initiated  bv  different  cylinder 
cross-sections  have  been  developed  [e  g  Lucas 
and  fuinet  C19£3).  Nichols  et  al  (1986). 
Pankanm  (1935);  The  work  reported  here 
complements  these  recent  investigations  bv 
using  the  ensemble  averaged  trcquency  spectra 
obtained  from  a  wire  anemometer  signal  to 
compare  quantitatively  the  unsteady  flow 
properties  of  wakes  p^'odu  ed  by  two  veiy 
diffeient  bodies. 

One  of  the  body  shapes,  v-nsisting  of  a 
split  circular  cylinder  with  a  concave  rear 
surface,  was  the  result  of  an  extensive 
visualisation  study  by  Popiel  and  Turner 
(1988).  which  aimed  to  produce  the  optimum  body 
shape  corresponding  to  the  strongest  vortex 
shedding  action  over  an  extended  Reynolds 
number  range  For  compaiison  and  to  provide  , 
control,  a  cyJindei  with  equilateral  triangular 
cross-section  (one  flat  face  normal  to  the 
incident  flow)  was  also  examined 


figure  L  is  a  schematic  of  the  wind  tunnel 
used,  in  which  the  flow  velocity  could  be 
varied  up  to  25  m/s  (Re-43. based  on  actual 
cylinder  width  of  25.2  ram/.  Centre-line 
turbulence  intensity  was  found  to  be 
approximately  2  5X  over  the  Reynolds  number 
range  considered 
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Figure  1  Wind  tunnel  used  for  experiments 

A  constant  temperature  anemometer  (CTA) 
s>srem  was  used  to  obtain  the  vortex  shedding 
signal  wedge  film  probe  could  be  traversed 

both  axially  and  transvcrsly  in  the  flow  behind 
the  bluff  body  Output  from  the  CTA  was 
processed  using  a  digital  spectrum  analyser  and 
a  personal  computer  to  calculate  a 
signal-to-noisc  ratio  (SNR)  for  the  vortex 
signal  The  definition  of  the  SNR  described  in 
Lucas  and  Turner  (1985),  based  on  the  ensemble 
averaged  amplitude  of  the  frequency  spectrum, 
was  used 

Experimental  procedures 

Two  kinds  of  experiment  were  performed. 

The  Strouhal  versus  Reynolds  number 
relationship  was  examined  for  the  new  bluff 
body,  noting  that  this  had  the  sa,iie  width  as 
the  triangular  body  and  the  bodies  tested  by 
Lucas  and  Turner  (iS85)  The  variations  with 
Reynolds  number  of  the  SNR,  the  '  ortex  shedding 
frequency,  and  -he  peak  spectral  amplitude  at 
the  Vut  teA-sheuuliig  fieqUeiicy,  wtie  also 
determined.  During  these  experiments,  the  hot 
film  proue  was  positioned  at  mid-height,  0  02 
diameters  (d)  beti.nd  and  slightly  to  one  siae 
of  the  cylinder,  so  as  to  lie  In  the  separated 
shear  layer  Measurements  were  made  throughout 
rne  available  range  of  Reynolds  number  (i.e 
from  about  1000  to  A3000). 
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Figure  2  presents  some  data  which  show 
typical  variations  in  Strouhal  number,  SNR  and 
peak  spectral  amplitude  with  Reynolds  number,, 
suitably  scaled  to  fit  on  the  same  plot 
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The  repeatability  of  the  SNR  measurements, 
using  128  samples  on  the  spectrum  analyser  for 
ensemble  averaging,  was  better  than  IX,  except 
in  the  region  of  maximum  free  stream  velocity 
where  it  fell  to  4-5X. 

Conclusion 

The  study  has  yielded  detailed  data  which 
complement  the  previous  programme  of 
visualisation  experiments.  Results  obtained 
show,  in  particular,  that  the  signal-to-noise 
ratio  of  the  periodic  wake  behind  the  new  split 
cylinder  is  approximately  three  times  that  for 
a  triangular  cylinder  This  demonstrates  the 
ability  of  the  spectral  measurement  approach  to 
quantify  in  an  unambiguous  way  the  strength  and 
stability  of  the  coherent  structures  in  a 
turbulent  wake. 


Figure  2  Plots  of  Strouhal  number,  SNR  and  peak  spectral 
amplitude  against  Reynolds  number  -  new  body 


In  the  second  series  of  experiments,  changes 
in  SNR  and  peak  spectral  amplitude  as  the 
position  of  the  hot  film  probe  was  varied 
within  the  bluff  body  wake  were  investigated. 
These  experiments  were  carried  out  for  both 
bodies  at  the  same  Reynolds  number  (Re-20,000) 
as  that  used  by  Lucas  and  Turner  (1983)  In 
turn,  each  cylinder  aas  placed  in  position  in 
the  tunnel  and  the  probe  was  traversed  across 
the  tunnel  in  the  raid-span  plane  at  stations 
axially  0  04  d,  0  2  d  and  0  4  d  behind  the 
rear -most  point  of  the  body  In  each  probe 
position,  the  same  parameters  as  in  the  first 
experiment  were  recorded 

Figure  3  shows  the  variation  of  SNR  for  both 
bodies  at  each  station  on  the  same  scale  Here 
the  considerably  increased  strength  and 
stability  of  the  vortex  street  from  the  new 
body  IS  clear 
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ABSTRACT 

The  influence  of  the  inlet  boundary  conditions 
on  the  predicted  reallachment  length  is  high¬ 
lighted.  Especially,  the  specification  of  e  inlet 
condition  is  crucial.  A  new  mixing  length  distrib¬ 
ution  based  on  the  physical  reasoning  of  the  flow 
field  IS  presented.  The  k  —  I  model  displays 
excellent  numerical  stability,  on  the  other  hand 
k  —  c  model  is  highly  unstable  The  predictions 
using  the  new  mixing  length  distribution,  for  /  in 
the  k  -/  model  are  in  good  agreement  with  the 
existing  results. 

INTRODUCTION 

Flow  through  a  sudden  pip  j  expansion  is  a  good 
bench  mark  problem  to  evaluate  any  model  of 
turbulence  or  a  numerical  tv.chnique  for  its  pre¬ 
dictive  capabilities  in  axisymmetric  geometries 
The  point  at  which  reatlachment  of  the  flow 
takes  place  forms  one  of  the  basis  of  comparing 
different  models  A  recent  review  of  internal 
flows  by  Nallasamy  (1987)  compares  the  rcat- 
tachment  length  predicted  by  different  models 
However  the  comparison  is  not  justified  because 
the  inlet  conditions  specified  are  different  in 
each  case  In  the  present  work  it  is  shown  that 
the  problem  is  sensitive  to  inlet  conditions 
The  numerical  inslabilily  of  the  k  -  r.  model  is 
well  known.  The  numerical  advantages  of  k  - 
where  the  mixing  length  /  is  prescribed  using  an 
algebraic  equation,  is  highlighted  in  the  present 
work  and  also  a  new  mixing  length  distribution 
based  on  physical  reasoning  of  mixing  in  the 
flow  field  is  prescribed 

NUMERICAL  PROCEDURE  AND  MODELS  USED 


The  problem  is  simulated  using  Galerkin  finite 
element  technique  using  Eulerian  velocity  cor¬ 
rection  method  to  solve  the  momentum 
equations  in  unsteady  stale  form  Linear  trian¬ 
gular  elements  are  used  for  spatial  discretisa¬ 
tion  Delatls  of  the  flow  geometry  are  sliown  in 


Fig  1. 

The  low  Reynolds  number  version  ol  k  -  r,  and 
k-  /  models,  damped  with  functions  given  in 
Lam  and  BremhorsI  (1981)  and  Wolfshlein  (1970) 
respectively,  are  used  Three  different  mixing 
length  prescriptions  for  1,  the  Prandll's  mixing 


length,  modified  version  of  the  distribution  given 
•n  Taylor  et  al  (1981)  and  a  new  mixing  length 
model  are  used. 

RESULTS  AND  DISCUSSIONS 
The  k  -  r.  model  does  not  show  monotonic  con¬ 
vergence  towards  steady  stale  and  it  is  highly 
osc'llalory.  The  k  - 1  model  exhibits  very  good 
numerical  stability  and  it  shows  monotonic  con¬ 
vergence  towards  steady  state.  Also  the  values 
of  k  does  not  become  negative  The  mixing 
length  distribution  for  all  the  three  models  can 
be  given  by  a  general  relationship  /  =  k 
where  value  of  k  is  0.4  and  is  the  reference 
distance. 

In  Prandll's  mixing  length  distribution  (MLO), 
ypf.F  =  ywALi  .  a'ld  ywALL  is  minimum  of  the  normal 
distance  from  cither  of  the  walls  This  distrib¬ 
ution  over  predicts  mixing,  hence  the  realtach- 
ment  length  is  under  predicted 
The  mixing  length  distribution  specified  for  flow 
over  backward  facing  step  in  Taylor  et  al  (1981) 
is  modified  (ML1)  to  take  the  present  problem 

-  [miiKyiv^it ,  (2X/Xr  -  1)H)  if  X  ^ 

The  value  of  y„(r  is  calculated  from  equation  (1) 
This  distribution  under  predicts  mixing  near  the 
axis,  close  to  the  expansion.  As  a  consequence 
results  exhibit  wiggles  Also  the  physical  basis 
of  this  distribution  is  weak, 

A  new  mixing  length  distribution  (ML2)  is  pro¬ 
posed  on  the  physical  reasoning  of  mixing  in  the 
flow  field  It  is  highly  improbable  for  an  eddy  to 
mix  with  a  region  where  the  direction  of  the  flow 
field  is  reversed  From  the  stieamline  pattern  of 
the  flow  shown  in  Fig  1,  it  is  assumed  that  an 
eddy  in  between  the  line  AB  and  the  axis  of  the 
pipe  can  mix  ficely  up  to  the  line  AB,  where  the 
flow  fakes  place  in  downstream  direction  Sirni- 
lat  aigunient  is  assumed  for  an  eddy  in  between 
me  walls  and  line  AB,  where  the  flow  is  in  the 
opposite  direction  The  value  of  yair 's  token  as 
Kwau  beyond  the  reatlachment  point  and  has  a 
value  which  is  minimum  of  ywAu  the  distance 
from  the  line  AB  in  the  region  between  the 
expansion  and  the  realtachment  point 
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The  realtachment  lengths  predicted  by  the  three 
distributions  are  shown  in  table  I  (S  Nos  1,2  & 
3).  The  overall  performance  of  ML2  is  good.  The 
quality  of  predictions  made  by  ML1  distribution 
is  poor.  All  the  three  distributions  showed 
monotonic  convergence  towards  the  steady 
state. 

The  influence  of  inlet  axial  velocity  profile  on  the 
prediction  of  reattachment  length  is  shown  in 
table  I  (S.  Nos  7&9).  The  realtachment  length 
predicted  is  more  for  uniform  axial  velocity  pro¬ 
file  than  the  profile  based  on  1/7^  law.  The  effect 
of  Reynolds  number  on  reattachment  length  is 
marginal  as  seen  in  Table  I  (S.  Nos  4  &  5). 

The  inlet  turbulent  kinetic  energy  k,  has  a 
marked  influence  in  the  prediction  of  the  reat¬ 
tachment  length.  It  is  clear  from  the  Table  I  (S. 
Nos  5,  6  &  7)  that  an  increase  In  k  decreases  the 
reattachment  length  The  inlet  specification  of 
turbulent  kinetic  energy  dissipation  c,  is  equally 
important,  which  is  generally  not  measured  The 
following  empirical  relationship  is  used  to  cal¬ 
culate  the  value  of  e. 

c  =  009  k’'»/(0.015D).  (2) 

The  diameter  D  is  conventionally  taken  as  Dec  . 
But  this  resulted  in  a  severe  under  prediction  of 
the  reattachment  length.  Instead,  if  D  is  taken  as 


Dac  as  in  Pun  and  Spalding  (1977),  the  predicted 
value  increases  by  a  great  margin.  This  is 
clearly  seen  in  Table  I  (S.  Nos  7&8). 

The  effect  of  different  wall  boundary  conditions 
on  the  heat  transfer  is  studied.  The  computed 
local  Nusselt  number  variation  is  in  good 
agreement  with  experimental  results  of  Zeman- 
ick  and  Dougall  (1970).  The  error  in  peak  Nusselt 
number  is  11.2  %  and  it  is  weli  within  the 
acceptable  limits  (Launder,  1988).  Another  peak 
is  seen  very  close  to  the  expansion  as  shown  in 
Fig.  3,  which  is  in  line  with  the  intuitive  argument 
given  by  Zemanick  and  Dougall  (1970).  The 
influence  of  radial  wall  boundary  condition  is 
restricted  very  close  to  the  expansion  as  seen  in 
Fig.  3. 

CONCLUSIONS 

1.  The  specification  of  inlet  boundary  condition 
is  very  critical  and  its  influence  on  the  reat¬ 
tachment  length  is  considerable. 

2.  The  k  -  /  model  is  potentially  a  viable  model 
and  has  good  numerical  stability. 

3.  A  new  approach  to  mixing  length  distrib¬ 
ution  is  highlighted  and  the  predictions 
based  on  this  concept  agiees  well  with  the 
experiment. 

table -1  COMPARISON  OF  REATTACHMENT  LENGTHS 
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An  electrohydrodynaniic  flowfield  is  a  superposition  of  a  con¬ 
ventional  gas  flow  and  a  flow  of  gas  ions.  Sucli  flowfields 
occur  for  example  in  elccnostatic  precipitators  widely  used  for 
the  cleaning  of  flue  gases  The  experimental  investigation  of  the 
particle  velocities  within  an  electrohydrodynamic  (EHD)  flow- 
field  is  therefore  necessary  to  characterize  the  transport  condi¬ 
tions.  The  interaction  between  the  neutral  gas  and  the  gas  ions 
(sometimes  called  ionic  wind)  changes  the  pattern  of  the 
streamlines  because  the  gas  ions  drift  along  the  electric  field 
lines  which  cross  the  streamlines  of  the  turbulent  main  flow. 
This  interrelationship  dccisivly  influences  the  flowfield  struc¬ 
ture  and  hence  the  transport  behaviour  of  the  pai  tides.  The 
EHD  flowfield  is  not  only  de[x;iidcnt  on  the  Reynolds-numbcr, 
but  also  on  a  second  factor.  Some  authors  refer  to  the 
number,  whereby  the  presented  defiiiiiioiis  arc  not  always  m 
total  compliance  H,  21  Sliatigiicsssy  el  al  have  derived  this 
charactcnstic  number  fioni  a  dc-diiiicnsionalizcd  and  extended 
Navier-Stokcs  equation,  and  speak  of  the  "Electric  Froude 
number "  Fr^j  131,  foi  which  the  lollowing  relationship  holds: 


N 


Jnh 

s 

V 

r 

b 


^  f-i-T 

"  bpv^  “  [p^elj 

electric  current  density  (colling  area  .sjiecific) 

channel  lialf-widih 

mean  gas  velocity  (How  rale  density) 

gas  density 

mooility  of  gasions 


The  EHD  flowf'dd  was  generated  in  a  vertical  quadratic  test 
duct  and  ilic  gas  ions  were  pioduccd  with  a  corona  dnscharge 
located  at  five  round  copper  wires  (SE)  in  the  middle  of  the 
duct  (Fig.  1).  The  geometrical  parameters  were 
half  duct  width  (NE-SE)  .  s  =  70.7  mm 

wirc-to-wirc  distance  (SE-SE)  :  2c  =  70.7  mm 

wuc  radius  :  r^c  “  35  mm 

Length  of  EHD-zone  :  L  =  350  mm 


The  realized  Laser-Doppler  Velocimeter  (LDV)  allowed  a  si¬ 
multaneous  measurement  of  two  velocity  components  of  the 
particles  (Fig.  1):  the  migration  velocity  towards  the  plate 
electrodes  (NE,  y  axis)  together  with  the  velocity  component  m 
the  main  flow  direction  (x  axis).  The  resulting  paramciei  s  arc. 


<  V,  >  .  average  velocity  of  the  component  i 

{<V|  :  r.m  s -value  of  the  component  1 

From  these  a  turbulence  intcnsiiy  Tu|,  can  be  derived: 


1  ^  i  ^  ^ 

2  '  2  I 


2  2 
<  V  >  +  <  V  > 
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The  use  of  the  term  turbulence  intensity  for  the  charactt.ization 
of  particle  motion  (discriminated  by  the  suffix  p)  may,  at  first 
glance  appear  unconventional,  since  this  is  usually  only  applied 
111  conjunction  with  fluid  phases.  Nevertheless,  this  has  been 
deliberately  used  in  the  following,  since  tlie  ratio  of  the  average 
velocity  deviations  of  the  disperse  phase  to  the  absolute  value 
of  the  velocity  vector  is  indeed  an  appropriate  parameter  for  the 
characterization  of  the  particle  motion  state.  The  experiments 
were  conducted  using  a  NaCl  aerosol  with  a  number  distri¬ 
bution  median  of  Xjq  q  =1,4  pm  and  a  geometric  standard 
deviation  of  Xg4/xjQ  =1,4  Furthermore  it  is  important  to  say 
that  in  this  application  of  Laser-Doppler  velocimetiy  the  light¬ 
scattering  panicles  do  not  play  the  role  of  tracers  because  they 
are  charged,  and  hence,  drift  within  the  electric  field  relative  to 
the  fluid  phase.  In  general  it  is  impossible  to  measure  fluid 
velocities  in  an  EHD  flowfield  when  using  light-scattering 
techniques. 

The  aim  of  the  investigations  was  the  characterization  of  the 
particle  dynamic  at  different  sutes  of  the  EHD-flowficld. 
Therefore  the  experiments  have  been  conducted  in  dependence 
of  the  electrical  operational  conditions  for  two  average  flow 
velocities.  The  paiameters  for  each  operational  setting  may  be 
extracted  from  the  following  table: 


Table:  Operational  conditions  of  the  EHD  flowfield 


V 

U 

E 

Jne 

PUi 

f^EHD 

l*l/s 

kV 

kV/cm 

niA/m^ 

0,71 

6667 

0 

0 

0 

oo 

0 

0,71 

6667 

20.0 

2,8 

0,30 

1.76 

0,32 

0,71 

6667 

35,0 

5,0 

3,69 

0,50 

4,00 

1.41 

13333 

0 

0 

0 

OO 

0 

1.41 

13333 

20.0 

2,8 

0,30 

3,57 

0.08 

1.41 

13333 

35,0 

5,0 

3,69 

1,00 

1.00 

Fig.f  .Survey  of  the  measured  velocity  components  together 
with  the  plane  of  measurement 
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Fig.  2.  Averaged  paruele  iiiigraiion  velocity  Fig.  3.  Averaged  particle  velocity  profiles  in  Fig.  4:  Profiles  in  the  turbulence  intensity 
across  the  mam  flow  between  the  the  mam  flow  direction  between  tlie  between  tlie  first  and  second 

first  and  second  corona  clccuode  first  and  second  corona  electrode  corona  elccU’ode 


The  presentation  of  the  results  uses  dimensionless  coordinates, 
for  which  purpose  all  lengths  arc  dc-dimcnsionalizcd  by  the 
channel  half-width  s  The  following  figures  portiay  the  results 
of  measurements  conducted  between  the  first  and  second  coro¬ 
na  electrode.  This  location  corresponds  to  the  dimensionless 
coordinate  x'  =  1,0  (see  Fig.  1).  Each  graph  demonstrates  the 
profiles  across  the  main  flow  direction  between  the  dimension¬ 
less  y-coordinatc  y’  =  -  i  to  y’  =  -i-  I,  which  corresponds  to  the 
surfaces  of  each  plate  electrode.  In  the  range  y'  <  0,  mea¬ 
surements  could  be  conducted  at  distances  down  to  3.5  mm 
from  the  plate  by  turning  the  precipitator,  y'  =  0  is  the  defined 
location  of  the  corona  electrodes  Each  graph  contains  the  mea¬ 
suring  values  for  two  or  three  applied  voltages  The  upper  part 
of  the  figure  shows  results  for  a  mean  gas  velocity  of  0.71  m/s, 
the  lower  for  1,41  m/s  respectively. 

h'ig.  2  shows  the  results  of  the  <Vj,>  measurements  vvhich  can 
be  related  to  the  residence  time  and  the  saturation  charge  ic- 
spectively.  When  compared  with  calculated  values  it  can  be 
shown  that  the  migration  velocity  of  the  particles  is  approxi¬ 
mately  three  times  higher  tha.i  theoretically  expected,  provided 
they  receive  at  least  90  %  of  their  saturation  charge. 

The  results  of  the  <Vj^>  measurements  (Fig.  3)  distinctly  verify 
that  the  ionic  wind  influences  the  particle  motion  At  a  voltage 
of  35  kV,  the  velocity  profiles  change  and,  as  one  can  ob.scrvc, 
this  change  is  more  dominant  for  0,71  m/s  than  for  1,41  ni/s. 
In  contrast  to  the  0  kV  state,  the  particle  velocity  increases  at 
the  central  channel  regions  and  dccrea.ses  substantially  at  the 
wall  zones.  This  phenomenon  can  be  seen  as  an  indication  for 
the  existence  of  secondary  flows  as  already  observed  in  the 


case  of  positive  corona  fields  14,51.  The  ionic  wind  does  induce 
eddy  regions  as  a  result  of  continuity,  which  causes  the  ob¬ 
served  particle  velocity  decrease  in  the  vicinity  of  the  channel 
walls  and  the  particles  can  hardly  follow  such  a  back-flow  of 
the  fluid  phase  due  to  the  influciicc  of  the  electrical  force. 

A  compaii.son  between  the  different  EHD  states  discloses  that 
Njji^i, ,  =<  1  is  a  cr'Uc.il  value  for  the  mutual  interactions  between 
the  ionic  wind  and  the  neutral  gas  phase.  Whilst  for 
values  >  1,  tlie  stochastic  particle  motion  is  chiefly  determined 
by  the  non  steady-state  character  of  the  negative  corona,  for 
^EHD  ''alucs  <  1,  however,  die  p.uiicle  velocity  fluctuations  are 
governed  by  the  turbulence  of  the  neutral  fluid.  This  behaviour 
is  clearly  demonstrated  by  Fig.  4  which  shows  the  measured 
turbulence  intensities  Tup  of  the  panicles. 
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ABSTRACT 

Based  on  truncation  of  general  second  order 
closure  methods,  a  simpler  form  of  model  is  searched 
which  would  enable  sufficiently  faithful  reproduction 
of  specific  features  of  buoyancy  dominated  turbulent 
flows,  but  still  retain  an  eddy-viscosity  form  which 
could  be  Incorporated  easily  into  the  general 
3-dimensional  Navier-Stokes  computer  code  for  complex 
geometries.  Validation  of  the  model  was  carried  out 
by  considering  several  characteristic  buoyancy 
dominated  flow  situations 

INTRODUCTION 

Buoyancy  dominated  turbulent  flows  are 
characterized  by  several  features  which  can  not  be 
modelled  successfully  by  popular  k-c  or  other  eddy- 
viscosity  type  models.  A  strong  coupling  and  a  mutual 
feed-back  between  the  velocity  and  temperature  field, 
as  well  as  inadequacy  of  gradient  hypothesis  by  which 
turbulent  flux  is  usually  represented,-  are  some  of 
such  specific  features.  However,  roost  widely  used 
Navier-Stokes  codes  not  suitable  for 
incorporation  of  second-order  closure  scheme  which 
would  overcome  roost  of  the  deficiencies  of  simple 
models.  Hence,  for  time  being,  a  compromise  is 
searched  which  would  retain  the  basic  eddy 
diffusivity  formulation,  but  modified  as  to  account 
for  roost  important  buoyancy  effects. 

The  present  paper  focuses  on  the  analysis  of 
relatively  simple  test  cases  in  which  "clean" 
buoyancy  effects  can  be  isolated  and  various  modeling 
ideas  explored  in  details.  For  that  purpose  two 
groups  of  test  cases  have  been  examined,  one  in  which 
the  density  stratification  vector  is  collinear  with 
the  gravitational  vector  (bottom  heating)  and  the 
other  with  two  vectors  being  perpendicular  (side 
heating  and  cooling). 

He  consider  first  the  two  test  cases  which 
simulate  the  dynamics  of  almost  one-dimensional, 
unsteady,  mixed  layers,  driven  piTC’.  by  buoyancy. 
The  first  is  the  well  known  experime'.t  of  Deardorff 
et  8l.  (1969)  [3]  of  the  development  of  a  turbulent 
mixed  layer  in  the  lower  region  of  initially  stably 
stratified  quiescent  fluid  by  heating  from  below,  and 
its  upward  penetrative  convection  into  the  stable 
layer  above  it.  The  second  test  case  is  the 
laboratory  model  of  Harkofski  and  Harleman  (1971)  (5) 
of  the  development  of  a  surface  mixed  layer  due  to 
the  surface  rooHng  (simulation  of  diurnal  variation 
of  a  termocline)  and  its  downward  advancement  in  the 
underlying  stratified  fluid.  A  coinnon  feature  of  both 
cases  is  the  creation  and  growth  of  highly  turbulent 
mixed  layer  in  which  the  transport  of  momentum  and 
heat  occurs  by  turbulent  diffusion,  while  the 
temperature  profiles  remain  basically  uniform, 
demonstrating  clearly  the  failure  of  the  simple  local 
gradient  i  cpt eseutatlon  vf  turbulent  flux.  Another 
important  feature  of  these  caseu  is  the  entrainment 
of  adjacent  overlaying  oi  underlaying  non-  turbulent 
fluid  into  the  mixed  layer  and  a  consequent 
development  of  a  sharp  donsHy  Jump  (termocline)  at 


the  interface  of  turbulent  and  non-  turbulent  fluid 
The  penetration  of  the  mixed  layer  incurs  a  reversal 
of  sign  of  the  heat  flux  in  the  region  close  to  the 
interface  (compensating  cooling  of  the  stable  fluid 
in  the  first  case  and  heating  in  the  second  case) . 
All  these  and  other  features  recorded  in  the 
mentioned  and  other  experiments,  pose  a  serious 
challenge  to  turbulence  modelling. 

Second  group  of  considered  cases  concerns  again 
simplified  geometries  with  side  heating  and  cooling 
so  that  the  gravitational  vector  is  perpendicular  to 
the  mean  temperature  gradient.  The  representative 
cases  are  the  experiments  of  Cheesewrlght  and 
coworkers,  and  of  some  other  authors.  A  specific 
feature  of  these  cases  is  the  concentration  of  steep 
temperature  and  velocity  gradients  as  well  as  high 
turbulence  intensity  in  the  thin  boundary  layers 
along  the  vertical  walls  and  almost  quiescent 
isothermal  core  region  occupying  the  majority  of  the 
channel  cross-section. 

The  enclosed  diagrams  illustrate  the  quality  of 
predictions  obtained  by  a  simplified  version  of  full 
stress/flux  uiodel  as  well  as  by  a  modified  version  of 
k-c  model  which  produces  almost  the  same  accuracy. 

RESULTS  AND  DISCUSSION 

Figures  1  to  2  present  the  comparison  of  the 
measured  and  computed  values  of  two  major  parameters 
measured  by  Deardorff  et  al.  The  presented  results 
were  computed  by  a  simplified  form  of  the  second 
order  model  which  entails  the  solution  of  t-'ansport 
equations  for  vertical  turbulent  heat  fliix  and 
temperature  variance  in  addition  to  the  energy  and 
dissipation  equations  with  the  standard  Launder- 
Sharra  [4]  low-Re-number  modifications.  The  vertical 
profiles  of  mean  temperatures  and  total  heat  flux  at 
different  time  instants  show  excellent  agreement  in 
full  details.  Including  the  sign  reversal  of  the  heat 
flux  Just  below  the  interface.  The  development  of  the 
thickness  of  the  mixed  layer  (two  different 
definitions,  one  corresponding  to  the  position  of 
sign  reversal,  and  other  to  the  minimum  turbulent 
heat  flux),  both  show  very  good  agreement,  except  for 
the  Initial  period  which  is  uncertain  because  of 
unknown  initial  conditions.  The  predicted  time 
development  of  the  fluctuating  temperature  variance 
(not  shown  here)  at  different  heights  show  a 
qualitatively  similar  behaviour  to  those  found  by 
experiments,  though  a  large  scatter  of  the 
experimental  data  brings  in  a  dose  of  uncertainty,  so 
that  some  difference  in  rates  of  change  can  not  be 
explained  satisfactory  at  present. 

Figures  3  presents  a  comparison  of  measured  and 
computed  mean  temperature  profiles  for  one  of  the 
experiments  of  Markofskl  and  Harleman  (5]  for  the 
period  of  one  diurnal  cycle  with  successive  heating 
aiiu  ovoliiig  of  surface  layer  by  — adintloit  surface 

convection  (here  also  the  simulation  was  performed  of 
the  reservoir  inflow  and  outflow,  with  changeable 
water  level  and  variable  radiative  heat  exchange). 
The  computations  show  a  good  agreement  including  the 
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compensating  heating  of  the  entrained  fluid  below  the 
mixed  layer,  during  the  period  of  surface  cooling. 

Figures  4  and  5  show  the  comparison  of  predicted 
profiles  of  vertical  mean  velocity  and  mean 
ten^erature  at  the  mid  height  of  a  S:1  rectangular 
channel  heated  and  cooled  from  sides,  collared  with 
measurements  of  Cheesewrlght  and  King  (2).  The 
presented  results  have  been  obtained  by  a  kind  of 
low-Re-number  algebraic  flux  model  which  could  be 
reduced  for  computational  convenience  to  a  form  of 
k-c  model  in  which  a  tensorial  "Prandtl-Schmldt" 
number  accounts  for  additional  terms  originating  from 
truncated  full  stress  model.  This  procedure  generates 
a  more  general  invariant-  instead  of  simple  gradient 
hypothesis  for  turbulent  heat  flux.  In  addition  the 
length  scale  correction  of  Yap  (6)  was  also  applied. 
As  shown  in  diagrams,  these  modifications  brought 
visible  improvements  of  the  predictions.  The  wall 
shear  stress  shown  on  Fig.  6  agrees  reasonably  well 
with  the  experimental  data  for  both  walls  (which 
should  have  been  equal  if  full  symmetry  had  been 
attained).  Profiles  of  turbulent  shear  stress  and 


heat  fluxes  u©  and  v©  at  the  same  cross-section. 
Figs.  7,  8  and  9  show  close  magnitudes  and 
qualitatively  similar  behaviour  as  measured  data  but 
the  predictions,  tuned  to  simulate  fully  symmetric 
situation,  could  not  follow  a  visible  asyranetry  of 
the  experiments. 

The  paper  demonstrates  that  a  form  of  k-c  model, 
suitable  for  incorporation  into  a  general  Navier- 
Stokes  code  for  a  complex  3-d  flow,  but  modified  on 
the  basis  of  a  truncation  of  the  full  stress/fltnc 
second  order  model ,  can  generate  a  reasonably 
faithful  reproduction  of  several  experiments  of 
distinct  features  with  buoyancy  flux  being  aligned  or 
perpendicular  to  the  imposed  external  heat  flux. 
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Figure  1  Temperature  profiles  at 
different  time  Instants 


Figure  2  Vertical  heat  flux  at 
selected  times 


Figure  3  Temperature  distribution 
across  the  reservoir  depth 
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Figure  4  Vertical  mean  velocity 
at  channel  mld*-helght 


Figure  5  Mean  temperature  profile 
at  chennel  nld'h*lght 


Figure  6.  Distribution  of  wall  shear 
stress  allong  the  walls 


Figure  7  Distribution  of  uv  across 
the  channel  width 


Figure  8.  Distribution  of  u&  across 
the  channel  width  at  Hs.63 


Figure  9  Distribution  of  vc  across 
the  channel  width 
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SlllliY  DM  TIM'  I'RUSSIIHK-STHAIN  TRlm  IN  HliYNOl.OS  STNKSS  MOIIKI 

U.Ynanaul.n'  and  C.Arakaaa' 

*  Dopnriaunl  nf  Mnchanicnl  KnuinaorinK 
S  I  p  It  r.  II  ilnlviirnlly  nf  Tiikyn 

**  llpimrlaunl  iif  Huchan  I  r.a  I  Knalnaorina 
II n  i  V !•  r  a  1 1 y  of  T u k y n 


Alts  I  KM  I 

III  Hum  nIiuIv  vii'  rnoiiaisl  nn  Sion  Turn  aiidtil  uf  llii< 
|||■(•s.sutl■-.•i(,I•llill  cori'i'litUon.  II  Ih  «ull*kiiii«n  l.lml  Slin 
Ti'i'ni  niU'i'iii-iilK  Ki'liini-lii- IhiiI I'lipy  I  liclu*  RTI  )  piiimiiauniin 
iinil  KIT  pi'iHTHM  iliitHMiils  nil  lliu  Hill'd  invurliiiil.  Ill  nf 
iiiiisiiliniiy  ti'iisiir  MlroiiKly.  Koiir  uxlallnit  aiiduiR,  tilKullii 
I  i  i  1 1  iinli'v  iiiiil  Niiwniin  lililSIiinii  (Iv)Siirlnr  and  Hpii/.liili), 
•I'M'  si'li'cli'il  iinil  Hill  iiiiBiTlcal  ruatilla  •oro  aiapnml  •llli 
••xpcrini'nl III  iliiUi.  Wf  riiunil  ttinl  nuuli  awUil  ctui  mil 
ri.'in mini  I'  III!'  nliriinni'iiiiii  riirri'clly  In  iilltivr  Hip  iiiia)!  wllh 
piisilivi'  III  III'  l.liu  iini'  «llti  iii'Kal.^i!  III.  Tliim  wc  Iriinl 
III  riiii.sl  I  iiol  11  nil*  iiuirliiu'ur  Sloe  Turn  audul  liy  aukliiK 
riiiisliinis  III'  riiMiiUun.s  nf  Invariaiila.  II  la  sliinti  Lliiil  our 
aiiili'l  inn  pri'ilinl  llii!  KTI  plu'iiiini'iiuii  anru  riiaaimably.  HTir- 
llii'i'  .sillily  is  iii.'oilnil  nil  llin  offi'cl  nf  lov'KnynnldR-iiualHir. 

I.  INTKOmiCTION 

Ki'viinldK  slri'ss  Iriinspiirl  aiidol  I  below  KSTU  )  la  une 
of  l.iBi'-uvi'i'Ui!i.'(l  lurbulniH'.o  anilols.  RSTM  is  superior  lo 
nilily  visniNily  nuilols  (  lyplcnlly  k- c  aiidel  )  in  Uie  uni- 
vir.snlily  bnciiusii  11  liikos  ucc.ounls  of  the  Reynolds-stress- 
I  riiiiHpnrl  pliiiiinai’iiii.  A  lul  nf  KSTMa  have  lieuii  pnipusud  and 
iiive.sl  iiiiili'il.  simli  ns  l.uuiidei'-Kin'i!o-Rudl  mid  .Slilati 
KSTMs  Imvc  been  cuiisli'uuleil  nii  the  basia  nf  aany  assnap* 
liiin.s.  Re  think  lliiil  now  it  .should  be  dune  lo  chock  uKuln 

wheUiur  each  tern  is  audelisl  reasonably  or  nol.  Prcaenl 

study  is  ri'Unrdi.'il  us  the  firsl  step  of  such  invesllKnltuns. 
We  fociiseil  on  Helurn-Lii-lsolriipy  (  bcliiw  RTI  1  prublea.  Il 
is  »i!li-kniiwn  Hull  Ihis  process  depends  nn  whelher  the  Ihird 
invurianl  ill  is  positive  nr  nuRalivu.  One  purpose  of 
tills  study  is  III  check  suae  aodels  fur  Slow  Tern  nf 

pressure -stni in  correlation.  Pour  exislinK  aodels  were 
si’li'cti'd  iind  the  niinericul  results  were  cuapared  wHIi 

experiai'iital  dutu.  It  Is  .shiixii  that  they  can  not  reproduce 
KTI  plii'iiiiaenun  correctly  in  either  the  case  wllh  positive 
III  nr  Hie  one  »iHi  neRulive  III.  The  other  purpose  Is  lo 
I'liiistnicl  a  new  non- linear  Slow  Tcra  aodol  by  aakinK 
I'linsinnts  be  riinctinns  of  invariunls.  II  is  shown  Hiat  our 
Biiili'l  is  nble  lo  predict  RTI  process  anre  reasonably  for 
liiiHi  lll>U  mill  III<a. 

•MiliNI'.KAI.  PXPRI'SSUIN  OP  RPTIIRN-TO- ISOTROPY 

Fxiict  Heynulds  stress  transport  i‘quBlluns  incluite  an 
unknown  presaiirc-struln  eorrelalion.  Because  this  is  re- 
spiinsilile  for  the  cnerRy  transfer  between  each  Rcynoids 
stress  eiiaponenl,  it  is  very  iaporlanl  to  aislel  this  tcra 
correi'lly  in  KTRs.  Ciinvoiillonnl  ly  this  cerrelullon  Is 
Biideli'd  by  the  followlni!  expression. 

IPressure-Slrain  Correlullonl  •  p  ij.  It  p  1.1,2*  d  IJ.w  (I) 
where  p  i.i.  I .  P  i.|. 2.  and  Pl.l,w  ropreaenl  the  conlrlbullon 
by  a  (urbuleiice-lurbulence  inleracllon,  a  lurbuicncc-aean 
flow  interaction  and  a  boundary  offocl,  roapecllvoly.  In 
the  present  aliwly  we  denIt  wllli  the  firal  pnrl,  ao-calted 
Slow  Tera.  Tills  kind  of  flowa  la  knawn  aa  Relurn-lo- 
Isntropy  problea  and  governed  by  following  equatlonn. 


rl  bl  l/tl  t-  r./*|  •('HJ-2*blJI 

(21 

<1  <)  /d  L  «-2*  r. 

(31 

d  c/il  t"'2*C  E2*e  /<! 

(4) 

where  b  i  .1*  u  i  ii  J/(|  --I/Ttfilj.  ♦  I  Jw*  r.  ♦  P  1,1. 1.  q  wultlj 
and  e2*l.y0  bl,i  in  called  aa  aniaolropy  lonaor  of 
liirlsilencc.  l.iMley  pointed  out  that  4>U  can  be  eg* 
pressed  generally  by  the  next  oqualton, 
ihl.bii  (ll.llllwblj 


*11  (II.Illl*(blk*bkJ-II/3*61J)  IS) 

wlim-o  II  and  III  are  defined  by  llwbikwbki  and  lll•blk* 
bk.l*bjl  ami  are  called  aa  the  aen'Od  and  the  third 
invurianl  of  anisotropy  leniior  bIJ.  renpo  itively. 

3.PRKDiaARIt.ITY  OF  EXISTING  MODEtdS 

At  firal  we  Invonllgnled  Iho  prodlclnbillly  of  existing 
aodula.  Pour  aodela  were  uaed  for  thin  purpoao.  Acrunling 
to  Eq,  (51  they  can  lie  saaourixed  aa  fullows. 

Miiilul  Ii)  :  KoUn  ' 

(I  *3.0 
<1  *0.0 

Hmlel  (ill  ;  l.iislcy  and  Newoan 
H  •2tF/9*exp(-7.77/Rul'  ) 

♦  |72/Rcl  tJO.  IHnl  1*62. 4KI  1/2*2. 3*1 11/31 II 

u  '0.0 

where  F*l-9/2*ll*9*III  and  Rel«q  /(9w  r.  *  v ) 

Model  liiil  ;  Shi  an 
«  •2*7.297*Prl*F*ll 
<1  *0.0 

where  FrI s |.exp|- ID. IkORwRcl)  I 
Model  liv)  :  .Spe/.iale  nod  Sarkar 
<1  *3.4 

a  *3.04(0  -2.0) 

Model  III  Is  linear  In  bij.  Model  lit)  and  (111)  are 
quaai-jincar.  Model  (Iv)  la  non-linear.  Mudel  (1)  Is  the 
Bust  popular  in  convenliunal  RSTMs  and  succeeds  when  the 
turbulence  is  nol  strongly  anisotropic.  Model  (iii)  wan 
develupcd  in  the  nenr-wall  calculation. 

Culculsllonn  have  been  perforacd  by  four  step  Rungc- 
Kultn  Bolhod  which  in  second  urder  In  the  liao  nnrehing.  An 
the  initial  ca  nro  nol  aenaured.  wu  sol  then  an  that  the 
changea  uf  •(  arc  Batched  with  the  expcrlacnlal  data. 
Tloe  inercBents  were  aciccled  as  nearly  aaae  nagnilude  on 
l/500*(  final  liac  in  cxpcriaenln  ).  In  odcr  lo  check  the 
approprialimeas  of  this  tiae  increoenta,  calculatlona  ecre 
perforaed  with  1/1000*1  final  liac  ).  However  aeaningful 
dincrcpancics  could  not  be  rccognlxcd. 

Four  expcrlai-ntal  data  were  adopted  in  this  study. 
(Ill,e  Punven,  Gence  ami  CoBle-Rellol  IIIDO  and  III<0l. 
l2IGunce  iind  Mnlhlcu  IIIDO).  (3)Tucker  nml  Reynolds 
(IIXO). 

Fig.  1  lo  4  show  Iho  Icaporal  decay  of  noraal  He.vnalds 
Blressns.  Nuaoricnl  resulln  arc  conpared  eiUi  the  enrre- 
spondlng  cxpcrlBcnlnl  data.  Because  of  the  llBlted  apnee 
those  figures  include  the  resulln  nhlainvd  fay  our  Bo<lel 
I  Model  |v)  )  which  will  ho  doscrlbed  in  the  next  seel  ton. 
ProB  these  figures  following  character intics  are  evident. 
Far  HDD  Mmicl  (I)  and  (iv)  reproduce  the  correcl  RTI 
process.  Isil  for  IIXO  loo  sloe  RTI  la  calculated.  On 
the  ciHitrnry.  Model  (11)  and  (Iv)  predict  RTI  rcosonnhly 
for  IIXO.  Isit  produce  loo  ftml  RTI  procens  for  tIDO.  In 
addition,  changeB  In  11*111  plWBe  bpbcu  aado  these  Bspects 
Bore  clear  (  nol  ahoen  here  bocauae  nf  the  llBltcd  apnee  I. 

It  la  oaay  to  conclude  that  each  ondel  can  nol  nnlln- 
raelorlly  repmduqe  both  the  caan  ellh  IIIMI  imd  Ibe  one 
ellh  IIXO.  Re  think  that  thin  nhortcnalniia  are  eamaed  by 
not  having  conaldered  the  data  ellh  either  ponlllve  or 
negative  III  In  conclniclInR  their  andoln. 

4.PR0PIKIAI.  OF  A  NEf  MOOEL 

In  nrder  to  lapmve  the  predlclhblllt.v  nf  Sloe  Tera 
Bodel.  an  tried  lo  connlroel  a  neb  Mdel.  Eaper.lnlly. 
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Fig  1  Temporal  Deca>  of  Normal  Reynolds  Stresses  (  Le  Penven  et  al..  III>0.  utO.,  v-:A.  Cal.;.  ) 


Fig  2  Temporal  Decay  of  Normal  Reynolds  Stresses  (  Le  Penven  et  al..  IIKO.  u-:0.  v-:A..  w-;D.  Cal 


Fig. 3  Temporal  Decay  of  Normal  Reynolds  Stresses  (  Cence  i  Mathieu.  1II>0.  u-;0.  v-:A.  »-  □.  Cal.;-  > 


different  HI  f  processes  foi'  the  different  sign  of  ill  »ere 

focused  on  As  it  was  found  tti.it  llie  model  proposed  l>.v 

Sark.ir  and  Special.'  is  the  most  promi.ssing  in  conventional 
models  we  made  III"  constants  he  sensitive  functions  of 
III  At  first  we  searched  the  optimum  constants  which  ran 
le.id  acceptahle  results  for  I.e  Peiiven's  data  hecause  their 
data  are  the  only  ones  that  icliide  the  cases  with  hoth  III 
>0  and  Ill'll  After  calculating  the  dal.i  with  various 
values  for  <i  .  we  found  Unit  a  =3  2  foi  l!l>l)  and 
a  =4  .1  foi  111<0  give  good  agreement  with  experimental 
data.  Ihiis.  we  had  best  make  the  constants  be  functions 

so  that  they  realize  above  values  in  the  initial  stage 

of  the  experiments  and  they  do  not  change  .so  much  during  the 
experiments.  We  tried  a  following  expre.ssion. 

Model  Ivl  .  i’leseiit  Model 

a  =2tp»F*'q»II  t  I  nil  signdlD) 

II  =3*1(1  -2) 

•heie  p.  q.  I  and  s  a: e  unknown  constants  and  must  be 
deteimined  by  using  experimental  data  <;.•  some  llicorelical 
t  Cl  hnioues.  We  set  p=-l2  0.  q=-0.f)5.  r=0.4  and  s=0.45  from 
the  cuive  fitting  of  I.e  Peiiven’s  data  and  the  prcnminary 
calciilat  ion 

.same  numerical  techniques  and  experimental  data  used  in 
S(*rtjon  3  tinve  been  ndnnied  a.gain  At  ft'e  right  end  of 
Fig.  1  to  4  show  the  ri.'Siilts  obtained  by  our  non-lincar 
model.  From  these  figures  it  is  easily  found  that  our 
model  ran  reproduce  the  RTI  phenomenon  rca.sonably  for  bolli 
cases  with  lll>C  and  IIKO 


In  the  present  study  we  assumed  that  Reynolds  number  of 
flows  was  high  enough  not  to  consider  the  low-ReynoIds- 
niimber  effect  (eg.  Fq  (2! -(4)1.  Iliiis.  we  did  not  introduce 
such  effect  in  our  mooej.  Further  investigations  will  be 
needed  on  this  point. 

5  .SUMMARY 

Ke  studied  RII  problem  as  the  fir.s'  step  of  llu' 
refinement  of  Reynolds  stress  model.  lour  existing  models 
were  .selected  and  the  computational  results  were  comared 
with  experimental  data.  We  found  that  none  of  them  can 
reproduce  the  phenomenon  .satisfactorily.  .So  we  tried  to 
construct  a  new  noa-liiiear  .Slow  Term  model.  It  was  shown 
that  our  model  is  .ible  to  predict  RII  phenomenon  more 
leasonably.  Ilewever.  as  it  does  not  include  a  low-Rcynolds- 
number  effect,  we  need  further  investigations. 
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AHSIRACT 

I  Ilf  How  pattern  heliind  a  two-ilimen«ionaI  body  with 
bleeding  through  a  slut  at  its  trailing  edge  is  experimen¬ 
tally  invcstigateei.  Two  bleeding  inodes  are  studied;  one 
with  inaxiinuin  pressure  at  the  triuling  edge  and  one  with  a 
zero-excess  inoinentum  wake.  In  hoth  cases  the  slot  width, 
characterized  by  its  width  to  trailing  edge  height  ratio  h/ II, 
varied  from  0.095  to  0.019.  Distributions  of  the  mean  ve¬ 
locity  and  the  longitudinal  and  transversal  Ouctuations  in 
the  wake  are  measured  and  compared  to  the  wake  without 
hirrding. 

INTRODUCTION 

Rase  bleed  is  an  effective  method  to  reduce  body  drag. 
This  method,  among  a  lot  of  others,  is  interesting  because 
of  its  practical  application.  Bleeding  or  blowing  a  certain 
amount  of  fluid  from  the  rear  part  of  a  body  into  the  flow 
field  leads  to  a  higher  pressure  at  the  body  base  (i.e.  asmaller 
drag)  or  provides  a  zero-momenlum-excess  when  the  ejected 
jet  compensates  the  bu<ly  drag.  This  phenomena  has  been 
given  little  attention  so  far:  Igaraciti  (1978),  Omitrenko,  Ko- 
valov,  Luchko  &  Cherepanov  (1987),  and  Cimbala  tc  Park 
(1090).  In  particular,  the  influence  of  the  orifice  size  through 
whi<'h  the  bleeding  is  accomplished  on  the  change  of  the  How 
pattern  in  the  wake  of  a  body  has  not  been  sufficiently  ex¬ 
amined  yet.  As  could  be  shown  for  a  two-dimensional  body 
by  /hdanov  k  Kckelmann  (1090)  the  magnitude  of  the  base 
pressure,  the  velocity  defect  in  the  wake,  and  the  shedding 
freipiency  are  determined  by  the  ratio  of  the  slot  width  and 
the  height  of  the  body  trailing  edge.  To  understand  the  drag 
reduction  it  is  of  interest  to  consider  at  different  locations 
downstream  of  the  body  the  variation  of  the  mean  velocity 
defect,  the  level  of  the  turbulent  fluctiiutioiu  and  the  decay 
of  these  quantities. 

EXPERIMENTAL  SETUP 

The  investigation  is  carried  out  in  the  open  return  type 
wind  tunnel  of  the  Max-Planck-Institut  filer  Stroemungs- 
fiirschung  described  by  Kastrinakis  k  Eckelmann  (1083). 
I'he  test  section  has  a  cross  section  of  280  X  1400mm  . 
The  coordinate  system  is  chosen  such  that  X  is  aligned  with 
the  mean  flow,  y  is  perpendicular  to  mean  flow  and  span, 
and  z  is  the  spanwise  direction.  The  two-dimensional  body, 
shown  in  Pig.  1,  has  a  semicircle  front  followed  by  a  paral¬ 
lel  sided  part  with  a  blunt  trailing  edge.  The  length  of  the 
chord  (/),  the  base  height  {II),  and  the  spanwise  width  (/,) 
are  I  as  200mm,  II  sa  40mm,  L  ■  280mm,  respectively. 
All  measurements  are  conducted  at  0*  Incidence,  at  a  free 
stream  velocity  of  m  14m/«  and  a  free  stream  turbu¬ 
lence  level  of  0.1%.  The  Reynolds  number  baaed  on  Va  and 
//  is  3.7  X  10*.  llte  slot  on  the  rear  surface  of  the  body  Is 
created  by  two  metal  blocks  fixed  by  screws  at  the  ends  of 
the  upper  and  lower  plates.  The  slot  width  can  be  adjusted 
by  thin  metal  sheets  of  0.5mm  thickness  which  are  Axed  be¬ 


tween  a  block  and  the  upper  and  lower  plates.  Pour  salt 
widths  are  examined:  Model  I  (A///  as  0,09.5),  Model  3 
{hill  =  0.07),  Model  3  {hfH  =  0.045)  and  Model  4 
{hjU  =  0.019).  Two  rows  of  pressure  taps  (d  s  1mm) 
are  drilled  into  each  block  to  determine  the  pressure  distri¬ 
bution.  One  row  in  spanwise  direction  with  nine  holes  and 
one  ill  mid-span  section  with  four  holes.  All  (a|>s  of  a  block 
lead  to  a  central  hole  of  5mm  diameter  which  can  be  con¬ 
nected  to  a  manometer.  The  base  pressure  pt  at  a  pair  of 
holes,  one  in  the  top  and  one  in  the  bottom  block,  is  obtained 
by  sealing  the  remaining  holes. 

The  bleed  fluid  is  devided  Into  two  lines  before  it  is  sup¬ 
plied  to  the  left  most  chamber  of  the  body  from  either  side. 
The  mass  flow  rate  is  quantifled  by  two  gas  meters  installed 
in  each  of  the  lines.  To  guarantee  a  uniform  velocity  distri¬ 
bution  in  the  jet  leaving  the  slot  a  honeycomb  is  installed 
inside  of  the  body. 

The  mean  velocity  profiles  as  well  as  the  profiles  of  the 
velocity  fluctuatioiu  in  £  and  y  direction  are  measured  with 
standard  X-wire  probes  and  hot-wire  aneinoineteis. 

RESULTS  AND  DISCUSSION 

Fig.  2  shows  the  dependence  of  the  base  pressure  coef¬ 
ficient  — (Cp)s  =  (pe  —  Pb)/{plll/2)  as  a  function  of  the 
bleed  coefficient  Cq,  which  is  defined  as  the  mass  flow  rate 
through  the  slot  area  devided  by  the  mass  flow  rale  through 
the  body  area  in  mean  flow  direction.  It  can  be  seen,  that 
increasing  the  bleed  rate  from  =  0  (which  corresponds  to 
the  pure  wake)  to  higher  values  leads  for  all  models  at  the  be¬ 
ginning  to  an  increase  of  ps  (i.e.  to  a  decrease  of  —{Cp)i,  and 
then  after  reaching  an  extremum  to  a  decrease  of  ps.  The 
smaller  the  slot  width,  the  faster  occurs  the  increase  and 
decrease.  On  the  other  hand,  the  larger  the  slut  width  the 
larger  is  the  maximum  base  pressure.  This  trend  extends  the 
measurements  made  by  Beamian  (1908)  to  a  wider  range  of 
slot  widths.  The  measurements  shown  in  Fig.  3  were  carricil 
out  up  to  bleed  rates  where  the  ejected  jet  just  compensates 
the  body  drag.  Fur  this  rase,  for  the  maximum  base  pres¬ 
sure  case  and  for  the  pure  wake  (C^  b  0)  the  mean  velocity 
profiles  are  shown  for  x/ll  b  7  in  Fig.  3. 

When  the  maximunun  pressure  is  reached  at  the  body 
base  the  wake  structure  is  very  similar  to  the  that  of  the 
pure  wake.  Fig.  4  shows  for  this  case  and  for  the  pure  wake 
the  normalised  decay  of  the  mean  velocity  in  the  center  of 
the  wake  {Ho  —  U)/llo  b  ^Uo/Uo  and  the  normalisetl  half 
width  spreading  of  the  wake  6i/Il  function  of  the  noiidi- 

mensional  distance  t/H  from  the  body.  FVom  this  figure  the 
following  laws  can  be  derived  AUo/Ho  e-  (x///)"'^^  and 
Si/H  (c///)*^*.  In  Figs.  8  and  8  are  plottetl  the  eorre- 
f ponding  dependences  of  the  r.mj.  fluctuations  ui/f/o  and 
U9/U0  m  well  as  the  spreading  8i//f,  itfU  bf  the  Ui  and 
«3  dlstrlbutloiM  In  the  wake  as  a  hinctkm  of  x///>  With 
bleeding  the  anisotropy  of  the  fluctuathme  in  the  wake  de¬ 
creases,  in  addition  the  flow  stnicturcs  become  smalier  ami 


r 


the  Strouhal  number  grows  (Ziidanov  &  Eckelmann  1990). 

In  the  case  when  the  bleeding  jet  compensates  the  body 
drag  (i.e.  tlie  zero  momentum  excess  regime)  tlie  flow  struc¬ 
ture  is  characterized  by  a  higher  dissipation  rate.  This  is 
manifested  in  a  fastei  decay  of  the  streamwise  r.m.s.  fluctu¬ 
ations;  here,  Ui,U2  ~  (x///)~®®*.  Compared  to  the  maxi¬ 
mum  pressure  case  the  spreading  5if  HiSq/ H  of  the  Uj  and 
«2  distributions  is  not  changed  significantly. 
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Fig.  2  Base  pressure  as  a  function  of  bleed  rate 


Fig.  1  Section  of  two-dimensional  body 


Fig.  3  Mean  velocity  distiibution  at  x/Il  =  7 
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Fig.  4  Decay  of  the  mean  ve¬ 
locity  in  the  wake  center  (top) 
and  spreading  of  the  wake  pio- 
filc 


lo 


x/H 


Fig.  5  Decay  of  the  Pngitudi- 
nal  velocity  fluctuations  in  the 
wake  center  (toj>)  and  spread¬ 
ing  of  the  fluctuation  profile 
(maxinuuu  base  piessuro  CtIsc) 


Fig.  6  same  as  Fig.  5  for 
the  transversal  velocity  fluctu¬ 
ations 
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ABSTRACT 

Velocity  and  low  frequency  combustor 
pressure  oscillations  have  been  measured 
in  a  ramjet  dump  combustor  model.  The 
mean  and  RMS  values  of  the  turbulent 
velocity  field  were  obtained  using  a  two- 
component  LDV  system  operating  in  the 
backscatter  mode.  Rsacting  flow  data  were 
obtained  for  premixed  propane  and  air, 
while  isothermal  results  were  collected 
after  replacing  the  propane  with  nitrogen. 
The  velocity  data  indicated  substantial 
differences  between  the  two  cases. 
Combustor  pressure  oscillation  data  were 
also  obtained.  The  intensity  and 
frequency  of  the  oscillations  were  found 
to  be  dependent  on  the  inlet  velocity, 
combustor  length,  and  equivalence  ratio. 
Results  showed  that  pressure  oscillations 
were  controlled  by  both  vortex  kinematics 
in  tne  combustor  and  acoustic  response  of 
the  inlet  section. 


INTRODUCTION 

Turbulent  sudden  expansion  flows  are 
of  significant  theoretical  and  practical 
importance .  Despite  the  fact  that  such 
flows  have  been  the  subject  of  extensive 
analytical  and  experimental  studies  for 
decades,  many  issues  are  still  unresolved. 
For  example,  because  of  the  complexity  of 
the  flowfield  and  the  associated 
difficulties  with  meas\irements,  detailed 
information  on  reacting  sudaen  expansion 
flows  are  very  limited.  As  a  result, 
development  and  evaluation  of  analytical 
models  of  the  flowfield,  especially  for 
confined  turbulent  recirculating  flow 
configurations,  have  been  hampered  by  the 
lack  of  reliable  and  detailed  experimental 
data.  Therefore,  in  order  to  further 
develop  these  numerical  codes  such  as  the 
K-f  model  to  become  general  (i.e. 
applicable  to  more  than  a  limited  range  of 
simple  configurations) ,  reliable  and  well 
documented  experimental  data  are  a  must. 
Therefore,  the  objective  of  the  current 
study  was  to  obtain  a  credible  and 
detailed  experimental  data  base  and  to 
help  in  the  understanding  of  the  behavior 
of  such  flows. 

EXPERIMENTAL  SET-UP 

A  major  facility  to  conduct 
experiments  with  and  without  combustion 
as  designed  and  fabricated.  The  design 
incorporated  innovative  approaches  for 
providing  optical  access  without 
disvurbing  the  integrity  of  the 


axisymmetric  flowfield.  The  combustor 
section  consisted  of  a  water-cooled  pipe 
which  terminated  in  an  exhauster  used  to 
simulate  high  altitude  conditions. 

Tliis  modular  design  allowed  optical 
access  for  2-D  LDV  measurements  while 
preserving  the  integrity  of  the  combustor 
flowfield.  One  of  the  unique  features  of 
this  design  was  the  ability  of  positioning 
the  dump  plane  relative  to  the  combustor 
measurement  station.  Other  special 
features  included  a  38mm  x  38mm  (1.5  in  x 
1.5  in)  flat  quartz  window  installed  in 
the  inlet  pipe  for  measurements  upstream 
of  the  dump  plane.  Inlet  flow 
disturbances  were  eliminated  when 
measurements  in  the  combustor  section  were 
performed,  by  replacing  the  quartz  window 
with  a  plug  having  the  same  radius  of 
curvature  as  the  inlet  pipe.  Similarly, 
on  the  combustor  section,  an  air-cooled 
quartz  window  used  for  LDV  measurements 
was  assembled  on  a  flexible  mount 
(combination  of  springs  &  bolts)  to  allow 
for  the  differential  thermal  expansion  of 
the  quartz  and  the  metal  surfaces. 

The  water  cooled  stainless  steel 
combustor  was  conceptually  and  physically 
identical  to  the  plexiglas  rig  used 
earlier  by  Favaloro  et  al . ,  1989. 
However,  new  design  methodologies  were 
implemented  to  allow  stable  and  continuous 
combustor  operation  over  long  periods  of 
time.  For  the  current  experiment,  four 
side-injector  tubes  were  utilized  for 
premixed  studies.  The  ports  were  aligned 
to  point  toward  the  downstream  direction. 
This  configuration  provided  premixed 
conditions  and  attenuated  flow 
oscillations,  while  eliminating  flashback 
over  the  range  of  operating  conditions 
reported  he  e .  To  ignite  .  e  fuel/air 
mixture,  two  spark  plugs,  flush  mounted 
180  degrees  apart  in  the  step  face,  were 
used . 

SUMMARY  AND  CONCLUSIONS 

A  detailed  experimental  investigation 
was  carried  out  to  determine  the  effects 
of  combustion  on  the  flowfield 
characteristics  of  a  model  ramjet  engine. 
The  study  also  described  the  low  frequency 
vortex-driven  pulsating  combustion  modes 
and  the  nature  of  the  pressure 
oscillations  observed  in  the  flowfield. 
The  results  showed  the  significant  effects 
of  combustion  on  the  development  of  sudden 
expansion  dump  combustor  flov/field.  For 
example,  the  mixing  layer,  inferred  by 
velocity  measurements,  shifted  towards  the 
combustor  wall.  As  a  result,  corner 


recirculation  region  length  decreased  by 
approximately  44%,  see  Figure  1.  This  was 
accompanied  by  a  much  faster  flow 
recovery,  i.e.,  flat  velocity  and 
turbulence  profiles  not  far  from  the  dump 
plane. 


Systematic  manipulation  of  the 
combustion  instability  frequencies  showed 
that  the  resonant  period  of  the 
oscillation  is  determined  by  the  sum  of 
the  vortex  convection  in  the  combustor  and 
the  acoustic  feedback  time  of  the  inlet, 
see  Figure  2.  For  shorter  combustors,  the 
oscillations  were  more  intense  and  their 
frequencies  were  higher.  Similar  effects 
were  noticed  when  the  reference  inlet 
velocity  was  increased. 

Further  detailed  and  refined  data 
should  become  available  in  the  near 
future.  Future  studies  will  include  the 


effects  of  combustion  on  the  flowfield 
characteristics  of  combustors  with  inlet 
swirling  flows., 
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